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Preface 


If I am asked to choose the most important event in the history of mathematics, I shall definitely mark the simultaneous 
development of calculus by two contemporary, eminent mathematicians — Isaac Newton and Gottfried Leibnitz. By 
developing calculus, they made mathematics the only language that can describe the physical universe around us. Calculus, 
the mathematical analysis of motion and change, was invented by these two great mathematicians in their process of 
attempting to answer the fundamental questions about the world around us and the way it operates. 

As we say, the Rome was not built in a day, similarly, an event so momentous involved a basic idea too, that was so 
profound that an average human can only hope to comprehend it. The essential idea of calculus involving the derivative and 
the integrals is one among such ideas, as are the paradoxes of Zeno (500 Bc) and the novel idea of Archimedes (c.a 200 Bc). 

Calculus has major share in the syllabus of IIT JEE and other competitive examinations. During my high-school 
days as an IIT aspirant, and later as a tutor of mathematics, I had always felt the need for a comprehensive textbook 
on this subject. This book has been written with the objective of providing a textbook as well as an exercise book 
that focuses on problem-solving. I feel this will not only fulfill the need of class XI and class XII students but will 
also meet the requirements of advanced-level students who are preparing for various entrance examinations such as 
IIT—JEE Mains/Advanced, BIT—SAT, and other state engineering entrance examinations. This book (Fundamental of 
Mathematics, Volume-VI) has been designed to give the students a deep insight into topics such as limits, continuity 
and differentiability methods of differentiation and application of derivatives in detail. I have observed in my teaching 
career that three topics—limits, continuity and differentiability and mean value theorem, are the most challenging but 
high scoring topics of mathematics in the competitive exams. One of the reasons why students dread these topics is 
because of their non-familiarity with the basic concepts and the lack of good books that spell out the fundamentals 
in a student-friendly manner. This book provides a well-arranged content list that will help students and teachers 
to access the chapters and sub-topics of their interest conveniently. Each chapter is divided into several topics and 
each topic rationalizes its theory with sufficient number of worked-out problems to enable students to imbibe the 
concepts and apply them as required. This is followed by a textual exercise of both objective and subjective problems. 
Each chapter is replete with solved examples of both objective- and subjective-type questions that entail students to 
apply the concepts learnt in the chapter, thus enabling them acquire masters over the newly assimilated ideas. The 
tutorial exercise given at the end contains ample multiple-choice problems with single and multiple correct options, 
comprehension passage, column-matching problems and numerical integer-type questions to help students hone their 
mathematical skills. For teachers, this text will serve as a repository of well-graded problems, arranged topic- and 
subtopic-wise, that can be used to set home assignments to their students. 

Suggestions for the improvement of this book are welcome and shall be gratefully acknowledged. 
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The Limit of a Function 


m= INTRODUCTION 


We have studied about the important events that lead to the 
development of calculus, famous among these were sun, 
moon and earth problem, problem of force (tangent) and 
problem on energy (Area) that paved the path for invention 
of an amazing mathematical tool presently known as 
calculus. The breakthrough in the development of these 
concepts was the formulation of a beautiful mathematical 
idea called as limit. The story of development of this 
concept is too long to be told here but we would definetly 
mark some of the events those became the foundation 
stone of the concept of limits and continuity. 


Zeno: Zeno was a Greek philosopher (Ca 500 BC) of an 
extraordinary intellect much ahead of his time primarily 
known for his famous paradoxes. He was mainly concerned 
with three problems. 


(a) Problem of infinitesimals 
(b) Problem of infinite 


(c) Idea of continuity 


Since then, the finest minds of each generation have at- 
tempted these problems. The problem of infinitesimal was 
solved by weierstrass whereas the solution of other two was 
initialed by Dedekind and concluded by ‘cantor’. 


Zeno’s Paradoxes: Zeno proposed that in a race be- 
tween Achilles (a legendary Greek hero), and a Tortoise if a 
head start is given to the tortoise (Slower) as shown in the 
figure 1.1. Then it is not possible for Achilles to overtake 
the Tortoise. He forwarded following argument to establish 
his proposition. 


CHAPTER 


s Achilles @@@# Tortoise 


i, Ti; 1; ie 
Ax A ASA, A, 
FIGURE 1.1 


He said that by the time Achilles occupies the starting 
point of Tortoise (A, = T,), the tortoise will have moved 
ahead to a new point 7,. When Achilles gets to this next 
position A, = T,, the tortoise will move further ahead and 
occupy a new point 7,. Thus the tortoise, even though 
slower than Achilles, keeps moving forward. Although 
the distance between Achilles and the tortoise is getting 
smaller and smaller, the tortoise will apparently always 
be ahead. 

By applying commonsense, one can say that Achilles 
must overtake the slower tortoise. But it is important to in- 
vestigate that, ’where is the error in Zeno’s proposition”? 
To indicate the error in Zeno’s proposition and of course 
to find the truth, one should sum up the infinite number of 
finite time intervals and prove that the summation is always 
finite. And this discussion shall automatically lead to the 
notion of limit. 

Let Achilles be at point A, and Tortoise be at T, and 
let d be the distance between Achilles and Tortoise at the 
beginning of race 1.e., Tortoise is given ahead start of 
distance d. 


Corresponding Positions of Achilles and Tortoise 


rachis: [4p [4 [4p [4p [4 | 
toro: | [t [7. [1 [hom 
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Let v, and v, be the speed of Achilles and Tortoise 
respectively. Therefore the time taken by Achilles to reach 


d 
at point 7, = t; =— 


at T., = A,, the Tortoise would have reached at some other 


. Now after time t. when Achilles reach 


, d 
point 7, ata distance d, from T, given by d,=v,.t,= v,.—. 


Now time taken by Achilles to go from T, to 7, is given by 
d, _ av, 


f= = 
1 
V v 


a a 


. Intime ¢, when Achilles reach at T,,, tortoise 


would have reached at some other point 7, traveling a 


2 

t 
2 
a 


distance d, = v,.t, = . Now time taken by Achilles to 


re d, dv 
reach at point 7, is given by t, =—* =—+. This process 
a y5 


would go on similarly infinite number of times. Thus sum 
of the times taken by Achilles to reach at new position of 


2 3 
14(2} (2 (2) atone 
Vy Vy va 


d Vv 
=—{ltr+rtrt.); where r =—<l1_ as 
vo MG 


v, < v,. Thus the above series is a decreasing infinite 
geometric progression and hence the sum converges to 


f(+)-—4- d 
v,\l-r)} v,0-r) (¥,-¥,) 


time interval. 


which is definitely a finite 


Thus even if infinite number of processes of catching 
the tortoise by Achilles have been taken the sum of time 
taken by Achilles would be finite and hence definitely after 
a certain stage Achilles would over take the tortoise. Hence 
the Zeno’s assumption that Achilles would never catch the 
tortoise when given a head start was wrong. 

Similarly we can understand the meaning of “ap- 
proaching a real number on real number line.” 


tortoise at every stage is equal to ¢, +4, +4, +0, +... 


ILLUSTRATION 1: Imagine a child C, has a cake weighing | kg. He divides it in two equal parts, keeping one part 
with him, gives 2" part to his friend C,. He further divides his portion in two equal parts and 
gives one equal part to C, and go on continuously doing so. Show that at the end complete cake 
shall get transferred to C,. 


SOLUTION: It is very clear that C, gets = ke cake in step 1, ake cake in step 2 and ke cake he receives 


from C, in step 3 and the process continue indefinitely. Consequently, the share of C, goes on 
increasing whereas cake held by C, continues decreasing and approaches zero. At the end of n 
steps, 


Amount of cake with C, = stitot .... upto n terms (in a GP) 


)step-3 Reeeelyste 


Clearly when n > « , G —> 0 


>A -> 1 
‘ FIGURE 1.2 

In mathematical language we say that as n increases and approaches to 0, the amount of cake 

transformed to C, = lim(A,) =1kg 


This is the basic idea and important thing is to remember, however large the value of n be the 
whole cake (1 kg) can never reach to C,. This can be more clearly understood by the figure 1.2. 
You become more clear to see the given figure. 


ILLUSTRATION 2: The sequence ; a 


2 
rare 


2 
"3 
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can be described by writing a general term _" where n = 1, 


n+l 


2, 3,4, ... Can you guess the limit, L, of this sequence? 


SOLUTION: 


The limit is an important idea in calculus, and we discuss this concept extensively later in 


this chapter. We will say that Z is the number that the sequence with general term —"~ tends 


n+l 


towards as n becomes large and larger without bound. We will define a notation to summarize 


this idea: 


t =i — 
ne n+ | 


As you consider larger and larger values for n, you find a sequence of fractions: 


123 


1,000 1,001 


9,999,999 
2°3°4° 1,001 1,002 10,000,000 


.« therefore, 


it is reasonable to guess that the sequence of fractions 1s approaching the number 1. 


Archimedes and The Problem of Area 


The Egyptians were the first to find area of circles over 
as early as 3000 B.C., but Greek philosopher Archimedes 
first illustrated how to derive the formula for area of circle 
(A = mr’) by applying an infinite limiting process, inscrib- 
ing regular polygons inside circle and increasing number 
of sides to infinity. He called his method as “Method of 
exhaustion”. 

Considering A be area of n sided regular polygon in- 
scribed in circle of radius 'r' as shown in diagrams and con- 
clude that the square of Areas A,, A,, A,, A, ...... ,A 
Clearly indicates that each successive area approximates 
more closely to that of a circle. 


Ane 


FIGURE 1.3 


eooevece 


Based on above discussion we can define the limit 
of a function f(x) when x > a as the real number towards 
which the value of function tends to approach when we 
approach x from left-hand side or right-hand side. So you 
must not confuse it with value of function at x = a. When x 
is approaching nearer and nearer to ‘a’ (i.e. x can be taken 
to as much close to ‘a’ as we wish), then we say that x is in 
neighborhood of ‘a’ and at that instant f(x) is approaching 
to a real number I(say) is called limit of function. Let us 
study limit of a function starting from very beginning 1.e. 
neighborhood of a point ‘a’ 


Neighbourhood of Point ‘a’ 


An open interval (a — 6, a + 5); where 5 > 0 is called a 
neighbourhood of the point ‘a’. It is denoted by M(a, 5) and 
called as 6 — neighbourhood of point ‘a’ here ‘d’ specifies 
the radius of neighbourhood Na, 5), and ‘a’ is known as its 
centre for any real number x € Na, 5), x € (a—6,a+ 38) 


<———— 9 5 
|] 89 
a—o a atd 
N(a, 5) 


FIGURE 1.4 


> a-d<x<atsd 
> -06<x-a<d 
=> 0<|x-al<o 


Thus a real number x belongs to 6-neighbourhood of 

‘a’ if and only if 0 < |x—a| <6 e., distance of x from ‘a’ 1s 
lesser than 6 (may be zero) e.g., the function f(x) = 
| 


(x-2)(3-x) 


which is 1/2-neighbourhood of 5/2 1.e., neighbourhood 
having its centre at 5/2 and radius = 1/2. 


S: il. od 
has its domain (2, 3) = (Fo 545) 


Deleted Neighbourhood of a Point a 


If the real number ‘a’ is removed from the neighbour- 
hood NM(a,5) of ‘a’ then it is called a deleted neighbour- 
hood of ‘a’. Thus (a — 6, a) U (a, a + 5) is called deleted 
neighbourhood of ‘a’. 
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For any real (a — 6, a + 5) number x belonging to deleted 
neighbourhood of ‘a’we have x € (a—6, a) U (a, a + 5) 


<———_ § ——_t—_- 6 — 
OR noc OO LO 


a—d a ato 
N(a, 5)~{a} 
FIGURE 1.5 
=> a-d<x<atodandx#a 
=> -6<x-a<odandx—az0 
=> 0<|x-al\<6 
Thus a real number x belongs to 56 — deleted 


neighbourhood of ‘a’ if and only if 0 < |x-a] < 4, 1e., 
distance of x from a 1s lesser than 6 but not equal to zero. 


l 
e.g., f(x) = 


(x-2)(4-x)(x-3) 


{3} =(2,3)U(3,4), ie. deleted neighbourhood of 3 


has its domain (2, 4) ~ 


having radius ‘1’, here a = 3,6 = 1. 
Left Deleted Neighbourhood of ‘a’ 


The set {x : a—6,<x<a) is called left deleted neighbourhood 
of a. Thus (a — 6,a) is left deleted neighbourhood of ‘a’. 


REMARKS: 


Thus if areal number x belongs to left deleted neighbourhood 
of ‘a’, then x is less than ‘a’ and distance of x from a is less 


l 
(x-2)(4-x) 
domain (2,4) which is left deleted neighbourhood of 4, 
having its radius ‘2’. 


than 6. e.g., the function f(x) = has its 


FIGURE 1.6 


Right Deleted Neighbourhood of ‘a’ 


The set {x : a< x < a+ 6} 1s called nght deleted 
neighbourhood of a. Thus if a real number x belongs to right 
deleted neighbourhood of ‘a’, then x is greater than ‘a’ and 
its distance from ‘a’ is less than 6. For example the function 
fix) = log « — 1) (2 — x) has its domain (1, 2) which is right 
deleted neighbourhood of 1, having its radius 1. 


FIGURE 1.7 


lf domain of a function f(x) is (a, b); then we can write (a, b) as 


_ {(at+b) (b-a) (a+b) (b-a) 
" e222) 2 


a+b 
eo ea) Which is the neighbourhood of as having radius 


(b-a) 
2 


(ii) (6 - (b- a), b) which is left deleted neighbourhood of b having radius (b - a) 
(iii) (a,a + (b—-a)) which is right deleted neighbourhood of a having radius (6 — a). e.g., If f(x) = log (x — 2) (4 — x), then 


domain of f(x) = D,= (2, 4) which may be defined as 
(i) Neighbourhood of 3 having radius 1 

(ii) Left deleted neighbourhood of 4 with radius 2 

(iii) Right deleted neighbourhood of 2 with radius 2 


Meaning of ‘x —> a’ (x tends to a) 


x — a (x tends to a) means x 1s approaching nearer and 
nearer to ‘a’ but is never equal to ‘a’. x + a does not predict 
about the way in which x is approaching to ‘a’ 1.e., from 
left side of ‘a’ or from right side of ‘a’. Thus depending 
on the way in which x is approaching to ‘a’ we define the 
following two symbols: 


(a) x a: (xtends to a from negative side) 


Means x is approaching to ‘a’ from negative side (left side). 
Here x is approaching to ‘a’ by taking the increasing values 
from left deleted neighbourhood of ‘a’ 1.e., x € (a — 6, a) 
and every value of x is greater than its previous value e.g., 
x — 2 implies x takes values like 1.991, 1.992, 1.994, 
1.998, 1.99901, and so on but x < 2 (always). 


(b) x — at: (x tends to a from positive side) 


Means x is approaching to ‘a’ from positive side (right side). 
Here x is approaching to ‘a’ by taking the decreasing values 


REMARKS: 


(i) x > ais equivalent tox =a+h;h—0* 
(ii) x > a is equivalent to x =a-h;h->0* 
(iii) x + at is equivalent tox=a+h;h—0* 


m@ LIMIT OF A FUNCTION 


Limit of a function at x = a is tendency of the value output 
of the function f(x) as x gets its values nearer and nearer to 
a. Limit of a function can be discussed for the following 
two cases. 


Casel: Limit of a function f(x) at a real finite 
number ‘x = a’ 


A real number ‘ £ ’ is said to be the limit of a function f(x) as 


x tends to a if the value f(x) is approaching closer & closer 
to €as x is approaching nearer and nearer to ‘a’. We can 


take f(x), as much nearer to @ as we please by taking x suf- 


ficiently close to ‘a’. 


y 


FIGURE 1.8 
The above statement can be represented symbolically 
as f(x) > £as x > a and we write lim f (x) = / and read as 


“Limit of f(x) is £as x tends to ‘a’. 


Note that lim f(x)=T/ means f(x) has the tendency to 


approach as x tends to ‘a’. It does not ensure that 


f(a) = £.i.e., f(a) may or may not be equal to @ 


The Limit of aFunction < 1.5 


from right deleted neighbourhood of ‘a’ 1.e., x € (a, a + 5) 
and every value of x is lesser than its previous value e.g., 
x — 2 implies x takes value like 2.106, 2.102, 2.092, 2.065, 
2.008 and so on but x always remains larger than 2.(x > 2). 


e.g. 1. If f(x) = x* Consider the following tables repre- 
senting the values of f(x) as x 1s approaching nearer 
and nearer to 2. 


The first one table shows that as x approaches nearer 
and nearer to 2 from left side, f(x) is approaching nearer 
and nearer to 4 from left side 1.e., {x) ~4°-asx 2. 


The second table shows that as x approaches nearer 
and nearer to 2 from right side f(x) is approaching 
nearer and nearer to 4 from right side 1.e., f(x) > 4° as 
x2". 

Thus overall we conclude and say that f(x) > 4.as x > 
D0: lim f (x) =4 (Here a =2, ¢ =4). 


Graphically, 


FIGURE 1.9 


(=3)(x+3) _ 


(x-3) 


eg 2. Iffx)=———= 
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[as x —> 3 implies (x — 3) is non-zero and hence this 
factor can be cancelled out] 


Consider the following tables representing the values 
of f(x) as x is approaching nearer and nearer to 3 


x(x—>3*) | 3.05 | 3.04 | 3.03 | 3.02 | 3.01 | 3.004... 


The first table shows that as x is approaching nearer 
and nearer to 3 from left side f(x) is getting loser and 
closer to 6 from left side, 1.e., f(x) > 6 as x > 3. The 
second table shows that as x is approaching nearer and 
nearer to 3 from right side, f(x) 1s approaching nearer 
and nearer to 6 from right side 1.e., f(x) > 6* as x > 3* 


REMARKS: 


Thus overall, we can say f(x) > 6 as x > 3. Le., 
lim Vi (x) =6 


Graphically: 


oe ’ x2—9 
| Koy=f(x)=—_—\— 
YO G3) 
: (not defined at x=3) 


| or y=(x+3); (xe R~{3}) 


FIGURE 1.10 


1. In example (1) lim f (x) =4 and also f(2) = 4, whereas in example (2) lim f (x)=6 but f(3) # 6, thus limit of a 


function f(x) equal to £ may or may not be equal to value f(a) as x tends ‘a’ does not ensure f(a) = £ 


2. Conversely if f(a) = £, then is it necessary that lim f (x) =1? 


xo 
The answer is no. For support consider the function f(x) = 4 x —3 ***” Here lim f (x) =lim id 


2 
x=: 2 


=6 


x33 _ 
5 oe a 


(As discussed earlier) and f(3) = 5. Thus f(3) = 5 but lim f(x)#5 


3. For the functions having their graphs continuous i.e., without having any break across ‘ay if lim f (x) =f, then 


f(a) = £ and conversely if f(a) = ¢, then lim f (x)=. 


Case Il: Limit of a function f(x) at infinity 

(Limit at infinity) 

A real number ‘£’ is said to be the limit of a function f(x) at 
infinity if f(x) tends to @ as x tends to infinity (+00 or —oo), 
1.e., f(x) can be made as much close to @ as we please by 
making x sufficiently large in magnitude. 


: 


f(x) has limit 2 at 0, i.e., 
lim f(x)=¢ 


y’ 
FIGURE 1.11 


f(x) has limit @ at —co, i.e., 

lim f(x)=2 

y’ Xx— —0oo 
FIGURE 1.12 


Illustration: Prove the following and hence draw their 
graph 


(i) im -+| =] 
x—>00 xX 


=> 


(il) 


(iii) 


since by increasing the values of x its reciprocal 1/x 
decrease thus 


1 
Asx> o> -—-70 
x 


l 
1-— + 1. Graphically, it is shown in figure 1.13 
x 


FIGURE 1.13 
lime* =1 
x0 


when x increases from zero to infinity the reciprocal 

1/x decreases from © to zero (but takes +ve values) 

thus —1/x increases —oo to zero taking all possible neg- 

ative real values 

. ] + = - -I/x - 

1.e.,x > 0, ——>0°;— > 0 >e >] 
x x 

Graphically, it is as shown below 


¥ 


y’ 
FIGURE 1.14 


lim Ran =0 
x 


X— too 


1 Ak 
Asx>0, -7~0 => sin—~0° 
XxX XxX 


1 1 
As x takes values in 24 ~{0} the reciprocal 
function He (—oo,-z]U[z,0) therefore sin 1/x at- 
x 


tains its all possible values infinitely many times as 
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the range of 1/x consists of infinite periodic intervals 


of sine function. 


1 _ | _ 
And As x >-0,-—- 0 =>sin—- 0 
x x 


Geometrically it is shown in figure 1.15 


1 


-2/x -1/1 0.4 
“0 0 -0.2-0.1 0.1 0.2 a» 
-0.6 1/7 0.6 In 
y=sint 
FIGURE 1.15 


Why Limit of a Function is Needed? 


There are some functions f(x) whose values can’t be deter- 
mined at some real numbers (say at x = ‘a'). For example 


(i) f(x)= — at x = 0, 


(ii) f(x)= at x = 2, 


(iit) _f (x) =—— atx =2, 


(iv) f (x)= xsin— atx —0 
1 
(v) f(x)=—- 


x sinx 


atx = Oetc. 


These functions are not defined at indicated points. However 
we can predict the values of real numbers (£) to which these 
functions tend when x tends to indicated points, through the 
knowledge of limit ie., lim f (x)=. We can find limit of 
a function at a point only when the limit is in “indeterminate 
form” as discussed in the next section. 


m@ INDETERMINATE FORMS 


Some times, we come across functions which do not have 
definite value corresponding to some particular value of the 
independent variable. (If by substituting x = a in any func- 


: ; 0 a 
tion f(x), it takes up any one of form eee 0 x 0, 0 — 0, 
CO 
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1”, 0°, 00°, then the limit of function f(x) as x > a is called 
indeterminate form.) There are two basic indeterminate 


forms (>=) and all the other forms can be converted to 
° 6) 


these two basic forms. In such cases, value of function at x 
= a does not exist while lim f(x) may exist. 
xa 


lim x —3=0.So lim f(x) is called an indeterminate 


Here lim x -9=0 and 


form of type —. 


REMARK: 


(b) 


(c) 
(d) 


(e) 


(f) 


. Inx . ; 00 
lim —— is an indeterminate form of type — . 
oO 


xo xX 
lim (1+.x)"* is an indeterminate form of type 1°. 
x> 


lim(sin x)" is of indeterminate form (0)° 
x? 


jniaeedin= ie6t soxOfomn 


x70 x 

ae | : 
lim —— is of 00 — oo form 
x>0x ftanx 


If a given limit is not of indeterminate form and the function is not defined at x = 0, we can't find it e.g., lim(sinx)"”; 
x0 


1 Vx : 
ed lim[In| x Ik are not defined. 
x0\ x x0 


REMARKS: 


(i) ‘0’ doesn’t mean exact zero but represents a value approaching towards zero similary to ‘1 ‘and infinity. 


(ii) 00 +00=00 
(iii) 00 X C= 


(iv) (a/c) =Oifais finite 


(v) A is not defined for anya é€ R. 


(vi) ab=0, if& only ifa=0orb=0 anda, bare finite i.e., 0 x finite =0 


Left-hand Limit of Function 


A real number “2,” is said to be left-hand limit of a function 
K(x), if fx) is approaching nearer and nearer to ¢, if x is 
approaching nearer and nearer to ‘a’ from left side of ‘a’ 1.e 
x belongs to each left deleted neighbourhood of ‘a’. 
Symbolically we write f(a) = @, and left-hand limit is 
expressed as iim f(x) = £, left-hand limit is abbreviated 


as L.H.L. Thus L.H.L = lim f(x)=4. 


Geometrically, it is as shown below : 
(1) (Function without any break and L.H.L = @, at 
x = aand f(a) = £)). 


FIGURE 1.16 
(ii) Function with break and L.H.L = @ at x = a and 
Na)#é. 


FIGURE 1.17 


(iii) Function with break at x = a, L.H.L = £, atx =a 
and f(a) = £.. 


FIGURE 1.18 
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(iv) Function with break at x = a, LH.L = atx =a 
and fia) # £,, 


FIGURE 1.19 


Example: 
(i) fx) =(«- 1) a = 1, then 
L.H.L = lim (x-1) =0, as x is approaching nearer 


and nearer to 1 from left side (x — 1) is approaching 
nearer and nearer to 0 from negative side 1e., 
(x-— 1)? <0 and (*- 1) > Oie., (x- 1 50 

(ii) f(x) = [& — 1)°]; a = 1; where [.] is gint. function, 


then 
LHL. = lim [(x-1)'| =e (x1) | 
= lim| y’] =-1 
y0 


As (y>0 >y 30 >-l<y <0>[y']=-D 


x-2 
|x-2| 


54 = 2, 


then L.H.L = lim ee) = lim 
x92 |x—-2| x92 —(x—2) 


(ili) f(x) = 


(x-2) =§ 


“x32 
—>x<2andx > 2 
=>x-2<0 
=>|x-2|=—(x-2)andz 0 


sk. al tee, ta 
(iv) f(x) = sin—;a=0; then L.H.L = lim sin— would 
x x2 x 
1 
not exist, as x + 0°’ — > —% and sin 0 being an oscil- 
% 


, we 
lating function, sin— could not approach to a particu- 
x 


lar real number and oscillates in between —1 and 1 


Spal 
(v) f(x)= E sin? ha = 0;].] gint function, then L.H.L 
x 


= lim E sin’ 4 = 
x07 x 
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[(a number approaching to 0) from left side) x (a num- 
ber oscillating between 0 and 1 includingly)| =—-1 


Right-hand Limit of a Function 


A real number ‘2,’ is said to be right-hand limit of a function 
Kx) if f(x) is approaching nearer and nearer to @, as x is 
approaching nearer and nearer to ‘a’ from right side of ‘a’ 
1.e., x belongs to each right deleted neighbourhood of ‘a’. 
Symbolically we write f(a*) = £, and it is expressed as 


lim f(x) = 4. Right-hand limit is abbreviated as R.H.L. 


Thus R.H.L = lim f(x)=/,. Geometrically, it is as 


shown below 
(1) Function without any break and R.H.L = @, at 
x = aand fla) = £, 


FIGURE 1.20 


(ii) Function with break at x = a and R.H.L = ¢, at 
x = aand fla) # £, 


FIGURE 1.21 


(iii) Function with break at x = a and R.H.L = /, at 
x =aand R.H.L = £, at x = a and fla) # £, 


FIGURE 1.22 


(iv) Function with break at x = a, RH.L = ¢, at 
x = aand fla) # £, €.g., 


FIGURE 1.23 


1. f(x) =x -la=1; 
4s ja 
then lim f (x) = lim (x 1) 0 
Asx731*7,x%731*>x-1- 07 
2. f(x) =[C —x)*]; a = 1; where [.] is gint function 
- ‘ 3 3 
then lim f(x) = lim| (1-x) [5 | -(x-1) | 


= lim |-y* |=-las yo a-y 90 


y>0* 


lim 
(x-1)>0* 


=>-l<-y’ <0>[-y’]=-1 


x=2 
Then lim f(x) = lim ee lim (x-2) _, 
oi sor |x—2| 92" (x-2) 


(Asx > 2* >x-2>0>5 |x-2| =x-2#0) 

(si | 
lim | sin— 
x0* x 


| , 
=> ——o>sin— oscillates in between —1 and 1) 
x x 


4,28 
4. f(x) = sm—;a=0; then lim f (x) = 
XxX x> 


does not exist as x > 0* 


al 
5. F(x) =| xin tha=0; [.] is gint function, then 
x 


lim f(x) = lim sin’ 4 = 
x30" x>0° x 


[(a number approaching 0 from right side) x 
(a number oscillating between 0 and 1)] =[0*]=0 


Procedure to find one sided limit of a function 
1. To evaluate left-hand limit of a function, we substitute 
x =a—hand take the limit h > 0* 
li = |i —h 
sla 
x-2 


€.2., for f(x) = ie’ 
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: rl ; (x-2) : (2-h-2) Function having a break at x = a, L.H.L = R.H.L = 
1m x)= Lm ——- =_-~ “bm ~ 
ror rr |x—2| 0 |2—-h—2| ceI@) 
ig te Reason f f limit of a functi 

ro |—h| ho" eason for non-existence of limit of a function 
(.h>O0 Sh>0Sh<0>/;h| =f) Any one of the following may be the reason for non-exist- 


2. To evaluate right-hand limit of a function, we substi- | ence of limit of a function. 
tute x = a + h and take the limit h > 0* 


i.e., lim f(x) = lim f(ath) 
(x= 2} 
je The following graphs illustrate the reasons for non-exist- 
{2+h-2} eon th} = A ~] ence of limits: 


in = Moen) al 


( 0<A<1=> {h} =hand-h<0=>|-A| =h) 


(i) Any one or both L.H.L and R.H.L do not exist 
(ii) Both L.H.L and R.H.L exist but are unequal 
(iii) f(x) oscillates with large frequency near the point x = a 


e.g., for f(x) = ;{x}is fractional part of x; 


(i) (L.H.L and R.H.L. exist but are not equal, x) 


Existence of limit of a function 


The limit of a function at x = a, is said to exist if 
(i) lim f(x)= lim f(x)=/ 
(ii) 21s a finite real number 


1.e., Left-hand limit and right-hand limit of function exist, 
equal and they are equal to finite real number. Thus exist- 
ence of limit of a function at x = a means “‘As x tends to ‘a’ FIGURE 1.26 
from either way (from left or right) f(x) tends to a unique 
finite (real number). 

Geometrically it is as shown below 


(ii) One of the L.H.L. and R.H.L. exist finitely and 
other in infinitely. 


| LHL. = 
Aon) nme : (does not exist) 


R.HLL. = £, 


FIGURE 1.24 


Function without any break at x = a and L.H.L = R.H.L 
=fatx =a, fla) = 


FIGURE 1.25 FIGURE 1.27 
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(111) Both L.H.L. and R.H.L. are infinite (iv) When the function is oscillating 


y y 


CO. 
3 As xa 
A LHL. =0 = RHL. ' f(x) oscillates 
¢,=f(a) | \ ie., both does not : with high 
 \exist : frequency 


x’ X 
y’ 
y 
f(x) = sin(4] 
As x0, f(x) oscillates 
in between —1 and 1 
»’ Xx 
1 . 
y’ FIGURE 1.29 
For example: 
y 
—3 
i) fx) = —m; LHL = lm =-l and 
@ M9) = Tz a 
x-3 
RH.L = hm =I 
x3 | xXx- 3 | 
L.H.L # R.H.L 


Limit does not exist, inspite L.H.L and R.H.L 
exists separately. 


(iy) f(x)=——sa=0: then 
sin Xx 
tim #()= tiny a 
say) = Ae or > 


.. L.H.L and R.H.L does not exist 
(iii) f(x) =| tan x |; a = 7/2, then 
L.H.L = lim f(x) = lim | tan x |= 0 and 


x x 
2 2 


R.H.L = lim f(x) = lim | tan x |= 


a 
x Xx 
2 2 


L.H.L and R.H.L does not exist, however both are 
infinite. 


FIGURE 1.28 
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is equal to — 1. Thus we in this case say limit exists 


(iv) f(x) = ay ;a = 1, where [.] is gint function. Then and is equal to —1. 
L.H.L = A 
lim f (x) = ie = lim ee = lim —~ : No portion 
x1 xl [x-1] h0 | (i-h)-1] be [-A] : of graph 
8 py=tl2 
= —~=-1("-1<-h<0) | | > 


(-1) 
Here domain of f(x) is R ~ [1, 2). Since f{x) is not 
defined in [1,2), thus we need not to find R.H.L of f(x) 


at x = 1 and lim f(x) is considered to be lim f(x) and 


FIGURE 1.30 


REMARKS: 


1. /f limit of a function f(x) is to be determined at x = a first of all make sure that the function f(x) is defined in left 
deleted neighbourhood (a-6, a) and right deleted neighbourhood (a, a + 8). If f(x) is defined in (a — 6, a) and is 
not defined in (a, a + 5), then left-hand limit is taken as the value of given limit. Similarly if f(x) is not defined in 
(a-6, a) and is defined in (a, a + 5), then right-hand limit is taken as the value of given limit. For example 


. at 

(i) f(x)= [x-1]’ 
ig (x)= i F(3) = 

(ii) f(x) =sin'x;a=1, 
then f(x) is defined in [1 —6, 1];0<6<2 
but f(x) is not defined in (1,1 +5);65 >0 


a ee ee 
Thus lim f (x)= lim f(x) = lim sin sr 


([x] is gint function) is defined in (1 - 6, 1); 5 > 0 but not defined in [1,1 + 5);0<d<1 


2. /fL.H.L = R.H.L = 010 or -00, then we say that limit does not exist. It means the limit does not exist finitely, i.e, there is 
no real finite number to which f(x) tends as x tends to a. In this case we say"limits exists infinitely/” 


3. Infinite Limits: If f(x) tends to « (or - 00) as x > a (or 00), then the limit is called infinite limit. Thus we can make f(x) 
as much large in magnitude as we please by making x sufficiently close to a. 


4. By lim f(x) we mean x takes values closer and closer to ‘a’ without being equal a. 
5. It is evident from the definition that in order to find the limit of f(x) at x = a, the first thing is that f(x) should be well 


defined in the neighbourhood of x = a and not necessarily at x = a (that means x = a may or may not be in the 
domain of f(x)), because we have to examine its behaviour or tendency in the neighbourhood of x = a. 


y 


FIGURE 1.31 
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6. if lim f(x) # lim f(x), then limit does not exist atx =a 
xa xa 


7. IfR.H.L. = L.H.L = 00, then limit is said to exist infinitely. 


ILLUSTRATION 4: Evaluate the following one sided limits: 


Pe ne ade | 


Ot G2) 


(iii) lim [x];[.] is gint function 


(v) lim [cotx]. 


x7-7/4- 


(vii) lim [cot x] 


x——7/4 
; Ix—2| 
SOLUTION: (i) lim ;Asx32*>x>2 

x92" (x—2) 

. x-2>0>([k-2|=x-2 
Ix—2| 

(ii) lim ——;Asx>2°>->x<2 
x27 x-—2 

=> x-2<0 


tim 7 —2L = tim =?) =.4 
x27 (x-2) x2 (x-2) 
(iii) lim |x]; As x > 3* 
=> 3<x<4 
lim |x] =3 
x—3* 


(iv) lim [x] ;Asx 33° 


=> 2<x<3 
lim [x]=2 
(v) lim _ [cot x] >Asx—> (-=) 
r-+(-£ 4 
=> x<-7/4 


V4 
=> cotx>cot (=) as cot x is a decreasing function 


0>cotx>- 1 
[cot x] =- 1 


(vi) lm, [cotx]; Asx > (-#) 


x—+>| -— 
4 


sk cic, |e | 
(ii) lim (x—2) 


(iv) lim [x].[-] is gint function 


(vi) lim. [cot x] 
(viii) lim [log x] 


x10" 


oy PAL 2) 


ea? (x—2) =" (x—2) 


=> be—2)=-(x-2) 


[x] =3 


[x] =2 


FIGURE 1.32 


— te 


=1 
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= cot x < cot (-7/4) => —2<cotx<-l 
[cot x] =—2 “ tim [cot x] =—2 


(vii) lim [log x]; As x > 10° 


=> 9<x<10 
=> 1<x<10 
As log, x is an increasing function 


y 


log,, 1 < log,,x < log,,10 
0<logx <1 
[log x] =0 


y 


y 


FIGURE 1.33 


lim [log x]=0 
(viii) lim [log x]; Asx — 10* 
x 
*. x > 10 but x is nearer to 10 . 10<x< 100 


log,, 10 < log,, x < log,, 100 => 1<log,x<2 
[log x] = 1 .. lim flog x] =1 


x—10* 


ILLUSTRATION 5: Evaluate the following one sided limit: 
(i) lim |[x-2]|; [.] is greatest integer function 


Gi) lim {x-2};{.) is fractional part of x 


; (x? -4) 
(iii) bin sin ;[.] is greatest integer function 


(x+2) 


; 79 
(iv) lim an = I ; {.} 1s fractional part of x 


—#7/2 
(v) lim {eo =] ;{.} is fractional part of x 


SOLUTION: (i) lim |[x-2]]; Asx<2 andx>2>1<x<2 
=> |[x-2]|=1 
(ii) lim {x—2}; Asx 3*=> 3<x<4 
eee => (-2)=[x-2]+ &-2} 
=> (x-—2)=1+ {-2} => {x 2} =(x-2)-1l=x-3 
lim {x—2} = lim (x—3)=0 


(iii) lim n=) = lim | sin(x-2) [x3 2>5%x+20] 


= lim | sin(2—h—2) | = lim | sin (-A) = lim [-sinh]=[&] ; (where-1<k<0) =-1 
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(iv) lim mn (==) = lim {tan(x—3)tasx+3#0 
= lim {tan(3—h-3)} = lim {tan(—h)} 


~ lim (1— {tan h}) (" {x} + {-x} =1 for x€Z =0 for x€Z) 


= lim (1-tan A) (.0<tanh<1 => {tanh} = tanh) 
=1-0=1 


x-a/2 : ] K 
(v) lim {e0s( 327 = tim joos( 1 lx 20 


As x > 0*; x + (a/2) > n/2* 
=> ame re | radian 
x+ (2/2) a x+(2/2) 


| 1 1 
= 0<cos <1l=><cos = COS 
x+7/2 x+7/2 x+2/2 
. x-a/2 . 1 2 
lim < cos oe lim cos = cos| — 
x0" x —2°/4 x0" xt+a/2 a 


x4+1 3x21 
, then find the value of lim f(x). 
3x-1l;x<l x1 


ILLUSTRATION 6: i fa) | 


SOLUTION: L.H.L= lim ¥. (x) = lim (3x—1) = 3(1) -1 =2 
RHL = lim f= lim (x? +1) =174+1=2 


. LHL =R.H.L=> limit of f(x) as x > 1 exists and is equal to 2 


|x’ -1| 
;x #1 Ses itt 
ILLUSTRATION 7: Simplify {x)= 4 x-1 , and test the existence of its limit at x = 1 and — 1. 
0 ;sx=l1 
x+1 >; x<-l 
Le eat -—(x+l) ; -l<x<l 
SOLUTION: Simplifying the above function, we get f(x) = 0 ee 
x+1 xt 


(i) at x = 1; Clearly L-H.L at x = 1 is —2 while R.H.L = 2, so im F(x) does not exist. 


(ii) atx =— 1; LH.L = R.H.L = 0 (atx =-1) so lim F(x) exists and it is equal, to zero. 


l/x 
. fe*-l . 
ILLUSTRATION 8: Show that lim (S| does not exist. 


el! x 


1/x 
SOLUTION: Given function is f(x) = a= 
e 


+1 
| | eM _1 ase -1) 0-1 
L.H.L = lim F(x) = pT O- A= Bde 4 OF1 


The Limit of aFunction < 1.17 


C.hoO0> lho o> el! 4 a> Ile 50) 


_ ht d-1/el*) 
RHL = lim f(x) = lim f(0+H)= limo = Bi rgb ~ 


Clearly lim f(x) # lim F(x) . Therefore lim F(x) does not exist. 


2 
x +x4+1;x20 
, then evaluate lim f(x) 
x-—l 3x< x—>0 


ILLUSTRATION 9: If f(x) = 
SOLUTION: L.HLL. =f (0>) = lim f(0-A)=lim(-h-1) =-1 
RHL = f(0*) = lim f0+h)= lim (h? +h+l) =1 
Since f(0*) # f (0-), so lim F(x) does not exist. 


ILLUSTRATION 10: Show that [1 + x + x’] is defined and hence evaluate iim. [l+x+x]=1 
D 3 
SOLUTION: Let f(x) = 1 +x +x; (x) = [x]; R, = 2) = 3.0 |:D, =R 
Clearly Rc D, .. (gof) (x) is defined 
. (of) =26¢@) =a +x4+x2X)=[14+x4+27] 


~L= lim [1 +x+x2]= lim g(x’ +x+)) 
x—1/2* x1/2* 
Now lim f(x) = lim (1+x+x’)=(7/4) 
x—1/2* x—>1/2 
. L= lim g(x)= lim [x]J=[7/4]=1 
x—7/4* 27/4" 


lim (gof\(x)=1. 


Hence lim. [l+x+x]=1 


FIGURE 1.34 


ILLUSTRATION 11: Evaluate the following limits if they exist 


x -125 
. ling ———_ 
38 —7x-15 


3 
he Ge x -8 
ey x —4x° +4x 


iii) limcos| —— 
(ili) x—2 ( 2 ae! -) 


(iv) lim [ sin (x -x)]; [.] denotes greatest integer function 


(v) lim{Inx}; {.} is fractional part function 


x -125 , (x-5)(x?+5x425) x? +5x+25 25425425 75 


SOLUTION: (i) lim = lim—~———__= = 
x95 y¥° 42x43 25+104+3 38 


3 _ a 21Oy —2)(x7 +2x+4 > 42x+4 
x92 xy — Ax" +4x +2 x(x? —4x+4) ae x(x-2) x92 x(x-2) 


1.18 > TheLimit of a Function 


Rowe fn Steet _ (2—h) +2(2-h)+4 
wee (x2) boat (2-A)(-A) 


44h’ -4h+4-2ht+4 hi -6h+12 _ 


By A eR i Ag | ce Tc 
ou (W —2h) ery h(h —2) 

ee kim (2 2% +4) _ (24h) +2(2+h)+4 

an me = = 


ioe eG). er Oe 


”. Limit does not exist 
ee6 s ra 
(iii) lim cos (7 -) 
; n : a ; Nt 
L.H.L. = lim cos{ )- lim cos| —————— |= lim cos( =] 
x27 2-x hoot = (2 —h) hot h 
: n ; a 
and R.H.L. = lim cos( = lim cos} —————_ 
xt \Q-x) wot | 2-(2+h) 


= lim cos (=) = lim cos (=) as cos (9) = cos 8 


h>0* h0* h 


Ash > 0, = oo and cos (=) oscillates from —1 to 1 and cannot attain a finite 


unique limit. 
Therefore the limit does not exist. 

(iv) lim| sin (a x) |3[.] is a greatest integer function 
L.HLL. = lim [ sin(z—x)] = lim [ sin(a+h)] =-1 
and R.H.L = lim [ sin(—x) |= lim | sin(z—h)] =0 

. LHL4R.H.L 


=> Limit does not exist 
(v lim {In x};{.} is fractional part function 


od 


LHL = lim {Inx} = lim {In(e—h)} ...i) 
RHL = lim {in(e+)} .. (ii) 
From figure 1.35, it is clear that 0 < In (e-h) <1 y 


and 1<in(e+h)<2 


= {In(e—h)} = In (e-h) and {in(e + h)} =iIn(e + ee eee 
h)-1 “a 
. LHL = lim In(e-h)=Ine=land RHL = * 


iene os 
lim (In(e+h)-1) =me-1=1-1=0 


.. LHL+R.H.&L 
= limit does not exist FIGURE 1.35 


ILLUSTRATION 12: 


SOLUTION: 


ILLUSTRATION 13: 


SOLUTION: 


The Limit of a Function 


1 l 
Does the limit of function f(x) = cos 6 / cos (+) exists at x = 0? 
x x 


1 i cos{ + #0 
x 


otherwise not defined 


The function f(x) is given by f(x) = 


1 if cos 6 #0 
x 


not defined for x= +—, Satake 


=> fix)= 


= f(x) 1s not defined at infinitely many points in each neighbourhood (—6, 5) of ‘0’ 
Limit of function does not exist at x = 0. 


Prove that the following limits do not exist: 


. eu — 
(i) jim, sin > x (ii) x a/2 eu +1 
bake S40 Ix ; : e 1 
(iii) lim (5) (iv) limtan (+) 
2 
tan x tan x(1 + tan x) 
(i) lm — = im ———_— 
x >a/2 sin 2x x—>7/2 2 tan x 
(1 + tan’ x) . sec? x 
= lim +————~= lim = 00 
x—n/2 y) x—n/2 2? 


Limit does not exist, but exist infinitely 


ae ee] 
(ii) im, e™ +] 
; es ost 
L.H.L = lim —.—— 
x7a/2 @ +1 
alr) -] 1 al) l-e@ emx _] 
= lim = tim 9 —_ = © <1 and RH = lim 
h0" tan 2 ho" -tan{ =] l+e at em +] 
e +1 l+e 2 


| 
5 


L.H.L # R.H.L 
= Limit of function does not exist 


(ii) lim(5)" 


. I/x . —I/h —0 
L.H.L = lim(5)" = lim(5)"" =(5)" =Oand 


hot 


: I/x . I/k 0 
RELL = lim (5) " = lim(5)"" =(5)' = 


hoot 


Limit of function does not exist 


< 


1.19 


1.20 > TheLimit of a Function 


(iv) limtan” (—-) 


x 
LHL = limtan{— “f : 
on x-1) io" 1-h-1 
= lim tan” = = lim} —tan™ : [-.. tan? (—x) = -tan‘x] 
hot h hot h ; 


= —tan™ (20) =~-7/2 and R.H.L = lim tan” (+) = lim tan( ) 
xt" I+h-l 


x-1 h>0* 
lim tan” @ = tan” (co) =7/2 
L.H.L and R.H.L both exist but are unequal 
Limit does not exist 


ILLUSTRATION 14: Evaluate the following limits if exist 


; tan x eae 
Om cos” x (ii) pat sin! x 
sn sin” x 
OD gare “( 
cos. | x-—= 
J2 
tan” x tan” x 
SOLUTION: lim ——— ; Here f(x) = ——— and the domain of f(x) 
x>l cos x cos x 
= Ro[-1,) =[-L) 
. 2 tan’ (1—h 
lim" eine ao ees a) ) 14 


x1 cos!x xtrcos!x 10 cos” (1-h) 0 


Limit does not exist 


(ii) lim — = 
x>1 gin x 
Here f(x) = ——— and the domain f(x) is [-1, 1] ~ {0} 
sin x 
; x . x : l-—h 1-0 2 
lim ——— = lim| —{— |= lim| —{~—~ |= —- =— 
x41 gin x xr\ sin’ x) 40° sin (1-h) x/2 


. 1 
(ii) lim ——“>~* 


Hels 


ae 
LHL = a eg 
Hyorl vay oD 


"” cos”! (-x) = m—cos"!x) 


z/4 gia | 
= — =— and R.H.L = 
g=—7i2 gi2 2 


L.H.L = R.H.L = 1/2 
Limit of f(x) is 1/2 


The Limit of aFunction <_ 1.21 


Finite Limit at Infinity 


A function f(x) is said to have limit 2 as x > oo if for each € 
> 0, 46 (€) > 0 such that |f(x) — £| < « whenever x > 6 (€) and 
denote it by lim f(x) = anda function f(x) is said to have 
limit € as x — -o0 if for each ¢ > 0 J d(€) > O such that |f{x) 
— I| < € wherever x < 5 (e) and denote it by lim f (x)=/. 


Hence d(e) denotes a real number depending on «. 


Infinite Limit at a Finite Point 


A function f(x) is said to tend to infinity as x > a if for any 
given real number @ (hower lager) 4 6 > 0 such that f(x) > @ 
whenever |x — a| < 6. Similarly a function f(x) is said to tend 
to — © as x > a if for any given real number ¢ (however 
small) 4 5 > 0 such that f(x) < £ whenever |x — a| < 6. 


Infinite Limit at Infinity 


(i) 


(ii) 


(iii) 


(iv) 


a function f(x) is said to have limit infinity as x tends 
to oo if for any given real number ¢@ (however large) 
46> 0 such that f(x) > @ whenever x > 6 and denote 
it as lim f (x) = 00 

limit minus infinity as x tends to — 00 if for any given 


real number ¢ (however large) 4 6 > 0 such that f(x) < 
~ £whenever x <—6 and denote it as lim f (x) =-0 


limit infinity as x tends to — oo if for any given ¢ > 0 
(however large) 4 6 > 0 such that f(x)) > £ whenever 


x <—6 and denote it by lim f(x) = 00 

limit minus infinity as x tends to o it for 2 (however 
large) 4 6 > 0 such f(x) < — £ whenever x > 6 and de- 
note it by lim f (x) = —00 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Evaluate the following limits 


[] 


(im [>] Gi) lim 
(ity tim [! ijt! 
x70 X e508 | x | 
a AT ew lim [een] [eee] 
(3) cos G — *| x>a*  |sinx+cosx | 
° 2 
iy i 
gd [sin 3x] 
2 


Zz: 


Test the existence of the following limits and find them: 
(where [ | represents the greatest integer function < x). 


———;x#0 
(a) lim[x] (b) 51+e” at x = 0 
0 °*x=0 
(c) lim, [1 +x + x3] (d) lim | cos [x] 
(e) lim [sinx} = () lim} 
(g) lim (x? ye (h) lim res 
x0 x0 x 


(i) lim (1+ tan’ Vx)"* (j) lim{x + (x-[x])”} 


1.222 > TheLimit of a Function 
xi sx <1 
3. Let f(x) = ? , discuss the existence of 
x i xel 
limit atx =— 1, 1. 
4. Discuss the existence of limit of the function 


2 
. Show that Lim 


|x—1] 
fxy= 4 x 


(x ie 1D aaa 


; x>0 


° x<O0 


2 
e XxX ° 
does not exist but Pace) exists. 
x20 x 


(ii) lim = 
x>0\ 4 


(iii) Ify = lim, {sinx}, then find lim(y)’ 


x0 x 


. Evaluate the following: 


(i) lim(3)’ 


(iv) If fx) = e* (sinx);then evaluate lim f (x) 


10. 


11. 


12, 


13. 


(vi) —2 


. Test the existence of the following limits and hence 


evaluate (where [.] denotes G.I.F.) 


— — 2 — 
fe Ti |, ee 
x2 x- 2 x—>2 x- 2 


_ vx? -3x42 
(c) a, 
xX- 


(d) limcos”'(cosecx) 


ri 
Evaluate the following limits: (where [.] denotes the 


greatest integer function): 


(i) lim[sin™ x] (ii) lim[tan™ x] 
(iii) lim[tan™ x] (iv) lim[sin(sin™' x)] 
x—>—20 x1 


(v) lim[sin™ (sin x)] 


x 
2 


The value of lim sin” {x} , (where {.} denotes 


fractional part of x): 


State whether the following limits exist or not. Also 
evaluate if they exist : ([x] denotes gint of x and {x} 
denotes fractional part of x) 


(b) oe sin xX 


(a) lim xsin} — 
x20 x x90 


(c) lim | x | [cos x] 
x0 


(a) Evaluate the lim([* —x]+[x-k]-—x); where [x] 


denotes G.I.F. and ke Z. 
(b) Evaluate the above limit if k 2 Z. 
(c) Evaluate lim({k —x}+{x—-k}); where ke Z and 


{x} denotes the fractional part of x. 


(vii) 1 


5)" [5/4] ) . 
(v) If f(x) = ri +——— |sinx, then evaluate 
x 
lim f (x); where {.} is fractional part of x. 
, Sie . sin2x 
7. Using ¢ — 6 definition, prove that lim——— = 0 
x40 COS X 
8. (a) Evaluate the right-hand limit and left-hand limit of 
|x—4| 
x#4 
the function f(x) = 4 x-4 
0, x=4 
by If f(x) 5x-4 3;30<x<l : Aes 
x)= , 
(b) Ax? -3x s1l<x<2 Cece : 
lim Ff (Xx) exists. 
Answer Keys 
1. (i) 5_— (iii) -o (iii) —1 (iv) 1 (v) 2 
2. (a) does not exist L.H.L =0 & R.H.L = 1 (b) does not exist LH.L=0&R.H.L = 1 


(c) RHL=LHL =1 
(f) RH.L = LHL =0 


(i) (e"”) 
3. Atx =-—1, LHL =—-1, R.H.L = 1; lim f(x) =1 
4. R.H.L = 0, L-H.L = 1 
6. (i) © (ii) 0 (iii) 0 
8. (a) L.H.L. = -1, R.H.L. = 1 limit does not exist. 
9, (a) L.H.L = 1, R.H.L = 0 


(c) L.H.L = not exist, R.LH.L = 


10. (i) 1 —s ii) 1 (iii) -2 (iv) 0 (v) 1 
12. (a) 0 (b) 0 (c) | 
13. (a) -1—k (b) -k-—1 (c) 1 


(d) R.H.L = L.H.L = 1 
(g) R.H.L = L.H.L = 1 
(j) does not exist 


(e) R.H.L = L.H.L = 0 
(h) does not exist 


(iv) 0 (v) 0 


(b) L.H.L. = 1, R.H.L. = 1 limit exist and at x = 1. 
(b) L.H.L =—-1, R.H.L = 1 

(d) both L.H.L & R.H.L does not exist 

11. does not exist 


. lm 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. The value of lim [x-2]; ([.]| is gint function) 


1s 

(a) 1 
(c) 0 
. The value of lim {x-2}; ({.} is fractional part 


(b) 2 
(d) None of these 


function and n e€ Z andn > 2) is 


(a) 1 (b) 0 
(c) -1l (d) None of these 


. The value of lim {x — 2}; ({.} is fractional part 


function; n € Z and n> 2) is: 


(a) 0 (b) -1 
(c) l (d) None of these 
x+2;x<1 
. If f(x) = 54x-ljlsx<3 3 then 


x’ +5, where x > 3 
(a) lim f(x)=3 
(b) lim f (x) = does not exist 
(c) lim f(x)=11 
(d) lim f (x) = does not exist 


l/x 


ae then 
x0 e'* +] 
(a) L.H.L =-1 
(b) R.H.L = 1 


(c) limit does not exist 
(d) None of these 


a lim [(tan x) + 3], (where [.] is gint function), then 


x 
4 


(a) L.H.L = 3 

(b) R.H.L = 4 

(c) limit does not exist 
(d) None of these 


. , I 
. limsin— 
x30 x 


(b) 0 
(d) None of these 


(a) does not exist 


(c) 1 


8. 


11. 


13. 


The Limit of aFunction < 1.23 


. 1 
lim x sin — 
x0 x 


(b) 0 
(d) None of these 


(a) does not exist 


(c) 1 


lim cot(z—.x) 


(b) does not exist 
(d) None of these 


(b) 2/2 
(d) None of these 


lim sin” (x) is equal to 


x1 
(a) 1/2 
(c) does not exist 


(b) -x/2 
(d) None of these 


. limcos!’x=L 


x->!1 


(a) L.H.L =0 
(b) R.H.L = does not exist 
(c) L=0 


(d) None of these 


tim, |tan’ x| is 

(a) —n/3 (b) x/6 

(c) 2/3 (d) None of these 
. If sin'x + sin'y = 7, then lim, tan” (z) is 

zZ—>(xy 

(a) n/2 (b) 2/3 

(c) 2/4 (d) None of these 
: lim — o_ is 

x30 e* —@ 

(a) 1 (b) -1 

(c) 0 (d) None of these 


. Let sin! (sin x) + cos! (cos y) has k integer values 


for x,y € {1, 2, 3, 4}, then lim tan is 
z> 4 


1 
(a) 3 (b) 1 
(c) V3 


(d) None of these 


1.24 > TheLimit of a Function 


Answer Keys 
1. (c) 2. (b) 3. (c) 4. (a, d) 
11. (c) 12. (a,c) 13. (c) 14, (c) 15. (a) 


m@ ALGEBRA OF LIMITS 


If lim f(x) = £ and lim g (x) =m (where £ and mare finite 


real then statements hold 


good. 


numbers), following 


(i) Sum Rule: lim (f(x) + g(x)) = 2 +m eg.,, 


lim (x+sin x) =lim x+ lim sinx =2 + sin2 
x2 x> x32 


(ii) Difference Rule: lim (f(x) — g(x) = 2-—m. e«g., 


lim (tan x —2*) = lim tan x— lim 2* = tan 3 — 23 
x3 x3 go a3 


(iii) Product Rule: lim (f (x). g(x)) = Lm. eg., 


lim xcosx= lim x. lim cosx = (3/4) cos 3/4 
x3/4 x3/4 x3/4 


NOTE: 


sin’ = lim sin(f (x)). 


5. (a, b,c) 6. 
16. 


(iv) 


(v) 


(vi) 


(vii) 


(a, b,c) 7. (a) 8. (b) 9. (c) 10. (b) 
(c) 
Constant Multiple Rule: lim kf (x) = k.£; where k 


lim e* 
x75 


is a constant real number e.g., lim Se" =5x 
x3 


= 5e@ 


ld 

Quotient Rule: lim IG) =—,m#0, eg, 
xa g(x) Mm 

lim a mal : ae 


x>l sinx tlimesinx = sinl 
xl 


Power Rule: If p and g are integers, then 


PP P 
lim (f(x))? = 2%, provided (2)? is a real number. 


Rule for Composite Functions: lim fig(x)) = 
Pa (lim 2(x)) = f (m) ; provided ‘f‘ is a function con- 
tinuous at lim g(x) = mM. @.g., lim In{ f(x)}=In 2, 


only if 2>0 


Above said is also valid for cos (f (x)), tan (f(x)), cot(f (x)), sec (f (x), cosec (f (x)), P_ (fF (x)) provided these functions are 


defined at these points. 


ILLUSTRATION 15: Find the following limits: 


lim (sin x + dle 
(a) Jim { x []) ;[.] is greatest integer function 


(b) 
(c) 


lim sin (sin”' x+tan x) 
x1 


x—1/2 


we | 
lim x” sin— 
x0 x. 


ey (eee | 
lim—sin— 
e->0! ¥ x 


(e) 


x1 


lim {cos x—sin™ x} ; where {.} is fractional part functional 


— ee ! 
(f) isin {ssn (snt)}} {.} is fractional part function 
x 


ae 
(g) Evaluate ae (sin x)/ a 


The Limit of aFunction < 1.25 


-1 


(h) li | 2 |, [.] is greatest integer function 
(i) lim {tan x} /x ; {.} is fractional part of x 
: 4 
SOLUTION: (a) Jim | (sin x+ [x]) = im (sin x) + im [x] =1+ =| =1+1=2 
(b) lim sin (sin x+tan™ x) 


: lim (sin x+tan” x) = lim (sin x) - lim (tan™ x) 


x 31 

Nn _ 3a ; 
So 

27°4 4 (1) 


And sin x is a continuous function (graph of sin x is continuous without any break on R) 


lim sin (sin™ x+tan” x) = sin (lim (sin x+tan™ x)| 
x1 x1 


a (3) [by @)] 


(c) lim {cos™ x—-sin™ x} 
x 1/2 


Here lim (cos x—sin” x)= lim cos! x— lim sin™ x 
x 1/2 x 21/2 x 71/2 


Also the graph of {x} 1s as illustrated in figure 1.36 
Clearly {x} is discontinuous (break) at only integer and 


a, 
6 is non-integer. 


{x} is continuous at x = 


nla 


~ lim {cos x—sin™ x}= { Jim (cos™ x—sin™ 'x)| 


x—1/2 1/2 
- {z}-2 BE | ees | FIGURE 1.36 
6 6 6 ; 


x30 x70 


(d) limx’ ne (tim x (im sin) 
x—>0 x xX 
= (0) x (a finite number oscillating between — 1 and 1 includingly) = (0) 


1. 1 l 1 
(e) ae ay im( +i sin +). (+00) x (a real number between — 1 and 1, both inclusive 


x30 


and does not exist uniquely 


(f) fim sin sin } . Here im xsin-(in = (lim). lim sin™ (sin+ 
— x x1 xX x1 x31 x 


1.26 > TheLimit of a Function 


: C515] SiS 0 9145)0 508s 50 
x 


(g) lim 


x >1/V2 


(sin™ x) l l 1 zx 
—_— __ : - -l —_— — ——— as —. — 
Here im, - aa Jim, (sin x) aoe (|= 3 


ial 1/2 | 1/2 1? 1 
aE) (a8) -@) 
xol/J2 via xol/J2 oT 4 2 


[~ lim( f(x)" = (tim f(x)", provided (Lim fo) is real] 


- = - 1 lim (sin x 
(h) in| hers in( 2) = al2_, een (iii) 
x 


cot” x lim (cot x) a/l4 


| 


Now sin’ x is increasing and cot! x is a decreasing function and sin! x, cot'x > 0; 
ae x71 
sin” 

= sis increasing function 
cot x 

ee | a | 

sin x sin 1 
cot’ x cot’l 


a | +.—l 
= sa 4 <2 and in| 2 | =2 [from (iii)] 
cot x x>I | cot x 


where x —> 1° 


{tan™ x} 1 

. ac -] a 

(i) a . lim {tan x} ...(iv) 
Also lim tan™’ x =7 = non-integer and hence at x = 1/4 {x} is continuous. 


A _}; se ee hal amc ha 
=> lim {tan x} = {lim tan s}-{=}=2 as a aes 
From (iv) 


= im teat = +(= | = 


x21 yA I 


m@ = INFINITESIMAL QUANTITY 


A quantity f(x) tending towards zero as x > a is called in- 
finitesimal at x = a => f(x) is infinitesimal at x =a © 


lim f(x) =0. 


x—a 


For example: 
(i) Iff(x) = sin x and a = 0. Then sinx > 0 asx > 0 
sin x is an infinitesimal at x = 0 


lim sin x = 0 
x0 


If f(x) = log x and a = 1. Then log x > 0 asx 1 
log x is an infinitesimal at x = 1 
lim log x = 0 
(iii) If fx) = 1 -sinx and a = n/2 then f(x) 1s an infinitesi- 
mal at x = 1/2 
Jim (1 —sinx)=0 
m@ PROPERTIES OF INFINITESIMAL 


1. Sum of finite number of infinitesimals is always an in- 
finitesimal. 
Proof: Let g(x) = f(x) + f(x) + .... + f(x), where 
each f(x) is an infinitesimal. 
Let f(x) be the largest of them and /, (x) = m, then 
F(x) S$ m for each ie {1, 2, 3, .....n} 
=> g(x)<mt+mt+mtme.....+m (n-times) 
=> g(x)<nmandm—- 0> g(x) 0 

2. Sum of infinite number of infinitestmals may not 
necessarily be an infinitesimal. For example 


x 
@ xtAext.. ¢0= (4 | =0 
2 I-x x0 


n 
ii) —+—+..— = 
(ii) n nw 3 


l 
(n+l) nttn? | are) 
= 7 = > e~o;sasnro 
2n 2n 2/n 
1 
1+— 
i ee ( oe 
iii) —+—+....4+—= = as 
n : ; 2n° 2n 
n — 0; 
REMARK: 


If f(x) and g(x) are two infinitesimals at x = a such that lim 


f (x) 
g(x) 
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12 nm _a(n+t) 1+) ! 


(iv) —-+ ++... = —>— as 
3n* 3n? 3n? 6n’ 6 6 
n— oo 
. Difference of two infinitesimals is also an 
infinitesimal. 


Proof: Let f(x) and g(x) be two infinitesimals at x = 
a, then lim F(x) lim g(x) 

lim ( f (x) - g(x) = lim f(x) lim g(x) 

= 0 —0=0. For example 


fix) = x and g(x) = sinx, then both are infinitesi- 
mals at x = 0. 


lim (f(x) - g(x)) = lim(x-sin x) = 0-0 = 0 


. Product of two infinitesimals is always an infinitesi- 


mal quantity. 


Proof: proof is obvious from the fact that 


lim f(x).g(x) = lim f(x)-lim g@) . e.g, 


(i) f(x) = x and g(x) = x both are infinitesimals at 
x = 0 and h(x) = f(x). g(x) = x. x? = x > Das 
x — 0 1s also an infinitesimal at x = 0. 

(ii) f(x) = x and g(x) = sin x, both are infinitesimal 
at x = 0 and A(x) = f(x).g(x) =x sinx > 0asx-> 
QO is also an infinitesimal at x = 0 


. Quotient of two infinitesimals may or may not be an 


infinitesimal. For example 


 sinx a 
(ij) ——-~— 1 asx > 0 (sin x, x are infinitesimals 
i 


atx = 0) 
x? 
(ii) ——-—0 asx > 0 (x, sin x, and x are infini- 
sin x 
tesimals at x = 0) 
. Sinx Soo oe ee 
(iii) —,-7 0 as x0 (2’, sin x are infinitesimals 
x 
atx = 0) 
2 
Oe sin x 
is an infinitesimal at x = 0, whereas 
sin x 
sin x ee 
and —— are not infinitesimals at x = 0 
x 


From above we conclude that quotient of two 
infinitestmals may be an infinitesimal, may be finite or 
may tend to infinity. 


=k,then 
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2 


(i) /fk#0 finite real number, then f(x) & g(x) are called infinitesimals of same order, e.g., lim > = 2 (non-zero finite 
x—> x 
real number) 


._, Si _ t 
(ii) fk = 1, then f(x) & g(x) are said to be equivalent infinitesimals, e.g., lim senda lim cane 
x x x> x 


= sinx and x are equivalent infinitesimals of same order 
2 


(iii) if k = 0, then f(x) is said to be of higher order than g(x) e.g., lim— =0 = x’ is infinitesimals of higher order than x 
x>0 x 


2 
(iv) if k =«, then g(x) is said to be of higher order than f(x) e.g., lim— = lim — 0 
x30 x x0 x 


=> xis of higher order infinitesimal than x? 


List of Equivalent Infinitesimals sin (f(x) tan (f(x) 
If f(x) is an infinitesimal as x > a, then given below is the a™ — 1 (a>0) 
list of equivalent infinitesimals. In {1 + f(x)] 

sins) ——_[fo) ‘| tan fl 


[1 +fx)P-1 | pfx) lt f(x)-1 


REMARKS: 


1. Order of infinitesimal ie, the infinitesimal having higher 
tendency to reach zero as compared to other infinitesimal as x 
— a, is said to be of higher order infinitesimal. e. g. f(x) =x and 
g(x) = x?, h(x) =x°. Their graphs are as shown in figure 1.37. 


Clearly as x is approaching 0, y = x? has greater tendency 
to reach zero, then y = x* and theny =x 


*. x? is higher order infinitesimal as compared to x’, x? is of 
higher order infinitesimal as compared to x. 


2. Product of two infinitesimals is higher order infinitesimal 
than both the infinitesimal factors. e. g. f(x) = x and 
g(x) = x’ are infinitesimals at x = 0, But h(x) = x. x? = x? is 
higher order infinitesimal as compared to x and x? 


3. Quotient of two infinitesimals becomes zero as x > a if order 
of numerator is greater than that of denominator and 
becomes infinite if order of denominator is greater than that 


of numerator. It remain finite non-zero if two infinitesimals 


in numerator and denominator are of same order. e. g. 
2 

_ xX _ xX ._ 3X 

lim— = 0; lim—, = and lim— =3 

x0 x x0 x x70 x 


FIGURE 1.37 


4. An equivalent infinitesimal can be obtained from a given sum of infinitesimals by rejecting the higher order 
summand infinitesimal. e. g. x° + 2x? is an infinitesimal at x =0 
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= 2x? is equivalent infinitesimal 
5 3 2 
x°+2x” ,. [xX 
lim— = inf ) =1 


x0 2 x? x0 


5. Product of infinitesimal at x = a and a bounded function is an infinitesimal at x = a, e.g., lim x( sin —0 
x0 xX 


ILLUSTRATION 16: Replace each of the following infinitesimal with an equivalent one: 
(a) 3sin x — 5x° (b) {(1 — cos x)? + 16x° + 5x4 + 6x } 


SOLUTION: (a) We know that the sum of two infinitesimals x & y of different orders is equivalent to the 
summand of the lower order, since the replacement of an infinitesimal with one equivalent 
to it is tantamount to the rejection of an infinitesimal of a higher order. In the given example 
the quantity 3 sin x has the order of smallness 1. 

Hence 3 sin x + (—5x°*) ~ 3sinx ~ 3x 
(b) {(1 — cos x)? + 16x? + 5x* + 6x°} = 4 sin* x/2 + 16x? + 5x* + 6° 
The summand 16x? is of the lowest order, therefore {(1 — cos x)? + 16x° + 5x4 + 6x° } ~ 16° 


ILLUSTRATION 17: Using the principle of equivalent infinitesimal, evaluate the following limits: 


1-cosx lim MET et * —] 


lim 
(a) (b) x0 sin 4x 


x0 ]-cosx/2 


sin 2x + arcsin 2x — arc tan 2x 


c) lim 
( x0 3x 


l 2 
SOLUTION: (a) Since 1 — cosx ~ x’/2 and 1 — cos x/2 ~ A(z) 


= 2 
Therefore, eee = = fd _ 
x30]—cosx/2 x°/8 
2 
(b) From the equivalent infinitesimal, we find Vl+x+x° -1~ (+x) > ) me (x) 
[G+ FQ)’ -I~ pf) 
if f (x)1is an infinitesimal 
Vl+x+x? -1 = fim *! 2 a 1 


Therefore lim ~~~ ~*~ — = is 
ce 90 gin Ax x0 Ax 8 


, & sin 4x ~ 4x 


(c) Using the equivalent infinitesiinal function, we obtain sin2x + arc sin2x — arc tan2x ~ 
2x + 2x —2x = 2x 

sin 2x +arcsin2x—arctan2x _ lime = 2 

3x x0 3x 3 


Hence, lim 
x0 


NOTE: 


The concept of infinite functions of various orders is introduced similarly as done for infinitesimal functions. 


“The function f(x) is called infinite as x > a if lim I(x) =. Therefore infinite is inverse quantity of infinitesimal.” 
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ILLUSTRATION 18: 


SOLUTION: 


ILLUSTRATION 19: 


SOLUTION: 


ILLUSTRATION 20: 


SOLUTION: 


Prove that the functions given below are infinitesimal at the indicated points. 


2x—4 
= tx=2 
(a) Kx) x? + 5 al x 


(b) Ax) = (@-1) sin? 


atx=1 
1 


2x-—4 
(a) It is sufficient to find lim af (x) = lim =0 


x92 x7 4.5 
(b) First, the function 6 (x) = (« — 1) is infinitesimal as x —> 1; indeed, 


] 
lim (x— 1)’ =0. Second, the function y (x) = sin’ (—}, x # 1, 1s bounded: 
x— x—- 


<1 


sin? car 
x-1 


Hence, the given function / (x) represents the product of the bounded function w(x) by the 
infinitesimal (x), which means that f(x) is an infinitesimal function as x > 1. 


Find lim x sin (1/x) 


Since x is an infinitesimal as x — 0 and the function sin(1/x) 1s bounded, the product x sin(1/x) 
is an infinitesimal, which means that lim xsin(1 /x) 0 


Determine the order of smallness of the following functions f(x) with respect to the 
infinitesimal x at x = 0 


(a) f(x) = tan x° (b) vsin 
(c) f(x) = cos x — cos 2x 
3 3 
(a) We have lim eee lim = x? 
x30 x x0 x? 
3 
= im = jim x? =0 
x20 0 x x0 


Hence tan x? is an infinitesimal of a higher order relative to x. 


af +. 2 
(b) We have lim——— = in| sin?’ x 1 Ete 
x x 


x0 ty 


3 + 2 . . . . 
Hence sin? x is an infinitesimal of a lower order as compared to x. 


ae 
(c) f(x) = cosx — cos 2x = 2sin=xsin=. 


aol (3) 


Whence lim —~— f() = lim 
x x70 x 
: ( : 3) 
1 =0 
x0 x 


Hence f (x) is an infinitesimal of higher order with respect to x. 
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m@ SANDWICH THEOREM AND STANDARD 
RESULTS ON LIMITS 


If g(x) < f(x) < h(x) for all x belonging to neighbourhood of 
a (i.e., (a — 5, a + 5) may exclude x = a) and there exist a 


real and finite number @ such that lim g(x) = lim h(x)=2, 


then lim F(x) is also equal to 2. FIGURE 1.38 


m@ STANDARD RESULTS ON LIMITS 


sin x 


1. lim— =1=lm— 
x0 x x30 sin x 
sin x C 
Proof: The function is not defined for x = 0 M 
since the numerator and denominator of the fraction 
becomes zero. Let us find the limit of this function as O BA 


x — 0. We consider circle of radius 1; denote the 
central angle MOB by x, (0 <x < 7/2). From the figure, FIGURE 1.39 FIGURE 1.40 
it follows that 


1.32 > TheLimit of a Function 


area of A MOA < area of sector MOA < area of A COA 


.. (4) 

1 ] l 

The area of A MOA = a OA.MB = 7 ()(sin x)= 5 
sin x 

1 l 

The area of sector MOA = a (OA). x = 5 (1). 

1 
x=—x 


2 
The area of COA = - OA.AC = 7 (1). (tan x) = = 
tan x 
After cancelling 7 inequalities (1) can be rewritten 
as sinx <x <tanx 
For x > 0* sinx > 0 


1 
—< 
sinx cOosx 


Divide all terms by sin x; 1 < 
sin x 
or 1 > —— >cosx 
x 


We derived this inequality on the assumption that 


sin(—x) _ sinx 


x > 0; noting that and cos(—x) = cos x, 


we conclude that it holds for x < 0 as well. But 
sin x 


lim cosx=1, lim 1=1. Hence the variable 


x0 


x 
lies between two quantities that have the same limit 
(unity). 


Thus applying the sandwich theorem given in the 


comes out to be one. The 


; . sinx 
preceding article lim 
x 


sin x 


graph of is shown in the figure 1.41 


¥ 


y’ 
FIGURE 1.41 


2. lim 


tan x 


=l=lim 
x0 x x—0 tan x 


Proof: We have already proved sin x < x < tan x 


for xE 0 4 
2 


ve sin x x 
Dividing each by tan x we get 


< 
tanx tanx 


<1 


( tan x > 0) 
=> cosx< <| eae (11) 
tan x 
lim cosx = lim 1=1 
x 30° x30° 
". By Sandwich theorem, lim =. 
x0" tan x 
(—x) x 


Also cos(—x) = cos x and ————— = 
tan(-x) tanx 


=> cos(—x) 7 (td, <1 for xe (0,5 


an(—x) 
=> cosx< <1 for xe] -——,0 
an x 
lim =] 
x0 fan x 
tan x 
— lim =] 
x—0 x 
sin” 
. lim = 1=lm— 
x0 x x20 sin x 


Proof: We know that sin x and sin’'x are reflection of 
each other on line y = x as shown below. 


And lim>—~ = 1 (i) 
x0 x 
sinx PL ie 
At point P(x, sin x), — vee (11 
p ( ) aay: (11) 
y ) 
y=sin"'x 


‘\ 


yn y=sin'x 


FIGURE 1.42 
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OisinK = . sin x 
(sinx,sin-(sinx)) => lim =1 
x0 x 
spree P(x,sinx tan”! 
( 4. lim =1=lm— 
x0 x x0 tan x 


Proof: tan x and tan’'x are reflection of each other on 


line y = x and intersect at x = 0 
_ tanx .. tan!x 

lim = lim 

x0 x x0 x 


(As proved in(3)) 


FIGURE 1.43 


sinx PL MQ __ sinx 


Now, a =o 
x OL OM sin (sin ) 
sin x 
Let sin x = y, then -—*_andx 0, sin x > 0 
x sin (y) 
=> y>0 
. sinx ,. ; 
lim = lim—— = lim— 
ea Xx y>9sny *>%Sin x FIGURE 1.44 
: -1 
: . Ssinx . tan x ; x 
lim —— =1 lim =| = lm =1 => lm—_—=!1 
x0 sin x x20 x x0 x x>0 tan x 
REMARKS: 


1. Although lim =1 yet 0< SIN* <1 for xe (-2,2) ~ {0} as is clear from the graph given in figure 1.45 
x30 X x 


a : siInx 
Forxe(0,2), siInx<xX > —<1 
xX 


Xx 


O22 24 for X€ 2,2) 0 
xX 2 2 


And for xe(-4.0),sinx>x = illo asx<0O 


__ | SINX ._ SiINX ; ; 
=> im | = lim—— =1; where {.} denotes fractional part function 
x 


x0 xX x0 


and jim] = 0; where [.] denotes integer part function FIGURE 1.45 


x0 xX 


MS yee for xe(-2,2]~0 asi 


2. Although lim 
x0 xX 


s clear from figure 1.46 


tanx 
>1 
xX 


4 
For xe(0.2], tanx >Xx 


ban >1asx<0 FIGURE 1.46 


And for xe(-4,0),tanx<x = 
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tanx 
1< 


<2 for xe(-5, =). {0} 


xX 


. | tanx 
=> im) |- 
x0 xX 


= im 0} EO for xe(-5, ). {0} 


X 


= im 0 inl -1)=1-1 =0 
x0 xX x0 xX 


3. Since O22 2 and pal, forx—>0 


= ta boin -1]=1-1-0 
SINX x>0\ SINX 


tanx 
and ——-—  1for x >0 
xX 


=> pe tone <2for xe{ -,2)~ {0} 
xX 2 


= 0< i <1 for xe{ 2) ~ {0} 
tanx 2 


. xX : X . Xx 
= lim =0 and lim =lim =1 
x>0/ tanx x>0 | tanx x>0\ tanx 


5. Forx € (0,1), sin'x>x 


sin x x 
=> —>1l1and0<-— 
sin 


<1 and forx é (-1, 0), sin'x <x 


Pe 

sin” x x 
=> —>1and0<-— 
x Si 


—— <1 
Nn x 


rae | 

sin” x x 

—— >1 and 0<——— <1 forx e (-1, 1) ~ {0} 
x sin” x 


x ttits 
=e have limit 1 asx 0 


i 
= i X Sp altee 
sin 


Xx 


— <1 for x € (-1, 1) ~ {0} 
xX 


. 1 
: sIN xX xX 
=> i lava |-0 
x0 xX x0 sin” xX 


vy 
: sin xX : xX 
= lim, ——;=lim| — =—-1]=0 and lim * 
x0 x x>0\ sin” x x30 sin”! x x30 


=lim 


| 


X 


sin’ x 


| 


= (1) Cin a) (by result (5)) 


x30 x—-0 


: lim(1+x)" =e and im( 1+) =e 


Proof: Asx—>0 
=> |x|<1 


6. limsinx =limtanx =0 ; limcos x =limsec x =1 
mo 1 
x0 x 
2 3 
ee 7 x x x 
Proof: Expansion for e* is given by e geeraa Taare ee 
e“-1 1 x »x 
=> =—+—+—4.....0 
x 1! 2! 3! 
Asx > 0* 
e*-1 1 x x 
=> =—+—4+—4...,.<] +x 422+ 4+.....00= 414+ 
x I! 2! 3! 
oa, | 1 2 
Also eG | asx > 0* 
x I! 2! 3! 
. ei 
—+ lasx—0* Thus R.H.L. = lim =. 
x-= xX 
Now for x > 0, replacing x by —y and taking limit y > 0 +, we get 
_ oy 
L.H.L = lm | pee 
yoo x yoo" —ye” 
on 
aii = (S)-0 %-1 
yoo! y e” (1) 
As for y > 0* 
Le <1 yt y+ ee 
2 3 
E ealtye ZZ.) 
2! 3! 
=> |<< —— 
—y 
. by Sandwich theorem lim e = ] 
yo 
. a-ti 
6. lim =Ina;a>0O 
x0 x 
Proof: a* =e"* & a2 (x)) 
eina)z 
2 a exlna | enna =| 
lim = lim = lim (In a) 
x0 x x0 x x30 dn a)x 
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ss J} otasxo0 


1.35 
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+ 
I! 
Hilt 
'. By binomial theorem, ee 
= pe EE) , MO 90-24) 
I! 2! 3! 
=> im(ies) Sie es 00 = 
ei Ip 2) 3! 


Thus lim (1 4 x)" =e 
x30 


=> im( 1+ =e 
x0 xX 

8. im Bt) _ 
x0 x 


1 


Proof: Expression of In(1 + x) is given by 


In(i+ x) = x -—+—-—-— 4+....0 
2! 3! = 4! 
2 3 
Ind+x)_, * Xo 
pe 2! 3! 4! 
’. Forx—-> 0* 
fn(1+ 
Pi Ne ee atin ci 
x 
x én(1+ x) 1 
= |-| — |<——_— < —— 
(=) x 1-x’ 
But im 1-{-*—) = and lim | > =l 
x30" 1-x x07 ]—x 


_ £n (1 + x) 
lim ————— = 1 (by Sandwich theorem) 
x 


x0" 
For x07 
jne2) 1x" =x 
x 
an én(1+x) \ (-x) 


_ fat) 04 ang im 11 fim (1 
x l+x x30 x90 Lote 


1 
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_ &n (1 + x) 
‘. By Sandwich theorem, lim ——_#§_—_=] 
x? x 


> DAL RAE Hl 


Aliter: wehave lim(1 + x)" =e 


‘ l/x A 1/x 
=> lim In(1+ x) = In(lim (1+) 


x0 


FIGURE 1.47 


~ lim f(g@)) = f(limg()] 
provided f(x) is continuous at 


limit of g(x) at x=a 


= fn e = 1, as In(x) 1s continuous at x = e as is clear from the graph of €n x given above. 


lim In(1+ x)" =lor fia =] 
x> x0 XxX 


9, lim 


x70 


logs) =loge,a>0;a#1 
x 


In(1 
Proof: By result (8), we have tim BU* 2) =] 
x? x 


ee log, (1+ x) apa log, (1+ x).log, e 


x0 x x0 x 
log, (1+ x) 
3 
= (log,e) (1) (By (i) 
= log e 


= loge. lim 


x" —a" 

e A 

10. lim =n(a) ;neR 
x 7a X-a 


Proof: Letx=ath;h-0 
. x"-a"=(ath)'- a’ 


= (ay [reAT -a = or fst 


1.37 


(i) 
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A ( 
- (ay ten(E ee 2 | ~ faked ale DOD 


7 1» a 2a) 31(a)’ 
n(n=1)(n-2)| 2) 
31 ee CO 

5 tim 2 atm At) = © 

xa x-—@Q h-0 h 

n 2 2 = — 3 

= lim’ oe eek ee (i) 

xa fy a 2!a 3!a 


Case (i): Ifn is a positive integer, then the infinite series in (1) gets terminated and hence the sum of finitely 
ents ntt uae . {a mm 
many infinitesimals is zero. Thus, the limit becomes lim = (n) +0=na"" 
20 \ a 


Case (ii): When nis a negative integer; n = —m. m > 0 (say) 


. xa" .. xa” a” —x”™ 
lim = lim —————_ = lim ———_— 
x-a X-ad x7a x-ad xa XxX Qa (x-a) 

: x" -a") . xa” 
xa (x-a)x a xa X—-—@a x7a Xx a 
l —m-| 


= =(m)(a)"! = (-m) a2" = ma 


Case (iii): n= P (rational number) 
q 


. xP! ~(a)”" | ix" i —(a"" y 
lim = Lim -—2>——-—— 
xa (x-a) xa x-—ad 


Put x %=y 


> x=yasx 7 a>yroa'4 
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REMARK: 


The above standard limit (10) is also applicable when ‘r’ is an irrational number. But the proofis beyond the scope of this book. 


ILLUSTRATION 24: Evaluate the following limits: 


(i) lim 


(ii) lim-—— 


ii) lim sin 3x —3sinx 


(iv) lim 


(v) 2a 
xX sinx 
(vi) lim-2—_— 


(vii) lim 


(viii) 


. 1 
sin : 
(ix) in| | ; where [.] is greatest integer function 
x 


(x) in| r where {} is fractional part function 


_ | tan’ x 
(xi) in| = | ; where [] is greatest integer function 
x 


. | sin” x 
(xii) im = ‘} ; where {.} is fractional part function 


t 
1—cosx 


(xiii) in| | ; where [.] is greatest integer function 


Sx : : : 
(xiv) lim | ; where [.] is greatest integer function 


SOLUTION: (i) im = =n = m3 =) =3(1)=3 asim = = 1 
x x > 
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a avate 3sin x—4sin’ x)—3sinx 
(iii) lim sin 3x 38in yin ) 
x 


x70 x70 x 


Pare A 3 
= if Pe -4im{ =-4(1)) =-4 


x0 x x0 x 
_ * 2 . 
(iv) lim £08 + = im 28 2? zt im V3|*!2 (fe? 4 
x30" x x70" x x0" x 


inx/2 
Ape 0 si <0 and SS 0 
x 


sin x /2 sinx/2) 2 1 
= lim J2| > *"* |= tim V2 ===({)=2= 
tim V3 x tim V3 ea) 2 Vp 


3(3sin x—4sin’ x)+5sinx—7(2sin xcosx) 


. 38in3x+5sinx—7sm2x 
(v) lim, = lim 7 
x0 x” sinx x0 x SMX 
_ 9—-12sin?x+5—-14cosx  ,._14(1-cosx)—12sin’ x 
In —_#!_!_!_—!_,.— = ee 
x30 x x0 x 


14(2sin” x/2)—12sin’ x 2 in ND 
= Pe aoe eZ (eee) -12{ ==) = 71(1-12(1P = - 5 
x0 x x30 4 x/2 x 


[F — cos" :| — aol 
(vi) limS4—_—4 = fim" * (-- sin4x + cosy = 0/2) = lim + * —*— =(1)(1)=1 


x70) tan x x0 tan” x x0 x tan’ x 
sin” x 
a | = 
. x-sin' x. 1-1 
(vii) lim ————_ = lim —__*— = —_=0 
x0 sin x x0 sin x 1 
x 
a Wo tant x |. x? x? tan x 
(viii) § iim ——— = im —_,__ 
x40 = 1—cosx x90 =2sin*(x/2) 


1. x? “i 4. x/2 Y 4 2 7 
= 5 lim — 5 (x- tan x) = Stimn( 12 (x—tan™ x) = 2(1) (0-0)=0 


sin” 3x sin’ 3x 
i lim} ———— |= lim} 3] ———— 
(ix) im x | | ( 3x ] 


| ee | 
lime Sal a yy =3x 
x0 3x y0 
| 
= lim[3(1+.5)]=lim[3+36]=3 =1 and ——* >1 fory 0 
d—>0 d—>0 y 
-- 
= SY 145,530 fory 30 
y 
-1 -1 
(x) im * tind a{ 8 *) 
x30 x x0 3x 
| -1 
AE <1asx > Oand 1 
_t 2 x x 
7 parted *)) tan7' 3x 
=> =1-6;56 > 0 


3x 
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~ lim {3-33} = im (3-35) -[3~36])(-{x} = x-[x) 
= lim (3-35 —2)= lim (1-38) =1 
| -l -1 
(xi) in| | tl aed |= | ao 
x>0/ sin x x0 x sin xX x0 x sin x 
tan™' x tan” x 
= Clearly ——— > 1, but ——— <1 for x e(-1,1) 
sin x 
tan~! tan7 
> 0<—— <1 forxe (11) = lim an |=0 : 
sin” x x0) sin” x K_ y=tan'x 
sin 
ii) lim<«—— 
(xii) in {= 
| 
Se >1 for x € (-1,1) 
tan x 


| a | 
sin x sin x x 

aS —,— > 1 forx > 0 
tan x x tan x 


sin! x 


=— <2 forx e 1, 1) 
an” x 


saat ese . 2sin? x /2 
(xiii) lim) ——— | = lim} ———————_- 
x0! 2sin(x/2)cos(x/2) 


L.H.L = lim [tan x/2]=—1 as x >0 => tan(x/2) 907 
and R.H.L = lim | tan x/2]=Oasx — 0° => tanx/2>0° 


L.H.L # R.H.L 
Limit does not exist 


(xiv) lim [eos Bas | 


x>0/ xsinx 


= lim} —————_ } = lim 
x0 


2sin? x/2 sin x /2 | 


x90 se x xcosx/2 
axe es = 


ILLUSTRATION 25: Evaluate the following limits: 


FIGURE 1.48 


ee | . | | 
. |sin x : sin x sin . sin x 
lim =~ ¢ = lim) ——{—- * | |=lim 5=—7-1=d-1)=0 
x0 |tan x} * | tan x tan x x0 fan Xx 


| = lim|[tan x/2] 


. | tanx/2 
= lim 
i 


= lim (a) - im] *(0+8)| = lim +3 |-0 
x0! 2 x/2 60" | 2 60} 2 2 
ie tan x /2 and #12 + 105x+0) 
x/2 x/2 

(i) lim sin 4x —sin 2x (ii) fm 2 x 

x0 x x0 Xx 
a. 1l-cosxvVcos2x 
(iii) a 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. For x — 2 determine the order of smallness, relative 
to the infinitesimal B(x) = x — 2 of the following 
infinitesimal: 


(a) 3(x— 2) + 2(x?— 4) (b) Vsin zx 


2. With the aid of the principle of substitution of equiva- 
lent quantities, find the limits of the following: 


a 

(a) Tim 2895) py yp 

190 4h 2] 9 (tan! vx)? (e* -1) 

: sin3x 

(c) fia ee) (d) tim —_—__ 

x0 gD* _] x>0 log (1+ tan 2x) 
(e) fim ee ee 

x>0 log’ [(sin 3x) + 1] 

. vV1+sin3x-1 
(f) lim—WHY 

x>0 log(1+ tan 2x) 

— 2 3 

ie ee) 


x0 log(l—x+2x* —7x’) 


2 —. 
(h) iqQoee 


x>0 ]—cosx 


me the 3sinx-x° +x 
i) bm———_.__ > zi 
x>0 tanx+2sin° x+5x 


) lim (sin x —tan x)’ +(1—cos2x)* +.x° 
x0 Ttan’ x+sin® x+2sin° x 
k) Fm 1 SOS + 2sin x —sin? x —x’ +3x* 


x0 tan? x —6sin* x+x—5x’ 


. Evaluate the following limits and hence or otherwise 


comment over the following statements “sum of finite 
number of infinitesimals is always zero whereas sum 
of infinitely many infinitesimals may not neccessarily 
be zero.” 


(c) im{— + = a | 
nol ny? +1 n+) n° +1 


[x]+[2x]+[3x]+.....4[nx] 


(d) Lt ; 
n—-oo n 
4. Evaluate 
oe =e 
(a) lim f(x) it ene \< ee 
tan x 


(b) lim fox) it S™* < f(x) < 


. Choosing two suitable functions and applying sand- 


wich theorem prove the following (given that x is 


positive infinitesimal): 
x? 4 n 


x? 
(a) limx+——+—— coals Open 
21 3! 4! n! 
2 3 4 5 
(b) iy ee, +(-0" ne Ss 


me 2 3 OS 


. Examine whether the following limit exists or not. 


If exists, find the value of limit? (where [.] denotes 


. The value of im) 


9. Evaluate the limit im | 


(e) 2/9 


The Limit of aFunction < 1.43 


greatest integer less than or equal to x and { } denotes 
fractional part of x). 


(a) im] sin | m| ‘| 
x0 x 


(c) im] tan | (a) lim In(i + x) | 
x0 x 


(e) in| St (f) im 2} 
x0 x x0 x 


(b) li 


function. 


| sin x | 
| x | 


modulus and greatest integer function) is : 


n sin “|| tan | 
x x 


| (where |x|, [.] denotes 


(f) 3/4 (g) 2 


Answer Keys 
1. (a) Same order (b) (x — 2) 1s of higher order infinitesimal 
2. (a) -—2 (b) 3/5 (c) 4/5 (d) 3/2 
(h) 1 (i) 3 (j) 1/2 (k) 2 
3. (a) 1/2 (b) 7/8 (c) 1/2 (d) x/2 
4.(a) 2 (b)1 
6. (a) 0 (bl (c) | (d) does not exist R.H.L = 0, L.H.L = 1 


(e) does not exist R.H.L = 1, L.H.L = 0 (f) 1 
—2 8. 0 


9. 2n — 1 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. 


The lim f(x) if 2 2296 )< eae , 18 
(a) 2 
(b) 3 
(c) 5 
(d) None of these 
. vl—cos2(x-1) 
lim 
x1 y=] 


(a) exists and is equal to V2 
(b) exists and is equal to — V2 


(c) does not exist because x — 1 > 0 
(d) does not exist because left-hand limit is not equal 
to the right-hand limit. 


sin(z cos’ x) 
2 


: lim equals 
(a) —1™ (b) 2 
(c) . (d) None of these 


. If0<x<y, then lim (y" + x")"" is equal to 


(a) e 
(c) y 


(b) x 
(d) None of these 
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cos(m + 2)x —cosmx 


5. The value of the lin. ——_——\_ 
x0 cos(m + 4)x —cos(m+ 2)x 
m+ m—1 
b 
(a) m+3 (0) m+3 
+] 
(c) = (d) None of these 
m—3 
me 
6. A: lim :x sin— = 1 
xo x 
: oi 
R: lim :y sin— =1 
y0 y 
(a) A and R are both correct and R is correct explana- 
tion of A 
(b) A and R are correct but R is not correct explana- 
tion of A 
(c) Ais correct R is wrong 
(d) A and R are both wrong 
 sinve . 
7. lim— is equal to 
a> isin O 
(a) 0 (b) 1 
(c) —1 (d) None of these 
8. lim aaa — (m <n) is equal to 
x0 (sin x) 
(a) | (b) 0 
(c) n/m (d) None of these 
9. One value of k; for which 
(e:-1) 7 
im ——___~__——————- = 8; is 
= sin (x? /k? ).log{1 +(x" /2)} 
(a) 1 (b) —1 
(c) 2 (d) 3 
10. lim— , (where a > b >1) is equal to 
No Gy — 
(a) —1 (b) 1 
(c) ¢ (d) None of these 
Answer Keys 
1. (a) 2. (d) 3. (b) 4. (c) 5. (a) 
11. (a) 12. (c) 13. (a) 14. (a) 


11. 


12. 


13. 


14. 


15. 


; b 
lim (1 —-a*y ar eS (ac (1,1), b € R)is 
(a) 0 (b) 1 
(c) 2 (d) None of these 
. cos2—cos2x 
Se ar eta 
mt [x 
(a) 2 cos 2 (b) —2 cos2 
(c) 2 sin 2 (d) —2sin2 
If lim (x-3 sin 3x + ax~* + bd) exists and is equal to 


zero then: 

(a) a=-3andb=0 
(b) a =3 and b =9/2 
(c) a =-3 and b = -9/2 
(d) a=3 and b =— 9/2 


miGt)-mG-%x) 


If hi 1 = k, then value of k is 
x> x 
(@) = () -3 
a= =o 
3 3 
2 

() -5 (4) 0 

Which of the following limits vanishes? 


1 
lim x* sin——= 
ae ae 


(b) lim | (1—sin x). tan x 


2 


(6) lim +> sgn (x) 
x0 x7? + x —5 e 


(d) lim Goi = 


x>3* x —9 


where [ | denotes greatest integer function. 


Vl—cos2x . 


. im——— 
16 lim Pax 1S 
(a) 1 (b) —1 
(c) zero (d) Does not exist 
6. (c) 7. (b) 8. (b) 9. (c) 10. (b) 


15. (a,b,d) 16. (d) 


m EVALUATION OF LIMITS 


To evaluate a limit, we must always put the value where 
'x' is approaching to the function. If we get a determinate 
form, then that value becomes the limit otherwise if 
an indeterminate form comes. Then apply one of the 
following methods to reduce the function so as to remove 
indeterminancy. 


(i) Factorization 
(ii) Rationalization or double rationalization 
(iii) Substitution 


The Limit of aFunction < 1.45 


(iv) Using standard limits 
(v) Expansions of functions 


1. By Using Factorization 


The limits of some functions can be evaluated by factoriz- 


x-2 


ing both the numerator and the denominator. e.g., lim 
x> 


= jim CT DE+2) 
x-2 
the factor (x — 2) asx > 2 
= xF2. 7-220 


= lim(x +2)=4, here we cancelled 


1.46 > TheLimit of a Function 


2. By Rationalization 


“Meaning of rationalization is to remove radical signs 
from the given expression” which can be achieved either 
by multiplying the numerator and (or) denominator with 
their respective conjugates or by substitution or by appli- 
cation of formula x” — a”, we can evaluate the limits which 


involves radical signs. 


X—-a 


7 O78 1/3 1/3 2/3 
x +x “a +a 


1 ] 


ZS oe es 
—- k-1 


lim —————_ = — ve = 
sg le zk 2 ( pity k( Dp ) k(p) © 


[putting (x + p)'*=z] 


The Limit of aFunction < 1.47 


SOLUTION: (i) in| evn 


x0 


Vl+x—-vV1- x 1+x+wvl-x 
x ” Te ey x 


_, | d+9-d-x |_, 2x oe 2 . 
a l+x+ = oe l+x+ = tal | 2 
eee) eS 
— + | = lim| ——> —~ 


(ii) lim 9x 4x3 (2x+3)(x—-]) 


xl 


= tim| CED) | _ sige 2-3 ft 
= (2x+3)(Vx—-1)(vx+1) | **"| 2x+3)(vx+1)} G2) 10 


ILLUSTRATION 34: Evaluate the following limits: 


V6 6-x-—2 (x-2) 
OT G2) (ii) (64x)? 2 
SOLUTION: (i) lim = =) a — = [rationalizing the numerator] 
wf NOURES ge ey 
*2(x-2)| V6—x+2] 7? (x-2)[Vo-x+2| V6-2+2 2+2 4 
coogi ARE 2) (x-2) 
lim —*———2 — = Jing ——-— > 
(11) ae 64x)? — 7 lim ae (64x)! (3) 
= lim =) 


ia (ee (1c) 
(62x) re (8)"" +(8)" 
x2 (x-2) 
= (8)?3 + (8)3 (2) + (82 =44+44+4=12 


woe gl pl (a—b) 
: ( 2 + 8b + b?) 


ILLUSTRATION 35: Evaluate the following limits by using the method of rationalization: 


vx+20—J2x+15 (x+22)°-3 
@) lim*-——“— “Se (ii) limS—_4—— 
x5 vx a V5 x5 Vx+4 —3 


soLuTION: ¢) tim ™*20)=(2*+15) (Vx +5) 


naa), _ +N) __ CNS) | a5 


5(x—-5) (Jx+204 2x+15) (5+5) 0 5 


an 
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(x+22)°-(3) _ ee (x +22)" -(27)" 


fig oN 
a x95 x 44-3 m5 4-4-9 


ies (x+22-27) Nx+4+v9 
x5 | (x+ 22)" 4 +(x+ 22)! (27) A (27)"* | (x+4-9) 


(x-5) (6) _ 6 _ 


ms [9+9+9](x-5) 27 


2 
9 


ILLUSTRATION 36: Evaluate the following limits by using rationalization method 


. lim x2 on Vx Vx 
Gi) ! 564 43 _A (ii) hi ai eet on 
1/6 


6 x6 —(64) 


SOLUTION: (i) iim 4 1964 ll3_(64y3 “(6 AE 


= im ane ps 3/6 4/6 5/6 x 
x64 ie 4 x46 (64) + x3 (64) 4 2/6 (64) 4x6 (64) +(64) | 
(x”” +x! (64)? + (64)"”) 

(x-64) 
glk pik = — = , = 
a*¥t+a*¥ b¥+a * b¥ +....46 / 
where k €Z* and k >2 
lee +x'3 (64)? + (64)"” | 

= pas | x6 re x*/6 (6 Ay’ 4 x6 (64)"° + 2/6 (6 4)" + x'/6 (6 4)" 4 +(6 4)" | 

_ 16+(4)(4)+16 48 3 1 
[32 -+(16)(2)+(8)(4)+(4)(8)+(2)(16)+32|] 32x6 2x6 4 


ix? +x+6—-—Yx4+7 


Oe ae 
(x? +x+6)-(x+7) LWe+H) +0) 
) (xtext6) +(x? +246)" (x+7) + +(x+7)"| (x+1-2) 
see ena 


(2)[2N2] 42 V2 


~ 44(2)(2)+4 12 3 
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3. By Using Substitution R.HLL, we putx =at+handh—> 0*eg., lim|x—2] - where 
In this method we put x = a + h and h > 0 e.g., | [.] is gint function, then, 
(3+) -9| [940 +6n-9] LHL = lim[(2-A)-2]= lim[-A]=-1 
oS i SF ie hoo h>0* 
h->0 (3+h)-3 h->0 


(2 0<h<1>-1<-h<0 = [-h] =-1) and 
[Wr +6n] . . 
lim —" = lim(h +6) = 6 RH.L = lim[(2+h)-2 |= lim[h]=0 


h-0 


If we need to find LH.L and R.H.L, then while evaluat- (. 0<h <1 = [h] = 0). Thus above limit does not 
ing L.H.L we put x = a—h and h > 0° and while evaluating | exist. 
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(iv) tim [tan x] 


RHL.= lim [tanx]= velete a) E 1<tan( 444) <2| 


x—>(x/4y" 


*. Limits does not exist. 
(v) lim {tan x} 


so) 


= lim (ans = jim | tn( 1) ; {tan 5-1} —tan( $a) 
; 4 


x9Zy 


= lim tan 574) = tan( °-0] =| 
hot 4 4 


(vi) lim, | {tan x} ] 


LHL.= lim | {tanx} = 1p (5-4) 


x>(#/3)° 
ya 
-: 1<tan{ =i) < 3 =1.732 
=> {tan(%—3)} = tan( =—4) 1 
& 0<tan{ = —h}-1<(y3-1)<1 


And RL. 0 tan} in| {en(5-+4)} 


3 


= jim | tn{ £+4)-1| = ==> lim[{anx}J= 0 


h-0 
ILLUSTRATION 38: Find the value of the following limits: 
cos x—cos y tim VER Vcos! x 
(a) lim ———— (b) 
Roar a = ae +] 


X—>y x—y 


Be iy es), (putting x = y + h) 
h 


h->0 


SOLUTION: (a) lim 
xy x-y 


= — tim SN +A/2)sin h/2 _ 
h-0 h/2 


—sin y 


The Limit of a Function 


Vn-V0 
b) Let the given limit = iim =n ne ae 
(b) g Acad 


l+cos@ 


By putting cos ~'x = 0, we get, x = cos 9 


= tim 229 ___* = tim —2=9 _ tim —* 
62 +cosO Va+VO = > 4/2c08? 6/2 °°* V+ VO 
—k 
— li 


oe fee + 
0 1 cos*[(2/2) + (k/2)] an a ae 


l I 


ILLUSTRATION 39: Solve jim 


ales 


—sin9—cos@ 
(40 - ay 


/2 -sin@—cos@ 


;PutO@=7/4 +h; 
(40 x) | 


SOLUTION: Given lim 
G2 27/4 


= lim —— 
16h 4 16/2 


h-0 8 


h/2 


_ jm | “22s M2) | V2 sinh2) 1 l 


ILLUSTRATION 40: Evaluate the following limits; 
(a) lim cos @+sin@ 
a>-al4 O+7/4 


(b) limn’ 


1 a ME 

——+h)+sin(—— +h 

cos( ri ) + sin( A ) 
h 


_ lim See _ im SE 


SOLUTION: (a) Put 0+ 7/4 =h or 9 =-n/4 +h; lim 


= lim 


h->0 


2sin(z/4).sinh _ J2 
h 


A= J(l—-cosx)A = A*=(l—cosx)A >A = 1-cosx 


A l-cosx .. 2sin?x/2 1 
Now, Limit = lim — = lim —— _ = _ lim ———_ = — 
0 x? x30 x? x—0 x? 2 


< 


1.51 
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By Using Standard Limits 
Application of standard limits lim =~ =| 
x= x 


tf im 2 May , then lim 


xa 2(x) xa 


Transformation: 
g(x) 


where f(x), g(x) > Oasx >a 


. sinx 
Evaluate lim —— 
0 5x 


ILLUSTRATION 41: 


sin x sinx x 
SOLUTION: lim——=lim 
x0 Sx x20 xy Sx x0 
. 1l-cosx 
ILLUSTRATION 42: Evaluate lim 
x30 Sx 
. l-cosx .. 2sin*x/2 
SOLUTION: lim = li —_— = 
x20 64Syx x30 5x 
. 3x—sin2x 
ILLUSTRATION 43: Evaluate lim 
x x 


SOLUTION: lim im| —— 
at 5x x90] 5x 
. cossx—cos3x 
ILLUSTRATION 44: Evaluate lim ———_.—— 
x0 3x 
2sin(4x)sin(—x 
SOLUTION: fe 2 1 ( 
x0 3x7 x0 


2 8 
= —3 AOD ae 


ILLUSTRATION 45: 
ii) lim —— ead 
x20" {x} 


(iii) lim oad 


oo" [x] 


. sin 
and hence comment on lim ~~ 
x 


{x} 


tional parts of x respectively. 


ii) lim—— ans) 


SOLUTION: 
x30" {x} 


Since x > 0* 

=> xe (0,1) 
reall ea Pre 
x0" {x} x00" Xx 


sin x 


sin f(x) _ 


[2e=sn2 _ ij |= sin 2x 


Evaluate the following limits: 


=] 


sin f (x) sin f(x) f(x) 


Proof: = lim———= lim 
xa g(x) xt f(x) g(x) 
sin f (x) ed (x) 
= 1) (kK) =k 
ae f(x) _ g(x) = (1) ®) 
sin f (x) 


[as f(x) > Oasx 9 a> >lasx-al 


f (x) 


Se Ain im = @y{2 =) = 


x20 4x 


2 im sin x /2 =2(Dored 
4x/2)| 5\4)°’ 10 


smi) af) 
x0\ § 2x 5x 5 


enc ey 


=> {x} =x 


ILLUSTRATION 46: 


SOLUTION: 


ILLUSTRATION 47: 


SOLUTION: 
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(iy tim 2223 since x > 0- 
x0 {x} 


=> xe(-l,0) = [x]=-1 => {xs=xt+1 


sin{x} |. sin(xt+l) | inl 


lim - 
x07 { x} x07 (x +1) 
vey 2. Sin[x] 
Asx —>0t 
> xe(0,1) => [x]=0 


sin[x] = lim : which is not defined. 


sin[y] = x30" [ x] x0" Q 


kim sin[ x] 
x0 [x] 


(iv) 
Since x > 0- = xe (-1, 0) => [x]=-1 


tim Sed | tie SKY _ Jin sind = sin 
ee | x] x20 (- 1) x0" 


sin{x} sin[ x] 


Clearly L.H.L. # R.H.L. for an 
{x} [x] 


= Both limits do not exist. 


x90 x8 4 2 


2 2 2 2 2 
Lim 1 tos ~cos>— 1—cos~— = Lim 1—cos— 1—cos~— 
=90 x 2 4 2)| 0x 2 4 
2 2 2 2 
= Lim 1—| 2cos? ~--1|$] 1-cos*_ | |= Lim > 2-208? ~— || 1-cos7— 
zx 4 4 || x0 x 4 4 
2 2 2 2 
= Lim ®*? 1—cos? ~ |] 1—cos27_ | |= Lim!® sin? 2sin? 
0 x 4 4}| #90 x 4 8 


8 x? 2 2 2 
Lim—| 1 —cos— —cos— + cos —cos— 
2 4 


2 2 
we es 
2 2 sin — sin — 
= Lim> sin? sin? ~ |= tim32| __4— | | __8— 32,1 1 
x0 x 4 8 x0 x? x? 16 64 32 
4.) — 8.) — 
4 8 
tan2x—2s1 
Find the limiting value of ——— as x tends to zero. 
x 
lim 2x = 2sin xcos2x lim 2 sin HCOn x—cos2x] 
x90 x cos 2x x90 x” cos 2x 
din sin~ 3sin =~ sin~ 
= 2lim 2,2 = 2]im —_2 =3 
x0 x x70 x 
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m@ APPLICATION OF STANDARD LIMITS 


ee =4 
i ae a ee, 
x>0 x x0 x x0 a 
Transformations 
esl 
(a) fi =k; provided lim ike) =k and f(x), 
xa 2(x) xa 2(x) 
g(x) > O0asx>a 
| 
(b) ime) =k ; provided lim LO) _ kK and f(x), 
xa 2(x) xa g(x) 
2(x) > 0asx a 
__ tan” . 
(c) i oe) =k ; provided lim JID k and f(x), 
xa 2(x) xa 2(x) 


g(x) > 0asxa 


Proof: 
(a) Since f(x) > 0Oasx> a 
Be vas CAC) 
xa F(x) 
gS aig BO ayes 
xa g(x) te f(x) g() 
(b) Since f(x) > 0 asx a 


sin" (FQ) 


lim 
=e xa F(x) 
tim FO) 55, Si (FO) FO) _ (I\(k) =k 
x94 g(x) soa f(x) g(x) 
(c) Since f(x) ~ Oasx >a 
er) 
xa f(x) 
-1 | 
lim £22 _ SO) = im 22 SO) SO) = (1\(k) =k 
sma g(x) xe f(x) g(x) 
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ILLUSTRATION 49: Evaluate the following limits 
4... sin (x—-1) 
() lim) 
x1 tan” (x—-1) 
sin” '(x* —5x +6) 
(x* —4) 
ee | _ 
diy eg 
x>2* tan{x—2} 


ci) tim 
{.} 1s fractional part function. 
) lim sin" (x-1) | Sin (@—l)  (x-)) 


xl tan'(x-1) x91 tan(x—1) ‘tan (x-1) 
sin (x? -5x+6) _,, sin” [@-2)x-3)] _ |, sin [@—2)-3)] | (x -3) 


SOLUTION: ( 


=(1) (1)=1. 


(i) lim ——_.—_—__._ = im —__-__—_———— = 
x2 (x° -4) x92 (x—-2)(x+2) x92 (x—2)(x—3) (x+2) 
_@M@2-3) 1 
(2+2) 4 
sin” {x—2} 
ean lim A ot 
(ii) im Pere sx—> 
=> x-2>50 => {*-2} =x-2 
lim sin” {x—2} _ 1: sin ‘(x —2) — lim sin '(x-2) (x-—2) =(1)()=1 
x2" tan{x—2} 2 tan(x-—2) 92 (x-2)  tan(x-2) 
. tanx-—sinx 
ILLUSTRATION 50: a 
2 
tan x .2sin? ~ sin~ 
SOLUTION: lim 22*—S9* = er eat = lim ————# = one 2 we 
x0 x x0 x x70 x x0 x 2 x 2 
g 
1—tanx 
ILLUSTRATION 51: im —————_ 
xal4 | _J/2 sin x 
Xn 
SOLUTION: Put x= ri +h 
- x57 => h-0 
1-tan (4+) 1- aol —2 tan h 
‘ 4 : 1—tanh ‘ l—tan kh 
~ ME 237 p eee Re 
7 1-2 sin nay 7 1—sin h—cos h 2sin? — —2sin—cos— 
4 2 2 
7») tanh 
: —2 tan h l : h l —2 
ne Th. h]d-twnh) RSS tant) 
2sin | sin’ cos | — tan h) sin — h h (1—tan h) zz 
2 2 2 2 sin’ — cos | 
h 2 2 


2 
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Note: Some particular cases are mentioned below: 


(a) lim(1 +x)* =e (b) lim(i+1/x)° =e 


(c) lim(1 +Ax)* =e (d) lim(1+ A/x)* =e’ 


The limit of function in (1)* forms can be transformed into 


the above standard form using the following transforma- . 
tions: Transformation 2: To evaluate lim(/(x))*”; then 


Transformation 1: To evaluate lim(1+ f(x))'@ where | Um/G)=1 and lim g(x) =. 


lim f(x) = lim g(x) =0. Given limit = 


ney Le) 


: x . x lim (f(x)-lg(x) 
Given limit = lim{1+ f(x)}!# =e" lim{ f(x) }6 = lim[l + f(x)-1P™ =e 


ILLUSTRATION 54: 


SOLUTION: 


ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


ILLUSTRATION 58: 


SOLUTION: 


The Limit of aFunction < 


Evaluate the following limits: 


(a) lim(1+ sin x)"* (b) lim(1+ tan x)’” 
(c) lim(l+ x’) (d) lim(1+ x? ye 
1 sinx fin 3H 


(a) lim(1+sinx)’” = lim(1+sinx)** * =e™+* =e 
x0 x0 


: lim ™* 
(b) lim(1+ tan x) =e" 
x> 


=> R.H.L = e*=0 andL.HL=e”= 
Therefore limit does not exist 


(©) lim(+x’)"* = ee" =] 


(d) lim(l+x*)" =e 


1 e+dx 
If a, b, c, d are positive, then evaluate lim (1 + ; 
xe a+ bx 


( l (eas 
atbx 


stele) 
b+a/x = ef? 


; ) 
limit = lim e (required limit is of the form 1° we applied the transformation (1)) 


= ae 


x0 


sin x 


Find the value of lim (see 
x= x 
sinx_, salad sin x—x sia 
Given limit = lim a x )* = lim s\ x ) = —g! 
x0 x0 
Find the value of 
x+6) 1+5x° a 
a) lim lim 
() in( =*°) (®) im( S| 
x+1 5(x+4) sf 
5 \5s° x41 stim( ***) 
a) lim} 1+—— — grrr) @ 25 
@) i x+1 ¥ 
ae : 
; 2x 2x? 14+3x7 lim : 


Evaluate lim (log, 3 x) 3 


Given lim (log, 3x)? = lim (log, 3 + log, x) 


= lim (1+log, x)'"* =e * log,a= = 
x1 log, b 
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@ APPLICATION OF STANDARD LIMITS (iii) li log, as 3 
x0 x ¢ 
a fn(l+x) a 
(@) lim———~-=1 Deo & 
: a’ —1 
(ii) lim =tna 
. én(1+x) 
ILLUSTRATION 59: Evaluate oe 
. £n(1+x) 
én(1+x) x0 x 1 
SOLUTION: = = ——— 
x0 3% -] (=) bn3 
lim 
x20 x 
_ _log,x—-1 ,._ log, x/e 
ILLUSTRATION 60: Solve lim——-*— = —_—£ 
xe Xe xe e(x/e—1) 
log t . oi 1+ ] 
SOLUTION: Putx/e=t—> lim— 2) puty=1 +2 => lim 28+ 1 
1 (tle 2-90 ez 2 
: 2* -1 
ILLUSTRATION 61: Evaluate lim————— 
x0 (Vl+x—-1) 
. 2-1 . 2-1,. 
SOLUTION: lim ——.(J1+ x +1) = lim lim(V1+x +1) =2, n2 
x0 x x0 x x30 
In(1+sin x) 
ILLUSTRATION 62: Evaluate lim ——_—— 
P oe x 
In(1+sinx In(1+sin x i 
ScurTione: ie) ig BE) ane aya 
x0 x x20 sin X x 
In(1+ x) 
ILLUSTRATION 63: Evaluate lim—-——— 
x0 tan x 
In(1+x) In(1+x)} x 
SOLUTION: lim—-—— = lim—-——~.—— _ =(1) (1) = 1 
x70 =tanx x0 x tan x 
__ In(cosx) 
ILLUSTRATION 64: lim———— 
x0 tan x 
In(cos In(1+(cosx-1 In| 1+(cosx—1 = 
SOLUTION: tim 7(%8*) _ eee ge (ooez—t ) 
x0 «tanx x40 tan x x0 ~~ (cosx-1) tan x 
= 1— Ss > 2 
_ (in (1-co “| -tim| 288 £12 cos 
x0 tan x x0 sin x 
sinx/2 x 


in| (in /2) Ten as = —2(0) (1/2) (1)(1) = 90 
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_ {| 2° —3* 
ILLUSTRATION 65: lim 


sours in EIEN) yg? Fg att 


In(3* +27 -1) 
ILLUSTRATION 66: lim—\— 
x0 = (sin x) 


SOLUTION: a laced sie =y = a alll ali = hd ld i ~2)) eae!) 
x0 (sin x) x0 sin x x20 (3" + pie a 2) sin x 
In} 1+(3* +2* —2 *_ *_ 
_ Pak nes | i Ct) = (1) [1n3 + n2] = In6 
x30 (3* 42% 2) x sin x 


in(1 +sin' x+tan” x+x)| sin x 


ILLUSTRATION 67: Evaluate lim 

=90 (5° -2*) én(1+x) 

In(1 +sin' x+tan x+ x) | sin x | in(1 +sin™ x+tan! x+ x) | 

SOLUTION: © ic.S?—<@#£- 2 JT = Li 
x40 (5* -2*)In(1+x) x30 (sin 'x+tan 'x+x) 


[se x tan'x 
——————. + ——___ 


+1 |.x.sin x 
x 


(sin x+ tan” x+x] oes (sin x+tan™ x+x)sin x 


sinx 4), simx x _ he ee oe 
= lim(1+1+1).(1)—, = 3lim : ‘(5*=2") (OBS 51) (2 =) 


3 
cael tn(5/2) 32% 


__ log, (1+sinx) 
ILLUSTRATION 68: Evaluate lim—-#+—————— 
x70 tan x 


tim O8sU+sinx) _ 5. log, (1+sinx) sin x 


SOLUTION: P 
x90 tan x x0 sin x tan x 
_ log, (1+sinx) sinx x __ log, (1+) 
=, ee ee = (loge) (1) (1) = log,e ‘ = = log, é 


inn -1 2013 
en x+tan ** + (1+x) 


ILLUSTRATION 69: Evaluate lim 
x9 log so13 (1 + tan x) 
ean ita ek -(1 +xy" . (e*" x+tan7! x+x -1)-((1+x)"” -1) 


SOLUTION: = lim——W—_——_——_ = lim 
x90 logo), (1+ tan x) x0 log; (1+ tan x) 
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x” 


m@ APPLICATION OF STANDARD LIMIT lim 


ILLUSTRATION 70: Evaluate the following limits: 
_ +x” 
(a) im 14x45 
a es 


(c) lim 


x72 x-—2 


SOLUTION: (a) Given limit = lim 


x+l1 


(b) 


x =? 
lim 
(c) x22 x-—2 
= 3 (2)? 
=3(2)?=12 
Evaluate 
lim 82+ 2—2 


x2 x—2 


(ity tim log, (x+14)-2 


x2 log, (x+14)—4 


3 — 
lim © tan 1 


x-4/4 tan x—1 


ILLUSTRATION 71: 


(i) 


(v) 


ie =D: . 
x21 x —(-1) 


in —————————— = 
x41-90 {(x +1) +16}!4 — (16)! 


x-@a 


x+l1 


in 
©) x1 x 417-2 


*-G) x -C) _ 
mig —C) xD 


(z+16)-16 


7, = (2) = 32 
20 {z+16}"4 —(16)' ( ) 


3 — 
fim 8243 2 


x5 x-—§ 


(ii) 


; sin’ x—(1/2) 
eee sin x —(1/V¥2) 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Find out the following limits using factorization: 


x) + 5x? + 6x? 


lim 
(@) x32 x* —3x-10 
_ (44x) - 64 
>) Hig 
. (4+x)d4+2x)014+3x)-1 
OL a 
_ (l+xy -—(1+5x) 
Cee eae 
, x = 2x 41 
(e) lim——— 
() lim x -2x-1 


x>-1x° —J2x-1 


The Limit of aFunction < 


m 


x” —] 


(g) lim 


xl x" 1 | 


(h) im( +5 
x>0\ x x 


Vk 
(i) ile Vkelr 
x 


x0 


. Evaluate the following limits. 


i je Be =o 
(a) lim—— 


x0 e = ] 


1—tanx 
(b) lim. —————_ 
x>a/4 Sin xX —COSX 
(2sin’ x+sinx—1) 


x>/6 (2 sin? x —3sinx +1) 


(c) 


1.61 
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_ (tan* x —2 tan x —3) 


x tan! 3 (tan? x—4tanx+3 


(d) 


. Evaluate the following limit using rationalization: 


a) lim 

( ) xa x? a’ 
. axa 

(b) lim——~** 
xa xX a 


e) lim 
( ) x21 x —] 
() lim cos x —*/cos x 
x0 sin’ x 


(a) lim Vx’ +1-1 
9 x7 +93 
. Vx-a-vb-a 
x° —b 


(i) lim x” (vx° +1-yx° -1| 
(j) lim [V(a? + ax + x2) — Va? — ax + x°)\/[V(a + x) 
~V(a—x)] 


ele) =e 
90 [(1— x9) ——x?)9] 


forb>a 


(k) 


. Evaluate the limits using the concept of rationalization 
or otherwise lim./(x + a)(x+b)—-x 
xo 


. Evaluate the following limit using standard forms : 


. sin3x 
a) lim 
( ) x20 5x 


(b) lim secx—1 
x>0 xSeCcx 


Be 


lim ————————_ 
(©) 130g 4e* 2 


- i =| 
(a) lim sin” x+tan™ (2x) 


x30 x 


. logcosx 
() in~ 


x x 


a —b 


(f) lim 


x>0 3ginx 


lim [log(a + x) -log a] 


x0 x 


(g) 


(h) lim log(1+ x? +.x*) 
x0 [3x°(1-2x)] 


x( elt el") 
sin +-()| 

lim antl OY) 

pel (3 -2cos x] 

| (2+ cos x) -1] 


(j) 


Oe ae er 
(t) lim (1 — tan x) 


xoa/4 (| — J2 sin x) 


, [V2 -sin x —cos x] 
bn 
xa/4 (4x am 1c) 


(m) 


_ [2V2-(cosx+sinx)’] 
im ———______—— 
ee a er 
(0) i (tan® x —3 tan x) 
x>2/3 cos[x + (77 / 6)] 


J 


*+b* \* 
(P) im{ : ,a, b> 0 


x0 


_ 1-cos’ x 
(q) lim————— 
x>0 x sin xX COSX 


(r) lim(1 — x) tan (= 


(s) lima” sin (= (a>1) 
x00 a 


Gage a) 


2 
Xx 


(t) lim 


x0 


. Evaluate following limits using suitable substitution 


(a) lim x’? +1-2x 
x1 2log’ x 
2°** —5.2° +6 
b) Lm———_ 
(et DQ" 43) 


The Limit of aFunction < 1.63 


Answer Keys 
1. (a) —-4/7 (b) 48 (c) 6 (d) 10 (e) 0 (f) 1/3 (g) m/n 
(h) —0o (i) 1/k 
2. (a) 3 - V2. (c)-3 (d) 2 
] 
3. (a) Aq? (b) 5 
9.a° 
(c) 4/3 (d) —2 (e) 2/3 (f) -1/12 (g) 3 
ao -_ _ 
(h) Denese: (i) ] (j) Ja (k) LAH. and R.H.L. 
rt ee 
5. (a) 3/5 (b) 0 (c) 4/3 (d) 3 (e)-1/6 (f) +o { £ (g) l/a 
] 
° ° i ESS = 
(h) 1/3 @O (j) 1 (k) 1/4 (1) 2 (m) 16d3 (n) 3/V2 (0) —24 
(p) <ab (q) 3/2 (r) 2/n ~~ (8s) b (t) 2(log 2) 
—] 
6. (a) 1/2 (b) 7 
TEXTUAL EXERCISE-3: (OBJECTIVE) 
(x? +27)In(x—-2) 4. Lim tan’ x( V2sin’ x+3sinx+4 —./sin’ x+6sinx+2} 
1. im——__———__ = rot 
x3 (x? -9) 
(a) —8 (b) 1 (oc x Q) form is 
(c) —1 (d) 9 i i 
eo. 1-32)". =) oD ~ a 
2: un |[; = ae + . >. 
BeZae, | Pat Sy l-x ae (c) a (d) None of these 
1 
(a) 5 (b) 3 
Baie yn? —2n? +14+¥Vn* +1 
(c) > (d) None of these 5 90 nS 4 65 4.2 — Sn? 430? 41 
; : (a) 1 (b) 2 
3. L fe © me R fi h ] 
et : 7 my > 8 7 the inequality (c) 3 (aj Neneetiess 
GE ge athe | ipeday: 
Then Lim f(x) is equal to 6. Lim 223) x4" 
x32 mae (3x? =) 
(a) 16 7 
(b) —16 (a) ee (b) 1001 
(c) cannot be determined from the given information 3 
(d) does not exists (c) 2000 (d) None of these 
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10. 


11. 


12. 


13. 


14. 


3 5 
+ — b) t= 
(a) £5 (b) +5 
7 
(c) = 5 (d) None of These 


lim V¥x°+3x? — Vx? -2x 


x0 


(a) 2 (b) 3 
(c) 1 (d) 0 
Lim x’ —9x+20 

x 5 yo [x] 


(a) LHL = RHL=0 
(c) LHL = RHL=1 


(b) LHL = 0, RHL =1 
(d) Limit does not exist 


. wl+tanx—V1l+sinx 
nh 
x0 x 
(a) 3 (b) - 
ay a 
4 2 
] 
(c) 3 (d) None of these 
1 
x—- 
lim 2 | is where[.] represents greatest integer 
x>a/2| COSX 
function 
(a) —1 (b) 0 
(c) —2 (d) Does not exist 
|x|" x ; 
iim Sar ita where [x] is the greatest integer 
less than or equal to x is 
(a) 5/3 (b) 8/3 
(c) 7/9 (d) None of these 


a 
TO. ci) 


x0 2 
sin =| In (1 + 2 
Pp 3 


(a) 9 p (log 4) 
(c) 12 p (log 4)’ 


(b) 3 p (log 4) 
(d) 27 p (log 4)’ 


_ sin(én(1+x)) 
The value of lim——-————— 

x90 n(1+sin x) 
(a) 0 (b) 1/2 
(c) 1/4 (d) 1 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


lim ncos (=) sin (=) has the value equal to 
4 4n 


no n 

(a) 1/3 (b) 1/4 

(c) 2/6 (d) None of these 
(2 4 4 ) 

lim = 

x00 x- 2 

(a) e (b) e* 

(c) e? (d) None of these 

5/x 

lim (1 + tan’ vx] = 

x30° 

(a) €& (b) e 

(c) e (d) None of these 

The value of lim (1+[x]) (where [.] denotes 

the greatest integer function) is equal to 

(a) 0 (b) 1 

(c) e (d) e7! 
x’ —2x+1 

li 

x0) x° —4x+2 

(a) 1 (b) 2 

(c) e (d) e 


If lim (cosx + a sin b x)'* = e’, then the possible 
value of ‘a’ & ‘b’ 1s: 
(a) a=1,b=2 

(c) a =3,b =2/3 


1-tan (tsi x) 


renee [i + tan *) (7 - 2x)’ 


(b) a=2,b=1 
(d) a =2/3,b =3 


iS 


(a) 1/16 (b) —1/16 
(c) 1/32 (d) —1/32 
ecifol ae 
xsin| — }+sin| — | x#0 
Let f(x) = x x , then lim 
0 x=0 
fix) equals 
(a) 0 (b) —1/2 
(c) 1 (d) None of these 
2 x 
in x'+5x+3) ig equal to 
xe x7 +443 
(a) e (b) e 
(c) & (d) e 


24. Which one of the following best represents the graph 


Beate! 
of the function f(x) = Lim —tan™' (nx)? 
n>o via 


X 
(0,1) (0,1) 
(a) — x (b) —5 x 
(0,-1) 
Answer Keys 
1. (d) 2. (b) 3. (b) 4. (a) 5. (a) 
11. (c) 12.(b) 13.(b) 14.(d) 15. (b) 
20. (a),(b),(c),(d) 21.(c) 22. (c) 23. (a) 


m EVALUATION OF LIMIT USING 
EXPANSIONS 


Limits of various functions can be evaluated by expanding 
the functions using the binomial, exponential and 
Logarithmic expansion and expansion of functions like sinx, 
cosx, tanx etc. The following results are to be remembered 
and can be used directly to evaluate limits, unless otherwise 
mentioned. 


2 2 
xIna fe (In a) ‘ 


(a) a =1+ a1 5 a>0 
b ee ae 
(b) € = or 
2 3 
(c) Ind] + x)= yee... —l<x<] 
2 3 
3 5 7 
(d) sin x = x-—_+---— 
3). 3): 7! 
x? x' x° 
(e) al ae ve ae 
3 5 
(f) ane oS e.. 
3 #615 
NOTE: 
e* x x —Xx 
where sin hx = , cos hx = and tan hx = 


x 


e+e 


x 


ee 


The Limit of aFunction < 


x (d) 


6. (a) 7. (b) 8. (a) 
16. (a) 17. (a) 18. (b) 
24. (a) 

n(n—-l) , 


(g) (1 +x)"=1+nx + a Fests 


for irrational n rule is not applicable 


(h) tapi ef 1-4 ah eee | 
3 xr x! 
(i) tan! x = OD ee eee age 
é | : 3 * 3° 5 
(j) sin eT lr 51 banter 
2 4 6 
(k) ee peg ge 
2! 4! 6! 
I x 9x? 
(Il) cos x= =| 2 
Z 3! 5! 
ae a 
(m) sin hx = x+—+— 1+... 
a1! 
2 4 
x" x 
(n) cos hx = nog 
x 2x 
(0) tan hx = x-—+—_~W... 
3 15 


—X 


—X 


1.65 


(0,1) 


9. (b), (d) 10. (a) 
19. (c) 


(for rational n) 
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. e-l-x 
ILLUSTRATION 72: li 5 
x20 x 
x? 
1+x+—....... —l-x 
. e-l-x 2 1 
SOLUTION: lim = lim 5 = — 
x—0 x x—0 x 2 
. tanx-—sinx 
ILLUSTRATION 73: lim ; 
x70 x 3 3 
x x 
X+—..00.0. —| x-—....... 
tanx—sinx ( 3 ( a! 1 1 
SOLUTION: li 3 = lim 5 = —+—= 
x30 x x30 x 3 6 
_ (74x) -2 
ILLUSTRATION 74; lim 
x0 x-1 an? 
2.)1+—| -2 
_ (8+h)?-2_,, ( ) 
SOLUTION: Putx=1+h,h30= io = i es 
ho0 h->0 h 
2 etna : : sete —] 
Pe 
1 
= lim = lim2x— = 
h—+>0 h x0 24 1 
x? 
én(1+ x) —sin x +— 
ILLUSTRATION 75: lim ———___ 
x70 x tan x sin x 
x’ x’ 
é£n(1+ x) —sin x + — én(1+x)—sin x +— 
SOLUTION: lim —_2- = lim ———______ 
x70 x tan x sin x x0 x tan x sin x 
x? x? x? x? x? 
x-—-—+—..... —| x-—-+—-..... +—_ 
We Ge a ee nace 
= lim : eral Mueeeerarh 
x0 2 tanx sinx 3 6 2 
as 
_ { tan x-sin™ x 
ILLUSTRATION 76: Evaluate lim ——— = 
x0 x 
Sour. jn) ee ee power 
x0 x x0 x 2 
ee: 2sin x —sin2x : ; 
ILLUSTRATION 77: If f(x) is integral of ———_.——_ , x + 0, then find lim Fs). 
x x> 
* a a 3 3 | = _ 3 = 
SOLUTION: dimn"() Slit i i ee) eel 
x—>0 x30 x x0 x 3! 
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ILLUSTRATION 78: Evaluate the following limits: 


| %2 -% eo ee 
0 in| 22 = | (ii) im( © loat+2) 
eae = ee 
(ili) lim =. 
3 rh? _ | +{sloga + 108?) 
SOLUTION: (i) lim| —~——~ | = lim cl A = log4 
x0! 1—cosx x0! 1—cosx x0 all x2 x! 
— ON AY wones 


x x 
i ( ) r-{s-% 42 eatee 
Xx — 10g +X : 
a, ae = tio7, A 


a _1 
(ii) po x x30 x? 7 2 
2\2 2\3 
: _y2,C*)Y  C¥) 
es o “14 x" + aI + 31 +....t00 
(iil) x0 —x a x70 —x? 
2\2 
a care + doe) 
: 2! 3! 
a 5 =1+0+0+0+...to0=1 
x70 —Xx 


e—(1+x)"" 


ILLUSTRATION 79: Evaluate lim 
x0 tan x 


Xx 
- Vx e-e(1-3) 
cea ad 7 a 


SOLUTION: = —*x = = 
x0 tan x x0 tan x x02 tanx 2 
. —] —¢e 
ILLUSTRATION 80: The integer ‘n’ for which pe Cacti ACG is a finite non-zero number is. 
g 2 n 
x x 
(a) 1 (b) 2 
(c) 3 (d) 4 
2 4 2 
: “tsa? {1-743 - sie {ieee pices } 
SOLUTION: lim (COS* — (cos x -e') nt iggy Se SS 
x0 x” x0 x" 
2 3 2 
-2sin? 2] x es | si’ (140424 wie 
2 2! 3! 3! 


This is finite if nm — 3 = 0. 1¢., n = 3 
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ILLUSTRATION 81: 


SOLUTION: 


ILLUSTRATION 82: 


SOLUTION: 


ILLUSTRATION 83: 


SOLUTION: 


ILLUSTRATION 84: 


SOLUTION: 


ae” —bcosx+ce~* _ 


Find the values of a, 6 and c so that Lim———————__ = 2 
x0 x.SIn x 
Lim 2” ave _9 
x0 xsin x 
2 2 4 2 
afte a es ae joie ay | 1-242 oe 
1) 2 2! 6A! rr 2! 
= Lim ; =2 
7-90 ad 
x 
=> a—b+c=0=constant 
coefficient of x =a—c=ON0>a=c 
b 
coefficient of 2 = —+—+—=2 >at+btc=4 
22 2 
=> Aat+c=4>a+c=2 
> a=l=c 
=> b=2 
Thus a=1,5=2,c=1 
tan” x— x’ 
x0 x* tan” x 
Lim (tan x =*) = x+x) 
x0 x tan” x 
5 PD, ca (tan x+ x) 
X+— +— 4... 
i 3 15 x ar 1) y) 
= 1m — — + — ae 
x0 x.x* tan? x/ x? 3 3 
1+x 
Lin) 7 1 | 
x20 x x 
nace a, (UE 
x 
Lig| 242 = Lim 
x70 x x x70 x 
2 x 2 3 
aay]1-Z4 Aas iF [+5 ee }ea(1- aie 
x0 x x0 x 2 
3 1+ —bsi 
fix) is the function such that Lim ©) =1.If Li r a = 1, then find the value 
x x x X 


of a and b. 
f@)_, 


x 


Given Lim 
x70 


1.69 
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= LIMIT AT INFINITY 
When x tends to infinity the limit is called limit at infinity. 


as co. f(x) 
Let us first discuss the limit of the form — i.e., lim 
CO x00 g(x) 


to be found such that f(x), g(x) > 0 as x > o, where f(x) 
and g(x) are polynomials of degree m and n respectively. 


= m-1 m-2 
Let f(x) = a,x" + ax™ +ax™ +... ta xt a, 


And fx) = b,x" + b xt! + bx + tb xX tb 
Case (i) whenm>n 


(a,x” +ax" tax"? +..4a, x44, ) 
lim 


Then ae 
x0 bx + bx +b x"? +..4b x+b, 


Dividing numerator and denominator by x” we get 


lim 


x20f bh b b b., b 
= + aT 5 =a Tot er ee 
Xx Xx Xx xX XxX 


mc 
_» =0 [- 
0 
(n— 1)>(m-—n) > 0, denominator tends to zero. ] 


1 f(x) _ 
£225 9{ x) 


m>m—1>....>m—(n-—2)>m-— 


io @) 


Case (ii) m=n 
m m-| m-2 
Ax” + ax” +a,x" +...44, xX+4a ee 
im ——_—____*__—____" _ Dividing 
x0 Dlx + Bx” +x" +...438 x45, 
numerator and denominator by x" we get 


a a 


a a 
ay tt tHt. +s 
x. x x" | a 


Case (iii) m<n 

m m-l 
lim —20% BGK Pec Ooh a... 
x0 bx" + bx" +b x"? +..4b xt+b, 


Dividing numerator and denominator by x” we get 


a a a 
0 1 m-1 m 
n—m n—m+1 Peet n—l ae '@) 
lim| = x x Mae) 
puree b b b b b 
b+ +34+...4 4+ 0 
x x x x 
lim Gy, = 0 
x90 g(x) 


Thus if degree of numerator > degree of denominator, 
then limit = «, if degree of numerator = degree of denomi- 


a aor 
nator, then limit = s , if degree N < degree D,, then limit 


0 
= 0. 


1.70 >» TheLimit of a Function 


ILLUSTRATION 85: 


SOLUTION: 


ILLUSTRATION 86: 


SOLUTION: 


ILLUSTRATION 87: 


SOLUTION: 


ILLUSTRATION 88: 


SOLUTION: 


ILLUSTRATION 89: 


SOLUTION: 


. x 
Evaluate lim 
x70 D2 


2 
x-3 
2 1-2/x 1 
lim = = 
x20 Dy —3 xr3097—3/x y) 
_ x -4x4+5 
Evaluate lim ee 
x70 3 —-x ae 
14 5 
2 ae art 
tim = —4**5 = tim XX 9 
x70 By —x +3 xr BD 3 1 2 
Xx x 
_ 3x7 42 
Evaluate lim Bes 
x= 0 x—2 
_ 3x7 +2 
linn ————— 
x7 © x-—2 
1 
Put x = -—3x—7 0 
1 
3427? ._— — 
=> ft Q*= lim ———__Ve" = lim 2t2" t 3 _ 5 
=> 7 too 1—2¢ — 0° (1-21) it| 1 = 
t 
—— Ontx +313 45x" 
Lim ———_——, 
x0 /3x-—2 +(2x-3) 
1 1 1 
: 2x? +3x3 +5x> 
Lim > ; dividing numerator and denominator by x!” 
(3x — 2)? +(2x —3)? 
7 naa 2 
- Lim x6 —_xI0 2+0+0 2 


x—>00 9) ; me 3 ; V3 +0 * 3 
(2-2 
x x 


_ (x +1 
We have lim —ax-b|=0 
x0 x4] 
2 _ 2 im 2/1 _ a 7 
5 ine +1—ax" —ax—bx b _o ji x (l-a)-x(a+6b)+(1 b) 9 
X—poo x+1 spo x+1 


The limit of above expression is zero 

degree of numerator < degree of denominator. So, numerator must be a constant. 1.e., zero 
degree polynomial 

l1-a=Oanda+ b= 0; Hence a = 1 and bd =-1 


The Limit of aFunction < _ 1.71 


m USING L-HOSPITAL RULE ve fage 29 
xa g(x) @) 
If f(x) and g (x) are functions of x such that - is either = 8(4) = 0, fla) = 0 so 
a 
0) fo —fO_ £O_ £"O) _a)f"a) (x-ay f"" 
‘Ft or = — pe ey ee Ga) fi@+8—9L@ ve ey) wt CLs | 
till a determinate is obtained. L= lim (ea) (aye 292" @ , @-a2"@, 
. f(x). 0 & 2! | is 
Proof: If lim is of — form, then using Taylors 
xa 2(x '@) f'(a) oe 
expansion: = —— (fit 1s not of 0/0 form) 
(x _ a) ”" & (a) 
f() = fla) + @-a) f(a) + ——S'"@+.. 
zg (x) = eg (a + (& —- a) gia) +4 andifitisof form, then this process continuous till limit 


2 3 
wo g"(a)+ a g"(a)t... takes up determinate form. 


1.72 > TheLimit of a Function 


xcos x—In(1+ x) 


ILLUSTRATION 92: Find the value of lim I 
x x 


SOLUTION: This limit is of the form 0/0 


. I 
cos xX — x sin x -—— 


Applying L.H. Rule, we get tim———,_—_I+* [0/0 form] 
x x 
pseu ees 1 
xy 1 
Now, again applying L.H. Rule, = lim 5 => 
ILLUSTRATION 93: Evaluate the following: 
; a 
(a) lim log .., , Sin 2x (b) lim sec oe 
2cos2x 
SOLUTION: (a) lim eames * form | = lim 5122x = tim 208 ~ =] 
x0 Insinx 00 x0 l x0 COS” x 
—— . COS X 
sin x 
(b) lim sec .Inx (00 x 0 form) = um lim ———— (0/0 form) 
1/x l 2 
= im fT _ = By L.H. Rul 
Zind °PY ule) 


= (- sin 2 \(e2*n2y-0) -0(-Zin2) 


| x*-3x4+2 
ILLUSTRATION 94: Evaluate lim or 
x—> xX — 
: 3x+2 
SOLUTION: Method-I: lim et (0/ form) 
1 2 
tim S—VE=D lim (x—2) [as x -1 #0] =1-2=-1 
x x — x 
_ x°-3x+2 
Method -If lim — (0/0) form) 


So applying L-Hospital’s rule 


lim 22 —2 = 2-3 = 
x1 1 1 


(i.e., differentiating numerator and denominator separately) 


. sinSx 
ILLUSTRATION 95: Evaluate lim —— 


sind 
SOLUTION: Here lim 2.) =1im 5 
x90 2(x) x30 x 


™ f()_ 9 So lim sin 5x — tim “ee 


g(0) 0 0 x 6 =5 (By L.H Rule) 


ILLUSTRATION 96: 


SOLUTION: 


ILLUSTRATION 97: 


SOLUTION: 


ILLUSTRATION 98: 


SOLUTION: 


ILLUSTRATION 99: 


SOLUTION: 


The Limit of aFunction < _ 1.73 


Lim =e 
x31 vx -1 
x? — 
Lim Applying L.H Rule 
at A ~ (Applying ) 
1 
2x -—— 
= Lim 2x 
x>l =! 
2/x 
3/2 
=> eee lig Ans 
x 1 1 
Wy Ux 
Lim 
x1 shy —3/x 
a 1 
13 _ ¥7 0 
lim a (° form) (Apply L.H Rule) 
Pg aes NY 
Powe 1 an 11 
ig ae 7_45 
= fale 7 _ lim 137 i—_ 
Ss oe ee | x1 | 1 ~ OL 
“x5 ~_¥ 3 
5 3 5 3 
_ x*-xInx+Inx-1 
a Ls mle! 
x x- 
ee ea ee 2x—{x1-4émrxi}+1—0 
: — — Sl ses x x 
Applying L-H Rule, = es ae nn 
ee ey ee 
= Lim——___—___*—_ =2 
xl 1 
100 
Sa" |- 100 
Lim 
x—>1 x-] 
100 
> x -100 
Lim 
xl x-l1 
= 2: 3 100 __ 
25 i aa ee gan 
xl x—] xl x-—] xl x] x>l x-] 
Applying L.H Rule 
— Lim1+ Lim 2x +Lim3x’ + Lim 4x’ See + Lim 100x” =1+24+3+4+.......... + 100 
x= x21 x—> 
— 100(00+1) | 


= re) | = 5050 


2 


1.74 > TheLimit of a Function 


_ 14+%/tan x 
ILLUSTRATION 100: Lim ae Saee ee 
xt 1—2cos* x 


1 1 


3 3 
SOLUTION: Lim 1+ @@02)" _ yin 1ttansy’ (0 form) 
x3a/4]—2ecos* x x23n/4 —cos2x 


Applying L.H Rule 
1 =n 
_ ee = af-we8) = ter! 
= +2sin 2x «6 7 3 
ILLUSTRATION 101: Lim| —2—-—? _ ]- eZ 
: Lim! page | Pd 


1-x? 1-x’ 


_ Lin( 2O—)—0-27)) _ Lin( P=2e se (2 fom 


SOLUTION: Lim aaa (co — oo form) 


xa \ (1-x?) d-x*) xl | 1—x? — x? +x?"7 }] (0 
Apply L-H Rule 
, — pqx* + qpx?" 0 
a aS ee = WTS) ° — 
qx px?" +(pt+q)x 0 
Lim —pq(q —1)x** + qp(p—-1)x?” 
=| —g(q- 1x?” — p(p-1)x?? +(pt+qip+g-IxP™ 


—pg’ + pqt+p'q-pq 
-q+q-p’+p+p’ +pq-pt+aptq -¥ 


_ P4-pPq _ Pa(p-q) _ P-4 
2pq 2pq 2 


: 2-cos@—-sin@ 
ILLUSTRATION 102: Lim ¥2=0089=sind 
07 (40 a ) 


SOLUTION: lim V2—cos9—sind ¢ form) 
7 (40 — ) 0 


Apply L.H. rule 


_ gin@—cos@ ( 
= lim——__ } —_ form 
69% 2(40 - z).4 


Again apply L-Hospital rule 
1 


] 
cosO+sin9 | Ja J2_ V2 1 


im = 
ox 8(4) 32 32 16J2 


The Limit of aFunction < 1.75 


m EVALUATION OF LIMITS BY USING Evaluation of Limit lim(F(x))” When It is 


LOGARITHM 
of the Form (1)*: 


To evaluate limit of the form lim( f (x) lim g(x)én f(x) 


Then from (i) L = e 
(1° or 0° or«° forms . We assume limit to be ‘ZL’ and then 
tim g(x)(s(x)-1) 62 1 - (f (x)- 1) | 


lim g(x)( F(z“) 


take natural logarithm on both sides, 1.e., L = lim f ((x))*” = ( f ( x) » 1) 


=> nl = limg(x)énf(x)=> L= eM i) Aliter: lim f(x) = lime 7 
én [1+(f (x)-1)] 


jim o(x).(f (x)-1) F(x)-1 _ a o(x) (F()-1)) 


1.76 > TheLimit of a Function 


ILLUSTRATION 106: Evaluate lim (tan x 


SOLUTION: 


ILLUSTRATION 107: 


SOLUTION: 


ILLUSTRATION 108: 


SOLUTION: 


ILLUSTRATION 109: 


SOLUTION: 


ILLUSTRATION 110: 


SOLUTION: 


ILLUSTRATION 111: 


SOLUTION: 


~ 2x 


oa 
zess tan 7/4 


2x—_—_——"—_ 
ox —1{1+tan 27/4 - 
= (l+tanz pe! 


lim (tan x—I)tan 2x lim iy (en si eo 
Since it is in the form of 17= e ‘ =e 


a = 
Evaluate im 2 -£) 
x—-a xX 


xa 


_(. a\m 
lim| 2-— sputx=ath 
x 


x th 


(a+h) 
Evaluate lim x 


Let y = lim x* 
x0" 


1 
fn— 
=> lny= limxénx=lim-—~=0 as 3 © > y=1 
x00" x0" 1 x 
x 


tim * | 4, then find c 


lim jee ” 


x-c }| = e*=4 2c = tnd >c = kn2 


un] 2)" 
oe 


(14x)! . 
“@ ) 
(+x) 
rae ita -e 1. dee 1-1] (fn(l+x)-x)_ 4 
7 e x x90 e(€n(1+x)—x) x’ 7 
x 
Lim *—"*e082 
x0 x 
2 4 1/x 
ae, eer a ae a neon eves x I/x 
Lim| Lim 2! _4 -Lin (1-34 soos 
x0 x x0 x x0 2 Af 
x x" 1 -1/2 
tafe ea 


5 
tie (aa 1 Lim ie =e V2 
—a | zs 
e 0 pais 
Aliter: e” . * =e 4 


ath 
_ im aay = _ in 14 he \* _ Rees 7 co 
ath 70 


The Limit of aFunction < 1.77 


i i i a(x) I im g(x)én f(x lim nf (x) 
Evaluat of Limit lim (Ff (x )) When It is of a fag agree) 
the Form (0)° tnt (x 
(0) Now evaluating the limit lim i ( (being of = 
x >a 1/ g(x) foe) 


Let L = lim( f (x))*” 
xa form) By L.H. Rule we can evaluate L. 


=> fnL=limg(x)én f(x) 


. x _ nf (x) 
Evaluate of Limit lim(f (x))" When It is of La elel) 


the Form (co)°® 


: oO 
Now evaluating the limit lim (being of — 
xa oO 


1/ g(x) 


: (x) : 
=i - hm 
ae lim(/ (x) peten take Tema niOn cmon vor form) by L.H. rule we can evaluate L. 


Sides. 

ie., nL= lim g(x) én f (x) = lim re ee 
‘o 6) 
— form 


6) 


1.78 > TheLimit of a Function 


m@ LEIBINITIZ RULES Proof: Let | Ff (t)dt = F(x) 
vn) => FO=fO0 
Let us consider the definite integral F (x) = | Ff (t)dt = I(x) =F(y(x))—F(¢(x)) 
9(x) 
Newton-Leibinitz’s formula states that = SO YEO Gee) 
4 Fey = fv} (4 wo} - Feocay}| = | = f(a}. {<. vi} foo) £ - 600} 
X 


: 1 KE 32 1 1 
ILLUSTRATION 115: Evaluate im “5 (f ev dt )-a+sH 
x00 xX 


x bs 
3. e? dt—3x4+x° 
SOLUTION: Let im (0/0 form) 
x 
3 fe dt 3434" 
x—>00 1 5 x" (by applying LHR) 
By applying Newton’s Leibinitz’s formula, we get 
oe pad ,d a 
=> —]| e° dt=e” .—-e —(0)=e” 
dx j 0 ax dx 0) 
d x 2 2 , 
8 fet dt- 3430 3 ay 
Lima —7——___,——__._ = lm —_,— 
x30 15x x70 15x 


(0/0 form, now again applying LH rule) 
—3(2x)e* +6x _ eu -6(e* —1) 


= lim 3 2 
x0 60x x0 60x 
e -2 
atmo 7 ) Sa = eee, eee 
x0 = =6-10x 10*-°| —x 10 10 
x-| "cos t’dt 
ILLUSTRATION 116: Evaluate lim——-}—_—— 
x0 (x — 6x) 
x-| cost’ dt 1—cos x” 
SOLUTION: Let aa (0/0 form), .. Applying L.H. rule)= ties =0 
Peis hi cost” dt an cost * dt 
Aliter; = tmo————_- =_ lim ——~.—__ (Applying L.H. 
iter: lim——"7 a a (Applying L.H.) 


d px 
Applying Newton-Leibnitz rule to val (cost’) dt = cos(x’).1-0 


d fx ‘ 
id, eee 1-cos(x”) 1-cos(0) 1-1 0 
lim —& 7 = lim—___—“_ = —_— = ——_ =— =0 
0 3x76 90 3(7—-2) 300-2) 3(-2) 6 


m@ LIMIT OF SUMMMATION OF SERIES 
USING DEFINITE INTEGRAL 


If f (x) is defined and continuous in La, b]|. Let this interval 
be divided among n subinterval and i ® interval be [x. Mis iJ 


such that Ax. = and for any 6, €[x, ,,,], 
m, <E,) <M, 


i 4 


<— (b—a) —_> 
FIGURE 1.49 


So we define lower limit sum as (s_), upper limit sum as 
nl n-| 


(S_) and integral sum as s = > m,Ax, ,5s= > M ;Ax, and 


n-l 
i= Da (¢,)Ax, respectively. Clearly s < I< S, from 


i=0 


here we can also say that m(b — a) < ] < M (6 — a) when 


largest interval go to zero (nh ~~ o); 


T= f" f(x)de = lim) £E)Ax 


ILLUSTRATION 117: 


Evaluate lim— ——— a 
n +r 


SOLUTION: 


2n / 
we get lim—)> pn 


"na l+(r/ ny 


The Limit of aFunction < 1.79 


If interval be divided into n equal parts of width h, then 
b-a 


h= whenn>0o;h->0 


[ f@ de = lim Af (a +rh) = lim Sif (a + rh) 


(=) 


= 0 and b = 


noo 


If we set the values of a 1, then 


1 | 
I, I (x)dx = lim—> f(r/n) , hence if a series is represent- 
no nh 


ed as a recurring function, then its sum can be evaluated as 
definite integral of function as above. The method to evalu- 
ate the integral as limit of the sum of an infinite series is also 
known as integration by first principle. 


m@ METHODTO EVALUATE THE LIMIT USING 
DEFINITE INTEGRAL 


l 
(a) Express the given series in form »— a (= | ; 
n\n 


,; 1 1 
(b) lim »— f =| = | I (x)dx , replacing rn = x & 1/n 
cea (es) ? 
by dx and lim > by sign of J 
(c) The lower and upper limits of integration will be the 
(r /n) for the lim ee 


andr__ respectively. 


2n b 
| ae: 
Put r/n = x, 1/n = dx; lim >°= | - where a = lim— =0 and b= lim" =2 
oe no n> 


a 


r/n 


ra f1+(r/ ny 


lun — 

n> n 

1 1 
a 


ILLUSTRATION 118: 
n+2 n+3 


1 
Show that lim o( ft 
n+l 


5n 
SOLUTION: = = 


sl+r/n 


ae Se 


oH 


= (View) - 5-1 


1 
+2] = In6 
6n 


5 ay 
01l+x 


= |n6 


1.80 > TheLimit of a Function 


any dimension tends to zero or infinity, then to find its 
limiting area or circumference or any other property we 
When the number of dimensions of a geometrical | US limits as illustrated in figure 1.50, with the help of 


figure tends to infinity or a process repeats infinitely or examples. 


m@ GEOMETRICAL APPLICATION 


ILLUSTRATION 119: A circular area AB of radius 2 subtends an angle x radians (0 < x < 1/2) at the centre C ofa 
circle. The tangents to circular arc at B and A meet at point P as shown below, then find 


(i) ar AABC 
(ii) ar AABP 
(iii) area of circular segment shown by shaded portion 
(S(x)) (say) 
arAABP 
a li Mb ge 
“ 90 arAABC 
S(x) 
lim —~*S~2 — 
W) 90 arAABP 


1 FIGURE 1.50 
SOLUTION: (i) ar AABC = 3(AC)x(BC) sin ZACB 


1 
= 5) (2)sinx = 2sinx 


Dy P 
1 1 2 
Gi) ar AABP = =(AP)x(BP)sin ZAPB = —(AP)(BP)sin(z—x) \ 
C <—2—_—" A 
= 3 {2tan% | 2tan sina = 2tan? sin x 
2 2 2 2 


(iii) ar S(x) = (ar. sector ACB) — (ar AACB) 


FIGURE 1.51 


= 5 x(2)' - (2) sinx = 2—2sim 


2 tan? ~ sin x 
(iv) lim arAABP _ 2 Siete x 0 
x30 grAABC °° 8 2sinx x0 2 
S —2si —2(sinx— 
(%) tim (x) — jim 227 28iNx _ (sin x—x) 


x20 nee 0 Z x0 ri 
7° arAABP + 2tan’ sin x 2tan? = sin x 


tan” — sin x tan” — sin x 
(2-2 1 fate 
= lim = lim 
x70 2 x0 


The Limit of aFunction <_ 1.81 


in( 22) (3 x 
= 4lim —— || —-— +... 
x0\ tanx/2) \sinx/\6 3! 
= 4(1)? (1) (1/6) = 2/3 


ILLUSTRATION 120: In the figure 1.52 shown below find the limiting area of shaded portion, when the base is divided 
into infinitely many small subintervals. 


C 


AG B 
<\ —_ a ——_ 


FIGURE 1.52 


SOLUTION: Let the base AB be divided into n-parts 


-. Width of each subinterval of AB = — = h(say) 
n 


Now asn>0,h-> 0 
Also ZABC = 60° 


A C 

5 tan60°=4© - AC = AB tan 60° A 
i ma a 
y a 


C 
LIXM 


The shaded area is greater than the area of See 
AAKL and less than the area of AABC. FIGURE 1.53 


=> + (AK)(AL) <A <—ABx AC 

= +(a _h)(AC-CL) < A< = (a\(av3) 
=> + (a-h)(av3 ~hV3)< A<—0°(V3) 
=> 5(o-2)[as- 2 Jac Be 


it 3 l 302 
In limiting condition when n > 0, Lt AC 2) asi 8) = 5 a(av3 )= a 
x8 n n 


V3 2 


‘. By sandwich theorem, when n > 0, A > yo 


1.82 > TheLimit of a Function 


ILLUSTRATION 121: The circumference of a circle of radius 7 is divided into ‘n; parts and curvilinear isosceles right 
angled triangles are formed on each subdivision as shown in figure 1.54. Shown that in limiting 
condition n tends to infinity. 


p x 90° 


FIGURE 1.54 


The sum of perimeters of isosceles triangle (except base) is different from the circumference of 
circle inspite when n — 00, the perimeter of curvilinear As coincide with circumference of circle. 


SOLUTION: Consider the curvilinear triangle ABP as shown below. 


FIGURE 1.55 FIGURE 1.56 
In ACLB, sin z/n= = 
=> ¢£=2sinn/n ”. In AAPB; 2x? = P 
=> 7= £/2= mein = 2r’ sin’ a/n 


Bar V2r sinz/n 
Perimeter of one curvilinear A (excluding base) 
= 2V2rsinz/n 


Total perimeter of curvilinear A’s 


= 2nV2r sina /n = 2nV2r sin where 9 = oe 2V2.r (7 sin? = 2V2ra “ 
n 


sin 0/2 
6/2 


.. when n — ©, perimeter has limiting value lim (2V2r7) 


lim 2J2rn sina *) = 2J2rx #2nr 
8-0 8/2 


The Limit of a Function 


< 


1.83 


ILLUSTRATION 122: A mass hanging by a spring is vibrating with a displacement at time ¢ given by 


k : 
S(t) = eB (sin Bt-sin at) ; where a, B, & are constants, then find 


(i) distancement of mass at time when a —> B 
(ii) Velocity of mass at time when a —> B 


k 

SOLUTION: (i) S(/) = —; i (sin St —sin at) 

When a — £, the displacement is given by 
; : k ; 

lim S(t) = lim eo ft-sinat) 


= eee yee ] 


kt _ at+ Bp _(a-ZB 


(ii) velocity when a —> f is given by lim oy {TV s(t )] 


= lm—,—z [f cotht-a cosat] = Leta=BPp+h h->0 
a-ha —B 
= lim + [B cos Bt —(B + A) cos (B + A)y] 


0(B+h) —B 


= lin oa a) [B cosB ¢—(B + A) [cosBt cosht — sinBt sinht]] 


k 
= lim————_ [Beos ft — BcosBt cosht + B sinBt sinht — h cos Bt cosht + h sinBt sinht] 


h0 (2B +h)h 
kim k 
10(28+h)h 
[B cosBt (1 — cosht) + Bsin Bt sinht —h cos Bt cosht + hsinBt sinht] 
ht 
2 2 
pos pr an *) Asin Ptsinht 


‘a3 


ae — § ( Brsin Br 
= pglesin At -cos ft| = 2B (Bt sin Bt —cos ft) 


0 
ILLUSTRATION 123: Show that the perimeter of a regular polygon of n-sides is equal to 2nr sin, ; 


where 98 = 21n/n 


and r is the circumradius of polygon and hence show that the circumference of circle of radius 


‘y’ is 20r. 


1.84 > TheLimit of a Function 


SOLUTION: 


ILLUSTRATION 124: 


SOLUTION: 


Let the number of sides of polygon be ‘n’ Eo =D 
= Central angle is given by 9 = 2x/, then length 


2 
AB = 2AL = 2 (r sin0/2); where 0 = — 
n 
Perimeter of regular polygon having x — sides 


= 2xrsin (F}; where 0 = call 


/|\ 
2 x 
The perimeter would converter to circumference of 
circle if n —> 0 : 


Circumference of circle is given by A B 


C = lim2zzsin (F FIGURE 1.57 


Ao 


= lim2 8 \rsin( 2)( 10-27 = n= 2 = lim2zr sind / 2 
ee 0 2 n Oo no 6/2 


[n> o> 8-0) 


= 2nr (1) = 2ar 


Find the limit of the sum of the lengths of the ordinates of the curve y = e~ sin at the 
points x = 0,1,2,3,4.......... 00 


-1<sin7* <1 
2 


. | mx _ 
xe .x sin] — |<e” 
= -e*<e (= 


. HX 
e~ onto lies between the graphs of y = —e“ and y = e*as shown in 


The graph of y = 
At x = 0, 2,4,6,8.....length of ordinates is zero and at x = 1,3,5,7,9... length of ordinates are 
le“|; |e]; Je*|; |e~|;.... and so on figure 1.58. 


. -1 3 -5 ~7 
Sum of ordinates = e te te ° +e +.....0 


FIGURE 1.58 


The Limit of aFunction < 1.85 


7 (i) (e-Dle el 


2 
é 


ILLUSTRATION 125: At the end-points and the midpoint of a circular arc AB tangent 
lines are drawn, and the points A and B are joined with a chord. 
Prove that the ratio of the areas of the two triangles thus 
formed tends to 4 as the arc AB decreases infinitely. 


SOLUTION: Let A, = area of A ABC = R’ sin 8 (sec 6 — cos @) 
A, = R’ tan 0 (1 — cos’) 


2 1 2 
And let Ay = Atea of A CDE = —¢_%8 1 
cos @.tan0 
*.* CM = RsecOR 

DM =CM coté 

A, _ tan@(1—cos’ 0).cos’ @.tan 0 FIGURE 1.59 

—=—_—___—_—________ = &(say) 

A, (1—cos@) 

2 2 a 2 2 
Pe ye ee (tan” 8)cos* 6.(1 cose es cos?) = 1.2 Limit tan = . 0 _ 
6-0 (1—cos 8) a0 9 1—cos@ 
x+én(vi+x" -x| 
ILLUSTRATION 126: Without using series expansion or L.H. rule evaluate lim ; 
=> x 
SOLUTION: Let Vl+x’ -x=t:-.x-0>t—>1 
Also 1 + x?= +x? + 2¢ @&) 
1 2 a Sere 
—ft i tf 3 
=> x= ——.Hence L = lim—*—___ 8 
2t tol (1-77) 
on een +1- os . 2tent+1—-2 ., 1... 2tent+1-? 
ar 4. (1- t a t>1 (1+?¢) (1-f#) 2 tI (1-f) 


Putt=1+y,;ast—-l,y—0 
2 
1, 2 ty)en(lt+y)+1-(1+y) Putts eS ay S00 


3 


2 v0 -y 
_ _ _ Qze*+1-e” ak lim£ As 9207 =] 1k e(e'-e*-2z) 1 
2 z-0 | 3 ‘ 2 z> Zz 2 z0 Z 
2 
Zz 
. ev—e™ —6u (e’ -e“)' +3(e"-e")-6u .. 8 1) 2 
=> 1=lim———.—\ whenz=3z, .. lim-—— _ 7H _ = lim —_ as 
u30 Tu 0 Tu u0 27 Qu 9 
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8 8 1 1 
=> —l=— >l1=—;Hence L=— 
9 27 3 6 


Alternatively: In (v1 +x" — x) =t 


V1+x? —x=e' = Vl¢4x4+x=e" 


: ; : . in Ere 
ILLUSTRATION 127: Without using any series expansion or L Hospital’s rule, evaluate lim as Bese 
x 3 —= 
x. 
3 


xX 
. @-e*-2x 
SOLUTION: Let Z = lim—— 
x30 3 X—SINX 
xX. 3 
XxX 
Now hi cea Sin pees 
Wet ag” Gee SERFS A . Put x = 3y 


= lim ; = lim ; 
x0 27y y0 27y 
3 
g (e-1) 1 gf, 1 
yo 
027 2y 9 27 9 3 


Hence L = 


1—x+lInx 


ILLUSTRATION 128: Without using series expansion or L.H. rule evaluate Lim 
x1 1+cos 7x 


1-x+lIn 
SOLUTION: Lim ———~; Letx =1 + A; hh > 0 
x1 (1+cos 7x) 
in 272 

Z Lim 2 Cie UE ed 

h-0 1—cos zh ah 

- 272 

my ga en eee 

2 h0 h h0 1—coszh 
Put In (1 + A) =t 


Pc HOON 2.. e&-l-t 2 1 1 

ln. > Ln 7 

IC 130 t IC t0 t It 2 IC 
(: =) _# 
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ILLUSTRATION 129: A segment AB = £ (figure 1.60) is divided into n 
equal parts, each part serving as a base of an isos- 30° 
celes triangle with base angles a = 30° Show that pal LIT TLS B 
the limit of perimeter of (zig zag) line thus formed —————— 
is different from the length of AB inspite the fact 
that in the limiting condition the zig zag line geo- 
metrically merges with the line segment. 


FIGURE 1.60 


SOLUTION: Let the line segment AB be divided into n equal parts. Thus length of each equal part 1s @/n. 


Let us consider any small triangle formed on a sub equal part of length @/n as shown in figure 1.61. 


XL £/2n 2 
IAN cee Se 
XZ x 2nx 


V3.. 9 I 


= SS SS 
2 2nx V3n 
21 


= Perimeter of zig-zag line = (2x) x n = V3 


Perimeter of zing-zag line is independent of n 


lim at at #1.H d 
= . Hence prove 
By R p FIGURE 1.61 


n> 


ILLUSTRATION 130: The circumference of circle of radius ‘7’ is divided into n-equal 
parts and on each equal part (arc), a semi-circle is drawn (shown 
in figure 1.62) taking the line segment joining the end points of 
arc as diameter. Find the total perimeter of semi-circles in limiting 
case as n — oo and show that it is different from the circumference 
of given circle. Also find the limiting area of bounded closed fig- 
ure so obtained and show that it is 17”. 


re FIGURE 1.62 
SOLUTION: Length of each sub-arc of circle = —— shown in figure 1.63. 
_ a dT . 
In ACLB, sin— = — 
n 2r 
l  . ff 
i. oe we ee{1) semi-circle 
8 l . a 
‘. Radius of each semi-circle = — =rsin— A 
2 n 


‘ eas _ a 
Perimeter of each semi circle = x(/2) =xrsin — _ arcof 
43 i 
circle 


; te _ 2 
Total perimeter of semi-circles drawn = nar sin— 
n 


C (centre of given circle) 


ae ; _ 
Limiting perimeter lim nzrsin— 
seis n FIGURE 1.63 


— lim narsin@ (where 8 = a/n, n = 2/8)) 


ra sin@ \ |° 2-00 
— li —_ 1 @ — 2 li — = 2 ? 
im (= sin a rlim{ 9 0 Tr xX Zr 
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Now area of each semi-circle drawn out side 
the given circle shown by shaded portion. 

Area of each shaded portion = Area of semi- 
circle — Area of segment (APBLA) of given circle 


1 (Ly 
a 5 @ — [Area of sector - area of ACAB] 


1 ( =) Qmin , 12. (=) 
= —z|rsin—| — ar” ——I* sin| — 
2 n 22 2 n 
22 


Area of new closed figure = Area circle + n (area of shaded portion) 


FIGURE 1.64 


: 1 ,.,4 ar’ 1,. 2% 
= zr +n| —a2r° sin” ——-——+—?r’° sin— 
2 n n 2 n 


2 
J J e J J a * 2 Ar * 2 via 3 i 2 e ria 
In limiting condition, required area = im tate —-—ar sf sin — 
xB n nr 


nr’ a ON Qn nr’ sin? @ zr’ sin20 
= lim| ——nsin* —+—r’ sin— | = lim 4+———" | =04 _7P = xr 
in| n 2 : fe ) 20 | —" 


ILLUSTRATION 131: In the figure 1.65 below, let (6) be the area of APOR and g(8) be the area of shaded portion. 
Then evaluate 


Q 


FIGURE 1.65 


‘ie f (8) (i) Jim length of PQO(minor) 
6->P z(9) 6>P length of chord PO 


SOLUTION: Coordinates of Q are (7 cos 9, 7 sin 8) 
. RP=CP-—CR-r-rcos 89 and QR = rsin 9 
Area of APOR = f(8) = = RPx RQ = s(r —rcos@)(rsin8) = sr (sin 8)(1—cos 9) ...(i) 
and 2(8) = Area of shaded portion 


= (Area of sector CPQ) — (ar ACRQ) = =—(# *)-=(CR)x(RO ) 


The Limit of aFunction < 1.89 


= ae ~~ (rcos6)(rsin 8) = LP ae, sin @cos@ 
2 2 2 2 


1 . 
£(9) _,. 7 sin 8(1—cos8) fi al 
(9) a r’°a- -5r sin Ocos@ > G0 


#4) 2sin? 0/2 


0 @? 
ie sin 6(1—cos 6) _ idl a 
60/9—sinOcos@] 90 | 
2 ge 


lim Oy a ee | ee eee 
90/ 26-sin’9) 9° | (20) (20) 290) 8 320° 4 
( g j|20-(20- OP 6A 6 120°” 


(ii) Now PO = 6r- (0 =PQ/ radius and chord PQ is given by 2rsin (0/2) 


length of arePQ PQ(minor) r@ . 6/2 
$A = Lim ———_ = lim ——_ 
@>0 ~~ length of chord PQ 2>02rsinO/2 9 %sind/2 


ILLUSTRATION 132: Given a fixed circle C, having its equation x? + y’ + 4y = 0 and a shrinking circle C, having its 
equation x* + y’ = r. Let P be in variable left most point of shrinking circle. Let PO and PR be 
the line segments passing through points of intersection of two circles and Q and R lying on 
y-axis, then find the limiting length of RO when the radius of shrinking circles tends to zero. 

SOLUTION: Fixed circle is C,: x? +? + 4y =Oor@—-OYP +(t+2yP=4 
C, has its centre at (0, —2) and having radius = 2, C, 
:x? + =7 is a shrinking circle with its centre at y 
origin and radius ‘7’. The pais 1.66 is shown below 
24.\;2=r2 
souenur =) ~ 
OQ =(0,-y, );R(0,- “ . Let the co-ordinates of r 
point P (left most) on shrinking circle be P(—;, 0). 
po jase \ 
At the point of intersection N =| r ae —_ 
16° 4 
2 2 
and M= —r 1-7-7 
16 4 


; where 


r>0* 


x’ 


Now P,M,@ are collinear 
=> Slope of PM = slope MOQ y" 
_y? [4-0 _ ae. FIGURE 1.66 


= 2 
Ba -rfi-e a 
16 
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TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Discuss the behavior of the following rational expres- 2. Evaluate the following limits: 


sions f(x) at infinity: lim 1+sin x—cosx + log(1—x) 
(ajax"ta x" !t..+axt+a,a >0 (a) x90 
a,x" +a, x" +.4axta,\ . 
(b) ee ae eo ;ifa + 0, b #0 
bx" +b x" +..48x4+5, 
n n-l 
(c) Oe eek ee Ge Ry -a >0.b>0n>k 
bx" +b x et t.4bxtb PoP 


n nl 
( ) Ge +a,_j)x +..F4X+a, 


b,x" +b, x81 +..4bx+b, 


Jap 0, b,>0,n <k 


sin x — x +— 
@ Im — 
2 3 
log +x)— += 
(e) lim 


. Find the values of a, b, c when 


043° S34". Sa 


(a) in —— eg 
me Nn +449n' +1 
2 
(b) lim ~— > 0 and finite. 
x90 + 


2 
(c) im 2 +1 
£7O\ | 


2 — 
(d) im 2 -ax-6)=2 
aN et | 
2 
(e) li ae -ax-6) = 00 
x>0\ x+] 
ci = 
x0 5 
Find the Integer ‘nv’ for which _ the 
3 
cos? x—cosx—e* cosx +e" —— 
lim ————* is a finite 
x0 x 
non-zero number. 
. Evaluates the limits: 
. e—-l-x . sinx—-x 
(a) lim ; (b) lim 
x0 x x0 
sinx )'* cos(sin x) — cos x 
(c) lim [ (d) li 2 
x0 x x0 x 
(e) eee (f) ee 
7 90x? sin? x x0 x7 tan* x 
(g) lim" (h) lim (sin 4 
. Find the values of a and Ob such that 
en aml led a4 
x0 x 
. Evaluate the following: 
(jinn asinx—xsina (b) lim 27° —9* —3* +1 
xa ax’ —a’x x90 4/9 — (1+ cos x) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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. Evaluate the following limits. 


ey as 

tee oS 
i a a oe eee 

3 9 3" 


. Inscribed in a circle of radius R is a square, a circle is 


inscribed in the square, a new square in the circle and 
so on for 7 times. Find the limit of the sum of areas of 
all circles and the limit of the sum of areas of all the 
squares aS n — oo, 


Let 
f (x) = G ~(cot x)" ii (sec x)" ~ frie) 
evaluate lim f (x) 


Evaluate the following limits using L’ hospitals rule 


l/x xe 
x ae (1+ x) aes 
(i) lim—2—*— 


ii) lim 
x1 ]—x+ nx aH x0 x? 
e +n =") 
(iii) lim = (iv) lim —“7* 
x>0 tanx-x x1/2 tan 37x 
i 4 aia 
. | 2% +3* +...+10" 
Evaluate lim a oe 
Evaluate: : i 
eg | (cost) dt 
a) lim— dt (b) lim 
Oe IP (b) x0 
lim Vtdt 
(c) x . 
3x 
Let, P. =a" -1 Vn= 2. d;cacand Ie PS a = 1; 


= 


where a € R*, then evaluate Lim 
x>0 x 


Show that the area of a regular polygon having n-sides 
2 
is given by sin 0; where 0 = 2n/n, hence show 


that the area of circle of radius r is 17’. 
Find the limit of the sum of the lengths of ordinates 


of the curve y = e* cosmx, drawn at the points 
x = 0,1,2,3,....upto 0. 


1.92 


17. 
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From a tangent line drawn at point P on a circle of 
unit radius, a line segment PQ equal to length of arc 
PR is cut off as shown in figure 1.67. OR is joined 
and produced to intersect the extension of diameter 
through P a point 7: Find the length PT in terms of 0 
and hence find the limiting value of length PT when 
R tends to P. 


FIGURE 1.67 


Answer Keys 
1. (a) ~ (b) a/b, (c) (d) 0 
2. (a) (1/2) (b) 1/120 (c) 1/18 (d) 0 (e) 1/24 
3. (a) a=-2 (b) a=0&beER (c) a=landb=-1 (d) a=1 andb=-3 
(e)a<l,beR (f)a=2,b=2 
4.5 
5. (a) 1/2 (b) 1/6 (ce) 1 (d) -1/3 (23 ££) 1 (g) 1 
6. a = —5/3 and b = -3/2 
7. (a) (b) 8V2(log3)? 
8. (i) 0 di 4/3 9. 27R?; 4R? 10. 1/2 
1.@ 2 . ile ree (iv) 3 
. (i) - (ii) vr (iii) 5 iv) 
12. 10! 
13. (a) 1/3 (b) e!” (c) 2/9 
1 O(1-cos@) .. 
14. (In a)" 16. — 17. PT = : ;lim PT =3 
e+] @-sin@ k-P 
TEXTUAL EXERCISE-4: (OBJECTIVE) 
. ; 1 (a) 1/5,7 (b) 0, 1 
1, limx—-x tn{L+) is equal to (c) 1, 7/5 (d) None of These 
a) 2 oie 4. Evaluate ty a>Q0. 
(c) 1/3 (d) 1 x>0 tanx—sin x 
ab. fh (a) Ina 
e G )e -(3° )e (b) In @& 
2. lim—-———_———— ,n € N is equal to: (c) 3ina 
— a (d) None of These 
(a) 0 (b) 1In(2/3) 


(c) In(3/2) (d) None of these 


For a certain value of c, im | [Qe + Txt + 2)° — x] is 


finite and non zero. The value of c and the value of the 
limit is 


. The integer n for which Lim 


(cos x —1)(cos xe”) ig 
x" 

a finite non-zero number is 

(a) 1 (b) 2 

(c) 3 (d) 4 


sin(n x)[(a —n)n x —tan x] 


6. If Lim ; = 0 (n> 0), then the 
x> x 
value of ‘a’ is equal to 
| 
(a) — (b) n*+1 
*+1 
(c) " (d) None of these 
sin(e” 7—1) 
7. lim in(x=l) is equal to 
(a) 0 (b) —1 
(c) 2 (d) 1 
= | 
8. The value of the limit | | (1-5 | is 
n=2 n 
(a) 1 (b) 
A = 
4 
] ] 
pas d —; 
() 5 (d) 5 
2 2 2 Z 
a. Tan ee aba me a aaa 
Rone 2S ee +n 
equal to: 
l 2 
uid b = 
OF >) 5 
] ] 
— d a 
(©) 5 () 2 
In(x? + e*) ; , 
10. Let = ——_... If Lim =] and Lim 
e Kx) In(x* +e") ena Kx) an betas Sees 
fix) = m, then: 
(a) =m (b) 1=2m 
(c) 2l=m (d) /+m=0 
1. Lim ieee a ie 
x>0 (2x+sin2x)er* 
(a) equal to zero (b) equal to 1 


12: 


(c) equal to —1 (d) Does not exist 


Which of the following limits vanish? 


; t ] 
(a) Lim x* sin — 
x 7>@® 


Vx 


(c) im( SBP PSD) im (S25) 
x0 + 


x>0\ sinx 


(b) Lim (1 — sin x). tan x 


Answer Keys 
1. (b) 2. (a) 3. (a) 4. (a) 5. (c) 
11. (d) 12. (a,b,d) 13. (c) 14. (a) 15. (a) 


The Limit of aFunction < 1.93 
13. The value of }",, (cos ra ail is 
ey HF] 
(a) e (b) e 
ea ee 
(c) e (dj) e” 
Oe recs Mi iO ee ee a 
x4 x-4 y 
(a) cosa In cos a — sin*a In sine 
(b) cos*a In cos a — sin’ a In sina 
(c) cos'a In cos a + sin*a In sina 
(d) None of these 
15. Lim (cos 2x)"* has the value equal to 
(a) e® (b) e? 
(c) e~? (d) None of these 
16. If Lim (x3 sin 3x + ax? + b) exists and is equal to 
zero, then : 
(a) a=-—3andb=9/2 
(b) a=3 and b = 9/2 
(c) a =-3 and b = -9/2 
(d) a=3 and b =-9/2 
17. The limiting value of the function 
— 1 3 
fo) = 2N2Z=osxtsinzy yy 2 ig 
]—sin 2x 4 
] 
a) V2 by. == 
(a) (b) 3 
(6) 32 @) = 
V2 
18. ABC is an isosceles triangle inscribed in a circle of 
radius r. If AB = AC and his the altitude from A to BC 
and p be the perimeter of ABC then Lim equals 
~ ?P 
(where A is the area of the triangle) 
l | 
5 b ee 
@ 3 0) Gar 
l 
(c) 198, (d) None of these 
6. (c) 7. (d) 8. (d) 9. (a) 10. (a) 
16. (a) 17. (d) 18. (c) 
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= ASYMPTOTES Horizontal Asymptote (Asymptotes Parallel 
to x-axis) 


A straight line at a finite distance from origin which tends L - ; 
ig et y = f(x) be a given curve, then horizontal asymptote 
to meet the given curve at infinity is called an asymptote to | . 
is/are given by y= Lt f(x) and y= Lt f(x) 


the curve. 
Thus if P is any variable point on the given curve hav- At most two horizontal asymptotes are possible, one 


ing co-ordinate x and y, then the perpendicular distance of | for x — —co and other for x — o as shown figure 1.71. 
point P from the asymptote tends to zero as x or y or both 
tend to infinity as shown figure 1.68. 


y 


FIGURE 1.71 
FIGURE 1.68 
For example: Consider the function 
In figure 1.69 asymptote is parallel to x-axis and is 5y—4 Baas 
called a horizontal asymptote. f(x)= ee ie 1 f(x)= Lt eat 
[9 x? 3 x0 x0 Ip x? aie 
‘ Sx_4 
tO = Lt a (Dividing each numerator and denomi- 
2+—> 
x? 
nator by x) 
Sg 
O a ? = Lt —— 
2 ca 
FIGURE 1.69 
5x-4 
In figure 1.70 Asymptote is parallel to y-axis and is and 7 f(x) = it 
called a Vertical Asymptote. 2x" +3 
5x-4 5x-—4 


= SS > Lt 
4 aia la? 2 ease 791 1 2 + 3/x7 
- x<0 
= Vx? Axe —x 


S-4/x — 5 


Es ee ai 
x dee OS a mp) 


The two horizontal asymptotes are y= 


y=mx+c; and 
m is finite 


and 


ro 


FIGURE 1.70 


In fi 1.71 tote is not llel t is and 5 
___ In figure asymptote is not parallel to any axis an pia aa cenenonaiclew: 
is called Oblique asymptote. V2 


Procedure to find horizontal asymptote to algebraic 
curve 


When the equation of curve is given by implicit form 1.e., 
Kx, y) = 0 and is of degree n i.e., (a,x" + ax™y + a,x" *y + 
COV Fe Oy VEO tO Or & scete 
Beye CR eC N Vy CX! Pays Clr Var gekee th 
=0 ...(1) 

or ax" + (ayt bx"! + (ay + by + c,)x"?* +... 
+=0 ...(11) 

If a, = constant in (11), then there will be no asymptote 
parallel to x-axis. If a, = 0; then 


FIGURE 1.72 
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(ay) ay Dy 2 PO FO 
1 1 

= (ayrbh) ray Fbyrc,) — TGs) 3 Fee H0 
x x 


AS x — © 

ay + b, = 0 gives an asymptote parallel to x-axis. 
If a, = 0, coefficient of x”~' is zero, then (a,y* + b,y + c,)x"~? 
POX Paso t=O 


1 ] 
=> ay +by+c,+(). = 7 OC5 +....+=0 


X>0o>ay + by +c, =0, gives us two asymp- 
totes y, = c and y, = d (say) parallel to x-axis and so on. 


Algorithm 


1. If the coefficient of term containing highest power of 
x is zero, then there will be no asymptote parallel to 
X-axIS. 

2. For finding the asymptotes parallel to x-axis put the 
coefficient of term containing highest power of x equal 
to zero. 
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e.g., y = tan x has infinitely many vertical asymptotes at x = (27+ Nos néZ as shown in 


figure 1.73. 


FIGURE 1.73 
ILLUSTRATION 134: Find the horizontal and vertical asymptotes to curve 
. 1 ge a k= 
@) a x5 oo x+2 
(iil) y= (x2) 
] 1 ; ; 
SOLUTION: (i) y= ; clearly y= Lt =0 is the only horizontal asymptote, and y > 0 for 
(x-5) xt0\ x—5 
x>S5andy<0Oforx<5. 
=> x0 = = = x=5 res 
y y 


1 ] 
Vertical asymptotes are given by x = Lt (s4-2) and x= Lt (s 4) 
yn y 


yo y 


1e.,x =5 andx>5 when y — ©; x < 5 when y — — 0, Graphically as shown in figure 1.74. 


X 


| y=0 (horizontal asymptote) 


: x=5 (vertical asymptote) 


FIGURE 1.74 


3x-4 3-4/x 
= [t = Uf =3 
4 uf ay uf[Ee) 
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y =3 1s the only horizontal asymptote, and y > 0 > (3x -4)(@+2)>0 


= re(-0,-2U[ 5,20) and y <0 | yi 
xe| —2 2 : 

a °3 | y=3 (horizontal 
Now, y > 0 forx +2 --0 > x—-2 7 a asymptote) 


‘. x = — 2118 the only vertical asymptote 
when x — -— 2+ y — — o and when x 


Tae aes f 2" 4/3 ‘ 
Graphically shown in figure 1.75 : =o 

below: x=—2 (vertical : 

1 asymptote) 
(ii) y= (x2) 
— —_ J y’ 
Y* sro x(¢—2) | 
FIGURE 1.75 


*. y= 01s the only horizontal asymptote 
and y < 0 for x € (0, 2) and y > 0 for x € (- », 0) U (2, «) 
. y— 0* for x — +00 
Also y — —co as x — O* and y > 0 as x — 0 and y > o ans x > 2* and y > —w asx 92 


'. x =0 and x = 2 are to vertical asymptotes. Graphically shown below: 


¥ 


x x 
- x=0 (horizontal 
a (~ asymptote) 
vertica 
asymptote) y=2(vertical 
asymptote) 
y’ 
FIGURE 1.76 
m= PROCEDURETO FIND VERTICAL Ga) If the coefficient of term containing highest power 
of y is zero, then there will be no asymptote parallel 
ASYMPTOTE to y-axis. 


, | (11) Equating the coefficient of term containing high- 
est power of y equal to zero gives us vertical 
asymptotes. 


For the algebraic curves given in implicit form of degree ‘n 
in x and y 1.e., f(x, y) = 0. 

Le, (ax tax! t+ax yt... tay)t (bx! + 
OR VOR Or sce OI EEX He yr x" 
i aes as Ah ac a ee a! 
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m@ OBLIQUE ASYMPTOTES 


Let y = f(x) be a given curve and P(x, y) be any vari- 
able point on it, then equation of tangent to curve at point 
P(x, y) will be 


d 
Y- y= ex- x) or Y=yr+ mea Gm x) 
dx 
dy dy 
Y=—X+ x— weet 
m dx [y- 4 (1) 


=mxt+c 
Ne? (oblique asymptote) 
x 


FIGURE 1.77 


There exists an oblique asymptote for the given 
curve, as x, y — ©, slope of tangent (m) should be 
finite and 
Also the y — intercept should be finite 

=> m=Lt (and = Lt [y-2% 


x00 dx x00 
yan yon 


y =mx + cis the required oblique asymptote. 


Procedure to Find Oblique Asymptotes 


1. Find m= Lt () 
x70 ax 


Be 


d 
2. Find c= Lt [y-»2 
fae dx 


3. y= mx + c given us oblique asymptote 
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Put coefficient of x” 1.e., 2 equals to zero but it is constant, so, there is no asymptote parallel to 
x-axis. For vertical asymptote: 


Put coefficient of y 1.e., x equals to zero i.e., x = 0 (y-axis). For oblique asymptote: 


5 ote te — Paar) 


x 

dy 3 dy 3 

= Lt} — J= Lt | 2-— |=2 and c= Lt | y—-x— |= Lt} y-x| 2-— 
m u (2) 1a 5) and Cc uly 4 ul» “( =) 


ya ype ya 
= Lt [y-2+3) = Lt (342) = Lt (* = 0) 
ae x rel x x} xl x 


. y=2x+0o0ry =2x 
As x = 0, y = 2x are the asymptotes to the curve. 
2 
(ii) 3y =2Vx’-9, Yoana 32 or 9y* = 4x7 — 9) 
=> 9y’ = 4x’ — 36 


= There is no asymptote parallel to coordinate axis as coefficient of x? and y’ are zeros. 


2 dy 2{1 1 
Now, Panes ae => $75) (2x) 


dx 3\2 x? —9 
dy 2, 
dx 3 Jy2_9 
Zz x 2 x 2 1 2 
ee oe 6 re) | ee 6, 
e3Je—9 = 3)x/vin9n? 3 Vino 3 
2 x 2 x 2 dy 
and m= Lt ——————= Lt ————_. = —= and c= Lt [y-2%) 
31x | 1-9? == 3 —xvl-9/" 3 yom dx 


2 2 1 2( x? -9-x’ —6 
= It an oe ae od |- Lt ‘Geoae Lt =0 
uf? 3 [2 9 [2 9 x00 x? -9 


yon 
2 2 
=-—x+0 and y=—x+0 
aa o=s 
2 
Le, Y= ae are the only asymptotes to the given curve. 


Another method to find oblique asymptote for second degree curve : 

Let f(x, y) = 0 be the given curve, Let y = mx + c be the oblique asymptote(s). 

Put y = mx + cin f(x, y) =0 

Putting the highest power of x equal to zero gives us the possible slopes and second highest 
power of x equal to zero gives us the possible values of y-intercept ‘c’. 


x? +2x+1 


ILLUSTRATION 137: Find the asymptotes of the curve y = 
x 


SOLUTION: Given equation is xy = x7 + 2x + 1 orx?-xy +2x+1=0 


Horizontal Asymptote: As coefficient of x* = 1 (constant) there is no asymptote parallel 
to x-axis. 


Vertical Asymptote: Coefficient of y is x = 0 (y-axis). 
Oblique Asymptote: Let y = mx + c be the oblique asymptote. 
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REMARK: 


A curve having n-degree in x and y can not have more than n-asymptotes. 


Method to Find Oblique Asymptotes for 
Algebraic Curves of Any Degree 


Let the given curve be of degree ‘n’ in x and y given by (a,x" 
TAN Vt Oe Vcr eee ry he (De DI De 
Pe Yee geadcoe O2 Yes Jae (Ne ede War ga barh eS = rte eines 
+=0 al) 

Putting x = 1 and y = m in equation (1) we get 

(a,tamt+am’+....+a,m")+(b, + bm+ bm’ +... 
PO Me ENG aC takki IMe meee O. 

Let us denote the polynomial of degree n in ‘m’ by 
6, (rm) 

The polynomial of degree n— 1 in (m) by o,_,, (m), the 
polynomial of degree n— 2 in ‘m’ by »_, (m) and so on. 


Step I: Putting > (m) = 0, gives us at most n real roots 
m,,m, m,, ....m, 1.€., Slope of asymptotes. 


Step II: Now to find y-intercept ‘c’ corresponding to a 
given slope m(=m) we use 


cg, '(m)+¢,_,(m)=0, if m is a non-repeated root, 


2 
ah "(m) + Or (m)+@,_,(m) = 0, if m is a root twice re- 


#,""(mn)+ 9", (mm) +—8',.0(m) +9, s(m) = 0, 


if m is a root thrice repeated and so on. 


3 
Cc 
peated 31 


Step Ill: Asymptotes are given by y = mx +c 
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Asymptote by Expansion Example: Find the asymptote for y = x + I/x. 


If the equation of the curve is of the form y = mx + c + Solution: Here, y = x + 1/x is of the form, 


, then y = mx + c will be an asymptote 


of the given curve. => y=x1s asymptote of the curve y =x + I/x. 


NOTE: 


Above method is useful to find all asymptote. Thus, students are advised to find vertical and horizontal asymptote 
(i.e., asymptote parallel to x-axis and y-axis) also using this method. 


1.101 
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The Position of the Curve with Respect 
to An Asymptote 


Let the equation of the curve is of the form; 


(a) The curve lies above the asymptote if 
(1) A #0 and A and x have same signs. 
(ii) 4 #0,B>0 


(ii) A = 0, B = 0, C # 0 and C and x have same 
signs. 
(b) The curve lies below the asymptote if. 
(1) 4 #0 and J and x have opposite signs. 
(11) A=0,B<0 
(1) A = 0, B = 0, C # 0 and C and x have opposite 
signs. 
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TEXTUAL EXERCISE-5: (SUBJECTIVE) 


Find the horizontal and vertical asymptotes to the 
curve 
(1) x*y?+ 2xy? — 4x*+ 10=0 
(i1) 2x*y — 3xy’ + 10x? - Sy = 0 
(iii) xy’ — y’x*+ 4=0 
(iv) x*y? — x7y? — 9x* + 8y = 0 
Define asymptotes of a curve and find vertical and 
horizontal asymptotes of the following curves: 


4x-5 
= ]/ b) y= 
(a) y=1x (b) y eae) 
2x+3 

(c) y= ———— @ y= Vet) -vx 

Vx" —2x-3 

x° —5x+6 ee et | 
Oy a3 OY aa 


Find the asymptotes of following functions 


y= ii) ye” 


x=) 

fs I 
(ili) Y=xX-— 
x 


Find horizontal, vertical and oblique asymptotes of 
the following curves: 
(li) y = x(x -a) 
Find all the asymptotes to the curve 
(1) vy) — 6x7 y° + 2x4 — 3x*y + 2x*y + By? — 9x? + Txy 
+ 8x + 1=0 
(ii) y—x°+ 2y—5x =0 


(i) xy + xy =a’ 


Answer Keys 
1H:y=4+2;V:x=0; (1) TH: y=-5;V:x=0; 
2.(a) x =0;y=0  (b) x =-2/3; y = 4/3 
(e)no horizontal and vertical asymptotes 
(f) x = no vertical asymptotes; y = 1 
3. (i) x =5,y =0 (i)x =O0,y=1 
4.0) x=0,y=0,y=—~ (11) yYoxns 
5. (1) (i) -y=x (1) y=0,y=4,x=0,x =-8 
6. G)yHxt+20) y=x (my =2x+5 


(ili) y°x?- 4x’°y + Bxy’ — Bxy + 2x + y =0 
(iv) x+y —3axy =0 


6. Find the oblique asymptotes by using expansion 


Gi) y =x’? + 4x 


1 
(ii) y= x? +— 
xX 


(1) y= 5. 
Xx x 


(iv) y =x + 8x" 


7. For the curve y° = x° + 2x*; show 


(iii) H:y =0;V:x =0; 
(c) A es ls V2 


2 
(1) The curve lies above the asymptote y= AT , if 
x <0 
2 
(11) The curve lies below the asymptote y ee : 


ifx>0O 


l 
. For the curve y=x+— show, 
x 


(1) The curve lies above the asymptote y = x if x > 0 
(11) The curve lies below the asymptote y = x if x < 0 


. Find the horizontal and vertical asymptotes of 


3x+1 
x —4 


h(x) = 


. Find the horizontal and vertical asymptotes of 


y=ln(2x+8) - 


QGiv) H:y=+3;V:x=2 
(d) x = no vertical asymptotes; y = 0 


(g) x = no vertical asymptotes; y = 0 
(111) x = 0, No, oblique asymptotes is y = x 


(iv) y+x+a=0 


(iv) y=x+ 8/5 


9. x=2,x=-2,y=010. x =—-4 
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TEXTUAL EXERCISE-5: (OBJECTIVE) 


. The horizontal asymptote of the curve x* — 2xy + yx’ 
= 01s 

(a) y=0 
(c) y=—l 
. The vertical asymptote of the curve yx? — 2xy? + 8y* + 
Ty = 0 


(b) y=1 
(d) Does not axist 


(a) x =0 (b) x=1 
(c) x =4 (d) Does not exist 
. The oblique asymptote to curve 
yx’ — 2xy’ + 8y’+ Ty = 0 is/are 
x 
(a) y=0 OP aera 
(c) y= . = (d) None of these 
. The oblique asymptote the curve 
y ey career ‘4S 
Xa OX 
(a) y = 2x (b) y=2x+5 
(c) y=2x-5 (d) None of these 


. Z 
. The curve having equation y = 2x-4-—+-—+.. 


x 6 
lies below its oblique asymptote y = 2x — 4 for 
(a) x<0 (b) x >0 

(c) x € [0, «) (d) R 


. Which of the following functions has two horizontal 
asymptotes? 


Answer Key 
1. (c) 2. (c) 3. (ab) 4. (b) 5. (b) 
9. (a,b) 10.(a,d) 11. (b,c,d) 


6. (a,b,c,d) 7. (c,d) 


@ yw yeh 
x? +2 x+2 
(c) y=tan'(3x—4) (d) y=cot™'(2x-1) 


. Which of the following function has a vertical asymp- 


totes at x = 2? 


x? -4| _ x —5x+6 
(a) = G9) (b) acs 
a wee 


(x-2) (x-2) 


. The asymptotes to the curve xy = c’are (c € R) 


(a) x =0 (b) x=c 
(Cc) y=x (d) y=0 
. The asymptotes to the curve x’— y* = a* (a € R) is /are 
(a) y-x =0 (b) y+x=0 
(c) X-axis (d) y-axis 


. y =e'* has asymptotes having equations 


(a) x =0 
(c) x =1 


(b) y=0 
(d) y=1 


. Which of the following statements are false? 


(a) A function can’t have more than two horizontal 
asymptotes 
P(x) 
(b) If P(x) is a polynomial functions, then y = 25 
xX — 
has a vertical asymptote at x = 2 
(c) A polynomial function always has a vertical 
asymptote 
(d) A rational function always has a vertical asymptote 


8. (a,d) 


i, 


The Limit of aFunction < 1.105 


MULTIPLE CHOICE QUESTIONS 


OBJECTIVE SOLVED EXAMPLES 


(aie 


lim ———_————_ is equal to 
x2 2 


x -4 
(a) 1/2 (b) 1 
(c) 2 (d) None of these 


Solution: (a) Limit = lim 


] x-2 
2° 2 Sys J2 oe 2) 


l x=2 1 


1 
2.” G32 fe eal NED 2 


T 
| 
+ 


lim is equal to 
+1 
(a) n/2 (b) eee 
(c) | (d) None of these 
Oe 
Solution: (b) Limit = lim ig 
xXx—- 


= lim yr ae 


x21 


. x" -a" 7 
(. lim ss n(a)" ; 
x>0 x-@q 


=[14243+..¢n]= "9 
l—cos{2(x-I)} . 
m———————_ is equal to 


xl xl 

(a) exists and it is V2 
(b) exists and it is —V2 
(c) does not exist because x — 1 > 0 

(d) does not exist because L.H.L # R.H.L 


1 vx-v2 
a 


al 


. The value of lim . 


SECTION-I 


_ V2 |sin(x-1 
Solution: (d) Limit = ag 2 inte 
x> | 
in? sinh 
lim 
h 
R.H.L. = lim 1 sin = 2 and LHL. = -v2 
-1 ;0<x<2 . 
. Let f(x)= . 4 woe ges. The quadratic 


equation whose roots are lim f(x) and lim f(x) is 
x27 x>2* 


(a) x°-6x +9=0 
(b) x*— 10x + 21 =0 
(c) x*— 14x + 49 =0 
(d) None of these 


Solution: (b) lim fx) = lim (x*-1)=2?-1=3 
lim fx) = lim (2x + 3)=7 


Quadratic equation is x” —- (3+ 7)x + 21=0 
or x*-— 10x + 21=0 


no 


l+n* 
. if lim an Hr) = b, a finite number, then 
n 


(a) a=1 
(c) b=1 


(b) a=0 
(d) b=-1 
Solution: (a, c) 
lim welt) (l+n ) tim 1)n* +an—-1 
ee l+n nyo l+n 
=oifa—1#0 
—]| 

Ifa —1=0, limit = lim ~— =a=b 

ee a 

a=b=1 


 cipye 


Xx 


(a) £n(a/b) 
(c) £n (ab) 


(b) &n(b/a) 
(d) None of these 
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Solution: (a) We have, 


ab", (=) (x=) 
= lim — 
x0 x x70 x x 


lim 
= ln(a)— £n(b) = en (= 


|x+7 


7. The value of lim — 
x>-t sinx 


(b) is equal to 1 
(d) does not exist 


(a) is equal to —1 
(c) 1s equal to x 
|x+z | 


Solution: (d) We have, f(x) = — 
sin x 


A a A aa a er a) 


|-az-h+z| 


: | A | _ A 
= — lim ————— = lim —— =] 
h0' sin(z +h) 40° sinh 


and, lim f(x)= lim f(-a7 +h) 
x-a* h>0* 


I-7+h+z| h 
= lim 


= lim =| 


=li 
h>0 sin(-z7+h) *>°~-sinh 


Hence, lim f(x) does not exist 
XO 


8. The value of lim x" (fnx)", m,n € Nis 
(a) 0 (b) m/n 
(c) mn (d) None of these 


reed 


x0 x” 


Solution: (a) Given lim x” (énx)" = 


ee 


n(énx)"| : 


= lim ——___* (By L.Hospital’s Rule) 
x20" = —mx” 
n-l 
Sine (= fom 
x>0* —mx™ oe) 


n(n—1)(nx)"? Es 
= lim re (By L-Hospital’s Rule) 
x30" (—m) x 


= n-2 
kim n(n—1)(log x) 


2_.-—m 


(Diff. numerator and 
x0" mx 


denominator n times) 


9, lim [sin™' x] is 


xT 

(a) 1 (b) x 

(c) n/2 (d) does not exist 
where [ ] represents the greatest integer function. 


Solution: (a) R-H.L. = lim [sin™'(1+A)] 


= Does not exist 
Limit does not exist 


js oe lim [sin™'(1—/A)] = [x/2] = 1 


ae’ —bcosx+ce™” 
——_—_————— | =2;1s 
xsinx 


10. The value of 5; if in| 


(b) -1 
(d) 2 


(a) 1 
(c) O 


Solution: (d) 


2 2 2 
a eae cee oe —b +C oe rece 
2' 2 2! 


lim —— = 2 
x0 sin X 
Cees 
. a-b+c a-c (a b ec 
=> lm 5 Py re | Seat as 
x30 Xx x Zz 2 
LHS can be equal to a finite quantity only if 
a-—b+c=0 ..-(d) 
and a—c = 0 ...(11) 


When (1) and (11) are satisfied then LHS is equal to 
2 only if 
at+b+c 
=2 (1 
5 (111) 
Solving (1), (11) and (111) b = 2 
11. If {x} denotes the fractional part of x, then 
e) —{x}-] 


{x} 
part of a, is equal to 
(a) 0 

(c) e—2 


; where [a] denotes the integral 


(b) 1/2 

(d) None of these 

Solution: (d) Let [a] =k, then & 1s an integer 

e —{xl-1  e-1-1 

—1 + =—__=¢ 
1%} 

fs lim, (= 1 


Now lim =? 


12. 


13. 


14. 


—t-l 
et) where ¢ = {x} 


Thus L.H.L. 4 R.H.L. 
Given limit does not exist 


t 
im [=] 4] 2 I (n € N; [.] denotes the 
x 


x70 x 


greatest integer function) 
(a) is equal to 2n (b) is equal to 2n — 1 
(c) is equal to 2n—2 (d) does not exist 


than n 


ntan x 


—+nasx— 0 but remain more than n 


l/n 
' 
lim is 2 ;(m € N) is equal to 
noo (mn) 


(a) l/em 
(c) em 


(b) m/e 
(d) e/m 


nao 


Sin) S Cin) 


=m E tn a = Wie ie = in| 
nm em m m em 


Solution: (a) Let Z = lim 
(nny" 


=> bnl= lim >> 


aac 


_ x’ sin(1/x)— 2x? 
The value of lim = SC ee 


1+3x° 
(a) is 0 (b) is —1/3 
(c) is —l (d) is —2/3 


15. 


16. 


17. 
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Solution: (c) The given limit can be re-written as 
sin(1/ x) 
1/x 
1/x* +3 


=-1/3 


x0 


(n + ny] 


If fin) = 
Then lim iis is equal to 


(a) e 
(c) 2/e 


— [7 + 1) + 2) 


(b) 1/e 
(d) 4/e 


| 
Solution: (d) Let 4 = lim— [(n + 1)(n + 2) .... 
NO YW) 


(n + ny]! 


“allio (es)f 


Then én A = lim— rYren{ 1+" 4 


cae 


= [énd+x) dx =n (=| 
; e 


1 
xin(2*-1) (9 1)" gj x 
Let fix) = ced . Then right- 
e 


hand limit of f(x) at x = 0 

In 2 

(a) is equal to In 2 (b) is equal to ze 
e 


(c) isequaltoeln2 (d) does not exist 


Solution: (b) f(x) can be rewritten as 


| 
xX 


Jo-sin x)* 
; ss tee 
lim f(x) = lim 
x—>0* x—>0* 


1 
a lim (1—sin x)* = mie 
x—0* 


If a is a root of x* + ax + 1 = O, then 
sin(x* + ax +1) 


(ax-1) 


lim 


x>l/a 


(a) 2aa 


1 
(c) 


is equal to 


(b) ac? 


Z 


(d) does not exist 


Solution: (c) Since coefficient of x? + ax + 1 are 


: ; l 
reciprocal, so roots will be a, — 
a 
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sin(x* + ax +1) 


b= th 
seve {ax-1) = exp., lim (9) a obit F form 
x0 TTX x 0 
— 
sin| (+2 ](-a)} [x2 (xa) a 
= lim (a 7 
x7 1l/a aAx- 
Gard came = exp.,—lim (#4) 
a x0 2 via 
1 — cos ec” — 
_ (x-@) l-a 
yee oe a 1()28) 
= ef Ar} _ elt 
18. If pm ee = 2, then (a, b) is 20. If [x] denotes the greatest integer < x, then 
= a I 
equal to Lim; ([l' x] +[2°x]+...+ [0x] equals 
@) 29) (a) x/2 (b) x/3 
(b) (a, -4), a is any real number (c) x/6 (d) x/A 


(c) (3, —-b), b is any real number 
| 
(d) (6, —2) Solution: (d) Lim—([I’ x]+[2’ x]+...+[7°x]) 
noo n 


te . F a oe te 
Solution: (b) Since um (x* — 1) = 0, so limit will Piye1<lx] a1 


exists only, 2? .x-1<[2x] <2? .x 
when lim [asin (x -1)+ bcos (x-1)+4=0 


> 5b+4=0 => b=-4 
Now applying L’Hospital rule, we _ get 


m.x—-1l<(Wx)<n.x 
acos(x—1)+4sin(x—-1) _ 5 


lim => (P32) +3. Pa) een [I 2 x 
x1 vx exe 2 
Again differentiating we get ; ; 
—asin(x —1)+4cos(x—1) UME n 3 3 3 
— =m = 4 2 [1° x]J+[2° x]+...+[n°x] 
gtd ee ce ae 
which is true for any value of a. ” ; . 
n(n+1) 
| a\"\in Z 2 
19. The im( 2“ is equal to r 1 
xa xX 
-aln -2a/n n+l x ] Xx 
(a) e (b) e Now, im( “**) = = and 
(c) en (d) 1 id n 4 on 4 
: n+l] x x 
a n(is) ra ea tae 
Solution: (c) im( 2 a 
s x By sandwich theorem 
HX 3 2 3 
| : tan( = lim U! x]+[2°x]+.....+[a°x] _ x 
= lim] 1+] 2-———-1 n—>00 n’ 4 
xa xX 
cos 2—cos2x 
= exp in| 2-1 }ran( =) 21. Let PONE Fata , then 
xa xX a 


(a) Lim f(x)=2sin2 (b) Lim f(x) =2sin2 
exp im x : = tan (=) (c) Lim f(x) =2cos2 (d) Lim f(x) =2cos2 


Zz. 


23. 


2-cos2 
Solution: (a, b) Let f(x) = pe ee ; : } . 
6 es le 


for x — —1; |x| =-—x 
cos 2 —cos2x 


f (x) = —>—_ ,, and 


5 a ase 6 


Lt f(x) = lim als cos 2x q 
x>-1 x>-1 > eg 0 


za = =2sin2 (By L.H. rule) 


For x — 1, |x| =x; 


Lt f(x) = lim ce q 


x =X 0 
2sin 2x 
= lim (By L.H. rule) 
x 2 —] 
= 2sin2 


If a and B be the roots of ax’ + bx + c = 0, then 
1 
lim(1+ ax? +bx+c)** is 


(a) a(a — f) (b) In|a (a —f)| 


(c) et@-A) (d) ei A 


Solution: (c) a, # are the roots of the equation 
ax’ + bx +c=0 


=> aow’+ba+c=0 .. (i) 
and Ghee Bb ee =0 3G) 

1 
Now, lim(1+ ax’ + bx +c)*-* [(1°) form] 


im ax’ +bx+c 
x-a 

lim 2ax+b 

— err? 
1 

[".” By (4) and (ii) a(a’ — f°) + b(a— B) = 0; (a—-B) 
[aa + af + b] =0;°. a#B; So aa + b=-aB| 
= e2aa +b = e2a — a8 


— eaa- B) 


sin x 


Lim] ae" x is (where [.] represents greatest 
x> x 

integral part function) 

(a) —1 (b) 1 

(c) 0 (d) None of these 


SI 
Solution: (a) R.H.L. = lim ane" a 
x? x 


when x e€ (0, h), then (1 — e*) € (1, 0) 


24. 
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sin x 
<] 


when h — 0, 


So -1<(1-e*) <0 
XxX 


sin x 
= lim} (l-e*)— |=-1 
x0" x 
sin x sin x 


L.H.L. = lim ae’ | = lim ie —1) 
x0" —Xx x30" x 


when x € (-A, 0), then e — 1 € (-l, 0) 


sin x 


and h— 0, <0 


66-1 See) 1 
xX 


So lim ( = eye ae 
x30 x 
RH.L=RHL. =-1 


If ¢ = lim(sin Vx +1 -sin Vx) and 
m= lim [sinvvx +1 -sin Vx]; where [.] denotes the 


greatest integer function , then: 

(a) 2=m=0 

(b) £=0; m is undefined 

(c) £, m both do not exist 

(d) 2 =0, m + 0 (although m exist) 
Solution: (b) ¢ = lim(sin Vx+1-sinVx) 
m = lim[sin Vx +1—-sin Vx] 


x—>—00 


where [.] — G.LF. 


f= lim(sin Vx +1 ~sinVx) 
[e in( =) 
2 


= lim2cos 


xc 


2 


2(Vx+1+x] 
e+ a 1 


2 


2(Jx +Vx+1) 


= (oscillating value from —1 to 1) x 0=0 


(ii) m= lim | sin-/x +1 —sin Vx | 
x—>-00 


= lim2cos 


x00 


ST i x+1l-x 


= lim2cos 


X00 


when x — —00, then vx undefined 


m 1s undefined 
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25. If f)=¥{x-4](+- 4), then lim f (0) is 


(a) 1 (b) —1 
(c) 2 (d) None of these 


Solution: (a) f(x) = ¥(. -+\(: — =| , then 


- peed pa eer! 


lon 


ee = 
n+] n+l 


nel+i/n 140 


e—(1+x)'” 


26. lim—— equals 
x0 tan x 
(a) e (b) e/2 
(c) e/3 (d) does not exists 
_ e-(l+xy'” 
Solution: (b) ie = Land let (1 +x)!*=y 
ae tan x 
49 én(+ x) 
x 
x? x? 
xX-—+—-.... 
= lny=>———————_ 
x 
fii... 
=> yre 
[-24-..| 
> yr=ee 
— 2 — 
i ( “ete /3-....) n 
> y=e I! 
(—x/2+x7/3-...) " 


2! 
ee ae a 
l= 
> y=el 2 3 8 
terms containing higher powers of x 


. e-(1+x)'" 
Now putting (1 + x)!* in a 
x0 tan x 
MTs ae 
CHC) Ma a ee 
2 3 8 | 
L = to > 
x0 x 2x? 
x+—+—+ 
emaceea 


x tan Ls) +31x7 +7 
27. Lim ——~“* +> ___ equals 
Ate |x +7 | x|+8 
1 
(a) — (b) —1 
1 
] 
(C) =— (d) None of these 
1 


x ‘tan{ 2 +31 +7 
nx? 


Solution: (c) Lim 
ea |x) +7 |x| +8 


x tan Le eS i 
JxP hax) laf Mee 


-x° 1 3|-x/ fi 
; tan al (Ea aL ; 
| —x | HX |-x[|-x| 


x00 | 8 


28. 


29. 


Let f(x)= Lim Lim(cos™ (n izx))| ; where xeR, 


then 

(a) f(x) = 1 if x is rational 
(b) f(x) = 0 if x is rational 
(c) f(x) = 1 if x 1s irrational 
(d) f(x) = 0 if x 1s irrational 


Solution: (a,b) f(x) = Lim {Lim(cos™ (nizx))| xeR 


Let us discuss two cases for x e« R 


Case (i): when x is rational 


Let x=, whenp,geZ,q40 
q 


when n — o then n! would contain g as one of its 
factors. 
=> n!xx is multiple of x. 
So cos? (n!2x) = 1 
Lim  Lim(cos™ (n izx))| =| 
no 


m->0 
Case (ii): when x is irrational, then n! mx is not 
multiple of 1. 

So cos (n! 7x) lie in between —1 to 1 

So cos? (n! 2x) lie in between 0 to 1 


=> Lim Lim cos’”(n inx)} =0 


mo no 


27.2 x 2/22 x pay ee x 
Lim Lin (sin x)*]+[2 _! |+...+[n° (sin x) H 
x07 | 20 n 
where [.] denotes the greatest integer function. 
2 
(a) 0 (b) 3 
4 1 
—s d = 
(©) 5 (d) 5 


Solution: (d) 
fas juin{ He x)" ]+[22(sin ll 


3 
nl 


x07 | now 


we know that x — [x] <x 
1? (sin x — 1 < [1? (sin x¥] < 1? (sin x¥ 


2? (sin x — 1 < [2? (sin x)'] < 2? (sin xy 


n? (sin x¥ — 1 < [n? (sin x¥] < rn’ (sin x¥ 


30. 


The Limit of aFunction < _ 1.111 
Adding all these inequalities, we get, 
[(sin x)" In? ]—n < ) [k’ (sin x)*] < (sin x)* Zn’ 
k=1 
sin x)*.n(n+1)(2n+1 a 
|‘ Fn +a +) =n S[k (in x)" 
= 3 + = 3 
n n 
n(n +1)(2n+1) Ginx 
< 6 
nw 
Asn — ©, 
lim (sinx)*n(n+1)(2n+1)—n _ (sinx)* 
n—oo 6(n’) 3 
sea Nn x(n+1)(2n t 1)(sin x) = (sin x) 
n—00 6n 3 
De (sinx)] 2. 
So lim! ; _ (sin x) 
ne n 3 
(By sandwich theorem) 
lim )\[k? (sin x)*] 
Now lim 3 —_—____ = — lim(sin x)* 
x0" n 3 x0 
Now Let A= lim(sin x)" 
£nA = lim xfn(sin x) 
_ ensin x (= 
= lim — form 
x90 =] /x oe) 
Ae 
= lim S*~ = tim =0 
x0 —]/x x0 tan x 
(By L.H. Rule) 
> A=e 
= A=) 
: — S[k (sinx)]} 1 
=> lm| lim = 
x—0* tim 2, n 3 
Let a = min [x? + 2x + 3, x e€ R] and 
. sinxcosx i 
b= Lin eae Then the value of aoe is 
- r=0 
au +] Di —] 
b 
Ole Oe 
9} =| ane = | 
d 
Oa Oe 
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31. 


Solution: (d) a= min {(x + 1?+2;x eR} > a=2 


5 = Lim un 2x.e _ I 
x90 Qe" -1).2x 2 
2x 
= rypn-r = r 1 ad 1 . 2r 
now >a b = > 2 — = —)'2 
r=0 r=0 2 2" r=0 


= = [Espo ea | 


1 (2? ii ay ale gant | = qntl | 
2. Vig | Z 3 3.2” 


Limsin™'[tanx] = J, then {/} is equal to 


x70" 


(a) 0 Os 


(d) 2-4 


Ope! : 


where [ ] and { } denotes greatest integer and frac- 


tional part function. 


Solution: (d) As x > 0°; tan x — 0 => [tan x] =-1 
=> sin! C1) =—-n/2 


32. The value of Lim it 


er 7 
Lim sin” '[tan x] = —— 
x0" 2 


Hence {f} = {-= 


: {2-2-2} -2.2 
2 2 


(tan ({x}-1)) .sin {x} 


a (4x) =A) 
where {x} denotes the fractional part function: 
(a) is 1 (b) is tan 1 
(c) is sin 1 (d) does not exist 


( tan ({x}-1)) sin {x} 


Solution: (d) lim 


(xP) <1} 
in Cosi tan(h —1).sinh _ tan(—1) phy 
x0" h—>0* h(h —1) | 
rte tan((1—)-1) sin(1—h) : sinl Lagi 
x20 = (1-A) C-A-I) l 


Hence lim Ff (x) does not exist. 
x> 


SECTION—II 


SUBJECTIVE SOLVED EXAMPLES 


_ x°-24x-16 
Evaluate lim ————_. 
te De 1Z 


_ x° —24x-16 

Solution: Given lim —.———— (0/0 form) 
x92 x° +2x-12 

— lim (x —2)(x° +2x* +4x° +8x* +16x +8) 

x2 (x —2)(x" +2x+6) 

fin (x? +2x* +.4x° +8x° +16x+48) 

x2 (x? +2x+6) 


2° +2(2)* +4(2)° +8(2)° +16(2)+8) 168 
(2)? +2(2)+6 14 


=12 


. (a) Find 


x x x" 
lim ¢ @n(1+x)—x+——-— +... + (-l)” —}x 
im | ( ) 2 3 ( ) =} x"! 
x? — x? bnx + nx —1 


(b) Evaluate lim a 


2 3 
Solution: (a) Since én (1 + x) =x - yt tee 


2 3 _1\" +2 
We have Gay phe a ol! + 
2 3 n 
_yyrtl vant 
Gos ie ace = 0 
n+l 
ae ol 
log(1+ x) -x+—-— +...+(-l)" — 
ig 
x0 D ii 


=> lim Pill 
~(-1)""1 i. . 
<<" - + terms containing higher powers of x 
I 
xt 
_ —(-1)"" _ ())" 
n+l n+l 


. x —x?lnx+ lnx-1 
(b) Let lim 


x1 
i (x° -—1)-—(x’ -lénx 
7 a x*-1 
— lim (x—1){x? +x4+1-(x+1)énx’} 
x1 (x-l)(x+1) 
x? +x41-(x4Dénx’ 
= koa AAA 
x (x +1) 


I? +14+1-(+)énl 3 
(1+1) 2 


. Find the value of lim (cos x/m)":x € Randx 0. 


Solution: Since above limit is of 1° form, so 
L= elmer) 


. Evaluate lim ee 
no\ tan b/(n+1) 


b 
Solution: Let im ( cin) n+) (ae 
n>o\ @/n , b | b\ n 
an —— 
n+l 


n+l a 


a ; ae 
= Ons «tin ) = | 


. Evaluate im] SE 


| ; where [ ] represents the 
[x] 


greatest integer function. 


: . | sin[h] sin 0 
Solution: R.H.L = lim | —— |=] —— 
h>0* [A] 0 


0 
= ? = exactly indeterminate 


LHL jim| SEAT) — pg SD 
h->0* [—A] h0 (- 1) 


= lim|[sin 1] =0 [-0<sin1l<1] 


. Evaluate lim (cot x) 


The Limit of aFunction < 1.113 


8 x? 2 2 2 
. Evaluate lim—| 1—cos— -—cos— + cos—cos— 
AIO, 2 4 2 4 


Solution: Given 


x? 2 2 2 
8| 1—cos— — cos — + cos — cos — 
2 4 2 4 


lim 3 
2 2 2 
8 1—cos~— ~ cos 1—cos = 
2 4 2 
x0 xX 
2 2 
| \-c08% 1-0} 
2 4 
= lim ; 
x70 xX 
2 2 
s{ asin? | asin? 
. 4 8 
= lim ; 
x0 xX 


| sinx?/4) (sinx?/8) 111] 1 
SN D2 | ee I ee 
x0 x/4 x7/8 | 1664] 32 


. Evaluate lim én , tan’ 2x 
x30 tan” x 


; : : 2 
Solution: Given lim @n_ , tan’ 2x 
x30 tan” x 


* tan’ 2 
= lim | —————_ 


x20 | éntan? x 


Applying L.H. rule 


; 2én tan 2x 2sec” 2x tan x 
= lim | ———— } = lim arena aE oe 
2 éntan x x0 | tan2xsec* x 


= lim 


x0 


| 2ancess | 


sin 2x 
; = lim | ——————_ 
sin 2x cos 2x x>0 | sn2xcos2x 


- tim | I |-1 
x>0 | cos2x 


1/ énx 


Solution: Let L = lim (cot x) 
x> 


( éncotx 
én L= lim 
x70 fnx 


Applying L.H. rule, 


__| (—cosec?x)x ; x 
= lim] ——————_ | = _ lim| -——— 
x0 cot x x>0| sinxcosx 


1.114 > TheLimit of a Function 


again applying LH rule, 
= = lim ee =-—] 
x01 (cos x—sin’ x) 
. L=e'=THle 
9. Evaluate lim e sin (d/e*) 
Solution: When x > ©, e* 4 0 


a _ finite _ 
But angle of sin = 
e 


co 
_ sin(d/e* 
Teer in 
x30 = J /e* 
sgl) og 
x20 = d/e* 
=|lxd=d 
10. Evaluate the following limits: 
5 
(1) lim Lt) —1 
x90 3x 45x° 


(ii) lim Vx+7-3V2x- 
ot Ye+6—2 Yax—5 ES 


(i+xy -1 
0 3x+5x? 
Method!: On expanding (1 + x) 


Solution: (i) lim 


we get lim 
& x0 3x4 5x’ 


= lim 


x70 x[3 + 5x] 
ae 
3 
1 ann 
Method II: caw ; 
(l+x)-1 3x+5x 
1 
= 5.1). = §/3 
) 3+0 


Gi) tim Vx+7-3V2x-3 
2 V4.6 —23x—5 
(x+7)'? -[9(2x —3)]”” 
pa (x +6)" —[8(3x —5)!7] 
(x+7-18x+27) 


[pee lA ct aD le 
*92 (x +7 +./9(2x - 3) 


| (x + 6)2+[8(3x-5)P° +(x +6).8(3x-5) | 


((x +6) —24x + 40) 


(i) lim 


(ii) lim 


1+5x+10x? +10x? +5x*+x° -1 


x[5 + term containing x and higher power of x] 


(ii) Given lim 


os (34-17x) : 
*92 Jx+7+,/9(2x —3) 


| (x+ 6)? + 64(3x—5)* +8(x +6)(3x-5) | 


(46 — 23x) 
_17x64x3 _ 544 
23x6 23. 


11. Evaluate the following limits: 


(3x* +2x*)sin |1/x|+|xf +5 
X—>—0 Ix +x +|x]41 
xsina@—asin x 


x70 xXx-a 


Solution: (1) Given 1s 


(3x* +2x*)sin|1/x|+| xf +5 


x0 JxfP+|xf +|x|41 
cd _ | 
(as x — —o, |x| =—x; sin|—]| =—sin—) 
x x 

ou 
—(3x° +2)x—— - x° +5 

= lm 
re =x? +x? al 


highest power of x is 3 in denominator and numerator 
both. Dividing numerator and denominator by x’. 


-(3+3 | tasi2 
x 1/x 


x—>—00 —1+1/x-1/x? +1/x° 
_ =G70). 12140 -4-_ 
—1+0-0+0 —] 


xsina—asinx 
x-@ 
If x approaches to some value other than 0 (say a), 
then it is useful to substitute. 
x-a=h;h-Ote. 
lim (a+h)sina(-—a@sin(h+a)) 


h>0 h 
_ lim hsina + _ —sin(h+a)] 


_ lim SIN + 2 Cos(a + h/ 2)sinfa ~h-a}/2 
h>0 h 


| in(h / 2 
= lim sin a ~ a.2 cos (a + A/2) [snh/2)) 


(h.2)/2 


=sina—a-cosa-l1=sina—acos-a 


12. 


13. 


Solve the following limits: 
5 


(i) lim (ii) lim (@yor™ 
x 5 x 
Solution: (i) Given a = lim 70 = lim ons 
x 
ae (nd)? (xln5)' 
exons m2) aC: >) Pact: 
Z 3! 
] 
= 1 1 Pas £n5 
Sty bn + (ln5)* Sl. ee 
a 3! 
2 1 (én5)" ‘ (ns) -_ ens) 
x 4! 5! 6! 
term containing higher power of x 
: —_——— =0 
0+ (ensy +0 


(i1) lim (x) or Tx) 
1 (x-1) am 2D 
Method (1): lim(1 +(x= 1))e tanax _ Grottan ax 


ae 
=et 


— oa msec? 1x l/r 
e e 


Method (2): lim x com here put x = (1 + A); 
h->0 


1 h 
— jij cot(r+ mh) — |] Rinne 
lim (1+h) limfl +h] 


lim—— tim att ) Bs 
— e*>0tan zh _ os tan zh _ e” 


Evaluate the folloiwng 
(i) lim [ lim (cos(x/2) cos (x/4) cos(x/8) ......... 


cos(x/2") | 
(11) lim sin?” x 


Solution: (i) Let P= cos (x/2) cos (x/2’) cos (x/2°) 
seegee sets cos(x/2") 
=> P sin(x/2") = cos(x/2).cos(x/2”.cos(x/2”........ 
cos(x/2”).sin(x/2”) 
= 1/2. (cos x/2) (cos x/2?)(cos x/23)............ 
cos x/(2”"') . sin x/(2”"') 
= 1/2? . (cosx/2) (cosx/27) (cosx/2?)........... 
cos x/(2”7). sin x/(2”*) 
Proceeding similarly, we get P. sin x/2” = 1/2”! 
sin x 
7" 


cos x/2. sin x/2 = 


14. Evaluate lim 
x0 


The Limit of aFunction < 1.115 


sin x . sinx/x  sinx 
= ghee 
2” sin(x / 2”) no sin(x/ 2") x 
x2: 
, . sinx 
=> limP=lm =] 
x0 x20 x 
ii) lim sin?” 
(11) lim sin’ x 
Let L = lim sin*"x 
no 
=> L= lim (0)"=0 (at sin x = 0; 1.e., x = nt) 
nao 


= = lim (+1) =1 


(at sin x = (£1) Le., x = mn/2 (m is odd integer)) 


> L= lim (sin*” x) = 0 (For other values of x 


we nal 0 < sin’ x < 1) 


(sin 1)?" = Not defined (indetermined) 


dm 
n-o 


where ¢ € I 

Note: (1.1)! = 1.1; (1.1) =1.21: 

(1.1)? =1.331; (1.01)? =1.03 

Thus we observe that lim x” approaches one if 

paoe 

x — 1+ faster than yoo. 

And lim x” approaches infinity if y + oo faster 
ae 


than x > 17 


(1+x)'*-e 


x 


Solution: Method1: (using expansion) 


{x 
én, 1+x)! 


7 e =—€ é Xx 
lim—————_ x =e ) 
x70 ¥ 
: oll x(x-x° 24x" 13—x" + ees es e 
= Lo 
x70 x 


[én 1 +x) =x-— 27/2 + x7/3 -.....] 

. ellnx/2+x7 (3-2 /4+ a ) 22 
0. 
x0. (—x/2427 /3=—x° /44.....) 


[aziPee pate 438 | 
lim — 


x0 
. e-l 
= lim ex 1 x (1/2) E lim -1 =—e/2 
x0 x0 x 
(1+ x)'* -e 


x 


Xx 


Method 2: (using L.H. rule) ZL = lim 


(0/0 form) 
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15. 


d 7 Apply L'Hospital’s Rule 
ae cosx—1 —sinx -l 
= lim & (Applying L’ Hospital’s Rule) = |i — = lim aes 
x0 cae aIBY 3x aa an 6 
ie Required limit 
mit) +x)* (x-—(1+ DEN + x)) : ‘ 
= . sinx-x ate, 1 
mt) 1l+x x? = i = =* {tim = —-— 
1/ x70 Xx x>0 sin x 216 
k =(1+x)”* 


=> lnk = sna + x) 
x 


= pt t+ inte S) 
k dx x (1+x) x 


a =k ~ en(l+-x) 
dx x(l+x) x 


17. 


Evaluate the following limits, if exists: 
(a) lim (cos a)" —(sina)" —cos2a@ 
x4 (x _ 4) 


6b) tim Laer’ 


x0 e 


, [x]-3 
(l+x)'". —én(1+x) © (x-3) 
= lim-——— lim ———— 
0 [$y 190 Dx kon Pt ott 3 tet) 
(Applying Z ‘Hospital’s Rule) (¢) 90 n 


= —e/2 


a1. 3 = a=] 
Evaluate lim aw are 
so 341 3341 4541 


Solution: 


mn IO), 2)A3) GED 


evece 


me (3)(3) (4)(7) (5)(13) 


(n—2)[(n-1) +(n—-1)+1] (n—1)(n? +n-+1) 


n(n—-1l? -—(n-)) 41] (nt: Dn’? — 41) 
mn LY). G3) GH2D 


me (3)(3) (4)(7) (5)13) 
(n—2)(n* —n+1) (n-1)(n’ +041) 


(n)\(n? —3n+3) (n4+))(’ —n+4)) 


OS ae ag aay 2a SH” 
lim 1/2 1/3 l/n 
x90 (3x-—4)°° +(3x-4)” 4.....43x-4) 


x XCOS X 


(f) lin<——* 


x>0 x+sinx 


Solution: (a) 


—cos2a 


lim (cosa) —(sin@) (0/0 form) 


x74 (x —_ 4) 
(cosa) —(sina) —(cos’ a—sin’ a) 
_ (cos’ a+sin’ @) 
= lim 
x4 (x = 4) 


ly (cosa) —(sina)* — cos’ a+sin* a 


; ; x4 (x — 4) 
7 (I(2)(n*+n+1) 2 a 3 ae adie (cosa)*.((cosa)* * —1)—sin* a((sina)*~* —1) 
no (n)(n+1)(3) 3 n>0 14 1 x4 (x—4) 
n a ae . x-4 
=2/3x1=273 = cost aim C8) sin oy tim SOY) 
x4 x-4 x4 x-—4 
16< Ewalaate jim Sm APS Pe Sn = cos‘a. In (cosa) — sin*a. In (sina) 
x sin x a 
(b) lim —9 as lim | x ["= 0 and lime" =] 
x-> e Xe x7 
Solution: Well, if you apply L’ Hospital’s rule or Ix]-3 
series, you will get into problem, so proceed as below (c) Let ney 3 Towards the right of 
x x- 
‘ 3 9 
Fs im( =) ( x eae 
as ame => [x|-3= _ in the right neighbourhood of x = 3 


(0/0 form) => lim Ly]= 


x—>3+0 x-— 3 


. sinx-—x 
Leth, = lim Fe =0 Towards the left of x = 3, [x] =2 


18. Evaluate lim 


=> [x]-3=-1, in the left neighbourhood of x = 3 
= tim VP im 0, Thus im I 
x33-0 x-—3 x3-0 x —3 x33 (x = 3) 


does not exist. 


a/x 
| fh 4+2*%4+3* 42...4n" 
(d) in{ PPPS tat (1° form) 
x20 n 
lim 1 4+2* 43% +.....4n7 412 ‘a 1 +2* +3% +....4n% —n a 
x70 n “x e n “x 


= € 
iy, aT eh ob -1)+(2" Svs oes +(n* je 
be, 


a 
a : +n (n))— 


=e 
= (omy = (n 2 aa 
De a gy a a 
(e) lim 


Divide numerator and denominator by the 
highest power of x. Here x!” is the highest power 
os la a 
x00 6 _ A/x)' 4 qt (3 = Alxy? 


AB 
ticccct xt G=—4ixy” 
(e* a 1) = (e* —1) 


(f) lim 3 
x0 x+sin x 
| XCOSX aes | 
re Cae!) ee Cal! 
x0 sin x sin x 
x) 1+ xcos x} secx+ 
x xCcosx 
x xcosx 
—] —] 
= lim ( 4) —lim C 
x0 sinx ) x0 sin x 
+ — xcos x| sec x +——_ 
x xCOS Xx 
1 
=—-——=(0 
2 


Va -—Vcos' x 
Vxt+1 


Solution: Put cos“'x = 8 > x = cos0 


ie -al6 


> J1+COS 
= im— : 
isd Veli 
= im — 
lim 6/2 eet 
—k 
= lim 


‘9 12cos’(z#/2+k/2) aE 


(Putting 8 = 1 +k) 


19. Find a polynomial of least degree, 


20. 


The Limit of aFunction < 1.117 


zi = lim e 


2J2Vz |cos (= +#) a 2V2Vx (sin ‘| 


3) 
—-+— 
ae: 
32) 
—cos| —+— 
2° 2 


—sin— 
2 


(k/2) 1 1 


= lim——— 
fee sin ; “Dae Nn 


= lim 
k->0 


such that 


2 I/x 
im{ 142 L) = ¢ 
x0 x 
) 1/x 
x fo) 
2 


Solution: Now, lim [ + 
x x 


= ae) - = L (say) 
x 


x70 


~£ (x) 


It exists only when lim =>" = 0 (i.e. it converts 


into 1° form), so the least a of f(x) would be 2 
Le., f(x) =a, x +a,x +... 


2 l/x 
Now L = lim 142 tf) See 
x0 x? 


2 Vx 1 
lita [Ae ial 
x0 x x 2 
e — 


= =e 
2 
> wv © =e = files AG 
x0 x 
2 2 3 
a, ak POX Pee. 
— lim ——__>*—- = 2 
x0 x 
=> a,=—l, a, = 2 and a,, a, are any arbitrary con- 


stants. Since we want polynomial of least degree. 
Hence f(x) = — x? + 2x? 


sin x-x+(x° /3) 


5 


Evaluate lim 
x0 x 


sinx—x+(x° /3) 
5 


Solution: Given lim (0/0 form) 


Applying L-Hospital’s rule, we get 


1.118 > TheLimit of a Function 


21. 


. —1+x° 
L= a (0/0 form, hence again applying 
x 


x20 


LH rule) 


—sinx+2x 


= lim 0x3 (0/0 form, hence again applying 
x 


x0 
LH rule) 
—cosx+2 _ 


= lim : 
60x 


x30 


6) 


(1 
Evaluate im{ J by using L’ Hospital’s 


x? sin’ x 
rule or expansion. 
ae 2 
; ; ace: . (sin* x-x*) 
Solution: Given limit = i4m->—.—— 


x30 


x’ sin’ x 


Ai) 


sinx+x x? 
XS ""““—_- 


x0 x x sin’ x 


. (sinx-x 
= lim : x 
. sinx—-x 
Let L, = im—, 
x0 x 


Let x = 30, asx —>0,0->0 
. sin30-—30 
x0 (30) 
3sin@—4sin’ 0-30 
270° 


sinx—x 


; 2 
. Sinxt+x : x 
X lim ——— 
x0 x? x>0\ sinx 


: =f D 
22. Evaluate lima” sin (=) 
x—00 a 


Solution: This is an interesting problem, where value 
of the limit will depend on the value of the constant ‘a’ 
1.e. for same value of constant ‘b’ and different values 
of ‘a’ the value of the limit would be different. 


23, 


Casel: whena>1 


in) 

sin — 

— jj & eZ b=] b= 

an Q ss Se 
Qa 


b 
Cox 0o> a7 o> —- 0) 
a 


: PD 
L= lim a* sin = 
X70 a 


Case ll: whena=1 


lim q@* =] 


=> L=sin(b) 
Case lll: when0<a<1; lima =0 


: fb 
L= lim a sin = 
X70 a 
= ( x (a finite real number ¢€ [-—1, 1]) =0 
Note: Well, would you mind evaluating lim aX? 


a->l 


Since the two variables ‘a’ and ‘x’ are independent 
variables. 

We can not evaluate this limit. 

For the evaluation of lim a’: a must be a fixed 


real number. 


Evaluate a, b,c and d, if 


lim Vx* + ax’? +3x° +bx4+2- 
4x" +2x° —cx? +3x-d)=4 


Solution: Here, 


lim Vx* +. ax? +3x? +bx+2- 


Jx* +2x° —cx? +3x-—d) =4 (© form) 
By Rationalizing, we get 
lim (a—2)x° +(B4c)x’ +(b-3)x+(24d) 


I ee ae ths ad Oe see +3x-d) 


Since, limit is finite, so the degree of the numerator 
must be 2. 
So,a—-2=O1e., a=2. 


as. Gis (3+c)x* +(b-3)x+(2+d) : 


#9? Aix! + a? +3x° +bx +24 
Vx" +2x° —cx’ +3x—d) 


Dividing numerator and denominator by x’, we 
get 


=4 


4 


24. 


lim (3+c)+(b-3)/x+(2+d)/x° _ 


1 = 
* Mt alx+3/x° + b/x? +2/x* + 
1+ 2/x—c/x* +3/x° —d/x*) 


3+¢ 
2 
= C=) 
. c=S,a=2 
Hence a = 2, c=5 and b, d may be any real num- 
bers. 


Solve 
lim— (x4 P+ [22x +21] +.. 4 [ee D) : 
where [.] denotes the greatest integer function. 


Solution: We know [x+ J] = [x] + J; 
where J € Z and nx — 1 < [nx ] < nx 


lim —{([2x +P ]]+ (22x +22 T14...4 [lex tr? J) 
nO WY) 


=> tim {[1? x] +[22x] +... + [2x] + (2 +2? +...+n°)} 
no 


(By using [x + J] = [x] +J 


(1? +2? 4...+n7) 


. 1 2 F3 2 
=> ae x]+[2°x°]+...4+[n°x]+ : 


n 
..{1) 
As we know, 1? x — 1 < [12x] < 1*x 
2?x-—1< [22x] <2’x 
n? x —1 <[n’x] < n’x 
Sle +24 ce oxen = [| 2] a 2 [| 
ss le a eee e/a 
= nant )Qn+)x 1a 
6n° n 
(1? x]J+[2°x]+...4[n?x] us n(n+1)(2n+1)x 
n 7 6n° 
Now 
ay Went Dnt YO) Nn 
am 6n° n 
lim H{142)(2+4}s-— == 
no 16 n n n 3 
and 
(gg Eee = Him 2(1+4](2+4]x=4 
n—>o0 6n° no 6 n n 3 


The Limit of aFunction < 1.119 
By sandwich theorem 
ap x1 + [2° le seed: +[n°x] x 7 
SSS SS ... (iI) 


lim nw 3 
From (1) and (11), 


P42? 4+..4n7 


lim — [1x] + [22x] +. +x] 4 Re 


~ Stim 4(142](242 sa 
3 2>”6 n n 3 3 


25. Evaluate 


(tan x —sin x)+ 


—I+ 

. (tan x —sin x) + ./(tan x —sin x) +... 
9. <A, 
x0" 


Solution: Let 


(tan x —sin x) + 


4/ (tan x —sin x)+.4/(tan x—sin x) +... 


=> y= (tanx—sinx)+y 


=> y—y-—(tanx-—sinx)=0 


1+./1+(tan x —sin x)4 


=> a [asy> 0] (1) 
again let, Z=\x +Vx +Vx +.....0 
=> Z=Vx4+Z 
> 2-Z-x=0 
1+¥14+4x° 
3 Ja es ii) 


(sae) 
li : 
a -1s{ tevin 
Z 


(From (i) and (ii)) 


—1+./1+4(tan x — sin x) 
—1+V1+4x° 


Rationalizing numerator and denominator we get 
lim A(tan x —sinx)U+v1+4x ) V¥1+4x?) 
x0" 4x? (1+./1+4(tan x —sin x)) 


= lim 


x30* 


1.120 > TheLimit of a Function 


[sn 7 asia) 
cos x 1 


mM —_— 


x0" x? (1 +./14 4(tan x —sin x)) 

“(1+4/1+ 4(tan x —sin x)) 

sin x 2sin°(x/2) _1 

4(x’/4) “cosx 

_ eviede?) =15.4{)-5 
(1+./1+4(tan x —sin x)) 2. Niel 2 


26. Evaluate lim(x+2) tan”(x+2)-(x tan” x) 


. sinx(d—cosx 
= fim Sit xC1—0083) 
x0" x cCOsx 


x20" Xx 


Solution: Let lim(x +2) tan “(x +2)—(x tan” x) 
= lim [x tan" (x+2)+2tan“"(x+2)—(xtan™ x)} 
= lim [x{tan (x + 2)-—tan'(x)}+2 tan '(x+2)] 


= lim [x{ tan™'(x+2)—tan'(x)}+2 tan‘ (x+2)] 


ie aa (x+2) 
p00 l+(x+2)x x” 


= lim x tant —* _|42.7 
(1+ x) 2 


xo 


[as x > o, tan! x > n/2] 


tn"| a 7 
4 (1+x) 2x 


x00 2 “(x41 
(x+1)y 
=1x0+7=7 


Therefore lim(x+2)tan“"(x+2)—(xtan" x) =n 


27. Evaluate lim eesntsnn 22 | 
: x7714 


1-sin2x 


1—sin2x 


(cos x +sin x)? —2V2 


Solution: Given lim | 
x71/14 


5 baw dat 28 


1—cos(az /2-2x) 


i ~2/2{1-cos?(2/4-x)} 
xl 4 2sin’(z/4—x) 


let 7/4-—x=t 


2sin’ t 


~2,/2{1-cos? 4] 


=V2(1=cost)(1+ cost +cos’ t) 
(1—cos’ f) 


| 
— 


lI 
vt 
$3 
Fo—= a, ot We een - a 


—J/2 (1+ cost+cos’ | 


(1+cost) 


n 


k=) k 


n > ‘ 
28. Show that +3) >e’ asn— o (forn>6) 


2. | 
Solution: Let a, =1+2 >» 


A 


while for n > 6 


k=] k 
hy pepe a a eee a 
i ie Oe go 4 On 
(n-2) 
4 2(n— 2) 


4 12(n-2) 
a,<1+—+ + 

n n(n-1) n(n-1)\(n-2) 
16 


=> a,<l+—+ (I 
" n n(n-1) CO 


also coy ace 
k=] C, C 


ii) 


=> f1+2) <a" < ies = 
n n n(n-l) 


im (1+ = e’ and lim (2 1+ : 
sas n n—r0 n (n—-1) 


By squeeze principle for limits, 


im{ +3 =¢ 
k=! ©, 


we get 


29. Suppose that function f, R- R satisfies the inequality 


D3 (f(e+h)-S(x-)} 


<1 for every positive 


integer n and for all x, y e R. Prove that fis a 
constant function. 


30. 


Solution: Replacing n by (n — 1) in 


D3 (fx +hy)- fe) <1 i) 


we get | 3 (forth) fe-bI<1 Gi 
Subtracting (1) and (11), we get 

3" {f(x+ny)- f(x-ny)}| <2 
=> |{f(x+ny)-f(x-ny)}|< re _..(iii) 


We choose x and y such that x + ny = u and 
x—ny =vwhereu, ve RandneN 


2 
(iii) becomes, | f(u)— f(v)|<— for arbitra 
3" — 


neN 


be 
i.e. as n > 00 = |fw-f)| ees 


=> |fu)-—fiv)| <9 > fu)=fv)Vuve R 
Hence fis a constant function. 

Suppose P(x)=a,+a,x+a,x°+...+a,x". If 

|P(x)|<| e*'-1| for all x > 0, prove that, 


a, +2a,+3a,+t+....¢na.| <1 
1 2 3 n 


Solution: Here, P(x) =a, +a,x+4,x° +.....+4,x 
=> P(x)=a,+2a,x4+......4na,x 
=> P()=a,+2a,+......+na ...{1) 
Now |P(x)| < je*'-1| for allx>0 
=> |P()| < |e°-1|=|1-1]=0 ie, |P(1)| <0 
But |P(1)| must be greater than equal to zero, so 
\P(1)| = 0 
Now | P(1 +h) | <| e*-1| forallzA>-1,h440 
| PU +h)-0|<|e*- 1| forallh>-1,h#0 


P(i+h)-P( "—] 
ay PEED EOE 1) easy eg) 
h h 
Taking limits as h —~ 0, we = get 
— A 
ol| PONS PO) 5. le 
h>0 h h>0| fh 
=> |P(1)|<1 
=> |a,+2a,+3a,+.....+na,| <1 (from (1)) 


Hence |a, + 2a, +3a,+......¢na,| <1 


The Limit of aFunction < 
2 
31. Evaluate the lim | =—---— 
ral \ x -1l x -l 
Solution: Given 
=| : 
aaa) ( 0 
aaa 7 form 
x1} (x* -1)(x" -1 0 
2 
*_1)-2(x*-1 4 2 
_ (1) (x ) x" -2x° +1 
a ae a Dae arr SOR 
x1 (x -x°-x' +)) oa Alle a lac all 
a a (By using L.H. Rule) 
= using L.H. Ru 
x1 6x° —2x-4x° ? 
12x* —4 


lim —“"—"___ = 1/2 
so 30x4 —2-12x 


(Again using L.H. Rule) 


32. Evaluate lim ices) a 
x0 x e —e 

__( In(cos3x) 2sinx 

Solution: lim} ——,——.———- 
x0 x e -e 
& sin’ es 
In(1 + cos 3x —1) . Rc oy, 
(cos 3x —1) x 


m : 
x0] 2sinx 1 


x (= 
———— + ———. 
x 


= ie ie 
4 1+1 2 


xX 


_ sinx-x-xcosx+x’ cotx 
33. Evaluate lim=———~~"s* = * SO'* 
x0 x 


_ sinx—x—xcosx+x’ cotx 
Solution: Given lima——H,-_ 
x0 x 

. (sinx—x)-—xcot x(x-sin x) 
x0 x 


lim (sin x — we —xcot x) 


x0 x 
. sinx—x tanx-x x 
= lim a 
x0 x x tan x 
. —-sinx+x 1 . tanx-x 1 
Now, ni = hii ——_$—— = 
x30 x 6 x30 x 3 
oe 1 
Hence the required limit = ae 


1.121 


1.122 > TheLimit of a Function 


t 
34. Evaluate lim Bri 


4 
Solution: Given lim sec— nx 
x21 phe 


= = lim aoe “~éni(1 +h) = im C+") ee 
er “ 2 h 
h—0 h Cte 
sin| —— 
(3 a2 


_{j ace h 


eo fate 
h 


1 
— sin 
2 


a ,{2-1)1 
sate 2 h }2" 2°) 
= lm | ———_ | | ———_ | —— 
h—70 h eee | ee 
sin h| |= ra 
2 h }2 h 


= lim 1.1. 
ho meén2 


7 mln2 


2 
35. Evaluate lim sto ; cos] 
eS 
2 
Solution: Given lim [oe , cs] 
ae 
2 Z 
£n, COS x 
= | 1+ lm | —*———_ 
x0 \ €ncosx/2 


ti & (l-2sin? 2) 
én,(1—2sin’ x/4) 


36. 


lim 
x0 . 2 
—2 sin“ — 
2 
—2sin? — = 
ai eee ——— EE, ae 4 
log (1 2sin *) sin — 
4 
2 
~ 
a a) a 
x i 
2 
=[1 + 16]? = 289 
sf OF 
Prove that lim Sear e-—2 
on (k+3) 
n es ox 
Solution: Given limit is lim are e-2 
on (k+3) 


Coefficient of x‘ in (1 + x)" is "C;, 


=> (+x) = beh 
k=0 


Multiplying both sides by x2, x°(1+ x)" => "C,x*” 


k=0 
Integrating both sides: 
| x’ (1+ x)"dx = | >» i 6 aad 
k=0 


(i+x)"? ie (l1+x)"" 
n+3 n+l 


_ 20+ xy"? 
n+2 


tno K+3 
Putting x = 1/n we get, 
(1+1/n)"? 5 (l+1/n)"" 
n+3 n+l 

a 

(0 (k +3)n** 
Multiplying both sides by n° 
(l+1/n)"? ne? . (l+1/n)" un? 

n+3 n+l 

= : OG C, 

(20 (kK +3)n* 


—2(4+1/ny"™ 
n+2 


— 2014+) /n)"* an! 
n+2 


27° —9* —3* +1 


>0 /2 —J/14+cosx 


Solution: Given limit is 


poo eo oa al N2 +V1+cosx 
x0 /9 14 cos x ere pares 


D2OT =9* 3" 41) 


37. Evaluate the limit Lim ~——_———— 


= lim 
x0 2—l-—cosx 
ie D207 29 = aaa) ae 
x0 x’ (1—cos x) 
> AV2Q7T =9 =3" 41) 
= Lo _— 
x20 x 
_ im 3° (3 -)=1G =») 
x20 x 
= ima3{ C=DE=D = @ -») 
x20 x 


= imaV3| >= stim = = 8/2(n3) 
x— xX 


x—0 
xX 
—<] 
sin Xx 


5 {xix SO} O{x:0<2-x<B 


2 
(—* -2{ = pz: (i> 0} 4x21 - <2| 
= S1n Xx S1n xX sin x 
(2—x)? -2(2—x)-2 ; fx:x<O}Af{x:1<2-x<2} 


Xx 


— +3 L(x > 0) 04x20. 
sin x 


2-x+3 


The Limit of aFunction < 1.123 


ue > 0 

38. Let f(x) = 4 sinx and 
2—-x; x<0 

x+3; 0<x<l 

e(x)=4x°-2x-2; 1<x<2 
x—5; x22 


Find L.H.L and R.H.L of g(f(x)) at x = 0 and hence 
find Lim g(f(x)). 


3 x>0 
Solution: f(x)=4sinx — 
2-x 3; x0 
x+3 - O<x<l 
and g(x)=<x°-2x-2 ; 1<x<2 
x—-5 : x22 
f(x) +3 5 O< f(x)<1 
(f(x) =5f'(x)-2f(~s)-2 5 1S f(x)<2 
f(x)-5 ; f(x)22 
p 
p 
x \ bs x 
(| -2{ = 2 (i> O}o|xi1 <2| 
sin x sin x sin x 
p 
x 
—5 {x > 0}04x =| 
sin x sin x 
2—x-—S; x<0 


X 
39 
S1In xX 


+ —5 fase Qjaya: * 22| 
sin x sin x 
2-x—-5 5 {xix Ss O}N{x:2-x2 2} 
—x-—3 : x <0 
2 
=> g(fx)) = (— ) -2{ Z 2 jxix> 081s = <2| 
sin x sin x sin x 
kal —5 : {xix 08 
sin x 
- gf(0)=-0-3=-3 


sin x 


V4 
is increasing on (0,2), As x —0*; x will be closer to 0 when 1< Es 


<2 as compared to instant 
sin x 


1.124 > TheLimit of a Function 


2 
ero =(] -2{ 2 2 for x — 0* Now, lim = 
sin x sin x x 
_ 4: Pr-l _ Pri 
R.H.L= lim g(fx)) — ime Pt = fim Ft Pt 
5 x0 x Pi x0 P,-1 x 
= fey ie | , 
x0°| \ sin x sin x = lim énax— 
x0 x 
Pn-2 __ 
1 7 = eer calla ers 
= lim | ——_,-7.—_~ -2 oe x Pr-2 
Ot SX sin x p 
( x ( x = lim(éna)’ x. and so on. 
x0 x 
1 , 2 
lim ~— lim — = lim(éna)"! x 2 
x0 (= *) x0 (#2) x0 x 
x x 
= (éna)"" xlim : 
= 1-2-2 = —~ 3 and LHL. = m0 Xx 
lim g(f(@)) = lim-(x+3)=-3 = (€nay 
L.H.L = R.H.L=-3 l l 1+ ax 
; 40. If the Lim— a ists and has th 
lim g(f(x)) =—3 ? x0 x? [—_ +e) Sarat rary tenons 
: 1 2 3 
Remark: |n above example bie pole that value equal to @, then find the value of —-—+-—. 
L.H.S. = R.H.S. = g(f(0)), g(/(x)) is continuous a  b 
function at x = 0, 
Séludenehin | 
39. Let P =a™ -1,Vn=2,3......... and Let P, =a" — 1; clears (EY rea hey 
ee 2 fa 
where a € FR’, then evaluate Lim. _ lim 1+bx—(1t+ax)vl+x 
. x0 x° | 14x (1+bx) 
Solution: Given P, = a’ -1;p_,= a’? -1 aH 1+bx—(1+ax) (1+ x)!” 
Let P,=a"—1; PR, =a" -1,P =a" -1,..,P =a" -1 v0 x (1+x)"" (1+ bx) 
Asx —> 0, P,—0 We know that 
P te sate — _ _ 
nes as iia le (4+x)" =1+m4 Dg EE 


=>: P90 3! 


where, n € Q and |x| < 1 


1+ bx—(1+ ax) —s x + HP nswens 
2 2! 3! 
= lim 3 72 
x0 x Ut+x)* d+bx) 
2), ee), fe ales 
1+bx-—1-— x —-TA 44 9? — FAS NP a] Lt ¢ BO? fp SS i , 
2 2! 3! 2 2! 3! 
= lim 


x90 x? (1+ x)" (1+ bx) 


The Limit of aFunction < 1.125 


2), I), fe) ee 
bx —-—x- x* — ° ,..—~ae| 1+ —£4 x” 4 a 
2! 3! 2 2! 3! 
= lim 
x90 x°(14+x)'? (1+ bx) 
1) ef Ge), ees 
| Zhe ie. 2 I 2N 2 », whe Z 3 
b-—- x- —.....-a| l+—x+ x x +... 
2 2! 3! 2! 3! 
= lim 
x90 x” (1+x)"* (1+ bx) 
» fest) EME), 
[b-a->)- =m x- +a. x” —( )x —( )x* -....... 
2 2 2! 3! 2! 
= lim : 
x0 x11 
Limit exists finitely if ee af 1 1 va) a 
(1) aga eG 0° \ Jl4+x 1t+bx 32 
: all 12,3 
Ga 32 a2 6 
(iy $4+7* + =0 at 28 
i 4 32 4 
a 
=> aT =0 => a-—=0 =4+2.32+4 
=4+64+4 
= pee es =72 
4 2 7 
1 3 41. Let {a}, {b }, {c } be sequences such that 
=> b=at+—=— Mn n n 
2 A Oe Heb are >on tl: 
ant aha? (1) ab be Fed =2n 1, 
4 4 (ii) abe =—1; 
(3 (iv) a, <b <c_ Then find the value of Limna,,. 
2X2 a— Solution: Given: a, + b, +c =2n + 1 =sum of roots 
a) x” —( )x’ —( )x* =... ab +be +ca =2n—1=sum of product of roots 
(3 = | E = 2| taking two at a time. 
2\2 2 abc =—I\ product of all three roots 
— lim 3! ; => a,b,c are the fwts of equation 
ee x x3 —(2n + 1)x? + (2n-1)x+1=0 (1) 
113 Clearly, x = 1 is a root of equation (1) 
2 | 222 => (x— 1) (?-2nx-1)=0 
8 2.3 
ea lntvan’ +41, 
yee ee = 
a2. 2222. 16°32" 32 => x=ntvn'41;1 


1.126 > TheLimit of a Function 


Thus the three roots of cubic equation (1) are 3 


nt+vVn’ +1,n—Vn’ +1,1; Asa <b <c, —— 


1 
1 — 
ep me J3 [ 6 2  [4n?-1 
so lim na = imide 44-44 a ; 
noo no n+ |? +] n n 
_ ig Me =? =) _1 6 
noo n+ Ly? +] V3 2+2 2. 
Sas ral = i 43. At the end points 4, B of a fixed segment of 
nae enc 1 2 length L, lines are drawn meeting in C and making 
a asl etal a angles 8 and 20 respectively with the given segment. 


Let D be the foot of the altitude CD and let x 
42. Ifn ¢ Nanda =22+ 42+ 6+.....+ (2n?and b = 1? represents the length of AD. Find the value of x as @ 
" | | rake tends to zero i.e. Lim x. 
+ 37+ §7+,..+(2n—1)’. Find the value Ls aa 
no n 


CD CD 
Solution: In A ABC, we have tan 9 = —— = —— and 
Solution: Given a = 2? [17 + 2? + 3? +... n7] AD x 
D CD CD 
n(n+1) (2n+1) ton29@=-LP- WP. 
Se aes oe need ened | a) BD AB-AD L-x 
— 12 2 2 2 2 9 
Now,a, +b, = 1+ 2°+3 +4 ++ 66+... + Thus tan20 = 
(2n— 1) + (2ny’ L-x 
eh eh ee => CD=(L—x) tan20 
aia a 6 —> xtanO=(L—x)tan’?0 (.. CD=x tanO) 
2n(2n +1)(4n +1) 7 ( 2 tan 0 
= => xtand=(L—- ——— 
=> b F a, x tanO = (L — x) ieee 
oe 2n(2n +1) (4n +1) 7 A(n(n+1)) (2n +1) C 
: 6 6 | 
(using (1)) 
2n+1 
> b= a [2(4n + 1)—4(n + 1)] 
2n+1 2n+1)(2n-1 
Sh a '4n 2] = wae 


Lim 


iP 


_ 2L-x) 


ae ano 
ils BCL) ia 
= Lia) "8 — =. oo => x(1 —tan’@) = 2L — 2x 
nN 


noo Vn => x(2 + 1-—tan?0) = 2L 


= Lim—( Van? + 6n-+2 —lan? —1) “> x 2b 


= 3-—tan’ @ 

: 2L 2 
ae (6n+2+1) ae Lim x = Lim ——.— = — 
v3 é0 650 3-tan? 93 


= Lim= 


me V4n? +6n+24+~V4n* -1 


ZL 
Thus, Lim x = — 
(By rationalization) 6-0 3 


44. At the end-points and the midpoint of a circular arc 


AB tangent lines are drawn, and the points A and B 
are joined. Prove that the ratio of the areas of the 
two triangles thus formed tends to 4 as the arc AB 


decreases indefinitely. 


Solution: Let the radius of circle is r and O be its 


centre. 


Let ZAOB = 20 and the tangents at A and B intersect 


at C and R be the mid point of are AB. 
=> ZACB=n—-—20 
(-. points A, C, B, O are concyclic) 
Also ZAOP = ZBOP = 9 


Z ACP = ZBCP = ae 


AP AP 
In AAOP, sin8 = — =— 
OA +r 


=> AP=rsin@0 
OP OP 
and cos9 = ——- =—— 
OA r 
=> OP=rcos0 
Now, AB = 2AP = 2r sin@ 


In AAOC, sin (= - | =< 
2 OC 
r 
=> cos = — 
OC 
=> OC= : 
cos@ 
Now, PC = OC — OP 
=" _rcos0 (using (2) and (4)) 
cos@ 
= 5 ( : — cos | 
cos 0 
r 
= (1 — cos’@) 


cos@ 


(1) 


..(2) 
...3) 


(4) 


The Limit of aFunction < 1.127 


PC = ——sin’ 6 (5) 
cos@ 


] 
ar(AABC) = a AB. PC 


1 r “9 
= — 2rsinO .sin” @ ...(From (3) and (5)) 

2 cos@ 
=r’ tan® . sin’0 .. (6) 
Also RC = OC— OR 


—r (using (4) and OR = r = radius) 


cos@ 
r 
= —/(l-cos@) wld) 
cos@ 
In ADRC, tan| 56 ees 
2 RC 


DR 
cot8 = — => DR=RC cot0 
RC 


r 


cos@ 


r a pyre r(1—cos@) 


cos 0 sind sin @ 
r(1—cos@) 

sin 
Now DE =2DR 


(1 — cos@). cot® (using (7)) 


, thus 


DR= 


2r 
1—cos@ 
7} cos J) 


(using (8)) 
Sl 


1 
Now area of (ADEC) = Pigs ae 


1 2r(1—cos@) r(l—cos@) 
2 sind cos@ 


_ r’(1-cos)(1-cos 8) 


sin @.cos @ 


r’ .2sin’ as 2 sin’ eZ 
2 2 
sin 8.cos @ 


4r’ sin’ ae e Ar’ sin* id 
eee See pe enn) (9) 
sin 6.cos 0 sin 8 cos 0 
Now, AB = 2r sinO (from (3)) 
If AB > 01.e., 2r sind > 0 > 8-0 
ar(AABC) 
4B>0 ar(ACDE) 


1.128 > TheLimit of a Function 


x? in| tn, fos 
xX 1 
= tin anon 
— lim r? tan @.sin” @ | C os 
6-0 X 


oe ile 
4r’ sin* — 


: . 2 T ' x? A 
sin 8.cos @ = Lim x £n,|cos— = Lim tn{ cos” 
‘ in/1+(cos-1)] 
Z AS -2sin 2) 
2x 


in 8.cos@ se 
= Lim?’ tan @sin? @| ——“*" ne > _ 
6-0 ome 40 cos——1 
r .Sin > x 
tan 8.sin’ 6.cos6 , & sane =) 
_ lim tan@.sin’ 6.cosO _ fs 64 — Lim x (=) _ 
60 4Asin* @/2 ae sin’ 9/2 mae ( a ) 2x 4 
Go" 2x 
tan@) (sing) 
a \\@ ‘cosé a. 
~ him 4 47. Evaluate Lim| cos| 22| ~— ;aeR 
4 sin@/2 1 x0 1+x 
6/2 ) 24 
a ee A 
4.1.1/16 Solution: Given limitis Z = in| ee 2 (=) ] 
x—00 + Xx 
ere ee ((1)* form) 
45. Evaluate the limit iim ——_—___—_— : 
| Put — =y>y->lasx-o 
l+x 
a \ 2Vn? +n-1 Ree = =o zy 
Solution: in| En) ° l+x 
; =. 1:4 — > a ] 
x= x= = 
Ln Se a l-y l-y 
=e (.” 1° form) =o y 
Liml” t= A+0)'] (2Vn? +n-1) Lim Avr? +n-1) l-y 
n> Sf Peer ee n> nln? +n+(l+n) 2 2 
=e | cn} =e | | Lin[cos2ny" -1] => Lim(-2sin? or] 
=e =e 
(-1-t 2 tet 2 Lim I CY | 
nd N4+—4+—41 
e an) yee ea 
— lime I-y elt (a) 
yol 
46. Evaluate Lim x’ sin G cos | | 
x00 x “2 Lim =n 
x1 x-1 
oe a 1 Aliter: Let limit = e” where 
Solution: Given limit is lim’ sin| ¢1,/cos— 
x—->0o xX 


L=lim “ c [=] _ ] x? 
((c, 0) form) Le 1+x 


t 
=> a and x — oo 
> 1-t0~0>t>51 


2 
— ae lim[cos 2at* ated 


a (i- (2 y 


= ay 2 
es cos(27 —2zt ) 1| ¢ ; 
a (z(1-t")) (1—t) 
3 ae = a _ 44 2 
aes 2 sin’ (z is ee: l-t 
1 (7(1-¢*)) 1-t 
=—2(1) wa? = 27a’ 


277 a* 


Given limit is e! = e 


2 
48. Evaluate iim (tn =) 


39. 


tan— 
2 
Solution: Given limit is iim an =| (1° form) 


sin“ (x-1) 
vag (mee) 
=e 


x—1)cos—cos—x 
a ) ray 


_ nin 2) [Ee- | timtan{ 2 J 2x4 


=e 


HX a a 
in| cor £22) | 25-2 
= @ 


Evaluate 


l atx? _ (an HX 
Lim —-2sin sin : 
xa (Q* —x") ax es De 
where a is an odd integer. 


Solution: Given limit is 
l x? 
Lin eee. cos (a + x) -eos{ = -») 
xa (a° —x") ax 2 2 


= Lim —— 
xa (a° x? y 


ax 


SS +cost (a+x)+(14+1)- cos (a » 


60. 


The Limit of a Function < 1.129 


1 1 


im ——- + ——— 
xa (a+x)ax (a —xy 


+008 (a+4) +1-cos(a-s)| 


2eos’ 7 (a+) 2sin’ 7 (a-x) 
= Lin ++ .__ + _,4+ —— 
xa (a+x) ax (a? —x’) (a —-x’y 


* COS” (455 = sin’ ($=) (49 )) 
, 4 4 2 4 


(an xa 
= sin’ (“= _ =) as ais an odd integer 


sin?(a—x)~ sin? (a—x)~ 
a x>a (a—x)*(at+x) x>4a (a—x) (a+x) 
4sin? ~ (a—x) 2 
1 
"gate Gaya? D 16 
a* xa (a—x) 
——— (a+ x)’ 


1 n° an +4 


—_— + —— 
4a* 16a’ 16a‘ 


if b= Limo dw) 2") a 
x1 [(l—x)(1—x’ )(1—x°).....1—-x")] 


show that LZ can be equals 


(a) i= =+]](4r-2)= ance 
r=] r nis 


(b) the sum of the coefficients of two middle terms 
in the expansion of (1 + x)". 
(c) the coefficient of x” in the expansion of (1 + x)". 


Solution: Let 


= d-x)d- x*) d=x°)....=x"") 
oa x) I-x7) (—x’).....d—x”)P 


pp CHF ed = 2") = Y= 2"). = x") 


at [d-x)(-x°)(-x°)...0— x") 
_ ntl __ ynt2 gin t3 _ yen 
ig ee 
xl J-x I1-x" 1-x (1—x" 


using the result Li= 


1.2.3... nin! ae 
pe (u+2) (u+3) 2n 
; a aaa 


= (n+1) (n+2)......2n — 2n! _ 20 


clearly 


1.130 > TheLimit of a Function 


] n 
Also —|I (4r —2) 
Nn: r=l 


_ 2.6.10....(4n-2) | 2"[1.3.5.....(2n —-1)] 
7 n!\ 7 n! 
213 S.e2n=))) [L232]. 2n! 2c 


n 


niin! nin! 


Now sum of coefficient of two middle terms in the 
expansion of (1 + x)"-'= "'C,_,+7"'C, = "C, 


and the coefficient of x” in the expansion of 
qd eo a = a Of 


. l-x+ nx 
62. Evaluate, Lim——\ 
x>1 ]+coszx 


. . l-x+nx 
Solution: Lim——\— 
x>1 1+cos7zx 


Putx=1-hh-0 


oe h+én(l—-h) 
ho" 1+ cosz(1—-h) 
_ Lim td) 


h>0* |—coszh 


63. Evaluate 


exp (x n t + 2) — exp (x n c + ”)) 
x x 
Lim} Lin —22—2-HA-2Y)S_->Y+—+* 


yo0 | x50 y 


Solution: 


Lim| Lim 
yo0 | x50 y 
1+) -(1+%) 
= Lim| Lim a 2 
y 0 XO y 


ay by (a-b)y 

— . fe —] 

= Lim = ee cae e” 
y0 y y0 y 

=a-—b 


1 
64. Let x, =2 cos 7 andx = /2+x,_,, n=1, 2, 3......, 


find Lim2“*? /2—x, 


| 0 
Solution: x, = 2+ Dee = 2cos— ; where 0= Z ; 
6 2 6 
7 
Lim2“*” I2 -2 cos = Lim2”*!2sin - 


00 00 3 
65. Let L = (1-4) M= n(? | and 


n=3 n=2 n+) 
ee) 1+ -1\2 
N = i. then find the value of 
nz) l+2n 
[T'+M'+4+N", 


stain: Given = (1-4 )1-4)1-4)}... 
-3-2)e-3le3)- 
(-2)0-3fe8)- 


(.. Remaining terms in two braces are reciprocal 
of each other) 


2>-1 3°-1 4-1 
2741 3° +1 4 +1 
ae _ 2 
[Now 1_& 1)(x +0) 


x41 (x4l)(x’ —x41) 


Also, M = 


eoeeceve 


2-1 3-1 4-1 5-1 
M =| —.——_.——_._—_...... x 
2+1 34+1 441 541 


P4241 \( 3° 4341 | 44441 
2? -2+1)\ 3? -341)| 4-441) 
x2 nt+n+l _ 2 


win 
me (ntl\(n) 3 3 


1 2 
1+— 2 


n=l f1+2) a si (n+2)/n 
n 


n 2 

= Lt |] ay 
BO r=] r(r+2) 
_ rt+l 
nol bt r rt2 


= 3 4 at) E 3 a 
= Th op ae x| —x—x...X 


| 
C 


n—>o\ |] 3 n 3 4 n+2 
aa (220 7 

od GE a 372 

C'+M'4+N'!=6+ tae 


66. Let fx) = Lim 73" sin’ = and g(x) =x —4 fix). 
AAO 


r 


cot x 


Evaluate Lim(1 + 2(x)) 


3sin x —sin 3x 
4 
[".. sin 3x = 3sin x — 4 sin? x] 
f(x) -43[3sin2sinx)s 
4° 3 


(3 sin—— sin) +3° c sin—- sin] 
3 3 3 


ae 
minor 3sin 4 —sin( =*] 
oe 3” 


= Lima {3 sin ae —sin :| 


no 4 


Solution: sin*x = 


+ 


1 
= —[x-sinx 
Fi | 


The Limit of aFunction < 1.131 


1 
Now, g(x) =x- 4 F (x —sin “| 


(-° g(x) =x — 4f(x) given) 
=> g(x)=sinx 
Lt (1 + 9(x))* = Lt (1 +sinx)°* = 


Lt (cos x) 
x0 — 


n 


0 
67. If f(n, 9) = []{1-ta’ a then compute 


r=1 


Lim f(n,6) 


z 0 
Solution: (7,0) = ni — tan’ 5) 
r=] 


‘us tan 20 = ane 
l—tan‘* 0 


=> fin, 0) = [1 tan 4 [1 tan S)(1-tan =| 


ie 2tan = Dea 
2 2 


2? 
Serer 8 8 aes 

2 ya 

2. tan 
=r tand 
(‘.” other terms cancel out) 
6 tan —— 9 

Lt f(n,6) = Lim ——2— = 


” (tan 9) (+) tan 


; h(z/ 7 Pega 
68. lim ee) ; where cosh t = si 
x>0\ cos(z/x) D) 
h(z/ . 
Solution: Let Z = Lim cosh(z/x) 


Ha 
put —=f 
x 


Asx —>a0,t—0 


e+e 


t>0 


2cost 


: as mit 
= C2 bine | le 
10 2cost 


_ (e+e —2cost ) x? 
Lim| ——— 7s 
130 2cost t 


L= Lin| | ((1)” form) 


1.132 > TheLimit of a Function 


Lim 
130 


¢ +e? 220-290 a 


2cost 2 


27.57! 2 
. ££ (e+e —2 ._ a” (1-cost 
Lim2 {2 4¢ 2) pig ™ (0081) 
t>0 2t° cost t>0 + cost 


uae gee aoe 65 
Lim2_| £ +e -2 ecg 2sin’ ¢/2 
130 2 t? 1-30 4(17/4) 
e€ 


=e (By using L.H. Rule) 


69. Through a point A on a circle, a chord AP is drawn 


and on the tangent at A a point 7 is taken such 
that AT = AP. If TP produced meet the diameter 
through A at Q, prove that the limiting value of AQ, 
when P moves upto A is double the diameter of 
the circle. 


Solution: 
Let ‘7’ be the radius of given circle and ZATP = 0 
' AT = AP (given), 
ZAPT = ZATP =0 


> /APQ=x-6and AQP =~ —0 


AQ AP 


In AAPQ, by sine formula 


AP sin @ 


=> AQ= (1) 
cos @ 
Also in rt. angled ZAPL 
oo. ee 
2) AL 2r 
= AP =2ros{ 5-26] = 2r sin20 (2) 
oni andO) HOSS ee aa o 
cos@ 


Now, when P > A, AP=AT>T—- A 


sin@7—O) (* ; a) 
2 


70. 


rae 


+ o5— 
2 


AQ= Lt (4r sin’ 0) = 4r = 2(diameter) 


Using Sandwich theorem, evaluate 
2 n 
+ 


af 2 
2+n 


(a) Lim 


noo L+n° 


(b) Lim 


l l l l 
—_ + + +..+¢—— 
in n+] n’ +2 a 


Solution: (a) 


2 3 n 
Let S, = ach at ah 5 
l+n 2+n 3+n n+n 
| 1 1 
We have 7 = 
n+n l+n l+n 
2 2 2. 
n+n 24+n? 14n*’ 
oe ay a 
n+tn 34+n 14+n’ n+n ntn? 14+n’ 
+1 +] 
Adding we get, EOD ee 
2(n+n*) 2(1+n*) 
? 1 : 
Now a a ae and Lt as 


ro0 Qn t+2n 2° >In? 42 2 


l 
By sandwitch theorem Lt Sn= . 


l l l 
b) Weh ——— _ < < : 
©) _ Vnt+2n Vn Vn’ 
1 l l 


< 


ae 
Vn°+2n Vn’ +1 Vn 


] ] ] 
eee ee 
Vn’ +2n Vn’? +2n Vn? 


2n 2n 
> ———  < Sn < — (Adding vertically) 
Vn? +2n Vn? 


2 2 
Dis ea ee 
n—-00 ly? + 2n n—-00 Ly? 


By sandwitch theorem Lim Sn = 2 


| 1 
If 2 = Lim} —— -——— 
a ts én(x+V1+x’) 


£+15 
the value of aL 


, then find 


72. 


I 1 
Solution: ZL = Lim| ————- -————_——— 
me as | 


put x =—x(-. x > 0, we can put x =— x) 


] ] 
Se el ee 
oe aa énv1+x? —| 


Adding both, we get 


21 = Lim ——— ++ - ______- 
x30 én(l+x) én(l—-x) fn(x+ 1+x’) 
a 
nV1+x? -x 

ig 
2) patie 


0 On(l+x)en(1—x) _ 


én(1+x* —x’) 
én(x +14 x7 )én(v1+x* —x) 


=> 24=Lim{ M2} [[fntt2) (G2) 
x0 -—x x (-x) 


l 


a 
(1)(1) 
= oe 
2 
31 
L+i5 9°? 2g, 
a_i 
% 3 


Determine the value of a, b and c so 
(a+bcosx)x—csin x 
ee 


x0 x 
(a +bcosx)x—csin x 
Solution: Let @= Lim. 
x x 
. ax+bxcosx—csinx t 
- Lina —— .———\ — form 
x0 x 0 
[A Bees ens ee8 
= io AAA 
x0 5x 
(By L.H.Rule) 
=at+b—c=0 


(-.. Denominator +0) 
. —bsinx—bsinx—bxcosx+csinx 
+ (= am 
x0 20x 


(By L.H.Rule) 


that 


(1) 


limit lim 


Solution: @ = lim 


The Limit of aFunction < 1.133 


— lim asinx—bsinx—bxcosx 
x40 20x° 

(. c—b=aby()) 

ae acosx—bcosx+bxsinx—bcosx 
x0 60x? 

(By L.H. Rule) 


For finite limit 


Limit of numerator = a — 2b =0 as(2) 
bx sin x 
= 2 
x>0 60x 
Sek -Aeen 
x0 60x 
b= 60 


From (2); a = 120 and from (1) c=a + b= 180 
a= 120, b=60,c= 180 


73. Using L’ Hospital rule or otherwise, evaluate 


3 2 
3x ln (==) eae 
pa ee 


x0 (x —sin x)(1 — cos x) 


6x [ én sin x — énx| +x° 


x>0/ x—sinx ) ,;{l-—cosx) , 
3 x 2 x 
x x 


5 


6x(én sin x — énx) +x? 
= 12 kim ¢§ —2— 
x 


6(énsin x — Lnx)+ x? 
= 124m ¢ A —_— 


(Using L’ hospital rule) 


6(cotx—1) 42x 
= 12 lim > 


x0 4? 


3(x-tanx)+ x’ tanx 


= 6lim 


Lim Stans (By L.H rule) 
x" ——x 


x 


3(x—tanx)+x° tanx 


= 6lim : 


x70 x 


1.134 > TheLimit of a Function 


. 3(1—sec” x) +x’ sec’ x+2x tan x in( 2282-1) 
= 6lim 5x! we get; f(x)=e"™ ' 
Xx im-¢( 8) nee Ge ei) 1, 
(Using L’ Hospital rule) _ ge ae) og aera) @ 
= 6lim 2 Xt * seo’ x+2xtanx+ xtanx—xtanx a aa a 
-_ Sx" Where b = lim (Vx? +x+1-vx? +1] 
(add and subtract x tan x) sega , 
x +x — 
3tan x(x—-tanx)+.x’ sec? x-—xtanx = li =— 
= 6h ——EEE—— = in( ee 7 extltvx’ +1 —o 2 
x> x 
1 
4| — 
_ 18, tanx x-tanx x * sec’ x—xtanx+x°—x° & BO) Sx a) Say 
5 x0 xX x x70 5x‘ # fix) + g(x) = 0 => f(x) = —g(x) 
1... x (sec? x—1)+x(x-tan x) CXL =k 
5 3 x0 5x 
2 2 
x tan” x+x(x—-tanx 
= Ce oe) 
5 x—0 5x 
_6 6 “(*}( i tan x —x ql 
5 5 5 x? x0 xX 3 


- {-3]-2 
s\ 3) 5 


Comprehension Type: 


By observation, graphs of f(x) and —g(x) intersect 
A: Consider two functions f(x = )= Him oo ost) an each other at two points. 
n 


no 


g(x) = —x*; where b = tim ( Vx" +x+l—~Vx am 


Number of solutions is 2 


tan” (1 = {x}).cos™ (1 = {x}).sin™ (1 —{x}) 


Then B. Let f(x) = ; ; 
| 2{x} (1-{x}) 
co a 2 {x} denotes fractional part of x, then 
ee b oa 
o (0) 2 77, P= lim f (x), then which is/are correct? 
(c) € (d) e? 
, (a) sin (22 = (b) cos( = os 
75. 2(x) 1s 1 Z 1 J2 
(a) —x* (b) x 2P 
(c) x4 (d) —x4 (c) tan = =] (d) None of these 
76. Number of solutions of f(x) + g(x) = 0 is 
_ eons 
(a) 2 (b) 4 78. O= lim f (x),then which is/are correct’ 
(c) 0 (d) | (a) sin J/20 =0 (b) sin 20 =1 
Ans. 74. (b) 75. (b) 76. (a) (c) tanV2Q=1 (d) cosV20 =0 
ants , x \ lim [cos F-1|n 79. Which of the following is/are true? 
olution: f (x)= lim sae e (a) =P (b) P=0 
1 (c) P=Q (d) P:O=Q 


Substituting, n = —, 
t Ans. 77. (b,c) 78.  (b, d) 79. (a, d) 


P= lim f(x) 
x—0* 


tan” (1—x)cos™ (1—x)sin™' (1-x) 


Vax (1=2) 


= lim 


x—-0* 


“x3 0°> {x} =x) 


tan” (1—x) sin’ (1—x) cos” (1-x) 


(=x) (ex) vx 


8 est J2u1—c0sd 
Assuming cos ‘(1—x)=6 
Asx > 0°,1-x € (0,1) 

=> 0€(0,7/2) 

=> sind>0 


rt, 6 

< lim ——2—— 
8/2 90" Jasin? @/2 
a a 
8/2 90° /2 | sin(@/2)| 


jt 2, 0 . G 
— lim — ." sin| — |>0 
16 9>0' sin@/2 Z 


1 6/2 
— lim 2] — 
16 9-0 \sin@/2 


2 2 
= =(1)e=— 
8 8 
2 
=> put_~2F _% 
8 xz 4 


(27 1 (27 
=> cos| — |=—=;tan| — |=1 
1 af? 1 


78. Now 


Q=lim f(x) 


- tan” (1 _ {x})cos” (1 — {x}) sin” (1 — {x}) 


x70" 
(a 


= lim tan 


x70- 


2{x} (1-{x}) 


x70 > {x} =1+x) 


2(1+x)(1-(1+x)) 


The Limit of aFunction < 1.135 


tan” (—x)cos™' (-—x)sin™ (—x) 
V2V14+x (-x) 
(tan™' x)cos'(x)sin™ x 


V2VI=x x? 


(Replacing x by — x and limit x —> 0°) 


| 
— 
p—_ > 


x0" 


lim 


x0" 


tan! x sin’x cos!x 


ee en a a 

z/2 1 1 
_ SLE 5, es 
“OO Bay Eee 2 


sin V20 = land cos¥20 =0 


79. Clearly P=—,O=—= 
ae cae) 
2 
. 
=> =— =P 
g 8 
P 
O? = Pand —= g 
QO 1 
_ | sin2x+acosx+be* +ce~* +cfn(1+x) 
C: If lim) —————_.——_ |= L 
x0 x 
(finite real) 
80. The value of L is 
(a) 0 (b) 1 
(c) —l (d) None of these 
81. The value of a + 26 + 4c equals 
(a) —20 
(b) 10 
(c) 24 
(d) None of these 
82. The roots of equation ax? + bx + c= 0 are 
(a) Real and distinct 
(b) Real and equal 
(c) Imaginary 
(d) Real roots having opposite signs 
Ans. 81. (c) 81. (b) 82. (a, d) 
Solution: 
__ sin2x+acosx+be* +ce* +cln(1+x) 
L= a 
x xX 


L is finite and real and denominator — 0 
=> sin0d+acos0+b+c+c(0)—-0 
> at+b+c=90 


(1) 


1.136 > TheLimit of a Function 


sin2x+acosx+be* +(-—a—b)e* +(-—a-—b)én(+ x) 


. L= lm ; 
x0 x 
sin 2x + a(cosx—e” — én(1+x))+b(e* -e* -én(1+x)) 
= iA AA SY 
x0 x 
1 x l x —Xx l 
2cos2x+a] —sinx+e re +b| e* +e ae 
= ae bi eae oe Ec (By L.H.rule) 
x0 3x 
=> 2+a(0)+56(1)=0 => b=-2 
deos2xta{-sinxre*-—1]-a[e ve") ] 
l+x l+x 
a a 0 
x0 3x 
1 —Xx | x -x ] 
—4sin2x+a|—cosx—e° + Siecle oe re : 
. (1+ x) (1+) 
2 NN) 
x0 6x 
=> a(-1—1+1)-2 (1-—1+1)=0 as denominator 6x > 0. 


from (1), c= +4 


—4sin2x-—2] —cosx—e* + rile Papa 
(1+ x) (1+ x) 


L= lim 


x0 6x 
—8cos2x-—2 sinx +e" -—? — =2 Pie 
(1+ x) (1+ x) 
= im-?—H -}-_H}TYNYNYNNNYTYSHWINOHH 
x0 6 
_ -8-2[0+1-2]-2[1+1-2] -8+2-0 -6 


arene | 
6 6 6 


Clearly L =-1l,a+2b+ 4c & 
ue _ . 4 n _] n 
(-2) + 2 (2) + 4(4) = 10 (iii) lim = ri eer equals 
n—-oco nN —_ _ 


Now, ax’?+ bx + c= 0 is equivalent to 


—2x’°- 2x +4=0; 1 
Disc = (—2)’— 4 (-2) (+4) = 36 (iv) lim fe Ix? +5x cot) equals 
X—>-00 x 


= The roots are real and distinct. 


cl (CA Column-II 
Also product of roots = = = =—2<0 (a) 7/3 
= roots are of opposite signs (b) 0 
(c) —5/2 


Column-Matching Type | 
83. Column-I (d) 5 


(i) lim(3— 3/53 fae 1A +1] equals Ans. (i) > (a); 
inane (ii) — (d); 
(ii) lim lim Sok +k eee 


2 
m—-0o N—-00 = m (iv) ies (c) 


Solution: 


(i) tim[3—(x°+x7-1)"" +(x? -x? +1)"") 


x00 


lim| (x? -x? +1)? -(? +x? -1)'? +3 | 


1 l 1/3 1 1 1/3 
im| (5-31) -(5+3-1) +3 


] 
(Substituting x = ; ) 


1/3 
(1-r+2°) 
lim | ——————- - ——————_ +3 
t>0* t t 


27 ees 
ae =(t —t)+3t+ terms containing 
= lim-| 3 
t>0* 


; higher power of t 
Lo. ed ne 
= lim at —1)+3+ terms containing higher powers 
t>0* 
2 a 
of t= =—13=— 
3 3 


§ y +k" 


(ii) lim iy ee 


MONDO 


1+ 2/(1)” +2” +4/(2)" +(3)" +... ; 
+m 
vet Cm 1)" +m" 


Pal 
II 
i 


= lim lim 


MONO 


= lim lim +m 


MO NO nA 


(ii) lim ca 
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OMG) 
=4° (OVS) 


a in, 4)" )" 

- im 4/n? hai -1 a) 

= Lm —_——_| 
nef 1/n “we i 

[a -4/n>— (2)"-1 ocr) 

= a er 

cae iy’ ace 
(2)"-1 (2" —1) 

— lim. = ey, 

ie [2" +145 mG ig 


(iv) lim is Ix? +scos | 
x—7-8 x 
| 5 1 

= lim fa x +scos!| 
x-7-8 X 


xX 0 >| x |= -x 


l ( 1 ] 
and cos| —— |=cos} —— |=cos— 
| x | —Xx x 
x" Gs t soos | 
= lim a 


x--4 9 l 
x—,/x° +5xcos— 
x 


—5x cos = 
= lim | ————_——_—— 
xXx——00 5 l 
x-—|x|,/1l+—cos— 
x x 
—5xcos = —Scos = 
ig | —_@_A@ou°e_——— = fi | ————_———— 
x——0o 5 l x20 5 l 
x+x,/1+—cos— 1+,/l+—cos— 
x x x x 
ae a 
~ 141 +] 2 
Column-I 
1+a°*)+8el”” 
ti ene lieonns 


x70 2+(1—b )e 
(ii) If lim Vx’ +x+1-(ax+b)=0, then (a, b); 


a> 0 lies on the line 
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(111) If lim Vx’ +x* -l-ax’? +b=0,a>0; then = —— = 0b == 
+ 
(a, b) lies on the line 


eS 


: 
lh = : 1 
(iv) If lim | ~———~at = 1; (b + 0), then (a, b) lies (iii) lim iA pe 2 ee aS 


1 , 
(a,b)= (1.5 which lies on line 3x + 4y—5 =0 


+f , 
x06 ax —Sin x 
on the line ee ; 2 
Column-Il — lim xitx’-1-(a? db) 
(a) x-y+3=0 7? Ix +x? -1+(ax* -b) 


(b) 3x + 4y-—5=0 


=0 


x*(1-a’)+x? (1+2ab)+(-1-27) 


(c) x +6y+2=0 —  |ipyp—\+ > 
(d)x+2y+3=0 dey Vx‘ +x? -1+(ax’ -b) 
Ans. (i) > (d); (ii) — (d); => (l-a@’)=0>a=+1;buta>0>a=1 
ies : . 2 
(ii) ©; (vy) @) (1v26)-(1? | 
_ (1+a°)+8e'”  ——— a 
Solution: (i) pel dle ey hg = b\ ‘ 
2 2+4(1-b Je 14-5 +(1-5] 
1 I/x 0 
= 1 
Asx—> 0, —>0= el" >e > an a =05b=-1/2 
(1+a°)+8 —] 
=> 24(1-b) => (a, b) =(1] which lies on line x + 6y + 2=0 
a’+9 D t" 
=> = x 
3B (iv) im (244 at =1 
=> @+9=6-26 een pire 
> a+2b+3=0 t 
3.43 . . i = x 
=> (a*b) satisfy the line x + 2y +3 =0 = tim vo+t Pe iit beat 5 fom 
(ii) limV¥x? +x+1-(ax+b)=0 = eee eee 
d7- vt 
x? +x+1)-(ax+b) a dt 
= kone xt (ets) , Bee -] fia 
me ly? + x414(ax+b) sae a CO Maa a aa 
x’ (1—a’ )+x(1-2ab)+(1-}’) 2 
x +x+1+(ax+b) => lim ae =1 (By Leibinitz’s rule) 
ns] SO x70 @-—COSX 
2 
=> a=+1buta>0 : x - 
=> lm —— = 1 
> a=1 *90 /b + x(a—cosx) 
_ x(1-26)+(1-8") = vb(a-1)=0 
=> in——— = 0 
290 ly? 4 x41 4(x+5) —- 1 ( b #0) 
x? 
ip | 
(1-2b)+ *90 /b + x (1—-cos x) 
> lim———_+ ~*~ 4 =0 , 


re tt, 142 == ——— rs | 
x x x *90 /b+x(2sin’ x/2) 


85. 


. 2 
(5) 
= lim——-—- = 1 


a 2Vb+x sin’ , 


Thus a=1,b=4 
(a, b) = (1, 4) which satisfy the line x -—y +3 =0 


Column-I 


(i) im | 200 =n |+| 200 | equals 


x30 x x 


(ii) lim f 00 uae “| + {100 Sa “| equals 


x0 x x 


(iii) im 100| =] 200] =a } equals 
x0 x tan 


- i -1 
(iv) im 2 | +| 200% 2 


x70 


x x 
Column-IlI 

(a) 1 

(b) 399 

(c) 199 

(d) 200 


Here [.] and {x} are respectively greatest integer 
function and fractional part functions 


tan x tan x 
Solution: (i) ——>1land—-—l forx —0 
x x 


tan x 


=1+h;h-0' 


tan x 


=> 200 = 200+ 200h; h > 0° 


x 


= 2008 ~ 200 
X 


sin x sin x 


Also <1 and — lforx > 0 


x 


sinx 


=1-hho 0 
Xx 
= 200 (== — 200 -200h:h > 0° 


Xx 
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Ss 200 =e | -199 
X 


im | 200 ak | + 200 =| ~ 399 
x0 x x 


t 
(it) 100—~ =100 (1 +h) = 100+ 100h; h > 0° 
Xx 


{10022} — 109 h—->Oash—0* 
XxX 


sin x 


= {100(1—h)} = {100—100h} 


Also f 00 
x 


= {99+(1-100h)} =1-100h-> lash > 0° 


im 100 an} + {100 | 994 


x0 x x 
Gii) =" * =1-n;h > 0° asx 3 0° 
Xx 
=> S| -[1-n]=0and ~_>1 forx +0 
x tan x 
—_ =1+h;h 30" 
tan x 


im 100| “=| +200] = ]} -0+200=200 
x tan x 


. —] . | 
sin” x sin. x 
> 1 and ——_ +> 1 asx 5 0 
x 


(iv) As x — 0, 


es 
aca 


x 


| 
{etn > Oash—> 0° 


Xx 


tan x tan” x 
<1 and———__ > l asx 3 0 


Xx 


= 200(1-h);h > 0° 


ad = [200-2002] = 199 


Xx 


ee = 
im *} +] 200% *|- 0199-199 
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TUTORIAL EXERCISE 
SECTION-III 
ONLY ONE CORRECT ANSWER (XE EX Hn) 
8. lim is equal to 
x—-> x- 
For lim 4] (n+1) (n-1) 
. For lim— n+ n- 
x1 [x] (a) : (b) a 
(a) R.H.L does not exist and L.H.L = sinl n(n+1) 
(b) LH.L=0; REL =sinl Omar (d) None of these 
(c) L.H.L does not exist and R.H.L = sin1l 
. xP! _( pt] 
(d) None of these 9. lim x (p = D eeaualts 
lim 1-2+3-4+4....-2n , : , 
‘ > ——_ equals = 4 
me Ine e+ Van @) PED gy Ment 
(a) —1/5 (b) 1/3 (p +1) 
(c) 1 (d) None of these (c) 7 (d) None of these 
. The value of im ( SSR is fic Aheanueee ta 2Jx +3.4x + 54/x 2 
oy fer | 3-24 492x-3 
1/2) sin? b) (1/2 : 
eee Ne Sia aaa (a) 1/3 (b) 2/3 
(c) sin’a (d) cosec’a 
(c) 8 (d) None of these 
. The value of k; for which 
(e* -1)' 11. lim (cos x + a sin bx)'*is 
lim ——.—_+-—_———_ = 8 lt 
90 gin(x?/K2)£n{l+(x2/2)} (a) (b) ae’ 
(a) 1 (b) —1 (c) be’ (d) ab 
(c) 2 (d) 4 12. What is the value of the 
| 
e" _1) sin h n 4 
OR i 4 (rege 2yr+3)| aeeAlee 
h->0 -ls.: Zz 
(tan (sin h)) r=l 
(a) 1 (b) 1/2 (a) 0 (b) Does not exist 
(c) 2 (d) None of these (c) 2/5 (d) 5/2 
. b sin(x? + ax +1) 
. lim (1 - a*Y sin—— , (ae (1, 1) ~ {0}, 6 € R) | 13. Ifaisarootofx?+ax+1=0,then lim —-————— 
x0 d —d ) xl/a (ax = 1) 
is is equal to 
(a) 0 (b) 1 (a) 2aa (b) aa? 
2 d) N f th l-a’ 
©) ORS ees (c) 7 (d) does not exist 
(et) +(e 42)" 4....4 (4 +100)" 
i a ds egal 10 Ante 
ie x +10 14. If f(x) is a polynomial satisfying 2 + f(x) fly) = f(x) + 
(a) 50 (b) 100 fly) + flxy) for all real x and y and f{(2) = 5. 
(c) 70 (d) 80 Then lim f(x) is 


(a) 5 
(c) 4 


{a} al) 


(b) 25 
(d) None of these 


15. Lim is equal to 
h—>0 V3h(V3 cosh—sinh) : 
2 3 
tae b ee 
(a) -4 Os; 
4 
(c) -2v3 () 5 


16. 


17. 


18. 


19. 


20. 


21. 


If Lt (a* +e*)'* =a; (a>0) then 


(a) ae(1, «) 
(c) ae(1, e) 


(b) ae(e, «) 

(d) None of these 
at ee 

lim(e.a’.e’.a*.....e"'a")"*: 


no 


; when n is even, equals 


(a) el!/4 gl? (b) ell? gl? 

(c) el!/4 gl4 (d) el gl4 

tim Vsin* x+cos* x+sin’ 3% 

x9 sin’ x —sin* 2x —sin* 3x 
Vcos? x+sin* 2x+2sin? 3x | . 
i} is equal to 

sin’ x—sin’ 2x —sin* 3x 
(a) 2 (b) 0 
1 
(c) a2 ( d) at 


If fin + 1)= fe n+ 


alln e N, then the lim Ff(n) is equal to 


(a) 3 (b) -3 
(c) 1/12 (d) None of these 
If Lim iia is zero, then the least positive inte- 


x>0 x” —sin” x 


gral value of n is 


(a) 1 (b) 2 
(c) 3 (d) 4 
sin x* —x* cosx* +x” 
Lt ———___—_———— is equal to 
x90 x*(e* —1—2x*) 
(a) 0 (b) 1/6 
(c) 1/12 (d) does not exist 


|.new and f(n) > 0 for 


ZZ. 


23. 


24. 


25; 


27. 


28. 


29. 
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sin x 
Lim) m= , where m € Z and [.] denotes greatest 
x 


x0 
integer function, is 
(a) mifm<0 
(c) m-lifm<0O 


(b) m-lifm>0O 
(d) mifm>0O 


2 


The value of im | (where [.] denotes the 


sin x tan x 


greatest integer function.) is equal to 
(a) 1 (b) 0 
(c) Does not exist (d) None of these 


ax+b 
aL cx+d’ 


xe, g(x) = fife). Id =a, 


tanx _g(x) 


then the value of lim 


—— is equal to 
x>0 tan x — g(x) : 


(a) 0 (b) 1 
(c) —l (d) does not exist 
iG + 2t)(t* —1) 
The value of limit; lim = ; is equal to. 
xl x +1 
(a) 1 (b) 0 
(c) -l (d) None of these 


. The value of 


x —tnx+ ii(2- 2- deat) a —1 


lim is equal to. 
x1 P| 

(a) 2 cos 4 (b) 1—2 cos 4 

(c) -l +2 cos 4 (d) -1—2cos4 


xsinx 
The value of lim wv aoe is equal to 
x+sin 


(a) 1 (b) 0 

(c) 2 (d) None of these 

x 4+1- ue —1 

in ———_ = equals 

79% x4 41 x* +1 

(a) 1 (b) 0 

(c) —l (d) None of these 
l+x 

The im{ is 

(a) 0 (b) 1 

(c) e (d) None of these 
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says 
30. im( 1 sin) is equal to 
nao n 
(a) e@2 (b) e 
(c) e (d) e 
= x-2 | 
31. (qo is equal to 
x2 In(x-1) 
(a) —2 (b) —1 
(c) 0 (d) 1 
32. If [x] denotes the greatest integer less than or equal 
to x, then the value of lim(1 —x+[x-1]+[l-x]) is 
(a) 0 (b) 1 
(c) -l (d) None of these 
33. The value of lim (1-~x) tn 2-2) is 
x1 
(a) —2/n (b) —n/2 
(c) 1 (d) 0 
*+5x+3 . 
34. If fx) = eal then lim f(x) is; (where [ ] is 
greatest integer function) 
(a) 1 (b) 0 
(c) e (d) None of these 
__ { log(1—x*) 
lim | —>~—— |. 
35, 41m loseosx | (n € N) is equal to 
(a) 2 (b) 0 
(c) 1 (d) —2 
36). lim WWE is equal to 


37. 


38. 


9 (I8xy — 4x7 — 


(a) 1/4 (b) 1/2 
(c) 1/(2V 2) (d) None of these 


Let r" term of a series be given by = 


1-3r° +r*- 


lim > t i 
Then lim > , 1S 


(a) 3/2 (b) 1/2 
(c) -1/2 (d) —3/2 
Let f(x) = . Then the set of 


ree ((3/z) tan 2x)" +5 
values of x for which f(x) = 0 is 

(a) | 2x | > v3 (b) | 2x |< v3 
(c) | 2x | > V3 (d) | 2x|< v3 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Let f (x) be defined for all x e¢ R _ such that 
im) (3) +n 1 =a |- insta) |= 0; then f (0) 


is equal to 

(a) 0 (b) 1 

(c) 2 (d) 3 
sin | sec’ x | 


The value of lim 
x0 1+[cosx] ° 


greatest integer function is 


where [.] denotes 


(a) —sin 1 (b) sin2 

(c) sin 1 (d) +sinl 

lim|l — a*|' sin —— (g, b & R) anda? ¥ 1, Ois 
x00 - 4 


(a) 0 (b) 1 
(c) 2 (d) None of these 
I-vx 


of Dba) 
The-walueer im =) ig 
saad Oe 


(a) 1/2 (b) V2/3 
(c) 1 (d) None of these 
; PaEe 3x)" 
The value of the lim| sin — + cos— is 
x0 m m 
(a) | (b) e 
(c) e™ (d) £n 6m 


2 #4 


sec ab 
The value of the jim |i ( di } is equal to 
x0 2—ax 


(a) et (e (b) pee 
(c) 1 (d) 0 
The value of lim {(1.5)" +({(1+.0.0001])"}"" is where 
[ ]=GLF. 
(a) 1.5 (b) 2 
(c) 3 (d) None of these 
1 V1+bx -1 
The value of the limit lim*—“*"—— 
x X 
(m,n € N) is 
(a) a/m + b/n (b) a/m— b/n 


(c) ab/mn (d) None of these 


The value of the limit limn?(%/a-"Va) (a> 0) is 


(b) e 
(d) None of these 


(a) Ina 
(c) e7 
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SECTION-IV 


MORE THAN ONE CORRECT ANSWER (c) Oifnn—n/4<x<nnt+n/4 


ee (d) Oifx#nn + 1/4 
1. Which of the following limits tend to unity? 
l—cos2 
sin (tan) . sin (cos x) 6. Ifa<0, b<0, then iim wine equal to 
(a) lim————— (b) Lm ——— sin bx 
t0 sint x71/2 COSX 
ae | ae se 2a —J2a 
(c) lim—-———————-_(d) lim (a) (b) b 
x0 oo xX 
eae 2x-3 ;-3<x<0 F (c) ata (d) V2 \a| 
pd NO Ng gt Shc piast f B [| 
7 2x+3 ;-10<x<0O]| : ix | =x 
g(x)= frase eee 3 ; then 7. repay = (PL “l) , then 
ia): a Oe (0) ms (8) =? (a) lim f(x)=0 — (b) lim f(x)=1 
(c) lim f(g(~)) =-—5 (d) lim f (g(x) exists (c) lim f(x) — 2’ (d) lim f(x) —e” 


3. Which of the following is/are true? 
(a) If lim {f(x) + g(x)} exists, then both lim f(x) and 8. If lim Vx" + ax? +3x? +bx+2- 


lim g(x) exist Vx" +2x° —cx? +3x—-d =4, then 


(b) If lim fx) and lim g(x) exists, then lim {f(x) + (a) a=2 (b) 5 is any real number 
g(x)} exists (c) c=5 (d) d¥0 
c) If lim exists, then both lim f(x) and 1+ x)" — 
(c) If lim (f(x) g(x} ex lim fand |g egy Mx)" =e 4, 
x 


lim g(x) exist 
xa (a) lim f(x)<-1 (b) lim f(x) =e/2 


(d) If lim f(x) and lim g(x) exists, then lim f(x) g(x) 
xa xa xa (c) lim F(x) =-e/?2 (d) lim F(x) >] 


exists 
4. lim cos”"x is equal to; ;: kix 
aes . (a t+b* +e 
(a) Oifx=mn;m € Q(b) lifx=mn;meQ 10. If im AE (a, 5, c, k> 0) 


x0 
(c) lifx#mn;m e Q(d) 0ifxzmn;me Q (a) equals 1 ifk=1 


5. lim tan?”"x is equal to; (b) equals abc if k = 3 
(a) lifx=2nn + 1/4 (c) equals abc if k = 1 
(b) lifx=nn+ 1/4 (d) equals (a*b’c’)"” if k = 2 


SECTION-V 


ASSERTION AND REASON TYPE (a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 


The questions given below consist of an assertion (A) and 
not correct explanation of the assertion. 


the reason (R). Use the following key to choose the appro- 
priate answer. (c) If assertion is correct, but reason is incorrect. 
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(d) If assertion is incorrect, but reason is correct. 


1. 


Now consider the following statements: 


V1—cos2x 


SECTION-VI 


A: lim——— does not exist 
x0 x 
sinx,0O<x< aa 
R: |sinx|= 
1X 
—sinx,-— <x<0 
2 
_ [sin x] 
A: Lim-——=0, where [] = Greatest integer 
x>0 tanx 
function 
R: If 0 < f(x) < 1 and g(x) is such that Lim g(x)= 0, 
then eee 0 
x—a* g(x) 
ee te: : x =Lim{ : -at 
x0 x x>0\ x x x 
1 1 
ntin(4—}nc 
x70 x BF 
R; Lim cae 1 
x0 x 
4 3 
Re tea aa aa +7x _2 
x90 3x" 4+2x°+3x 3 
COMPREHESION TYPE QUESTION 
inx+ae* +be~* +cln(l+ 
Consider f(x) = sue ee ee) , where 


x 


a, b, c are real numbers 


1. If lim f(x) is finite, then value ofa + b+ cis 


(a) 0 (b) 1 
(c) 2 (d) -2 
2. If lim (x) = é (finite), then the value of @ is 
(a) -2 (b) 5 
(© -1 (@) -5 


: If lim ae 
x0 x sinx 


: If P(x) and Q(x) are two polynomials with rational 


coefficients, then 
es P(x) _ leading coefficient of P(x) 
x>0 O(x) leading coefficient of Q(x) 


x0 


. | sinx . sinx 
im | 4 im ; where [.] respect great- 
x xX xX 


est integer function 
lim h(g(x)) = h(lim g(x), if A(x) = is 
continuous at x = lim g(x) 


V1—cos2x 


does not exist. 


i. 
im tan (4 oe *) =¢ 
x0 4 


lim(1 + f(x))” = see eee 


xa 


If 


lim f (x) = Oand lim g(x) = 


*—blog(1+x)+cxe™ 
axe’ —blog(l+x)+cxe™ _ 2, then answer the 


following questions. 


~ Which one is/are correct? 
(a) a=3 
(c) c= 10 


(b) b= 12 
(d) b=4 


. Roots of equation ax’ + bx + c=0 are 
(a) Real and unequal 
(c) Rational 


(b) Imaginary 
(d) Irrational 


2 
| —b 
. Domain of f(x)= = is 
Cc 


(a) [-2, 2] 
(c) [-3. 3] 


(b) (0, —2] U [2, «) 
(d) None of these 
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7. lim f(x l 
C: Let lim 2 a + n) cos”! + = n = im of (=) op f( ) equals 
no via n 


(a) 1 (b) 2 
then (c) 0 (d) None of these 
6. (0) equals 

a-\ 8. lim S(x-I)| equals 
(a) = x5 

i l l 
(b) —— @ > (b) a7} 
(Oe? (c) ; (d) None of these 


(d) None of these 


SECTION-VII 


COLUMN-MATCHING PROBLEMS @ Column-I 
1l)m>n 
1. Column-I: lim f(x) =; where (li) m=n 
= (iil) m<nandn-—m is even, a,/b,> 0 
| tan erie pany [ -e? ] x’ (iv) m<nandn-— mis even a,/b, < 0 
(i) f(x)= 3 : Column-II 
sin’ x aes 
where [x] is the greatest integer function (b) —c0 
: [ (5/2) + tan x+ tan? x |—[5/2] (c) a,/b, 
(ii) f(x) =-————_____-+—_—_— (d) 0 


tan x 
3. Column-I 


3} 2 
(iii) f (x)= Ni¢ x “N20 ui 2x (i) lim sin2x+arce sin’ x—arctan’ x ei 
XX x0 3x 
V2 —V1+cos x (sin x—tanx) +(1—cos’ x) +x° 
Gy). Sa... (ii) lims—____>_\ equals 
sin’ x x30 Ttan’ x+sin° x+2sin° x 
Column-lIl (ii) sin3/x en (1 + 3x) ' 
- iii) lim7-———_~,-__—~ equals 
(@) 2/8 ° (arc tan Vx ) (e%** -1) 
(b) 15 
(c) 0 . 1l-cosx+2sinx-—sin’ x—x’* +3x° 
Oe a 
(d) 1/2 x0 tan” x —6sin° x+x—-5x 
2. Let 4x) a,x” +a,x"" +...¢4,x""" eee eel oo 
. Let 6%) = ——————";; where a : 
bx" +bx" +...4B,x0" 0 (a) 
: | (b) 2/3 
b, # 0, then lim (x) is equal (c) 2 


(d) 3/5 


. If lim 
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SECTION-VIII 


INTEGER TYPE 


. The value 


lim tan? x(v2sin’ x+3sinx+4-Vsin’ x+6sinx+2] 


x—>n/2 


1 
= —, then evaluate ./p—3 
Pp 


| 
x sin—+x+1 


. If lim —,*——__ = _ @, then evaluate 
eo, i os | 
ENB At Bren 2 
; —3n+(-1)’ r 
lim ——=— (lowest form), then evaluate 
me An-(-l) ¢ 
re+t 


; l 
. Iflimx—-x’ tn 4] = ¢, then evaluate (25)° 


x7 x 
5/x 1/5 
. If lim (1 + tan? Vx = p, then evaluate (py 
x> 2 
x(1+acosx)—bsinx 
. If l= joe _ jin oe 
x0 D3 x0 x 


then, evaluate a + b + 48 


. if lim(1+ ax + bx? = =e’, then find a?— b? + 2bc 


Vn? —2n? +14+2%/n'* +1 pap ea 
———————————— = k, then evaluate 
7 Sin? +6n°+2—-An! +3n' +1 


(kj? 


. If lim 


(x +6)" =2 
2-x 


1q|+4| p| 


=f (in lowest form), then evalu- 
q 


x2 


ate 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


V5-x-2 _P 


If lim = 


x1 /2— x-] 


In(2+x)+m0.5 p 
==, gcd (p, q) = 1, then 
q 


(lowest form), then evaluate p + q 


If lim 


x0 x 


evaluate (16)?4 


tanx 4% 
If lim— = £, then evaluate (£)*°!® 
x0 fan x —x 
If lim ( (x+a)(x+b) - x) = f (a,b), then evaluate 


K9,7) 


_ (n+2)4(n+1)! 

If lim-——_+———_ ,neEN = 8, then evaluate 
nyo (n+3)! 

(2016) 
. ((a—n) nx —tan x)sin nx . 

If lim ——_.—__—_ = 0, where nis a non- 


x0 x? 


zero real number, then a = f(n), then evaluate f(1) 


[ —tan Blt —sin x] 


lim -=————_—=————_ = — , then evaluate (p)"” 


=k (lowest from), then 


evaluate 6 k. 


1424434 4..4n° pode to teen 
Lim —T—_. ——_ _ — ) bm —_,—— 
x— 00 n noo n 
7 (in lowest from), then evaluate (3125) 

q 
. xtan2x-2xt 
If ii ee = £, then evaluate (9)°, 


x0 


(1-cos 2x) 
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& 
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1.148 > TheLimit of a Function 


1. Wi) 


(ii) 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


lim [x] 


x5* 

This limit can be expressed as: lim [5 + A] 
h>0* 

Clearly, 5<5+h<6 

[S +h] =5 

lim [5+h]=5 

h>0* 

BD jig (OH 

x30 |x| 20° [0-A| 


Clearly, 0 <h< 1 


lim at el 
roo |Q-h| hoo hf 
Fig ess 

x30" | x | 


(iii) lim lea = lim yO 


(iv) lim 


(v) 


x90 Xx h>0* (0-—h) 


Clearly,0<h<1= fy =—1 


h>0o* —fh 
x —[x] 


x30 | x | 
The limit can be written as lim spe UE 


h>0" |O+h| 
Clearly,0<h<1 


lim ene 1 
hoo h 


lim {sinx}+1 


‘Boi 


Clearly, 0<h<1 


Sees 44 
2. 2 2 


1 > sin [<+n}>sin{ S41) >0 
2 2 
sin( Z| = sin| Z +4 - sin( £48) = sin 
2 2 2 


sin( +4) 
2 


The limit becomes lim: ——-~———~—— = 2 
h>0* ~~ cos(—h) 


(vi) lim [[sin x] +[cos x]] 


x>a*  |sinx+cosx | 
lim [Sin(% + )] +[cos(z + h)] 
hon |sin(z +h)+cos(z +h) | 


0<h<1 

1 a | aaa, eae | ea | 
sin (mt) > sin (a + h) > sin (a+ 1)>-1 
0>sin(x + h)>-l 

[sin (x + h)] =-1 

Similarly, — 1< cos (x + h) <0 
[cos (x + h)] =-1 

Expression reduces to lim 


VUYUYY YV 


y 


[-1+(-)] 


ho" |sin(z +h)+cos(z +h) | 


(iy din 
xo2 [sin3x] 
2 


sin 3 : = | 
This can be written as lim 


Clearly,0<h< 1 


=> 0>-h>-l 
=> -1<-h<0O 
=> —3<-3h<0 
tee hae 


-——— 

R. No 

S) 
—, 
Si A 

- | 

Uo 

= 
Rising 

lI 

| 

— 


. (a) lim [x] 


Since LHL #RHL = limit does not exist 

I < 

(b) fix) = 4146’ 
0 “x=0 


x40 


L.H.L= lim f(x)= ee, 
x30" 1+0 

R.H.L= lim f(x)= =, 
x0" 1+0 


(d) 
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LHL + RHL lim (x aie 1 
Hence limit does not exist. Fi x 0' 
lim [1 +x + x3] => LH.L=R.H.L=1 
“a 1 
lim (4-4 ¥)== a cos ~] 
1* 
: 13 L.H.L= lim cos Z 
lim [x] = =] x90" x 1 
as 8 When x > 0° > —>-0 
x 
hm. cos[x] => lim cos{ = cos(—o) = some finite number between 
pda x30" x 


—] and 1 
Similarly, lim cos{* =cos(co) = some finite number 
x—0* xX 


Clearly,0<h< 1 between —1 and 1 


x Tn 1 
=f aq . a rai, => Limit does not exist (no particular number) 
l 
: F 2 9x 
=> Z h = 0 (i) lim( aan vx) 
1 
— 1 2 2x 
=> lim cos [x]=1 meee ae (1 ae vx) 
x3 Vx is not defined for x < 0 
(e) lim [sin (x)] = L.H.L does not exist 
eee ae 1/2x 
4 So lim(1 + tan? vx) = lim (1 + tan’ vx) 
Tae? . ; : at x0 x30* 
Limit can be written as lim sin G h) 
h->0* 4 ends 
Clearly,0<h< 1 4; 2 ae 
=> -1<-h<0or -=<-h<0 i (10 vx) 
Li SA Lae 5 age 
4 4 4 4 i ee Te 
ink pt Hence limit does not exist 
=> <1 5 ° : Be es 
rear () lim{x+(x-LP} 
= sin(0) < sin( 4-4 Je LHL. = lim 1 {(2-h) + (2-A-[2-h])’} 
4 V2 
= lim {2 h)+(2-h-1)} 
0 ——h |\<— 
as < sin( 4 ky = lim {(2-h)+0-A)} 
=> in| sin{ =) —() = lim {2 - h+1+h’ -2h} 
h—>0* 4 
seated = lim {W’ -3h+3}=3 
(f) lim|[x T h->0" 
io 2 R.H.L. = ir 2+h)+(Q+h-[2+h 
LHL = lim[x?} im (2+ A) +( 2+A)'} 
x07 
Clearly, -1 <x <0 = lim {(2+A)+(2+h-2))} 
> 0<x<1 
2 = lmj)(2+hA)+h 7 =2 
= jim [ey =0 im {(2+h)+h } 
x30" 
sae Pm L.H.L # R.H.L. Hence limit does not exist 
Similarly R.H.L = lim [x*]* 
eer x*s x? <1 
=> 0<x<1 3. f(x)= 
=> 0<x<1 x; x21 
=> lim [x’ i Atx =1 
re L.H.L= lim f(x)=limx* =1 
— LHL=RHL=0 xo ror 
. 2\[x7] H.L= hi = |j = 
(g) lim (x ) R.H.L lim f(x) lim x l 
=> lim(x’)*)=1 > LHL=RHL=1 
noe Atx =-1 
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L.H.L= lim f(x)=-1 
x1! 


RHL= lim f(x)=1 
x>-1* 


=> Atx =-1 lmit does not exist 
4. fia) rm 
pa eee a 
(xtl) <0 


y 


The function is continuous at all points except at x = 0 
Let us discuss the continuity at x = 0 

L.H.L at x= 0 

1 1 1 


2 yi) j 
lim f(x) = lim(x+1) *! *=lim(@+l) * * =(1)°=1 
x30" x30" x0" 


R.HL= lim f(x) = lim a 
x0 x30" x 

Clearly, 0 <x <1 

-l<x-1<0 


Limit does not exist at x = 0 
L.H.L = 1 and R.H.L =o 


im te = lim Gee Cby 
0 x 


r xX x70" 


2 Ae 
Rh ine i 
x0° x? x0 x? 


L.H.L# R.H.L 
Limit does not exist 
2 
x 2 2 nue 
=e sAiat é , L.H.L= lim 23 = in Lx ] 
x>0 xX x00 =X x30" x 
2 
—0 
= lim a —=1 
x>0 Xx 
2 2 2 2 
RHL= lim’) = tim = jim 2? = 
x>0* Xx x30" x x30" x 
L.H.L = R.H.L 
Limit exist 
lim (3)* 
3>1 — 


lim (3)* = 00 


im( +) nee oy 
X00 4 4 


im (3 = 0 
x30\ 4 


(iii) y = lim {sin x} 


x= 


4 


LH.L= lim {sinx}= im | sin( = 
(2 = h-0* 4 
4 


Clearly, 0 <h < 1/4 
=> -—7/4<-h<0 


a {2 1 
=> O<sin| —-l |< ——h |<—~ 
in(£-1}esi(2-8) et 
= sin( Zn) 0 
4 


=> lim {sinx}=lim [sin - | wo 


V2 


XO 
4 


RH.L= lim {sin(x)} 


x 
4 


=> lm si (= + Ah 
h>0* 4 


Clearly, 0 < h < 1/4 


xk TK K 
> —<—+h<—+— 
4 4 4 4 
1 me es ; 
= sin = <sin| £44} <sin =1 
/2 4 


4 
> sin( +4) =0 
4 
=> lim ({sin(x)} = 


1 x 
By the question, lim| —= | =0 as in the part (11 
y the q im +) part (11) 


(iv) f(x) = e* (sin x) 


=> lim f(x)=lime “(sin x) = 0 x (some finite number) = 0 


(v) fix)= (3) al sin x [5/4] = 1 


=> fix)= {3} +s 
4 x 
{3} sae 
=> Im!) <—> sinx+ 
x0) | 4 % 


=> lim (0.25) sin x + me) =0 


x70 xX 


. sin2x . { 2sinx.cosx 

lim =0= lim} ————— |= lim (2sin x); 

x0 COsSx x0 CcOSXx x20 
£=0:a=0 


f(x) — €| = |2 sin x| <2 |x| <e 
if |xj< = 

2 
For ¢ > 0 select 6 = 


fix) -—I|<e 
Whenever |x — 0] < 6 
Hence existence of 5 has been ensured. 


Ni] % 


Emil x#4 
» (a) f= 4 x-4 7 
0 *x=4 
|x-4| 
L.H.L= lim f(x)=lm——=  -1 
x47 x47 x-4 


_4 
RH.L= lim f(x) =lim oA 
x04 


x04 xX 


= Limit does not exist 


(b) fx) 5x-4;5 0<x<l 
XxX = 
Ax? -3x; 1<x<2 


L.H.L= lim f(x) =lim (5x -4)=1 
xo xl 
R.H.L= lim f(x) = lim (4x° -3x)=1 
xl* xol* 
= Limit exists and equals 1 


. (a 


) lim 2112 = 2 
x2 x-— 2 
ree eee 
x92 x7 h—0* 
= lim cd a = lim -[-h]=1 
h>0* —h hoo 
RHL= jim 72 t=?! 
x27 Pe 9) 
= lim [2+h-2]|2+h-2| = lim 
h->0* 24+n-2 h>0* 
=> L.H.LF#R.H.L, limit does not exist. 
2 — 
(ys lin x" -4x+4 
x22 x- pe) 
Lan. ae 2 
xox =6x-2 x92 x-2 
Fa Fea re ytd 
x92* x-—2 
=> L.H.L#R.H.L limit does not exist. 
Vx? — y —2)(x-1 
) in te ee) 
x72 x- 2 x2 x- 2 


[ANAL _ 


2-h-2 


0 
h 


R.H.L= lim ae = li ate = lim heal 
x>2'Vx-—2 hoo V24+h-2 s-0° h 
= lim ee 
hoo Vf 


(d) limcos™'(cosecx 
195 


eee” 


RHL= lim cos”' (cosec.x) 


XI 


: -] (a : -l 
= lim cos | cosec] —+/ | |= lim cos 
hot 4 hoot 


10. 


11. 


12. 
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ks 
in( 2 + | 
2 


= R.H.L does not exist as domain of cos ' f(x) is [-1, 1]. 


Clearly >1 


L.H.L= lim cos? (cosec x) = lim cos! 
_ ho0 


a 
Bac sin( 4 = | 
2 


Again limit inside gets outside the domain of inverse 
cosine function. 
=> Both L.H.L and R.H.L does not exist. 


2 , ae | ais 1/4 4: f. 2 
(i) lim[sin x]= lim [sin (1 h)| im 1 


h->0o* 


(ii) lim[tan™ x] = lim =| =] 


(iii) lim [tan x]= lim = = 2 

(iv) lim | sin (sin™ x) | = lim | sin(sin“(1 — n)) | 
= lim [(1—A)]=0 

(v) lim [sin! (sin x)] = [sin (1)] = =| =] 


xO 
2 


lim sin {x} 
L.H.L= lim sin“{x}= lim sin '{-h} 
x30" h>0* 
= lim sin'(-h-(-1)) = limsin (— +1) 
h->0* = 
1 


= sin! (1) =— 
(1) 5 


R.HLL = lim sin“ {x} = lim sin“(h—(0)) 
x—0* hoo" 
= lim sin’(h) =0 
h>0* 


L.H.L # R.H.L 
= Limit does not exist 


(a) limsin (+ = A number between —1 and 1 


x0 x 


=> jim xsn{ ~ = 0 x a number oscillating between —1 
x 


x70 
and 1=0 

(By lin = SiG 
xO xX x70 xX 


=> 0x (anumber between —1 and 1) 


(c) lim] x |"** 


R.H.L = lim | x [*°5*! 
x20 


[cosx] _ 


=> Ilimx 
x7>0* 


R.H.L= lim |x{** 
x70" 


(a non-zero number)° = 


> lim(-x)! 


x0" 


= (anon-zero number)? = 1 
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13. (a) lim ([k —x]+[x-k]-x) 


We know that [x] + [—x] = 
ifx € Zand=—lifx ¢ Z 
We can reduce our limit to lim(-1 — x) =-|-—k 


(b) Even if k ¢ Z and k-x is a non-integer 

=> limit will remain the same 

=> lim ([k —x] + [v—k]-x)=—l—k 

(c) lim ({kK-x}+ {x-k) ke Za k-x€eZ 
{-x} + {x} =1 for x¢Z and=0 for xeZ 
Hence, {A—x}+ {x-—k} =1 for (x-k) €Z 

> lim ({k-x} + {x-k})=1 


TEXTUAL EXERCISE-—1: (OBJECTIVE) 


1. (c) lim [y-2] 
x2" 


Clearly, x will take values slightly greater than 2 
> 0<x-2<1 
=> Im [x-2]=0 
x32" 


2. (b) lim {x-2}= lim {n+h—2} = lim{h}| - {n+h}={h}| 


lim {x —2} = lim{h} = lim(h) = 0 
hon* h>0* h>0* 
3. (c) lim{x-2};n<2,neZ 


xn 


= lim{n—h—2} = lim{—-A} = lim1-{h} = lim1-h=1 
h>0* h>0* h>0* h>0* 


x+2;x<1l 
4. (a), (d) f(x) = 44x-1L1l<x<3 
x +5:;x>3 
hm (f(x) =4(1)-1=3 
im fx) =46)-1=11 
im (f(x) = By +1= 10 


L.H.L # R.H.L 
lim (x) does not exist 
x> 


YU gy vy 


el/* — | 


; L.H.L= lim —— 


x20 e 


5. (a), (b), (c) im 7 
* +] 


lim e'“=e* = 0 


x70 


> ies oa 
x20 @* +] 


_e x _ 
R.H.L = re oa 
motte 140 


L.H.L # R.H.L 
= Limit does not exist 


6. (a); (b), (c) lim [(tan x) + 3] 


x 
4 


=] 


L.H.L= lim [(tan x) + 3] 


x3 
4 


10. 


11. 


Clearly tan x is increasing in (0, 7/2), when x > 7/4 
from left hand side. 
tan x < 1 

lim_ [tan (x) + 3] =3 


a 
x3 
4 


J 


RH.L= lim [(tan x) +3] 


a 
x 
4 


In this case x > = by taking values greater than 7 


=> (tanx)> 1 
=> lim [(tanx)+3]=4 


n 
x 
4 


L.H.L# R.H.L 
= Limit does not exist 


. (a) L= imsin{~) 
x0 x 


L= limsin (+ = a number lying between —1 and | not 
x 


x0 
fixed 1.e., limit L is not unique 
= Limit does not exist. 


x0 x0 x0 


. (b) im sin) = lim x. im sin = (x (finite real num- 
x 


x 
ber between —1 and 1, not unique = 0 


h->0* 


lim cot = | =( 
h->0* 2 


(c) lim cot(z#-x) = lim cia — (= + A) 


R 
x 
2 


(b) lim sin '(x) 
xo 


lim sin (x) 
xo 


= x 1s approaching | by taking values less than 1 
=> lm (sin“'(x)) =— 
xo 


(c) lim sin™'(x) 
x1" 


lim sin7'(x) 
x lt 


12. (a), (c) L= lim cos” x=L;cos'x is defined for x € [—1, 1], 


13. 


14, 


15. 


16. 


=> 
= 


x 1s approaching 1 by taking values greater than 1 
Limit does not exist. 


R.H.L. is not defined. 


=> 


(c) 


(c) 


yy 


J 


(a) 


(c) 


=> 


== 


L= limcos'(x) = L.H.L. 
xo 


L= limcos '(x) =0 
xo 

L.H.L = 0, ZL = 0, R.H.L = does not exist. 

L= lim, |tan”'x|; tan’x < 0 for x € (-«, 0), 
x>-V3 


{tan x| =—tan!x 


L= lim — tan! x= -(tan“ (-v3)} =F 


x>- 


Given sin'x+sin'y=n 
Jy 


Let sin'x = A 

x =sin A 

Similarly, sin ' y = B 
sinB=y 

By the question, A+ B= 
A=n-B 


sin A = sin B 


x=y= sin{ =} =1 
4 2 


xy=1 = 
L = lim tan '(z) =— 
zl 4 


poi 
x70 e —— e ae 
This can be rewritten as lim ane read (1 +0) = 
x7“ | ee es (1-0) 


Let E(x, y) = sin"! (sinx) + cos” (cosy); x,y € {1, 2, 3, 
Ae a ; where 


—1 a 
x 5 


a —x for Te eee 
2 2 


sin ‘(sin x) = and 


4 y forO<y<z 
cos (cos y)= 
22-—yfora@<y<2z7 
E(i,1) =2 €Z, E(1,2) =3 eZ, EC, 3) = 4 are the only 
integer values 
k= 3 


1 
=> limtan—= ye 
z33 Zz 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. (a) 3 @—2) +2 (x? —4) =f) say to determine the order of 


small ness 


3(x - 2) + 2(x? - 4) 


x=2 
2)=3+8=11 =a finite number 


Let us evaluate lim =lm3+2(a+ 
x2 x2 


= f(x) has the same order of smallness as B (x) 
(b) Let f(x) = (sin 2x)'? 


To determine the order of smallness 
(sin zx)” 


Let us evaluate lim 
x32 x= 2 


. 1/3 
__( sinzx l 
This can be written as lim ae 
x2 x- 2 (x _ 2) 


[ sin zh ) 1 
= lim Tye 
h>0 h (h) 


= lim(z)"” smal . = =(z)'7 (1) ae 
h->0 th }) (hy? “490 (Ay 


(= n(2+h) ) a 
se ered (EE erry 
h+0 h (h) 


= 0 


= B() 1s of higher order infinitesimal 


(a) 


(b) lim 


4.2 
_ log(cosx) . cosx-l 9 
lim ———— = _ lim——— = lim =2 
x0 4/(1 + x) | x0 x7 /4 x0 x 
4 


sin 3/x log(1 + 3x) 
some (tan™ vx) (e* _ 1) 


Replacing by infinitesimals of the equivalent order 
1 


lim 3x.x3 
x90 x 5.3/x 
ae, 
=> hm-—=— 
x005 4 
(iin et) 
x0 en = ee | 
Replacing by infinitesimal of equivalent order 
sin 4x 
x0 sin5x 
(S24) imal 2 
; 4x x0 4x = 4 
>t /sins m5x\ 5 
(= *) linn (= *) 
5x x0 x 
| 7 sin 3x 
PRR sti! A Aa © a 
x90 Jog(1+tan2x) °° tan2x 4. tan 2x 2 
x0 ; 2x 
(e) log(2—cos2x) _ i log[2 —(1—2sin’ x)] 
x0 log*[(sin3x)+1] °°  log’[1+sin3x] 


log{1+2sin* x] _ 
x0 log’[1 + sin 3x] 


a) . 2 
: 2sin° x : sin x 
lim| —> = 2hlim| — 
x>0\ sin’ 3x x0! sin 3x 


2 
3 9 
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V1+ sin3x - ee =1)"" 
(Odi cel ie 


x>0 log(1 + tan 2x) 7 49 eo ‘ 
sae sin 3x : l This is a G.P. with common ratio = —— and first term 1. 
sz | /i+sin3x+1) log(1 + tan 2x) [ ( y) 
| 163 3 ee pe eae, -2(1-(-4) 
= lim—| — }=— n 1 8 7 
x30 2\ 2x 4 j ee 
2 3 7 
ae log(1+ 2x — 3x + 4x° ; 
Im——; 31, 7 1 7 
a log(1-x + 2x” - 7x’ ) => lmS, =— 1-(-2) =— 
nn 8 7 8 
a8 3 7 2 
aie (2x ote) Se (2-3x+4x ) a | : al 
x90 (—x+2x°-7Tx°) 90 (-14+2x-7x*) (c) in ea 
tae nol n+l n+l n+l 
l+x’? -1 
h) lim—H— 
(h) an ee ae _ im) PPh lim n(n -1) 
Lo 2{ no n +] no 2(n? + 1) 
This can be reduced as lim—2 = lim 5 n—n 
x0 2x x0 x = lim 5 
2 2sin* — 2{sin® n>0 Qn +2 
x 
ae Dividing numerator and denominator by n’, we get 
=1; Z _ 
lim 1 l 
"sin pie 1 
lim A = > 
se, 3sinx-—x° +x 2+-5 
(i) i n 
x>0 tanx+2sin° x+5x 
a ee . [x]+[2x]+[3x]+.....+[nx] 
Replacing by equivalent infinitesimals (d) lim es 
“im 22~* + * _ 3=xtxt = We know that x-1<[x]<x 
190x427 45x74 9-0 142745x? 2x — 1 < [2x] <2x 
ae < < 
ye (sinx- tanx)’ +(1—cos 2x)" +x ee ae 
(j) MS ee aan et ened bia alia Nae Te 
oa - tan a + sin a + 2 sin x esos esresreseseseseoseone 
Replacing by equivalent infinitesimal nx — 1 < [nx] < nx 
_}; (x-x)'+(2x°)P +x? | F x°(1+16x*) 1 Adding all from above, we get (x + 2x +.... + nx)—n < [x] 
Tao. ata Ss 8 (24x47x) 2 gt pe] Se 2 5k MX) 
+1 . +1 
_ l-cosx+2sinx-—sin’ x — x? +3x* = me) ey ee 
(k) SS 4 = 2 
x0 tan” x—6sin°x+x-5x 
Replacing infinitesimals of equivalent order a(t) 1} fre] “(i+) 
x , ae eee < » —< i 
2—+2x-x° —x° +3x 2 N\) 7a 2 2 
= Lim t+? 
x30 x? 6x7 +.x-5x7 tr] 
x > = ye<s asn—+ © 
2(2-Z-2" 432’) re) 2 
= lim—__—__+ = 2 "Trx] x 
x90 x(1-I1x+x°? => lm) —-=-— 
( lim 2 n 2 
3. (a) in| 4 tt +|- im =e) 4. (a) lim f(x) 
nol n n no an : , 
(n—1)n peal 11 l lim (2-2) 2 and lim (2+3)-2 
= tin( ®=2) atn(*=!) = un) =} bel 2-5)-? amd Bs 
noo an nrol Dn n>o\ 2 Qn 2 


By Sandwich theorem, lim f(x) =2 


im =i and im“ = 
x20 x x20 x 


By sandwich theorem, we get lim f(x)=1 
x> 


Sum of infinite number of infinitesimals may not neces- 
sarily be infinitesimals. 


n-l (b 
im| 1-24 Ft =) | 


ws’ 


(b 


we” 


5. (a) 


=> 


x >0;L= jim 


vr x x" 
x+—+—4....4— 
x0" 2! 3)! n!} 


x? x" x"! 
e=]4+x+ —+4....4—+ Se 
2! n (n+l)! 
P x? x? n x"! 
e -l=x+—+—H+H....+— + oe 
2! 3! n! (n+l)! 


L< lim(e*—1)=0 


Also L> lim(x)=0 
x—>0* 


=> L=0 
3 n 
(b) im x42 - ey yn) 
x0 3 
( x : =) 
=> lim} -x-—-—-..... —_— 
x30" 2 n 
xr x ba 
=—lim| x +—+—t+....4+— 
x—0* 2 3 n 
x(1—x” 
>= lim (x42? +3? +....4.2") =—lim ( = 
x>0° x0" (1- x) 
x x x” 
Also, L < lim| x +—+—t....+— 
x30" 2 3 n 
x({1l—x" 
< lim (x+x7 +2° +....+2"] = pestle) 
x0" x30" (1- x) 
=: b= 0 
6. (a) in| 
x0 x 
x x x 
sin x =x — —+—-—+ 
3! St 7! 
sin x x x* x? 
=]-—+—-—}.... 
x 3! 5! 7! 
oe eee ieee | 
ey a orn 
+ + 
2 2 
Al Sat (1-2 )s(at 5-2) >0 
3! 5! 7! 
0 sinx _| 
> im | 0 


(b) 


=> 


a 
in| “|= (sa 
x Xx 


Let sin''x = 0 


sin (sin-!x) = sin® 


yy 


(d 


ws’ 


The Limit of aFunction < 


x =sin8,x > 0 
x0 


1B =tim| 


é>0 


For 8 > 0, 0< 


0 sin 0 


sin@ 


y =x and y = tanx is below y = — x forx > 0) 


2s lforx ~>90 => im 


x x0 x 
im C+) 
x0 x 
2 3 4 
n(l+x)=x-2- 4-2 4 ee 
2 3. 4 
2 3 
US 2 eee ee 
x 2 3 4 


1. 


<1 


155 


(-. For x > 0+", y = tanx is above 


1* for x 0° and w-x(5-2]-* (3-2. <1 for x 
U«—_" 


t+ve +ve 


— 0* 


= (1-Z)+2(5-2]+...>0 for x — Ot 
Zz 3 4 


a [nee] a 


x>0* x 
fi a = 
x70" xX 


Limit does not exist. 


xr x 
e=1]+x+ —+— 

2! 3! 

2 x? 4 
ex—1l=x+ —+—+—H...... 

2! 3! 4! 
e-—1 


2 3 
XxX XxX XxX 
(14342424...) o0 as x > 0+ 


im) = J=1 and (+2 }ee( E45) 
r0'| x 2! 31 4! 


for x — 0* and let x =-y; y > Otasx 50. 


02 
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e =t|=0 
x 


= Limit does not exist. 


tan x | tan'’x 
lim —| ———— 


For x > 0*,0<tan lx <x 


-l 
SE 64) 
x 


-1 
= z ei 
x 


=> in| 


x20" 


) 


-1 -1 -1 
Ree im {= ‘} iin aca heel| page] 
x0" x x0" x x 


Also forx > 0,x <tan'x <0 


-1 -l 
=> je 2s => | -0 
x x 
= L.HL:=1—0= 1 
Limit = 1 
7 im = 0< <Ivre| == 
x0] tan x tan x 
=. =2< <0; but >2asx>0 
tan x an x 
= in| —* |= -2 
x>0| tan x 
8. lim | sin x | 
x70 | x | 
=> 0< sin x| < |x| 
zis Hie sin x | 
x 


sin x 
=> lim {se =0 
x 0 | x | 


9. im{ |= || 2202 | 9 < E21 fore 0 
x70 x x x 


re if nsin x 
Which is equivalent to writing 0 < ——— < n but 
x 


nsin x 
— > nforx 50 

x 

. | nsinx 
ig in) "EE | 9 1 

x0 x 

ntan x ntanx 

Also n< <ovxe( 4) d 
asx —>0 


= im{ |=] [Pte | an 1 =n 
x70 x x 


1. (a) 


2. (d) 


J ¥ 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


2x+8 x’ -6x 


Given that < f(x)< sala 
4x 


x 


Let us consider the limit im 2 + 5) sh 


x70 X 
lim (2 — +] =) 
x00 4x 


By sandwich theorem lim f(x) =2 


Jl—cos2( -1) 


lim 
Sard 


The limit reduces to him 2 sine DI 
x> x- 


LHL. = in PES) _J/2 and 


xo1- be | 


RHL.=lim [2a 0») ZAI 

x >)" x- l 
L.H.L 4 R.H.L 
Limit does not exist 
sin (x cos? x) 

x? 
—cos(z cos’ x).2.cos xsin x 
By L-Hospital rule, we get a * a 
be 


. —cos(z cos’ x).a.sin2x 
lim yn (an 
x xX 


I/n 
0<x<y, then lim(y” +x") 


l/n 
lim| y [= 
no y 


By the question x < y 


224 


y 


im{ -( 
nO y 


lim] »(1+0)"" | =y 
cos(m + 2)x — cosmx 
x0 cos(m + 4)x — cos(m + 2)x 


(Pat?) : (==) 
—2 sin| ————_ ]|.sin| — 
2 2 
—2s1 


Which can be further written as lim— 
x0 sin(mx + 3x) 


sin(mx + x) 


im Si0Ce("-+0) _ (+1) 
+0 sin(x(m+3))  (m+3) 


peal 
6. (c) A: im sin) = 


This is equal to lim 


7. (b) 


8. (b) 


Y 


10. (b) 


x 


sin — Z 
x =tim{ ee ae 
1 h x 


x 
Assertion is correct 
ae ( 1 
lim y.sin| — 
yO y 
1 saat Sons 
When y — 0 > —— ~—~ but sin (0c) will still be a finite 
y 


in the interval [—1,1] 


lim ysin (+) =0 
y 0 y 


Reason 1s incorrect 


sin JO 
lim ——— 


9>0° /sinO ( sin VO 


Jo 


\\a 
which can be written as -: lim 
0" sin 8 


sin Jo vo. 0 


fin | 
6-0" isin@ 
\ g 
_ sinx” 
lim 
x70 
(sin x) (si x" 
x 
x” 
which can be written as-: lim 
x30 ‘ m 
sin x e 
a 
x 
m 


which hence reduces to lim(x)" 
x30 


Given n>m => n-m>O 


lim(x)"™ = 0 


% 4 
lim ae) 


sin| — |log| 1+ — 
can ee a 


Replacing by infinitesimals of equivalent order we get 


4 
= lim(2k’) 


lim 

x70 x 
kh? 2 

Given 1n the equation lim (2k? ) =8 


2 2 
Xx 


2k? =8 > kR=4 

k=2o0r—2 

. (a+F 

Hite eee bY’ 

nO =D o(ts ) 
a 


which can be re-written as-: lim 
n> 


11. (a) 


12. 


13. 


(a) 


14, (a) 


(c) lim 


= im “C +x) £nG- | 


The Limit of aFunction < 


Given in the question a> b> 1 
1 > bla 


im (2) =0 
N>O\ q 


The limit reduces to -: lim = =] 
n> a 


lim(1-a*) .sin ,a €(-1,]) 


X—>00 as x? 


Here a‘ € (0, 1) 

—a’ e€ (-1, 0) 

(1 — a*) € (0, 1) 

(1 - a*)x > 0asx > o and 


x 


l-a 
b 
(1-2*) 


sin Oscillates on [-1, 1] 


lim(1—a*) sin ice =( 


cos2—cos2x_ |, —2sin(1+ x) sin(1—~x) 


2 


x21 x x71 


— |x| =| 
2sin(1 + x)sin(x — 1) 
|x| (| x|-1) 


x1 


2 sin 2 


. (sm3x a 
lim 3 + =o. 
x70 x x 


lim (x * sin 3x + ax * + b) = 
x> 
. {3 sm3x a 
im ee +] 
x>0\ x° 3x x 
Since the limit exists and 1s equal to zero. 


=—3,5=0 
lim fn(3 + x) — £n(3 — x) : 


x30 x 


k 


II 
= 


x0 x x 


which can be written as lim 
x70 x 


1.157 


oscillates on R 


D 
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15. (a), (b), (d) 


16. 


(a) 


= 


(b) 


(Cc) 


J y 


(d) 


(a) 


(b) 


(c) 


l 
1 1 \4 
lim 4/x .sin}| —= | = limS~—2——“"-* = lim] — |. =0 
x00 (—] x—>00 [ l im( +) 


Vx 
limit vanishes 


lim (1 — sin x) tanx = im{ 1-sin{ +h) )tan( £4) 
hie h>0 2 2 


"2 
oh 
2sin* — Z _ 972 
=lim 2, || SECS cies 
h>0 l sinh h>0 Ath) 
3 
2 2+ a 
linn ees (2!) = ee (2!) 9) 
x0 \ x +x—5 \\ x asl eee be 
2 
which 1s a finite number ae 
2 — 
im ET -9 
>3* 9 
x73 
x 1s slightly greater than 3 
[x] =3 
_ im Oth 9 _ [3+h] -9 
10° (3+h)-9 10° 9+h? +6h-9 | 
= lim - = 
hoo" h° + 6h 
. Vl-cos2x _,. V2 | sin x| .|sinx| 
lim, ———— = him ——— = lim—— 


x0 2 x x0 2 x x0 x 


Limit does not exist, as, LH.L=-—-1#R.H.L=1 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


x 45x? + 6x? 
lim a a aE 
x92 x —3x-10 
which can be re-written as = lim 
x>-2 (x —5)(x +2) 
om 2% +3) _ 40) _ 4 
x92 (x —5) —7 7 


3 AB 
Gis eebe lim (4+xf+(4+x).4+4 
x x 


= lim (4 + xP +4 (4 +x) + 4’) 


= 16+ 16+ 16=48 
lim (1+ x)+2x)d+3x)-1 


x0 x 

_ 4 (I+ 2x4+x4+2x°)1+3x)-1 
a a 

~ jj (1+3x+2x7? +3x+9x? + 6x°)-1 
0 a 


2 3 
= tin #1 + 6x )- 


x0 ¥ 


x? (x + 2)(x +3) _ 


(d) 


(e) 


(f) 


(g) 


(h 


ws’ 


(i) 


. (a) 


(b) 


(c) 


lim (1+ x) —(1+5x) 


a8 x 4x 
5 0 5 1 5 2 5 5 
2 lim C et Cot Cx tat Co = HS) 
ae 4x 
; (°C,x? +°C, x +°C,x* + x°) 
sa x +x° 
Se OAR al Oe eas Oe me 
x90 +x 
5! 
= °C, =——=10 
312! 
x' 2x? +1 


(P°-)e+) 
aon (x? +1-x) - 
3x? -2 at 


im — 
x>-15x"-2 3 


_ x -2x-1 
Roh = 21 
ee ee (x -1)(x"" +...+1) 
hin ——— lin ——_ 
se led OO ae (x-1)(x"" +... +1) 
Cancelling factors (x — 1) from both numerator and 


. 5 ay <n, oO 
denominator, given limit = — 


1 

re 
fe eg 
x0 eS 
which is similar to writing 


kim = a 


2x x 2x 
nee 
x0 e a x0 e ==], 
| 

= lim| 2} 2%—|+1]=2+1=3 

x0 e —-l 

x 

ae l-tanx _ ihe (cos x —sin x) 


x9 sin x —cosx x cos x(sin x — cos x) 


= im ( ; )- lim(-secx)= ar) 
z\ —cosx 


x0 


. (2sin’ x +sinx—1) 
x9 (2sin x—3sinx + 1) 


—_ lm 


x 
6 


(d) 


. (a) lim 


(b) 


(c) 


(d) 


(e) 


(f) 


lim 


4 
x 
x 


_ in| Sone es im( =) iad 
er 


Qsin? x + 2sinx —sinx—1 
2sin’ x —2sinx —sinx +l 


is 


2 sin x(sin x + 1) — (sin x +1) 
2sin x(sin x —1)— (sin x -1) 


(sin x —1)(2sin x —-1) sinx —1 
(ae 
m ———EeEeE——EEE——EEEE—EEE——E Es 

x—>tan7! 3 


tan? x —4tanx +3 


a 
x 
6 


x tan) 3 
tanx+1 
= lm |——|=2 
xtan'3 \ tanx —1 


x? —q? | Vx —Va 


(tan x — 3)(tan x + 1) 
(tan x — 3)(tan x —1) 


On factorizing, we get lim ( 


se etaye—a) ~™(x4a)(Ve—Jal(ve+va) 
a cary vee 

4 (x+a)(Vx+Va) 4a” 

lim = 


2 1 1 2 
(x-a)(x? +a’ +a)[ + x3.a3 +a) 


l 


8 
9.a3 


1 


Pen 
lim et 22)? -3 


x34 5 a 2 
(2)(4) _ 


(2x-8)(Vvx+2) — (2y(4) 


4 (x-4)(Vi+2x+3) ©) 


w]e 


= 1/3 2/3 
(1=x)-9 (4-2@)? +x") 


m 
ded Foo ti ee (8+ x) 
1 1 
eee 
lim ——; 
x71 an = 
x2 -1 


xP4y? 2 
(x = 1) ey 


ee 
“oat (x7? +x?” +0)7") 


a Jcosx —Vcosx 7 firm (C082) —(cosx)! : 


x30 sin? x x0 1—cos’ x 
site (cos’ x)" — (cos? x)" (2° y" — (2? y" 


x0 (1 —_ cos’ x) tol 


(g) 


(h) 


(i) 


Gj) 


The Limit of a Function < 1.159 


3 2 


ae (1 =f. 1 ye §: 14/6 a 13/6 ns (t)'7/6 4 (t)'" a (ry) 


—t’(1-2) —] 


el (1-p0+0(6) 12 


(Vx? +9 +3] 
= lim =3 
90 | +141) 
_ Vx-a-~Nb-a 
lim a ;b>a 
xb x b 


1 


1 
a eae, 
which is same as ino oe 
x46 (x + b)(x-b) 
= lim (x5) 


a l 
> (Jx-a+Vb-a)(x+b)(x—b) 4bvb—a 
lim 2 (vx +1 -Vx° =1] 


3 3 
= lim se +1-x2 Vx? =1| 
x0 3 
x?(x? +1-x° +1) 


By rationalization, we get lim ——H+-—___— 


~~ (V2? =1 +x? +1] 


3 


7: ee 
cc (v3? -l+yx' +1] 
3 
2x? 2 


aa a eae 
x70 ri 1 l x70 

1-— +,/l+— fl-= + fl+5 
ae x \ 5] x x 
=] 


tim V¥—24 + Vx —V2a 
x2a Vx? — 4a? 
oe eee 
which is same as 
x-2a 


1.160 > TheLimit of a Function 


r=l 
=x? 1-x’) 5 _] l+x+x7) 
= lim 
x0 x*(1-x’) 5 x0 x (1+ x) 
> LHL. =0,RHL, =-« 
1 1 
Using a* —bé ees i) ee 


4. lim /(x+a) (x+b)-x 


On rationalization, we get 


‘ (J+ ayx+b) — x)( +a) +5) +x) 


= 
eis (x+a) (x+b)-x 


a (Ve +a)(x+b) + x] 


ax+bx+ab 
= in 
‘ (1s2)(1-2) 1] 
x x 
atb+ab/x at+b 
= in ——_—_—————————- = 5 
[1+ 2)(142) +1 
x x 
sa dm 
x0 5x 
which can be re-written as Sim se x 3) = 3 
5 x0 3x 5 
(b) lim secx—l _ l1-—cosx 
x>0 xsecx x0 x 
2sin? ~ : ree 
= lim = lim sin— 2/=0 
x30 x x30 2 x 
2 
era] ; 
(c) lim————~; which can be written 
x0 e+e" —-2 
Ax 
lim —-& —! 
x90 @ * —-1l+e*-l 
tx 
§ (4 
—4x 4 
= lim 7 = 


as 


_ sin7'x +tan7'(2x) 
(fig SCD 


- 1 -1 
. ‘ sin’ x 2.tan (2x 
which can be written as lim [es + eta) ) 
x3 


x 2x 
Distributing the limits, we get = 1 + 2.(1) =3 
log(1+ —1 

(e) li ee) 
x90 3x +90 3x" (cosx—1) 


which can be written as 


EOS (cos x -1) 


_ ~2sin?~ 
log(1+(cosx-1)) 7 


lim .| —-+ 
x70 (cos x —1) 4 {= 
“\ 4 


which is equal to — = -- (by standard limits) 


(f) lm—— = lim 


[log(a + x)—loga] 


x 
log( + 4 
SS ee 2s 


which can be written as lim 


x x 
log(1 + 4 
a l 


(g) lim 


= lim—+—*? = = 
a za 
a 
log(1+ x +x‘) 


(h) lim 


5 . Dividing both numerator and 
x30 3x*(1-2x) 


log (1+ x" +x*) 
ail ee 
denominator by x* + x’, we get lim —_2_+ * —__ = 
aoe 3(x —2x ) 

x? 


(1+’) 


e 
aa 0 and R.HLL. 


x07 


() 


(k) 


(I) 


(m) 


(n) 


Given limit = 0 


“|-(3) 


lim —————= = L= lim sue) 


2 (¥3 -2cosx} "3 —2eos{ ha] 


sinh 


= im ———_—>- 
i0 /3 —/3cosh+sinh 
sinh 
=i <———— —__. — =] 
h—>0 9 A 0+1 
A 2sin" > | (sinh 
3 reopen 
h + i 
fees | ¥2+cosx—1| aie (1+ cos x) 
98 (a- x) x98 (7 x) (V2 +cosx + 1) 
2cos? — sin’ G 1 
=i = =lim “1 er 
97) (a-x) h0 (h ) 4 
(1—tan ' (1-tan( *-+4)} 
ree conics a = lim 


x32 (1 — V2sin x] 


4 


= {1-YBsin( “+ 


ae, 
-l 


_ —2 tanh 


2 


h->0 


—2 tanh 
h>0\ 1—cosh-—sinh 


2sin’ ue sinh 
2 
| V2 - sin x— cos. | | v2 - sinx - cosx | 
lim =————————_——= = lim 


a 2 vis 2 
mar (4x -z) ae 16( += 
4 
ViVi 5 + SE) 
V2. V2 

pa 2 

ee 16( x4] 
4 


_ Ji-Vicos{ x-*] 


ra IC 2 
4 16{ += 
4 


— 1 2 
_ im“ cosh) a ee lim h V2 


h>0\ 16h? (1+ cosh) hoo fy? 32 
_ 1. 
16V2 
| 2/2 —(cosx+sin x) | 
a 2 (1-sin 2x) 


| 2V2-(cosx +sin x) | 


rt (cosx —sin x) 


(0) 


(p) 


(q) 


The Limit of aFunction < 1.161 


2/3 -2N3{ sin( x+) 


eae (cos x—sin x) 


avi — sin{ + =| 
97 2sin” (+ = «| 
4 


3 1 
3 1-sin Ge) a J20—cos? h) 
gS Jy — 


lim = 
h—0 sin’ h 


a 1 
a sin?| x -— 
4 


es 2 
lim V2 (1—cosh)(1+ cosh + cos’ h) 


h—>0 sin’ h 

J2(1+ cosh + cos? h) 3 
= i => ——— 

h0 (1+ cosh) V2 


tan® x —3tanx —(1—3tan’ x) tan 3x 


lim —————— = lim 
x32 aq pene 5 
3 COS| X+— 3 cos| x +— 
(+3) a 
{i —3tan’ (= + A) tan(z + 3h) 
= 1Lm.—?3—AASAN a> 
h>0 —sinh 
[ —3tan’ (= ie | tan 3h a 
= im => .——__ = -8 x 3 = -24 
h0 3h sinh 
1 
im $ am J ;a,b>0 
x30 2 7 a Bt 7 ‘i 
This we can write as lim (220202) 


1 
which further gives as im + aod 


Let us now compare it with the form 


ais in| 22 | 
lim {1 + Fae) ae = er g(x) 
x—a 


[ _ at+h* >) 
inne === 
x30 2x 


where lim f(x)=limg(x)=0, we get e = 


$(tnastnb) 


1 
e = i"? = (ab)'2 = Jab 
_ 1-cos*x 
lim. ——————— c 

30 ‘ 
7 eR SUEN COS. NM [asin % \(t+c0s* 1-408) 


which is equivalent to lim 
x> 


x? sin2x 
4 2x 
2 
sin 
. 7 | | 1+ cos’ x +cosx 
= lim 2 —$_____<_ 
x0 x sin2x 4 
2 2x 


1.162 > TheLimit of a Function 


(r) 


Putting limit x > 0, we get 2x 
; mx 
lim (1 = x) tan (=) 


Letl-x=y 


a ae 
Sis 


a ae) ee, 


(s) 


Hence the given limit reduces to lim y tan G (- ») 
yr 


= lim ofan G — =») 
y0 2 2 


Which can be written as lim y.cot—> 
yor 
Z y 
y Do. 
= him a a 
Po Gane (om 


asx—-osincea>l=> a&->oo 


> y>0 


(t) 


(b) 


a Ds 
Hence the limit reduces to lim—sin y 
y0 y 


Rearranging this gives us ima 2 =b 
yr 


y 
n( PP) 
XxX 


re hee aie at ae 
2 


Which can be written as lim 
x70 x 


_ w(t) 


x30 2 


x 


: inf EE) ~ (€n 2) (bn 4) =2 (En 2? 
XX 


x0 


2 Ts Be | 2 
lim = ee ae (x y 
x1 2log’ x *>1 2 (log x) 
Letx-—l=y 
l+y=x > y>0 : 
Hence the limit reduces to lim ——_>___ 
_ l _l »>? 2(log(y + 1)) 
y0 > ee Dy) y) 
vy 
DS DF ALG ee a2 Hoe eG 
lim ————————- = lim 


Beaesy RRs) 


i 2*(2* -2)-3(2* -2) 
ot (2* -2)(2* +3) 


1. (d) 


2. (b) 


3. (b) 


4. (a) 


precios ol 2)°=3 
Which is equal to lim (2*=2)(2" +3) 
eo sl 


im = 
1 2*4+3 00 5 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


Cs + 27) én(x —2) 


ms ie -9) 
ae (x+ 3)(x? +9- 3x) én(x —2) 
x93 (x+3)(x-3) 


én(1+(x-3)) 


(x=3) 


= lim (x? +9-3x) =9-9+9=9 
x33 


lax 


| 4x 
= lim ; — 
xl x = | 


which on simplification gives us 


. 4x+1-3x+x? 
lim ——— + 3x 
x71 x =| 

-1 


1-3x4x’ } . a a 


zi 
ifn [Ss “ls (x-143x)=lim (4x-1) =3 


cos(2x-4)-3 a Ax 8 | 
—2 


<5 —— 
In view of applying sandwich figorcih 

2x —4)-33 —4)- 
lim [= iP ) | _ cos(4—4)—33 


x27 2 


Given Vx € (1,2) 


ee -~16 
: x |4x-8| 4x? |x-2| 
Similarly, lim | ————— |= lim | ————— |= 
x2 x-2 x32 x-2 


lim (4x? )=-16 


x27 


Hence by sandwich theorem iim f(x) =-16 


— tan *x(V2sin’ x+3sinx+4 —VJsin’x+6sinx +2 ] 


2 2 
ir - (sin? x + 6sinx +2] 
= ky 
x98 V2sin?x+3sinx+4 + Vsin? x+6sinx+2 


__ tan’ x(2sin’? x +3sinx +4 —sin’ x— 6sinx—2) 
= lim 


xf 2sin’x+3sinx+4 +Vsin’ x+6sinx+2 


. tan? x(sin? x—3sin.x +2) 
= hn ——_—_—_—_———_————— 
x3 V2sin?x+3sinx+4 +7Vsin? x+6sinx+2 
2 . . 
tan’ x((sinx—1)(sinx-2 
an ((sinx-1) (sinx-2)) 
xt V2sin?x+3sinx+4 +-~Vsin? x+6sinx+2 


Letx-—n/2=y 
x2 n/2 
=> y> 0 
Hence the limit becomes 


emo) oe 3) -Yeml“3)-9) 


lim 


which gives us 


fi (cot y) (cos y -1)(cos y — 2) 


y>° /2cos’ y+3cosy+4 +,/cos* y+ 6cosy +2 
2 ea 4 
(cot y) [asin ¥\(cosy-2) 
=> lm 


x0 /2cos* y+3cos y+4 +,/cos’ y+6cos y +2 
2 
(e252 (2 sin’ >) (cosy - 2) 


lim <2" ¥ 
y0 x43 
2 
ey —(- —2 sin’ ¥\(c0sy-2) 
4.sin?~ cos? ~ 2 
Fe ey a 
y0 6 
= 2 
2.COS Y (cos y—2) 
4.cos?~ a 
= lim \—__ 2 = Hy 
y0 6 Z.. O: AZ 


5 (a) lim Nm 2+ tri tl 
ne Sino +6n° +2 —Vn' +3n° 41 


1-4 sme 

tim —— = ?_____+ : 
ntais® ee 

n 


— V1-0+0+0(1+0) _ 
~ V1+0+0-0(1+0+0) | 


6. (a) lim 


0... a ee oe oe ee eS 
2sin'[y+Z)+3sin{ y+] -44 sin?( +2} 6sin{ y+ ]+2 


The Limit of aFunction < 1.163 


Separating out term of x, so as to obtain negative pow- 
ers of x 


Hence the limit reduces to lim 
x00 


25 
40 10 10 3 = Zz 
_@' Go) _ 5 x 
7 (3)? 7 325 


7. (b) lim (vx? - 2x- -Vx*-7x-3} 


Upon rationalizing, we get 
lim yo =2¥ 1x 47443 
See ay baal yr = 8 
5x+2 
= in ——__—— 


cai ae es oe ee 


| 
— 
=| ° 


lI 
— 
=] 


8. (a) lim ( 432° Nx = 2x] 
= im [ (0 + 3x? y if - (G — 24) J | 


= lim 


XO 


= lim 


r r-l 
x00 6 3 a a\a 
x) f1+3) (1-2) 
r=1 x x 


= lim ag 
x00 6 
(2 +6+ = +6— 2) 
= lim<* as =) 
x00 6 
9. (b), (d) lim x —9x+20 
x5 x- [x] 
2 
L.H.L = lim x -9x +20 = lim (x —5)(x —4) 
x57 x-4 x35 (x _ 4) 
lima Ged ied lim (—A) =0 


h>0 a a h) h->0 


1.164 > TheLimit of a Function 


_ . (x-5)(x-4 
ae i re ca |e 


ros — 5 x95°  (x—5) 
= tim 204) — tim (14h) =1 
h>0 h-0 


=> L.H.L=0, R.H.L= 1 
= limit does not exist. 


. wVi+tanx —Vl+sinx 
10. (a) 1 


x70 x 


x° (V1+ tanx +V1+sinx) 
— lim 1+tanx—l-—sinx 
0 x° (1+ tanx +1 +sinx) 


Si sin x(1—cosx) 


xe x°.cosx( V1 + tan x +1 +sin x ] 


sin «{2sin | 
= lm 


x40 x°.cosx.(v/I +tanx +V1+ sin x ) 


(S2*) (asin 4 
x 2 


= in ——————— iS as 
x70 2 
soosx{ (Vi + tan x +V1+sinx] 
— 1 
4 
ra 
xXx-— 
11. (c) lim 2 
ging COsSx 
2 
a h mS 
R.HL. = lim | 2 2 |; fx = 2/2 +} 
hoo" 


cos( + | 
2 


= fim | fi \-= 
hoo | —sinh 


[ For h-> G22 si 
sinh 


= Given limit =— 2 
3 3 
12. (b) lim | ZL = 
x2" 3 3 


3 3 


3 3 
which is same as lim [2eAr 22) |; 
ho>0* 


(vi + tanx —v1 +sinx}(VI + tanx+V1+ sin x ) 


eee 


& 
3 


) 


13. (b) 


= te) = 3 p(In4)’ 


P— 3\2. 
Pp 3 
sin (£n(1+ x) 
in( én(1+ 
14. (a) lim sin (£n( | x)) _ én(l +x) 
x90 fn(l+sinx) 0 én(1+sinx) 
én(1 +x) 
eae od én(1+sin x).sin x 
x90 | én(l+x sin x 
oe en aes) : 
ae 


| 
x Ee 
£3 
oS 
ae 
So 1 & 
Me 
New 
| 


15. (b) lim ncos{ =) sin( 2 
x00 An An 


which is same as lim = sin( 
no 2 Qn 


Multiplying and dividing by - , we get 
n 


; a 

lim EAS 
no a n> a 4 

2n 2n 

x+l 

16. (a) lim (=*2) 
x70 x- s 
; 4 _ x+1 
which can be re-written as lim (442-2) = 
x70 x = 
x+l1 lim 4(x+1) 

lim [1 x : = el ae } =e’ 
x7 x- 2 


17. (a) 


5 
lim (1 + tan? Vx) 
x>0* 
As in the previous question, again comparing it with the 
1 


standard format lim(1 + f (x))e@ 


im 
Hence the limit reduces to e*° * 


The Limit of aFunction < 1.165 


1 


. (b) lim (1 + [x]) Gans) = lim (1+0)invan9 = (1) TEXTUAL EXERCISE-4: (SUBJECTIVE) 


x7 xvo— 


4 
. : ; 1. (a) fx)=a,x" +a, x! +... +a, a, >0 
_ | x? -2x41 (x? -4x424+2x-1 Since a > 0 
Of Sn 
xm] x° —4yx4+2 ics x° -4x+2 > x>o => f(Qx)-x 
Be sa Oe Hence at infinity this function will find towards infinity. 
= lim [i ee (b) foc) = A,X" +A, x tot Ay 
eas 1 bx +b x" +... +5, 
2-— ee 
hick. saa: “he eee Se Galt x Taking x” common from both numerator and denomina- 
ei saa ses i ad ere 
| =} | = tor, we get flx) = —*—__4_ 
age Ne eR eg br ae te a 
x x, 
. (a), (b), (c), (d ; a, 
(a), (b), (©), (d) - “tim #00) = 
lim (cosx+asinbx)* = lim(1+(cosx + asinbx —1)) 1 
Fen S084 8in bx=I Hence at oo this function will tend to a, / 6, (constant) 
ab 2 : 
=e" : =e” =e (given) ‘ 
=> All given cases are possible (c) fix) = [pt -a,>0,b,>0,n>k 
Xe Arcsin Oy 
[1 tan }(-sinx) tan( -* \(1-sinx) lim f(x) = 
~ (c) Lm + = aS 
a Xx 3 pam w—2x n 
(1+ tan (#28) 2 (d) fix) = ain ony + ay -a,>0;b,>0;n<k 
DX Psd, " 
tan( > | —cos y) | tan [asin 4 => lim f(x)=0 
= lim —-—+—_- = lim CFE 
y0 8y° ee Te y 32 
2 4) = 5 ay iin 1+sin x —cosx + log(1— x) 
x0 x? 
_ {1 _f 1 3 5 7 
= vsin( +) +sin( 4 }x20 Putting sin x = elle nasaaeer 
22. (c) f(x) = x x ; 31 5! 7! 
0 x= 
) 4 6 
For x #0 sos Sl eh 
(=| 2! 4! 6! 
sin| — I 
= x 3 
Ax) 1 +sin( =) lop (hese 
a 2, 3 
x 
Hence the limits reduces to 
lim f(x) = 1+ sin(0)=1 
aE! x? x! x? x? 
bins | Ley | = ae tee See 
(xr tx4344x) | Ax x90 3! 2! 4! 3 
- (a) lim] —=———_] =lim| 1+ ———— 3 
rel x + x43 xsel x + x43 ms 
lim lt 3 il 
= sin | e' <ijins . ( 6 3 - 1 
7 x0 3 = 2 
‘ x 
» (a) f&) = lim — tan‘ (nx) 
NO 7 3 
Forx>0,n> © 4 sin x — x + — 
=> tan’ (nx)> - and (b) 0 5 
For x < 0,n > © 
= tan! (nx)-> a Using the expression of sin x, we get sin x = x — 
Be ogg ey _ a ae 
=> f(x) ae aa > 0 and-—1 forx <0 31s! Th ee = oer ara aenee 


1.166 > TheLimit of a Function 


(c) 


(d) 


(e) 


xx 
Hence the limit reduces to Jim 2/4 
x0 x 
1 
120 
2 
x 
e*-1-7 =x 
lim 2) 
x30 3x? 


2 3 


: x 
Putting e* =1+x+—+— +...... 
2! 3! 


Hence the limit reduces to 


oe ees 
; l 
which gives us lim 3! a 

x30 3x3 3! 
x 
sin x — x +— 
lim 6 
x70 §x 

3 5 7 

Putting sin x = x -—+—-—}+...... 
3! St! 7! 


Hence the limit reduces to 


ane x 
A eno aet a 
ce 3! 


x x x 
— ; ; pee 
Which is same as lim 5 i = 
x0 5x 


3 
ile a oe NO 
x01 5.5! 5.7! 


x? 
log(1 +x) —x+~--~ 
lin} ——£——— 
x0 4x? 


Using the standard expression log (1 + x) 


3. (a) 


(b) 


(c) 


) 


YU 


os Vn'+4+V9n’ +1 
= (1? —27)+ (3° —47)+ (8 -6’)......4+ (2n-1)’ —(2n)’)) 
oe Vni+44+V9n' +1 


op DB +741 +... + (4n-D)] 


=, Vn'+4+V9n’ +1 


<0] p + 4n— u| 
ne Int 44 4J9n? +1 
(-1)(2n+1)n 
spe —(2n* +n) 


me ni +4 4V9n7 +1 


= lim 
nO 


> 0 and finit 


. axt+b 
lim 


pe: oe | 


Here the order of numerator is grater than the order of 


sehen Ie DD 
denominator, for finite limit, a = 0, lim—— >0 


sa i | 

lim—— = 0 
aoe ee | 
bER 
im -ax-b|=0 
x90} x + 

2 — —— — 
lim| 2 7) = (a + 4)x +4) | _ 9 
cca (x +1) 


Degree of numerator must be less than that of denom. 
a=1,-(a+b)=0,1-—b#0 


a=l1,b=-1 
| 
im] -ax~6)=2 
ae) ae | 
2 = 2 = = 
in( Hearne) 
x00 x+1 


degree of numerator = degree of denom. 
a=1,-a-—b=2 
A=) bS=5 


The Limit of aFunction < 1.167 


2 
(e) im a -an-b) = 00 


1 
a tim( S222) 2 
ae | = e x "x 


2 ~ a -_ yet ie a8 
tml (l—a)-(a+b)x—-b age ee 
xO (x+1) Lae x 
_ a | 
We need make the order of numerator greater than ae a a 
denominatora<landbe R | l _ | sin? x—x? 
a (d) lim = ee = lim 3 ee 
(f) im 22 “6 _, x01 x° = sin” x x0! x“ sin’ x 
x0 
' 7 . ae—-a-bt+a ae 2 
which can be written as lim————= *, 31 51 te 
x0 x = lim : ° 
: x90 Pa ; 
ee ai f(x Z4E 
x0 x x x20 x J 
ED? oe Gennes containing higher power of x 
SS nh) ee re 
2 x x i. = 2 2 ZZ 4 3 
cos’ x -—cosx-e* cosx+e —-— x°| xo —=x" +... 
4. L = him | 2 6 
x20 x” 
l l 
e) lim] —- 
e ©) im =] 
(1-cosx)(e" —cosx)-— oer 
=> lm 2 Proceeding as in part (f), we get im{ S| 
nerye x" x>0\ x" tan” x 
ay ue ie (= 1 - sin’ x —x’ cos’ x 
(1-008) =F tans x’ tan’ x x’ sin’ x 
; ; 3 5 2 2 4 2 
; ; pee eee = oa le 
e-cosx=(2) «(= }4 =] Vo 3t 5! 2! 4! 
I! 3! 5 ———— a se Ge 
, x 
x x [s-2 +2... 
=> (1—cosx)(e* - cos x)-— oar 
1 
ee 
-($x1-3}° (5-3) + => im( J+ )-3-3 
1 2 12 24 x90\ x? tan? x 1 3 
Ora +ax’+bx? + a (f) lim x" 
=> ee - => pa xe — log y =x log x 


ies => lmy=l 
For finite x > 5 but for finite non-zero limit n = 5 x0 


tan x 


(g)_ lim(sin x) 


x x ae I 
2 flex t oe eres rics 2 aa 
5. (a) lim eSees lim a ee a which can be written as lim(1+ (sin x—1))<*"* 
ie x xe x? x5 
2 3 4 = [an x—l).tan | = lel h(P ees lim [ es h-l] bea 
ace ee 

ee ; 

=lim| 23! _5! ihe {2) 
x70 x? 2! 2 . va ~ lim Fi 

= fim 2sin?¥? | ; 
=€ =e = 1 
_x? x x! 
oy tml 2 |= mb EE Ed ig ree Pe 
( ) 5 = ae x3 7 31 x30 [f(x] 
__ x(1+acosx)—bsinx 
6 x 


1.168 > TheLimit of a Function 


lim 


x30 


7. (a) 


(b) 


Using these expressions the limit reduces to 


2 4 
xfivaft- 05 - 
2! 4! 


3 5 
of fe(r-S4e _ } 
3! 5! 
EE Sean eee ORI AAR OC Se eRe OO 


x? 
v(14a-8) +x (S245) (4-2) 
2! 3! 4! 5! 
lim : 
x0 x 
l+a-b = 
tim SP) tal 2] tim 2 Ja e =I 
m0 x0] 21 31] x0] 4! 5! 
1+a—b=0 
b=1+aand mea, 
2! 3! 
—3a+b=6 


a = —5/2 and b = —3/2 


asinx—xsina 


2 
ax 


lim 
x—a 


2 
—-ax 


It would be complicated to put expansion in this limit. 


Clearly, on application of the limit the format is 


Applying L.H. rule lim eee 


xa 


2xa—a’ 
_ acosa—sina 


2 
a 


es 27° —9* —3* +1 
x0 Sper +cosx 
a Sa = 3 
which can be written as lim —————————— 
0 /2-—J1+cosx 


Multiplying numerator and denominator 
J2+V1+cosx 


ine ae ee +1)(V2+ V1 +cosx] 


by 


x0 1—cosx 
. (3* -3** -3* +1)(V2 +1 + cos x] 
7 me 
2sin* — 
2 
(3% =1)(3* -1)(V2 + V1 + cos x] 
“I a 
sin — 2 
pa ee 
x 4 
4 


("0 )) 5. viveosn) 2 


= (In3)' (4V3)(2) = 8¥2 (oe 3 


$30): tii i eg (=| =0 
ne(n+l)li-nt! -(n+l1)-1 7\n 
pil 1 c u | 3 
Oe mas ener ey 9) % 4 
(ii) lim —4—4——4 = lim — 
— 1+—+—4..... ae —s 1 1-{) 3 
9 3 D) 3 
9. To start with consider a circle C, of radius R 
A, = 1R? 
Now the diagonal of the square inscribed in this circle (C,) 
=2R 
; R 
= Side length of square S, = V2 R and radius of C,= 


= 


a3 


mR 
Area of square S, = 2R’ and area of C, = 
Diagonal of S, = 4 diameter C, = J2R 
Side of square S, = VR 
Area of S, = R’ 
RR 
Sum of areas of squares 2R? + R? scree ae a ww = R? 
1 1 1 
2+—+—4+-—4....]=R* (2+ 2) =4R’ 
2 4 8 
Sum of areas of all circles 
2 2 2 
Sieg 
2 4 8 
2 
= oa (erer a ie FE ne 
2°48 il 
2 


Let us consider all the summands of f(x) as discrete terms. 


g(x) = x" 
h(x) = (cot x)*™ 
i(x) = (sec x)*** 


11. 


joy = A) ee) 


lim g(x) = lim x* =1 

x0" x20" 

im{ ES *) 
Xx 


. tanx 
= lim 


ee 


limi(x) = lim(s 
lim i(x) lim ( eve 


k — (sec xy 
log k = cosec x . log (sec ) x 


Applying L.H. Rule, we get lim énk = lim 


> lim i(x)=e°=1 


h (x) = (cot x)" 
nh (x) =sinx . €n (cot x ) 


£n(cot 
lim(£nh(x)) = fine ee) 
x0 x70 cosecx 
Applying L.H. Rule, we get lim fnh(x)=> 
= lim ——* = 0 
x9 cos’ x 


=> lim h@)=e=1 


tan x 
=0 


x>0 COSx 


lim 
x>9 cot x.cosec x 


Hence, lim f(x)=1-1+1 ae 
x07! 2 2 
(i) ean 
x1 ]+lnx-x 
(enx +1)x* —1 
Hence Applying L.H. rule, we get lim SEER cee 
x= Sie, 1 
x 
Again applying L.H. rule, we get 
ae + nx (nx +1)x* +(enx+1)x* 
O_o) 
x1 alt 
x? 
(l+x)* -e+— 
(ii) lim 2 


x70 x? 


The original limit is 0/0 format. L.H. rule applying 


1 
al xe 
(1+ x)* -e+— 
twice, we get lim ———* = 
x0 x 


(iii) lim 


x0 


Me 
24 


cosec’x.tan x 


12. 


13. 


The Limit of aFunction < 
. fe-l+énQl-x 
which can be written as lim [oat 
x0 tan x — x 
geten] feb 
By L.H. rule lim] —1=*——|= lim] —-* 
x0 sec’ x —1 x0] sec’ x—1 
P 1 
e ean 
= Tim — d-xy 
x30] 2sec x.sec x.tan x 


Applying L.H. rule again a putting limit x > 0 


a2... 4 
4 2 
; Sec 1X 
(iv) lim| ——— 
x95 tan 37x 
. Peeeereestel, <. secmx(4cos’ x - 3cos mx] 
= lim) ———— | = hm] ———____ 
195 sin 37x Big sin 37x 
— =) — 
(=]) 
1 i £ 9x 
. | 2% 43° 4......410° 
lim 
xX 9 
er 1 
i # LP fgg] 2443 A10* | (9 
2* +3% +....+10* ia 
= lim| 1+} —————————_ [- 1 =e : 
x30 9 
(2''43"*+....+410"*-9) ' 
lim SF lim [2'/*.1n2+3!7 In xt... 10" n4] 
Sec l/x =e" 
= gin2+in3+..+lnl0 _ paGee Ay) =(10)! 
2 
x t 
dt 
1 t? o +44 
(a) lim — | F Ja lim l at 
x30 x? 40 t +] x30 x 
x? 
; 4 1 
= lim | +1 = lim = — 
x30! 3x x0 3(x +1) 3 
x i 1 
| (cost)? dt (cos x) 
(b) lim}? = lim 
x70 x x30 1 
a2 lim ~ ign B 
= lim(1+(cos.x -1))* =e? © = er 2x = g 2 
x0 
sin? x 
I, Vt dt . |sinx|.sin2x |. |sinx|.sin2x 
(c) lim ——_.—— = ling A = Li ms 
x70 3x x30 Ox x0 


—x.2x 
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= 


(.. x 0° as Vis there ) 


14. Clearly P, >0asx>0VneEN; 


a ; 
lim— = lim P' (x) = lim(a*" ~1) 
x70 x x0 x0 


=lim(Ina)a’™ (P_,(@x))' and so an 


= limIn(a).a*" In(a).*..,..In(a).a® Ina.a*P (0) 


=(Ina)" Jim“ (a’ —1)=(Ina)’ Jim(a*) = (Ina)" 


x0 dx 
is, Sine 
r 
=> —=rsing 
J ; 
/ 
A ES 
vo 
=> a=2rsin8 ..(1) 
Also, cos @ =— 
r 
— CD=rcos@ ...(2) 
Area of A ABC -+ (a) (CD) =~ (2r sin 8) (r cos 8) 
a r. sin 20 
2 


2 
Area of poygon =" sin 
n 


2 2 
. . nv’, 2rn _ nv. (2n 
Area of circle Te a im sin{ > ) 


n—>00 n noo 2 n 
(= 
a n 
— lim} —-~—+ 
2 n> 1 
n 
Multiplying and dividing by 22, we get 


16. lim }0e”’ .cos(rz) 
n—0 = 


n 
= lim ))(-1)’e” = | -e7 +e7—e% 4+ | 
a r=l 


Z -e° on He 
~|14(e7) | (e? +1) 


| by Poe 


— > 


Y Uy 


Q= l(PR) _PQ 
radius 1 
POQ=98 ...(1) 


Also coordinates of R are (cos@, sin®) 


OM = cos@, RM = sin@ 
MP = 1 — cos@ and TM = PT — (MP) 
TM = PT — (1 — cos®) nal2) 
Now in similarA’s TRM and TQP, a = ane 
QP TP 
sin@  PT-—(1—-cos@) 
7] TP 
TP sin 8 = TP. 8 — @(1 — cos@) 
_ A(1—cos@) 
(6 -sin@) 
Now limTP =lim Ares) |i 1+ 0@sin@-—cos@é 
RP a0 (@-sin@) 9° (1-—cos@) 
= fim 20089 + sin 9 + sin 8 =tim( 0 2 = 
6-0 sin@ 6>0\ tan@ 


1. (b) 


TEXTUAL EXERCISE—4: (OBJECTIVE) 
se pe 
(°F -0°F] 
in —-—_—_+> 


ea (aac 


which can be written as. lim 


X00 x 


x" 
Consider lim — = 
x00 e 


lim} ———_,—___—____,—_- 
scsi’ 2 3 n n+l 


xX XxX 
1+x+—+—+....+— + see 
2! (n+1)! 


Tes 


Let x" /e“=y 


. (a 


New’ 


. (a) 


lim ——~_~ = £n (2/3) 
y 


y0 


lim [+-#m{1+2)| = lim| x- x? {In(x+1)-Inx} | 


xO 


= lim| x+Inx—x” In(1+ x) | 


Let us assume tn + ) =y 
x 


I++ =e > 2-8-1 
x Bs 
1 
e -] 
1 1 1 1 
= lim| x —x?| —- ——- + —~-— 
in| ( 2x” 3x” 4x" } 
1 1 1 | 
Sli) cS eS 
x00 2 3% <4x 2 
lim [(° + 7x* + 2)° — x] = finite, for the limit to finitely 


exist lim (1 +243) — | 
x70 x x 


xe =x = 5c=1 
1 
Cc _— 
5 
Limit = 7 git 
tan x sin x an" sin x = 
; a —-a ’ a 
lima —————_- = linn ——~—————=> 


x>-Otanx—sinx <*>° tanx-—sinx 


a? ia nd 1) 
= lim 


x0 (tan x—sinx) 


= tna 


(cos x — 1)(cosx ~ e”) 


. (c) lim 
x0 x" 
nein? 2(_* —*_* 4X _* 
2\ 2! It 2! 4! 3! 
= lim - 
x0 x 
x ae 
. 2 — = eae 

-| (in Ale 3 | 

~ an x x"? 
> n-2= = n=3 

sin(nx)| (a—n)nx —tanx 

in( Sorel) a; n>o 

x0 x 
aa i (AV (a—m ms 

x0 nx 
=> (a-n)n=1 > a-n=-— 

n 
1 n+l 
> a=nt—= 
n n 


7. (d) | 


The Limit of aFunction < 1.171 


. x-2 
be en -1) 
ors 


x92 én(x—1) x2 Jc) ee 


Clearly as x > 2 
=> e’-150 


x-2 
Hence the limit reduces to lim a =] 
x= xX — 


co NS -(-lly 


PAHS 


= CO eA tim Gel 
POA a no | 9 ; 
_l 
2 
9. (a) gD ee) 
— P+2?+....+0 


A(R 42? 4...4n?)-1.2? -2.3°-3.4..-(2-D? 
= kim AAA? YTOvs*#$#$ 


me E + 2] 
2 


n(n DQn+D _ FG gy 


at 6 
ee w(n+1) 


4 


ear 
LW Le 
AFA Sr 4 -(r ly 


00 2 
ni A{1+2| 
4 n 


= lim 


x00 4 2 
cco 
4 n 


(14)(2+4)- te) neta) 
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10. (a) /=lim 


11. 


12. 


= lim 


x00 


= 


In(x* +e") ee 1 


= In(x* +e”) (x? 46") (4x° + 2e**) 


+2 


2+2x+sin2x 


in| BEBE lim| -~—__» — 
x>0| (2x +sin2x)e x00 [24 


which oscillates between 1/e ande 
limit does not exists. 


(a), (b), (d) 


(a) 


(b) 


(c) 


Let us obtain the limits first 


lim] x* sin —= |= lim| x *——-_ |= 0 
i) 


x00 x 


Hence limit vanishes. 

_ (l-sinx 

lim (1 — sin x).tan x = i) 
dd cotx 


x 


ca 
xO 
2 2 


By L.H rule = lim ——— =0 
x9 —COSEC x 


Hence limit vanishes. 


_ | sin2x—2sinx 
lim SSS 
x0 x 


(2x+ e*)( x" + e*) 


13. 


14. 


15. 


16. 


(a) 


(a) 


(a) 


= lim 


. | 2cos2x—2cosx 
By L.H. rule = lim os 
x70 3x 


. —8cos2x+2cosx 
= him—__ 
x30 6 


x30 


|—Asntet ene 
in| —— 
6x 
Soe. 
6 


It does not vanishes 


_ { cosx—-l . { -sinx 
lim : = lim = 0 
x70 sin x x>0\ COSX 


Hence limit vanishes. 


—| 


as 


lim(cos ax 
x30 


Nema 


The limit can be written as lim(1 +cosax—l 
x= 


sin ax 
-—a——.ax 
; lim |} ———_2____ 
cos ax—1 —a.sin ax par) sinbx 
50 ae By lS i icnacie ame a ae 
— e — e~ SIN OX.COS 0X.0 — e 
a 


yp? 
e 26 


x . x 
re (cosa) —(sina) =sete ia X 
x—4 x-—4 


Consider g(x) = (cos a) — (sin a)* — cos 2a 

lim (g(x)) = (cos? a + sin? a) (cos? a — sin? a) — cos 2a 
= cos 2a (cos* a + sin? a—1)=0 

Hence the original limit is of the Bar 


By L.H. rule, we get lim [(cos a}. £n (cos a) — (sin ay . 
£n (sin a)] 
= [(cos a)* €n (cos x) — sin’ a £n (sin a)] 


3 3 im{ 2822-1 
. ws 2 2 x30 2 

lim(cos2x)? = lim(1+(cos2x-1))# =e" * 

x0 x0 


; ; .__(sin3x a 
lim (x? sin 3x + ax? + b)= im ae +] 
x0 x0 x x 


3 


x0 x 


[snaergche 


2 
By L.H rule, we get in( Seto + oe) 


3x? 
For limit to exist, a = —3 
—9sin3x+ =) 


By L.H rule again, we get im 
x0 6x 


= lim 


ee cos3x + =) piven) 


—27+ 6b =0 
27 9 


=> b=—=— 


6 2 


17. (d) fix) 


1—sin2x 


Eo (cos x + sinx) | 


avi -2vo( SR + SHE) 
im f(x) = lim = 8 


"4 mr 1-cos{ 5-2] 
ps 


=] 


lI 
re 
(xB 


Let ar =y>0 


Hence the limit becomes lim 


a aI 


Pon sin’ y 
2 . 
Reng tie woe nee 
3 yon 2sin y.cos y 
2 


18. (c) AD=h; BC=2BD; AD=h; OD=h-—r 


BC = 27? -(h—r) =2V2hr—f? ; AB? = WP + BD? = 
W+r—-(h—-ry =zhr 
=> AB= V2hr 
=> p=2AB+BC =22hr +2V2hr—h 
A 


Also, A = area of AABC = BD x AD= hV2hr —h’ 


A hv 2hr —h? V2r—h 


> ==—_—_,,—__ = 


Pp 8(/2r—h+2r) 4” 8(/2r—h + V2r) 
A J2r l 


lim —— 
h>0 p 8x(2/2r ] 128r 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


1. (i) x°y? +2xy’ —4x° +10=0 


Horizontal Asymptote-: 
Put coefficient of highest power of x = 0O in 
x’ (y? —4) + 2xy’ +10=0 


2. 


The Limit of aFunction < 1.173 
> y-4=0 > y= 
Vertical Asymptote-: 
Put coefficient of highest power of y = O in 


2xy +x7y’ —4x° +10=0 
=> 2x=0 > x=0 
(ii) 2x? y—3xy’ +10x* —Sy =0 
Horizontal Asymptote-: 
x’ (2y +10) —3xy* —Sy =0 
=> 2y+10=0 => y=-5 
Vertical Asymptote-: —3xy” + (2x* — 5)y + 10x? =0 
=> x=0 is the vertical asymptote 
(iii) xy? — yx’ +4=0 
Horizontal Asymptote-: y’ =0 
=> y=0 1s the horizontal asymptote. 
Vertical asymptote-: x* = 0 
=> x=Ois the vertical asymptote 
(iv) x*y? 
Horizontal Asymptote-: 
Coefficient of highest power of x is given by 


x(y? -9)- xy? +8y’ =0 


—x’y'—9x* +8y’ =0 


> y-9=0 
=> y=+3; gives the two horizontal asymptote to the curve 


Vertical Asymptote-: 
Coefficient of highest power of y is given by-: 


y (-x*? +8)+ yx? -9x* =0 
=> x -8=0 
=> x=2is the vertical asymptote 


Asymptote: A straight line at a finite distance from origin 
which tends to meet the curve at infinity 


1 
fa). y= 
- l 
Horizontal asymptote y = lim (+ =0 4:6. y=0 
x20 xX 


Similarly vertical asymptote is x = im{ =(Qi.e.,x =0 
yo 


5 y 
re 
4x—5 
(b) y= =—4 
3x+2 2 
— 5 
x yes 
Horizontal asymptote-: y = lim x) —— 
x0 2 3 
3+— 
x 
1.€ = 
4x-5 _ : 
Now y= aa 
3x+2 


=> y(3x)+2y-4x+5=0 
x(3y-4)+2y+5=0 
Se 

3y—-4 


y 
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= Vertical asymptote is, x = lim [ Je , 


yro\ 3y-4 
9? : 
=> lim a ee 
yw 3_4 3 
y 
—> x=-— 1s the vertical asymptote. 
2x+3 
(c) y= 
x° -2x-3 
i22 
ee x 
j- 2-3 
x x 243 
=> Horizontal asymptote is y =lim ; x alt 2 
x 


=> y=2 is the horizontal asymptote. 
Vertical Asymptote is given by x = lim(x) 
yon 
Now, y > © 
=> »-2x-3- 50 
=> (x-3)@~@+1)50 
=> x--lor3 
x =—1 and x = 3 are two vertical asymptotes. 


(d) y=Vx4+1-Vx 
On rationalizing y= 


1 
= = ——__———— 
4 Vx + x+1 


=> y=0 1s the horizontal asymptote 


x+l—-x 


Vertical Asymptote-: y= 


Clearly y > 
—> Jx+Jx+1— 0 which is impossible 
=> Curve has no vertical asymptote. 
x? —5x+6 (x-2)(x-3 
fe) ye ESE#S _ (22-3) 
x-3 (x —3) 
=> y=(x*-2);x#3 
Since the coefficient of highest power of x and y are both 


constants. 
Hence the curve has no horizontal and vertical asymptotes. 


x’ -x+] 
© xe 4x4] 
eae 
=. ye 7 7: Now as x > 
ise a 
ae 
> yo!l 


y = 1 1s the horizontal asymptote. 
No vertical asymptote is there as (coefficient of y) = 0 
=> x*+x+1=0 which has no real solution. 


(g) 


y 


2X 
y oat or x*y — 2x + y=O0or(x’+1)y-—2x=0 
y =01s horizontal asymptote and vertical asymptote 


are given by x7 + 1=0. 
No vertical asymptote (as x* +1=0 has no solution) 


y = 0 (x-axis) is the horizontal asymptote 


Now y= 
? x-5 


pees 


y 

ie 
lim (2 + | =5 
yon y 
x =5 is the vertical asymptote 
ye 

i 

lim G | =I 
y =1 1s the horizontal asymptote. 


ree 
x 


ach. 
Iny 


lim () = 0 
yoo Iny 


x = 0 is the vertical asymptote 


Xx 


l 
| ile a 
x =i 
x 
x’ -1-yx=0 


x=Qis the vertical asymptote and no_ horizontal 
asymptote. 


1 
Now, y=x-— 
x 


Oblique asymptote are given by y = mx + c; where 


yr 
ea im{ y—» 5 | = im( -2 5 =0 
XO x x—00 x x 
Ys yoo 
=>: ¢c=0 


=> y=xis the oblique asymptote 


.@ xrytu’=a 
Horizontal Asymptote-: y =0 
Vertical Asymptote-: x =0 
Oblique Asymptote-: x*y+xy* =a’ 
xry+xy’-a=0 
b, (% y) = xy + xy 
m+m—a=0 
o, (x, y) = 0, 0, (x, y) = 0, d, (x, y) =-a@ 
Now, 6, (m) =m + m= 0 
=> m=Oorm=-1 
ch’, (m) + o,(m) = 0 
=> c(1+2m)=0 
For m= 0, c= 0 and form=—-1, c=0 
= yz=--x 1s the oblique asymptote. 


YUUY 


(ii) y° =x°(x-a) 
=> y=x-xa ory—x+xa=0 


There are no horizontal and no vertical asymptotes. 


=> 3y? D 3x? — 2x0 
dx 
2 
hy dy _ 3x mane 
dx 3y 


= é,(xy)=y—-x° 
= d(x, y) = xa 9 0, (x, vy) =0 


=> 6, (m)=m’ — 1, >, (m)=ma, 6, (m)=0 
Slopes of asymptote are given by 6, (m) = 0 

=> m=1andcd’, (m) + o,(m) =0 

=> c(3m’)+ ma=0 

=> 3c+a=0form=1 

= —a 


c=— 
3 


a. 
y=mx+c=x — is the oblique asymptote. 


. wi y" — 6x’ y? + 2x4 —3x' y+ 2x*y +8y° 
—9x? + 7xy +8x+1=0 
Coefficient of highest power of x i.e., x* = constant 
= No horizontal asymptote. 
Coefficient of highest power of y 1.e., y* = constant 
=> No Vertical Asymptote. 
Now, ¢,(x,y) = y* —6x’y? + 2x* -3x°y 


d(x, y) =8y? + 2x’y, 


=> 


The Limit of aFunction < 1.175 


d(x, ¥) = 9x" + Try, 
A(x, y) = 8x, 

A(x y)=1, 

Put x=1 & y=m 

¢,(m) = m* - 6m? +2-—3m=0 


For m=-1, 1-64+2+3=0 


= 


=> 
=> 
=> 
=> 
=> 


y 


=> 


, (m) = 0 
(m+ 1) (m3 - m’? -5m+2)=0 
Also m = —2 
—§-—4+104+2=0 
(m+ 1) (m+ 2)/(m* — 3m+1)=0 
34/5 
2 
ch’, (m) + o,(m) = 0 
c.[4m? — 6m — 3] + (8m? + 2m) = 0 
_ -(8m* +2m) 
(4m° —6m 3) 
For m =—1, c= 10, for m = —2, c = —68/23 
Oblique asymptotes are given by y = —x + 10, y= —2x 


+ 
= andy-(225 Jove 


2 


m= -—1, -2, 


—(8m? +2m) 34/5 
where c = —~.———_; m= 
(4m —6m -3) 2 


(ii) y’ —x°+2y—5x=0 


YUU y | 


There are no horizontal or vertical asymptotes. 
Oblique asymptotes-: ¢,(x,y)=y —x°, o,(x, y) =0 


Putting x=l1&y=m 


¢,(m) =m -1 

m=1 “.  c9',(m)+¢,(m) =0 
3cm> =0 

c=0 


y =x 1s an oblique asymptote. 


(iii) y?x? — 4x7? y + 8xy* —8xy + 2x+ y=0 


y 


Horizontal asymptote-: 

y —4y=0 

y(y-4)=0 

y =0,y =4 are horizontal asymptote 
Vertical asymptote-: 

x’ +8x=0 

x(x +8)=0 

x =0,x =-—8 are vertical asymptotes 
Oblique Asymptote-: 

B(x, y) = x°y” 


0,(x,y) =—4x’y + 8xy" 
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=> $,(%,y)=—8xy 
O(x,y)=2x+y 
=> (x, y)=0 
Putting x=1 and y=™m in o,(x, y), we get 0, (m) =m’, 
, (m) = —4m + 8m? 
. m’ =0 
—> m=O which gives us horizontal asymptotes 


i.e., horizontal asymptote are the only oblique asymp- 
tote. 
(iv) x° + y’ —3axy =0 


There are no horizontal or vertical asymptotes. 
¢,(m)=1+m° 


g,(m) =—3am 
> m=-l 
cp',m+¢,(m)=0 
=> c(3m’)-—3am=0 
> c=-a 
The only asymptote is y+ x+a=0 
. (fi) vy =x + 4x 


=> y -#(1+4) 


y=x+2 is the oblique asymptote for the curve 


1 
(ii) yo =x? +- 
x 


=> yer(1+) 
x 
1 
12 
=> yax{1+5) 
x 
1(_1\(1) 
=> =x 1+5()e ees 
- 2\x° 


=> y=x is the oblique asymptote. 


(iii) y = Ppa as. 
x. D&S 
=> y=2x+5is the oblique asymptote. 


(iv) y? =x? +8x* 


= y -«(144) 


10. 


8. 
> y=xt . is the oblique asymptote 


y =x +2x* 


= -(1+2] 


: Gels 
& 2 
= yoX ps — 4 ne 1) Sey., 
x 5 \x 2! 
or Se Oe 
UG. Faye 
Asymptote = ihe and Reco 
- ae 25 


Curve lies above the asymptote if x <0 as in this case 


x and A will have the same signs. 
Similarly (i) if x >0, then A and x will have opposite 
signs 

=> curve will lies below the asymptote. 


1 
yH=xt— 
x 


Clearly, y= x is the asymptote, for the curve A = 1 
x>0 


=> 
=> Aand x have the same signs 
= curve lies above the asymptote 
=> x<0 

=> 


curve lies below the asymptote. 
Vertical Asymptote x* —4=0 
=> x=2 and x=-2 are vertical asymptote and y = 01s 


the only horizontal asymptote 


4 
A 
| horizontal 
\asymptots 
—2| | i Xx 
ag iO |2 
vertical 
I | lasymptots 


The logarithmic function will have a vertical asymptote at 
2x+8=0 


=. 24-3 =0 


=> x=-4, there is no horizontal asymptote for the curve. 


P< 


TEXTUAL EXERCISE-5 : (OBJECTIVE) 


1. (c) x’ —2xy+ yx’ =0 
which can be written as-: x*(1+ y)-2xy =0 
y =-1 is the horizontal asymptote. 
2. (c) yx —2xy’? +8y’+7y=0 
=> y(8-2x)+7y+ yx’ =0 
=> x=4 is the vertical asymptote. 
3. (a), (b) yx’ —2xy? +8y°+7y=0 
d(x, y) =x" y —2xy’ 


d(x, y) = 8y" 

& (x,y) =7y 

Putx=ly=m 
=> ¢(m)=m-2m’, 

g,(m) = 8m’, 

¢(m) = 7m , 

d;(m) = 0 


=> m(1—2m)=0 


=> m=0,m=— 
Z 


cp';(m) + g,(m) =0 
c(1— 4m) + 8m’ =0 
c—4mc+8m’ =0 


c= 0 for m=0 and c = 2 for m= 


y =0 and yazt2 


4. (b) pees 4 e. 
xX xX 


=> y=2x+5is the oblique asymptote. 


= 
x? 


5. (b) ee eae 
x 
Asymptote 2x-4 
— A==2 
The curve lies below the asymptote if x > 0 
6. (a), (b), (c), (d) 
3x 


x 40 


(a) y= 


10. 


11. 


- (c), (d) 


The Limit of aFunction < 1.177 


9x? 


2 
yr eh 


This clearly has 2 horizontal asymptote y =3,y=-3 


x 
(b) y eeEls 
x+2 
2 
= = —— which has two horizontal asymptotes, 
x°+4+4x 
yaa) 


(c) y=tan'(3x+4) has two horizontal asymptotes y = + 


m/2 
(d) y=cot™'(2x-1) has two horizontal asymptote y = 0 


andy=nm 


) limy=li pi -4l 
a Imy = lm 
( x2 y x2 (x-2) 


> lim DDE +21 and fn DE +21 él 
x92 (x-2) x92" (x—2) 


4 


_ x* —5x+6 
ar =) 

=> x=2 1s not a vertical asymptote 
(c) y(x-2)=x*+1 


= hasa vertical asymptote x =2 


= x —3 has no asymptote at x =2 


(a) limy= lim COSe*D _ 4 
x—>2 x2 (x- 2) 


=> x=2 isa vertical asymptote 


- (a), (d) 


xy =c’, clearly x =0,y=0 are the asymptote this is basi- 


cally a rectangular hyperbola. 


- (a), (b) 


x = = fie 
> db, (x,y) =x" —y?3¢,(m)=1-m’. 
Thus ,(m) = 0 

=> m=+1 and co’,(m) + >,(m) = 0 
=> c(-2m)=0 

=> ¢=0 

> y=x,y=-x are the asymptotes. 
(a), (d) 1 


Consider y=e* 
lim(y) = im >] 
= y=1is horizontal asymptote and x = —— 
y 
lim(x) = lim (4) »0 
yon yoo In y 
=> x= 0 is the vertical asymptote 


(b), (c), (d) 


(a) ~: An algebraic curve of degree ‘n’ can have maximum 


n-asymptote, but a function can’t have more then two 
horizontal asymptotes. 
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= option (a) has true statement 
ption (a) __| (cosx—cosa)sinx.sina 
p(x) = hm) -——_—__ 
b _ ° ° 
(6) y=—— x>4a! COSX.SsIN a — SIN xX.cosa 
x-2 
Since p(x) is a function of x. eae COS X.SiN x.SiIn a — Sin x.sIna.cosa 
Hence it not necessary that 1s a vertical asymp- xa sin(a = x) 


tote. e.g., if P(x) = (’ — 3x + 2), then This is 0/0 format. 


P(x) _ kim (x-2)(x-1) a Hence by L.H rule, we get 


lim = 
2 (4-2) GO) (X—2) 1. | 2.sina.cos2x — cos x.sin 2a 
; =) SAA 
=> x=2 1s nota vertical asymptote 2 x34 —cos(a = x) 
(c) False I 
e.g., F(x) = x° —9x” +15x +30 has no vertical asymptote. 4 (2 cos 2a .sin a — cos a.sin 2a) 
(d) False 


; 
— (cos a.sin 2a — 2 cos 2a.sin a) 
e.g., y= x has no asymptote. 2 


a [2 sin a.cos* a — 2 (cos*a — sin’a) sin a] 


SECTION-III: (ONLY ONE ANSWER CORRECT) 


= = (Qsin?a)=sin’ a 


1 (c) im( SE) . (e* a 1) 
xaI\ [x] 4. (c) lim =8 
y x0 x? ’ 1 x? 
A sin eo AN + > 
‘| (e*-1) J 
| e —! 
a : 
7.25, => lim — 7. =8 
gin =| el tae 
| x k? 21% 
‘ : k? x? 7 x? 7 2 
et i es ta (=a) —. _. 
xl [x] x31 9) k 2 
= L.H.L does not exist. 
RHL=lim seed =sin 1 i 
xo} [x e —] 
= L.H.L does not exist, R.H.L = sin 1 . x | 
=> km) ————_ 18 
x0 x? x? 
ae Gay tit 1-2+3-4+4....4-2n sin a ln Ve 
nol te 1 + fan? 1 3 ze 
ll te al 
, (1+3+5 oe + 2n-1)—2(1+2+....47) k? ) 
— 1 Seen eee. 
ne Vn? +1 +V4n? -1 > 2h =8 => k=2ork=-2 


pg a) 5. (a) lim ie 


is (tan (sin h)) 


2 
n fit f4-4 eee 
n n Dividing numerator as well as denominator by sin’ A, 


age -1) 


= lim aa —— we get lim Sint =1 
no > = . 
es Fale ol. 5 tan“' (sinh) 
n° n sinh 
fo2 |5COSX COS |! 4. COPA COS 6 lim (1—a*) sin -0< lal <1 but (1 — a’) € 
a OD cess = cose | ne cosx cosa - (a) lim ( ) 1-a‘)’ , lal ut (1 — a’) 


sinx sina (0, 1) 


> 


7. (b) 


8. (c) 


9. (b) 


10. (b) 


lim (1 = a‘) = 


XH 


Given limit = lim (1 = a‘) sin 
x7 


(-a') 


= 0. (Finite oscillating quantity) = 0 


tented “eee 


x'° +10'° 


Th | A Ne 


x70 
This can also be written as 


x! 4 
z 
10 
x [ + mad 
x 


lim 


XD 


i xtxr tet xn 
lim| ———— 
x71 y= | 


This achieves a 0/0 format. 


[teeteet 


+ nx"! 


Hence by L.H rule, we get lim 


This tends to a 0/0 format. 


P — — 
Hence by L.H rule, we get lim (pthxt- pal 
x1 2(x -1) 
p-l 
Applying L.H rule again, we get lim pend) 
_ P(p+) 
2 


igh ax 4+3.3/x 45 .2fx 
se ol 
wT | f3x-2 +(2x-3)3 
1 I u 

2x? +3 x3 45.x5 
= Lm) ———_— 


i (3x-2)' +(2x- 3)’ 


1 
Taking (x)? common from numerator as well as 


denominator 


The Limit of aFunction < 1.179 
1 i me 
x a3. 645 x i] 
X¥—>0 1 Fall * z! 
x? [3-2] (2-2) x * 
x x 
mS 3 
(243 a oe J 
=a i 2 T 
(3-ZF + (2-3) 
x x 
Upon putting the limit, we get see 
V3 
11. (a) lim (cos x + a sin bx)!” 
This can be written as lim (1 + cos x + asin bx — 1)!" 
Comparing it with the standard format, we get 
1 
lim(1+ f(x))g@ 
lim( I( )) im( S*tasin et) 
Hence the limit becomes e*” - 
= aa = eat 
i 
12. (d) lim ar +1)(r+2)(r +3) —n 
r=0 
y 
nee 4 
= lim| { {(n+1)(n+2)(n+3)(n+4)}” -n| 
N% 
- ae -r 
no n Hl 
vA 
+2 (14 (eZee —1 
n n 
lim 1 
n 
{(1 + x)(1+2x)(1+3x)(1+ {+ x) + 2x14 3x) +4x)}" -1 
= lim x 
_ ymn| Lit 10x + 35x? + 50x? + 24% 4-1] 10 5 
x90 x 4 2 


(By L.H. Rule) 


13. (c) aisaroot of x? +ax+1=0 
> wvt+aat+l1=0 ...(i) 
ea) 
=> lm) —-—————— 
ax-l 


(x +ax4+1l)  (ax-1) 


pat 


ao cial) 
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14. 


15. 


16. 


2 (2.+}+— 25 G0 NO. GeneG) 


a a a’ a 
(a) 2+ f@SO) =f) +fO) +f OY) sy > x 
=> 24+[f@)] =2f(2)+f() 
Put x = 1; 
> 2+(f) =3/0) 
=> (f()) -3f()+2=0 
=> (f@-1(/)-2)=0 
=> f()=lor f(1)=2, Replacing y by . 


= = 
X X 


=> 2+ Fo = rer+s{ }-ro 


=> 2+ soo = reo+4( )+r0 


i i 
Xx Xx 
If f()=2 


=> f(xt (2) = r.s(4) 
=> f(x)=l+£x’ but f(2)=5 
=> 1402)" 
=> n=2and f(x)=14+x7 
If f()=1, then 2+ f(x)(l)= f(x) 414 F(X) 
=> f(x)=1VxeER 
But f(2)=5 
=> fidezl 
 f(x);1+ x? which is a continuous function 
> lim f(x) = f(2)=5 


3 sin (= + | — cos (= + h) 
(dq) im 22>—@— H+ 
ee 3 n(J/3 cosh-— sin h| 


which can be written as 


4 Ssin( | -je0s{ 2 + | 
: 2 6 e) 6 
1 eee SS SSS 


m 
h-0 
{5 om h- sin 


(b) lim(a" +e’): =a;a>0 


a =lim(a* + e*)'” 
x2 


17. (c) 


18. (d) 


19. fn = Hse 


=> 


=> 
=> 
=> 
=> 


tna = Vin wet tt 2) 


x70 xX 


This gives as 0/oo format. 


Hence by L.H. rule, we get lim éna -| ae 
x—p00 a*+e 


which is same as lim (eres ae ee 
n—o00 


= lim} es" .a ? = lim} e”*' .a 
no n—->oO 
2 
yy 2 
2 n 
| we dey] ft ty it 
= lime " a‘ ”’ |= lm| e*.a* |= e*.a‘* 
n—>co no 


oe sin* x — sin* 2x — sin’ 3x 


= lim a 
rot c(a’? + QA +b”) 


| sin’ x —sin* 2x — sin? 3x 


= lim § -——_———_—_ 
(c)(a"? + qi? +513 +5") 


a 
xO 
2 


1 1 
= im an +03 4b 4b = 3(2)" 


f(n) 
1 (f(n))y +9 
2 f(n) 


2,fin) fin + 1) = [P+ 9 
9 = 2fn + 1),fln) — FDP 
9 = fin) [2fin + 1) —fin)] 

ee. <ceee 
Gai 
Let lim fny=L 


fn +1) = 


By equation (i), we get L = 
y eq (7), we g on 


a tnat+e 


(sin* x+cos’? x+sin’ 3x)3 (cos? x+sin* 2x +2sin’ 3x)? 


sin’ x — sin* 2x — sin? 3x 


(i) 


=> [L=9 
=> L=3 or—3 but since f(n) > 0 
=>: L=3 
, ; ane 3 
Eo Br 4! 
20. (b) lim a sie ~ | =1im 
x>0| x” —sin” x x0 , 2; xt 
So Bn at 
i.e we ‘ 
ac + 
2! 3! 4! 
= lim 


= Degree of numerator = 2n and degree of denominator = 


“UY 


21. (b) lim—@_ —_H—_ 
x0 x*(e* -1-2x*) 
Let x*=y 
x >0 
> y0 
: = 5 
Si sa APA 
yor) y(e”” -1-2y) 
3 2 4 
ae me een pee ee ae 5 
| y ant SI | if a al w]e 
= lim 
y0 4y? 8y° 
a | 
1 1 3 1 1 > 
Sy | LS 
: ( 5) ( 120 a) (6-2) 1 
= lim = x— 
y0 ( 12 2 
y | 2+—yr.... 


22. (a), (b) rc 


(n+ 1) 

For limit to be come finite 22 >n + 1 
n=l 

But for n = 1; given limit 


x x 
. x| x -—+— .... 
: xsin x . 2! 3! 
= lim = liim—___—— 


x0\ x—sinx 


x0 ( iT xX 
x | —-—— +... 
2! 3! 
But limit will be come zero if 2n >n+ 1 
n> 
n>=2 
Least value of m = 2 for which given limit t = 0 


sin x’ — x*.cosx* + x7 


sin x 
x 


sin x 
0< 


23. (b) 


24. (b) 


25. (b) 


26. (d) 


The Limit of aFunction < 


Further im saat! 


x—0 . 4 


By L.H rule, we get lim ((m) cos x) = m (assuming m 


msin x 
> Q) and 


€(0,m) 


x 
: sinx 

lim| m =m-—| 
x0 x 


Also for m < 0, baa (m,0) 
% 


sinx | 

lim| m. =m 

x0 x 

x? . | x? cosx 
x>0! sinxtanx x>0| sin’ x 

x’c 
Clearly —,—~lasx 0 
sin” x 3 
Also for x + 0,—,— >1 
sin” x 
; l 

Which can be written as lim| —————————~ | = 0 


x0! f sinx (a2 
x x 
eix a ef) 
lim | ———————_ 
x0] tanx— g(x) 
ey eianx—a(x) _ 1) 

which can be written as lim} ———-———————— 

x> 


0 (tan x- g(x)) 
Given f(x) = [a : and g(x) = fifl)) 
CX 


_ wxrabschxtbd 

caxt+cd+dcex+d’ 
Let us consider the limit lim( 2( x))= bate (a+d) 
a0 d(c+d) 


Given a =-d 
lim[ g(x)]=0 
e | eianx—a(x) _ 1) 
Hence the original limit { =] 
x0 tan x — g(x) 
[_(# +24)(? -1) 


lim : 
x +1 


x->-1 


By Leibinitiz formula and L.H rule, we get 


im jae =o 


x—>-1 3x? 


f — énx+ f+ =e 2009(42)| =1 
in| ee 


x1 x-l1 


The format goes to 0/0. 


ja a conde 
Hence by L.H rule, we get lim a 


1 


=—]1-—2cos4 


1.181 
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27. (b) lim | 
x90 Vx+sin’ x 


28. (b) 


29. 


30. 


31. 


32. 


33. 


which is same as_~ evaluating, we _ get 
1 
; sinx + xcosx ) |? 
lim| | —————— || = 0 
x70 1+sin2x 
1 1 
2 5 3 3 
Silene bes Oe iro 
(+) -(2 1) 


= ta + 1} - ie + 1) 


which is same as lim 


x0 Bu 1 
1 \4 | ai 
x} 1l+—] -x"| 14+ 4 


x 1 [ie 
2 l+x 3 + 2 

(a) lim ai = lim x" -(3) =0 

x70! Gy —] x00 4-1 4 

x? 
lim i) 
lim| sin“ moe 1s 

(b) im 1 + sin (2) | 3 =e () =€ 

nao n 

sin(e*? -1 x2 _ x2 

nae ( i im Sin(e** -1), (€*? —Dlx-2) 

x92 én(] +(x- 2)) x92 (e** -]) In(l + (x -2)) 

= (1)x(1)x (1) =1 
(c) lim (1 —x+[x-—1]+[1—- ]) 

L.H.L= lim (0—1+0)=-1 

xo 
R.H.L= lim (0+ 0-1)=-1 
xol* 

= Limit exists and equals —1 
(a) im (1-s)tan{ £2 -»)| 

x21 2 


tan G (2- ‘) 


which can be written as lim 
xl 


By L.H. rule, we get lim 


(1 ~x) (-1) 


a 
34. (a) fx) = 


35. (a) 


37. (c) 


which can be written as lim 


(1-x) a 
a cos’( ¥(2-x)] ( ) 


Applyin L.H l n, W t lim A) ) 
1 Tule a al e€ ge 


xl 
| em (Fe 
x1! sin{a+a—ax]} *>!| -—sinz(l- x) 
Multiplying and dividing the numerator by x, we get 
Zz 


2 
_ AS er) ee 
x°+x4+2 2 


x +5x4+3 
x4+x4+2 


aout 
x0] x" +x42 


oe: 
im{ 2 x | 
x>0\ logcosx 


This gives 0/0 format. Hence by L H rule, we get 


—2x 
2 
lim| 4=* = tin] | 
x0} =SINX x0) J—x° tanx 
COS X 
= (tim : = {im 
x20]-x x>0 tan x 
=2x1 
lim —2N2Y xy —(y-xy 


ts (8x9 — 4x? +(x) 


eee V2xy-x° 
ss x? (By- 4x+./8 y) 
= eee V2y-x 
°° 3 ( By —4x + By) 


= jim ——Y y2y—x a ee oe 
a ake (42y)  42y) 


ig 


Yt Dl rere ar +44 2 mes -1)-77] 


. a 
aaa 


2 1(@’4+r-l-(r’*-r-)) 
= 2 (r -r-l(r’ +r-)) 


The Limit of aFunction < 1.183 


= L=0 
1 l 
= y= | ee “4-1-4 Case (ii): If lt-a*|>1 
24S r?-r-1 r4tr-l 2 (n° +n-1) : 
3 => -a* oo asx—>oo 
= on —nt+i-1 *_n+1-1 I —n—n |. lim Yr = = os 
2 n +n- pw 4n-1 2 n+n-l ae =e _ A 
1+x )1-x 
3 an” 42. (c) im 
, —t 2x|>1 . 
38. (a) Here = an” 2x ere = 
tan“'(2x)|> > => l2x| > V3 This can be written as im 1 |" =(1)°=1 
3 2m 
2] 
EE 2x] > V3, (tan 2x] >I 43. (b) im sin* + cos) * 
; m m ae 
3 “15 _ x 3x oe 
=e tan 2x | —>oasn—> This can be written as lim| 1+] sin—+cos—-1 
a - 3x x0 m m 
sin—+cos—-l 
=> fim ———— "= 9 - re) ee 
[2 tan’) +5 =e By) 
1 _ 
2-bx 
=> f(x)=0 for |2x|>V3 44. (b) im sn(; 7 ) 
x—> — ax 


2 


sec ae 
Let k = lim in’( da 
x90 2—ax 


Taking £n both sides, ?nk 


39. (a 


we’ 


im) 0+ 1- |" nse) 


= lim| f (x) +In(e/™ -1)-Ine/ -In f(x) | 


= lim| In(e/ ™—)-Inf (x) | = lim| In geal = sec?" én in’( 7 
x->0 0 f(x) 2 —bx 2—-—ax 
=Oif f(x) >0asx > 0 ae ( “s 
‘hy Sin 
As f(x) is defined VxeR eee 2-—ax 
— f(x)iscontinious => f(0)=0 90 cos'{ I 
2 —bx 
sin I 2 
2 cos’ B L.Hrule, we get fnk = — 
Ab. © i ee a : b 
x>0 1+[cosx] *>°| 14[cosx] A 8 F 
lim [cos x] = 0 . Ate. ry Yn 
x90 45. (a) lim((1.5)"+({1+0.0001)]")" =lim(1.5)| 1+ Te 
l nwo no 2 
sin|— ae ih 
cos tim 
> lim = sin (1) = (1.5).e"” is) =(1.5)e""9" = (1.5)e" =(1.5) 


x0! 1+ [cosx] é 


(1+ as (1+ bx)» -1 


46. (a) lim 
x0 x 
41. (d) L=lim|1—a* |* sin 7 
= I—a@ | This is 0/0 format. ‘ ; 
b Applying L.H rule, we get Limit = Abit SL ol 
sin] ———— mn mi on 
t 7 a" 1 1 1 
This can be written as lim b 47. (a) limn’ ay «| stat Sa an “1 
-a‘] 
= 
Now the limit is governed by value of a. = ae pra] 
Case (i): 0< } - a‘ <1 nae 1 ear 
‘i +1) 


ll-a*| 0 as x > ooand sin 


~ €[-1,1] 


=(a)’.Ina. 


= (I)(n a)(1) = In(@) 


b 
I 
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SECTION-—IV: (MORE THAN ONE CORRECT ANSWER) 


1. (a), (b), (©) 


(a) 


(b) 


(c) 


lim on t) lim sin(tan ¢) x Gast 
>0s sint, >0~— stant sin t 
. 1 | sin(tant) 
= lim——] ———- | = (1)(1) = 1 
F230 I tant | OW) 
lim sin(cos x) = 
i» =COSX 
lim v1 t2 —NI =x aif l+x-l+x _2_) 
a x x0 x| VI+x +vi-x | 2 
2 
Him = tim =! 
x20 x x70 x 
L.H.L. =—-1, R.H.L. = 1 


limit does not exist. 


2. (a), (b), (c), (d) 


f= 2x—-3; -3<x<0 d 
= an 
4-x*: 0<x<5 
(x) 2x+3; -10<x<0 

Xyp= 
. -l-x; O0<x<3 


lim f (g(x) = lim f(-1-x) 

= lim 2(-1-x)-3=—S and 

lim f (g(x))= lim f(2x+3) 

= lim[ 4—-(2x +3)" | =4-9=-5 

lim f (g(x) = lim f (g(x) =lim f (g(x) =- 


lim f (g(x)) exists 

(d) 

f(x)= ,2(x)= , then 

, V2+x 7 =) _— 
im| ———— + = lim| ——_—— 
x0 x x x0 x 

24+x-24+x 
= hm 


sV2+x+V2—5] 


= lim I 


lim| f(x)+ g(x) exists, but neither lim 


(a) 1s false. 


6. 


(b) If lim f(x)= lim f(x)=¢, and 

lim g(x) = lim g(x) =, , then 

lim [/@)+ 8@)]=4,+4 = lim[ fo) + 8@)] 
=> lim| f(x) + g(x)] exists 
= (b) is true 
(© Let s@)=21,e(=Ks), 


then lim f(x) = tim 2 
x30" x70 Xx 
and lim f(x) = tim = 
x0" x0" x 


=> lim f(x) does not exists and lim g(x) = lim|.x| = 
x0 x0 x0 


= lim g(x) exists. But 
x 


2 2 
lim f(x).g(x) = tim/L = lim = lim(x) =0 
x0 x0 x x20 x x0 
=> lim Ff (x).g(x) exists. Thus (c) is false 
(d) If lim f(x) = Z,,lim g(x) = @, , then 
lim f (x).g(2) = 6,.£, 


=> (d) is true. 


- (b), (d) 


lim cos”” x = lim(cos’ x)” 
x70 x70 


As n— ©, cos? x € [0, 1) forx # mz. 
= (cos*x)” > 0 forx#mn, noo. 


limcos?”x =0 for x#ma,meZ and 
n-o 


lim(cos(mz))" = 1 


limcos””x =1 for x=mz,meZ 
nwo 


- (a); (b), (C) 


0 for tan’ x €[0,1) 
L =limtan””" x = lim (tan? x) =<] for tan? x=1 


oo for tan’ x>1 
0 forxe( ne“ n+) 
4 4 


=. D=< 1 at x=nat— 


—] 


1X Va 1X 1X 
0 forx<| nt -——,naz-— |U| nt+—,nt+— 
( 2 4 ( 4 4 


(b), (c) 
cee eT 
x0" ~=—s- sin bx 
my N2SiN ae 2sin’ ax _ 2 V2 |sin ax| ax| 
= sin bx =o sin bx 


a<0,x—>0* 


YUY 


ax <0 and ax 50° 
sin ax > 0- 
[sin ax| =—sinax 


aah sinax _ kim (- v2) sinax bx 


L= lm : eeaeere 
x—0* Sin Dx x0" ax sin sin bx ‘b 
= 2 
= 72-2) -lA <0) 
V2(-a) -V2\a 
m ae me ( -a<0,b<0) 


- (b), (€), (d) 


(a) 


(b) 


(c) 


lim f(x) = tin ( PL x 2 im ( = 
0 |x|+2 a aa ae, Fn 
y 
= =tin( 2) sy=-x 
yoo\ y+2 
_ % lini 
= im{14( 25) = ptr) =e” 
yom yr2 


lim f (x) = = in| i | 


x90 |x| +2 


-x h 
—x h 
L.H.L. = lim = lim} —— | =L., (sa 
tim{ —* tim 1 Say) 


nL, = lim hln 
ho" h+2 


, (4*2) h+2-h)\{-h’ . —2h 
= lim | —— 5 = lim =0 
ho \ A (h+2) l h0" (h+2) 


x30" 


(#42) 
In 
InL, = lim stn = lim + 

x 30° x x0" l 

2 
=2 — x? 

= l m ».4 =i x = = 

x+2 x 1 x0 \ x+2 
L,=1 ~ lim f(x) =] 


(b) is correct 


pa) ~ia(<ia) 
] =] —] 
a in rel x42 


option(c) 1s correct 
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8. (a), (b), (C) 


10. 


tim( vx" +ax?+3x* +bx4+2 —V x1 42x73 -—cx? +3x- d)=4 


lim (a—2)x° +(34+c)x’? +(b-3)x+(24+d) 
92 x4 4 ax? 43x? + bx 42 4x1 42x? -—cx’ +3x-d 
‘For finite limit, degrees of numerator and denominator 


must be same. 
=> (a-2)= > a=2 


| (3+e)x +(b- rer, 
Wg) 


x0 3 d 
x 142 <4 S445 1+—-— ss a 


a 


SEC. 
=> — 
Z 
=> c=5and band can be any real numbers. 
. (@), (©) fx) ==" 
Vx _ 
(a) lim f(x) = lim =e 
= = lim(1 + x)! i ans _ ind = 3] 
x(1+ x) 
“ = lim al +x) x-(1+x)In(1+ x) 
x’?(1+x) 
x? x? 
a 49} (2-242. | 
=lim(1 + x)" an es 
x’ (1+x) 
coeae 
5 ie 
_ I/x 
= lim(l + x) : ri ° 
Lie 
= lim(1 + x)!" 4$——__-__+ z | 
: + i Z 


= option (a) and (c) are correct and (d) incorrect 
Let L= int +x)" 

=> InL= lim~ Ss = lim 

x0 (1+ x) ice 


=>. Le) => lim f(x)=—— =0 
oO 


Cente site 
(b), (d) L= im{ SE -a,b,c,k >0 


- i ‘ [eters = )) - Soe) 


Klin atInb+in c] La In( abc) 
= e? = e? 


=(abc)*”? 


y 
tC 


abc if k =3, 
7 Nee) ifk=2 
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2. (d 
AS 


J 


5. (a 
A: 


SECTION—V : (ASSERTION AND REASON) 


_ %l-—cos2x 
lim ——————_ 
x0 x 

_ V2|sinx| 
lim. —————— 
x20 pe 
Now L.H.L=-— v2 #R.HL= v2 
Limit does not exist 


Reason is correct as sin x > 0 for xe CH and < 0 for 6. 


re(-4.0] 
2 


lim (tan x) =0 ; lim (tanx)=0* and 

lim [sin x] = —1 and lim [sin x] =0 

x07 x—0* 

Cit, Sim Se Rare, 
x>0 tanx O 

ies [sin x] 2 O- 


= li para 
x>0* tanx 0O 


Limit does not exist 
A 1s incorrect clearly reason 1s correct as numerator is 
exact zero and denominator is non-zero infinitesimal. 


Assertion is incorrect as given is not the accurate pro- 
cess obviously, reason being standard result is correct 


_ f 2x4 +3x° + 7x 
lim | 45244, 
x>0\ 3x° + 2x° +3x 


Dividing numerator and denominator by x‘, we get 


A is correct. 
kim p(x) _ leading coefficent of P(x) 


x92 O(x) 


true till degrees of P(x), Q(x) are same 


; , which is not 
leading coefficient of O(x) 


sin x 
0< <l forx >0 
x 
. |sinx . sinx 
im | = 0 where as lim—— = 1 
x30 x x30 x 


im | =[l]=1 


x30 x 


=> 


R: 


. | sinx . sinx 
lim| —— | 4} lim 
x20 ba x0 x 


Assertion is correct 


limA(g(x))= (lim g(x)} 


which is possible only when h(x) is continuous at lim g(x). 


= 


(b) 


me | 


. (a) 


R is correct. 
Note that [] is not continuous at x = 0 (or any other 
integer). 


Vl—cos2x 


L.H.L # R.H.L 
Limit does not exist 
A 1s correct. 


._{ sinx ae 
im =1, which is true but reason does not sup- 
x—> xX 


port the assertion. 


1 
lim] tan (= + | r 
x30 4 


This we can be written as im + tan (= + *| — i 


tan( “x}-1 I+tanx | 
lim} ——~—__7— - | 1-tan x 
i re ae lim| —72* 
= _ x90{ x(I-tanx)) 5 
=e =e 


ae < at 


A is correct. 
. g(x) _ 4; aaa (x).g(x) 
lim(1+ f(x) =lim(1+ f(x) 1 


lim f(x).g(x) lim f (x).g(x) 
_— e? 


=| lim(1 n feo |" 


Reason is correct and supports the assertion. 


SECTION-VI: (PASSAGE) 


A: 
rede eae sin x + ae alte + cln(l+ x) 
x30" x30" x 
For above limit to be finite (a+ b)=0, ceR ...(1) 


2 C 
cosx+ae’ —be* +——_ 


lim f(x) = lim ——1+x 

x30" x30" 3x 

l+a-—b+c=0 : zn(2) 
—sin x) + ae* + be * -——— 
( (1+ x) 


lim f(x) = lim QB) 
x>0* x0* 6x 
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=> a+b-—c=0 3x7 -12 
=> 0=—c=0 => Ge 
> c=0 ...(4) : 
. (at+b)+c=0 [- a+b=0,c=0] « ety 
3 
. (d) Again from equation (3) => x—-420 
I => xe (-o, -2] U [2, «) 
—cosx+ae* —be* + : ) 1 
lim f(x) = lim SS XY C: im] 204 mcos" (+-n) 
x30* x30* 6 nol! JT n 
-l+a-b+2c -l+a-b 
= ee = ee =] vel) =tin| 2+) —sin Gla 
From (2), 1+a—b+c=0 , 
=> a-b=-1 (.° c=0) =m) 1+ 0-214 m)sin" | 
Also,a+b=0 ‘ 
_o! | sin = — 
= = ou = lim 1-2 (14 n)sinr Aetna 1-=(1+n), n{ 1 
1 \ no n n—>00 J; nA 
a=—., = c=0 n 
2 2 
spt sin in 2 sin'( 7] 
= n 
From (5), ey eae = lim 1-2 += ...(1) 
- acl 
x -x n 
B: im2” wl aed Bs 9 
x0 x” sin x 2 
-|1-2 0-00] ae ...(2) 
axe* + ae*~ — + ce * —cxe~* 
5 fmt) | . I 2 
x70 x’ cosx+2xsinx Given, limn| / Ps Sia 
=> a-b+c=0 (1) l 
b s(+| 2 
PAO ee eg, ee SS nie ee 
=> ip a uy It 
x0 —x* sinx + 2xcosx+2sinx+2xcosx n 
=> 2a+b-2c=0 et) 
ob => f(+}-2-2(14+2} sin (] (-. of (1)) 
2ae tae axe. === + 3ce = cxe™ ny) n n n 
5 tim ——_____ 4)" “se 2 a 
pao (-x? cos x—2xsin x + 6cosx—4xsin x) oa PO) Mein (x) 
3a-—2b+3c 2 1 De obs cole 
SS oe ee) 6. (b (x) =1-—(14+ x). ——— -— sin" x 
=> 3a-—2b4+3c=12 ...(3) > 2 
Equation (1) + (2) gives, 3a -c=0 => f(0)=1-—=— 
Equation (2) x (2) + (3) gives, 7a —c = 12 es . 
=> a=3,c=9,b=12 7. (c) lim f(x) = limx-—(1+ x)sin™ x =0 
. From above, clearly options (a) and (6) are correct ” 
2 
. (a), (c) ax? + bx +-c=0 8. (c) lim f(x —1) =him (x1) -2 0+x-1psin“e—D} 
=> 3x*+12x+9=0 ao) oO is 


=> x°+4x+3=0 
=> (x+1)@+3)=0 
=> x=-1,-3 which are real, unequal and rational 


2 Fi fl ed soot A 
. (b) f(x)= jo | 5-2 (2) ae G 


ax’ —b 1 1 
——— — ——+— 
Cc a 2 (E) =-3 


= im} —l)- ca sin”'(x— p| 
Paes (a 
2 
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SECTION— VII: (COLUMN MATCHING) ie 
> lim¢(x) = (D> © 
1. (i) > (b); (ii) > (©); Gi) > (A); (iv) > (a) ey by 
tan[e*]x* —tan[—e*]x* tan7x° +tan8x’ (iii) m <n 
(i) he ee i ee a,{ 1 a 
sin’ x sin x => limg(x) =—| —— |= if >0,n-—m=even 
2 2 ai by (0)" = 0 
: 4 TX 4+ 8X" | 
= lim f(x)= ae =15 “. (iii) (a) 
(i) > (b) (iv) By the similar logic lim g(x)= wa < | and n—m 
x> i 
5 +tanx+ tan’ | - > - ee 
(ii) f(x)= .. (iv) (b) 
oa 3. (i) (b); (ii) (a); Gil) (d); (iv) (©) 
tan? x+tanx+ 2 aed eae are (sin 2x+sin' (sin? x) —tan” (tan? x] 
2 4 4 OSS 
5 x0 3x 
7 ly 9 5 ; 
=| tanx er a ae ca — jim) SHB 22 | sin™'(sin’ x) _ tan”'(tan’ x) aoe 
x90) 3x 3x 3x.tan? x 
5 3 5 
—-+tanx+tan™ x |-| — ? a ae! - 2 -1 2 2 
2 Dil. eae . | 2sin2x 1sin™(sin’x) sin’x 1 tan™'(tan’x) tan’ x 
=> So —____=+"== =0forx > 0 = lim} ——— + -=— =. - - 
tan x tan x x0) 3(2x) 3 sin’x x 3. tan’x x 
(ii) > (Cc) 


7 apm | l Z 
a 3D = a) =5 


(iii) f(x) = V1+x? —V1-2x 
. x-x? (i) (b) 


(i+x7)"” —(1-2x)" 


2 
; : ] 
=> lim f(x)=lim (sin x)| 1- +sin'x+x° 
mre, 50 cos’ x 


x(1+ x) a 
(ii) | L&oaX—__§{_|[|_>—_->—_.W\—_ 
95.1 Np 1 1(-3)f 4x’ x0 tan’ x+sin°x+2sin° x 
Pat + 3 3 ay = Src aa 4 on ue . 
a eed sino’x .g 
= lim COs _ Xx 
11 x0 7tan’ x+sin® x+2sin° x 
~x+—x* 4+ 1 ; ; eevee 
Be ee ek Replacing by equivalent infinitesimals, we get 
420 (x" +x) 2 lim a a ee x(xt+x +1) 1 
x90 7(x")4x° 42x? 2909°(7x7 4x42) 2 
(itt) + (d) : (ii) (a) 
V2 -¥2|sin— u 
= 1 3 
ey ih 21 tin 1—cosx (iti) lim sin(x)? ln(1+ 3x) 


0 gin?x x90 (V2 +J1+cosx (1—cos’ x) ™(tant(tan vx) (€” -1) 
1 v2 


=== . (iy >@ 


(2V2}(2) 8 i sin x3 én(1+3x) Be 
ake , 
2. (1) > (d); (il) (€); (ili) (a); (iv) (b) : x3 au 3 
m m+ m+ 1m. | ——_—_———  _ | = 
JOR FOX teltax x0 Z : Ms 5 
1 Dex aw Dx tan” vx = [ati — = a 
: x tan Vx oo i 
ak #(x) ee (% + ax Fiscect “F a, = ae 
by + Bx +... +5,x “. Git) (d) 
ies (iv) lim 208+ 2simx— sin’ x—x* +32xt 
=> lim (9(x)) x90 tan’? x—6sin’? x+x—5x° 
2 
a m-n 
=> Pa) =0(¢. m>n) 2(#) +2x-x° — x" +3x4 
: = lim =2 .. (iv)> (©) 


(i) > (d) x0 x -6x° +x-5x? 


SECTION-VIII: (INTEGER TYPE:) 


lim tan’ x(v2sin’ x+3sinx+4-—~/sin’? x+6sinx+2 ) 
iS 


Multiplying the numerator and denominator by 


V2sin* x+3sinx+4+~vVsin’? x+6sinx+2 


tan” x(2sin? x + 3sin.x + 4 —sin? x- 6sin x —2) 
S06 .h.————_—_______ 
x9 V2sin?x+3sinx+4+4+-+sin’? x+6sinx+2 
tan’ x(sin’ x —3sinx + 2) 
— Oe EE 
x92 V2sin’ x + 3sinx +4 +Vsin’ x+ 6sinx +2 
tan” x((sinx —1)(sinx —2 
_ (sinx-1)(sinx-2) 
x92 y2sin’ x+3sinx+4+-+sin? x+6sinx+2 
sin? x)(sin x —1)(sin x —2 
aie. te (sin” x)( ) ) 
<4 (1-sin? 2)| v2sin? x + 3sinx-+4 + Vsin? x+ 6sinx+2 | 


(sin’ x)(sin x — 2) 


<4 —(sinx +] v2sin? x+3sinx+4 + Ysin? x4 6sinx+2 | 
_ OME) _ 1 
 -(2)[6] 12 
=> p=12 > Jp-3=v12-3=3 


a 
sin| — 
2 Xx 


x +x+l1 
rar 1 
x sin—+x+1 — 
lim ; x = lim = 
xref xX + x4] ere x +x4+l1 


Dividing numerator and denominator by x* we get-: 


1 oH 
x 
_ 1 1 
Fe er aes 
x X 
= [=] 
Hence clearly V1lvV1v1........ co =] (-1)" D 
=a 
—3 + ~—— 
1 eel Ns. ae can be written as lim = 
n—0o 4n- (- 1)” t no ies Pacia Hi 


(=1) 


Consider lim 
nw-c 


ated) 
=> lim Hn mace a 
ae) 
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im( x nt) -tin{x-2°m(1+2)} 
xo x x00 xX 
aie rv (2-4. 

x00 x 2x 3x 


=> (25)'= 
3 
lim (1 + tan’ vx) 
x>0' 


This can be Connie with the format 
nf) 
lim(1 + f(x) Bo = = eee ; where lim f(x) = lim g(x) = 0 


=> lm (1 + tan? vey 
x—-a 


im, (ams) 5 lim { S20 ne) 
=e | a =e =p 
A LI 
5 5) 5 
_, (pr _©Yy _e_, 
e e e 
_,..f x(+acosx)—bsinx 
Se 
2 4 3 5 
sptq(- 9.) Lox aa 
! 4! 3! «5! 
x? 
x(l+a yan S 42 
= lim cies 
x0 x? 


=| tim 2-9) = —— 4 Which is finite if 1 + a 


x0 x 2 
—b=0 
Limit see 
2 6 
a b 
=> [=-—+-— 
2 6 
2 x? 
, o{1-2 +24. 
G7 pase 2 : ! 
x0 _ x 
l+a-—x 
= lim aw. =F elim (l ug) Where exists 
x30 x s) xo x 
finitely if 1 +a=0 
=> Qea— 
1 -a b 
=> = — > YH 
2 2 6 
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1 5 , 
ca ie Ae | i 


7. ho 
o 
an 
| 
rw 
| 
os 
iN 
ewe’ 
Rb 


Also 1 + a—6=0 holds for above values. Se eee lim 5—-x-4 
ty ger meme rer eal eee psa et 
2 2-x-l 
, Nt 4G 1 1 
7. lim(1 + ax + bx") e (Given) Gaon (4p Jee (4)2 
= l-x _ 1 l-x 
— ae + bx’) =0,c #0 = im) ———=—_| = lim} —===—_ [= 
er =| J2—x-1 mil f2—x—1 
> at+b=0,cF#0 l-x l-x 
In such a case, we get 
c fim 202 tO8)-€ (lowest from) > p=1,q=1 
. 24 oe! 8 2 _ 
lim (1+ ax + bx? ) =e =e =p+q=3 
x 
. x(at+bx)c inf 1+ 
l gai nase Aste 
= ea 11. im BE) NO Nim ae) 
x0 x x0 XxX 
= ¢ (bx? +. ax) =(bex + d) (x—1) ar) 
=> lim(bcx+d)=3 
x1 [1+2) 
=> bc+d=3andd-bc=a,d=0 ene 2 1 
=> be=3,a=-3,b=3,c=1 2 x0 x 2 
=> a-—b’+2bc=6 2 
[3 2 3/4 te t 
8 lim v2 tte tl => 1_p => (16)? = (16)? -4 
no Vino +6n? +2 —-Vn' +3n' +1 2 4 


3 4 tan x _ ot 
n (See 12. limS——* =] (= 
non n x>0 tanx-—x e —] 


which is equal to lim ——————_ + x 
no 


, 6 2 | ee which can be written as: lim a =] 
5 panama ae x0 (tan x — x) 


, en 
ai ay Since lim az =] 
2013 _ 
=> (kK)? =1 a | => (=i 
9 lim 2.9) =? Pp 13. lim([(x+a)(x+5) -x) = f(a.) 
> xX q 


which can be written as 


1 
aS 
This can be written as re ed ; (Ve +a)(x+b)- x} 


x2 (2—-x) im xt+a)(x+b)4+x 
1 1 799) (xt+a)(x+b) +x ( ( eae) 
=> ig 
x2 (8-(x+6)) ee x’ +(a+b)x+ab— x’ 
t £ x90l I(x t+ay(xth)+x 
ee sewer eee 
y>8—-(y—-8) 12 By ated x(at+b)+ab =lim( $*°) 2% 
=> Ip|=1L¢ =12 x00 Y oe ae ae x>0l J4] 
V x x Xx 
= ylal+4|p| 


=> J12+4= 16 =4 =  eremarna 


14. 


15. 


16. 
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in (n+2)4+(n+1)! _ lim &” +2)(n+1)4-(n+1)! 


n> (n+3)! n—yoo (n+3)! rr ae mee -—=- 
wot m-2x 
_ (ntii(n+3) (ntl)! 2 (7) 16 5-2) e 
= ae aT a - = him - = 4 4 2 
nao + ' n-7o + { nao + 
(n+3)E (m2) (042) aa 
=> /1=0 1 
=> (2016) =1 =: tp) =2 
as ((a —n)nx — tan x)sinnx up 17: toe In(3 + x)—In(3- x) 
x0 x? x0 xX 
(a—n)nx.(cosx—sinx) sinnx By L.H. Rul t li + =) 
= fg) Mme osx —sina) Ot 4} -9 y L.H. Rule, we ge lim a ee =o 
x0 XCOSX nx 
og e => 6k=4 
(a= nyno (1442 —...| fan a fe ee ne nf Pe a 
=> ynlim~?———s—__-___~_#W#_ +>" ——- ZS = 70 18.0 bm} ——_AAA@R _—_ ]- lim) —_———— 
x0 x? x" n—>00 n S60 n 
8 at ay ; ; 
& =tim+ (4) tim] "*D, es 
: x* 3 noone a\n n—0o 2 n 
(a—h)fa| 1... |= | T—_ + 
iy Gis 2! 4! 3! _f Pe ee nt on on 
x—0 2 i = - a ae oe a 
ae = lim}| 2—4—3 30 | _ jim} 4 2 4 
a! A! pee n a0 n 
[a—mint]-| SP" Ela 1 1? e 1 ' 
0 ooo = sax—timax 2] 142 —| je 
xe | x x 0 noo4 n n Or 5 q 
a i ; 
=(a—n)n-1=0 =. -(3125)?:=5 
=> (a-1)n=1 x _etane: Dies 
__ (xtan2x-2xtanx) 1—tan? 
\ l 19. ot ([acosdx 1 i ; 5) 
—> @a-)=— x>' —cos2x x—> : 
i (2sin x) 
=> ie f(n) 
n tne (1-14 tan? x) 
1 — lim 1—tan x 
=> Oe x0 Asin’ x 
3 
-tan(¥) sins] Sie x tan’ x 
kim 2 +90 (1— tan’ x)(2sin* x) 
oy 1 + an( 3) [= a 2x] (3 s) 
x 3 
x ] 
=i 
tn 7-2 |= cos{ —x x0 (1—tan? x)(2sin’x) 2 
: 4 2 2 
= ia JTH s—r 1 
we (x —2x) => (9)! =(9)? =3 
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Continuity and 
Differentiability 


CHAPTER 


CONTINUITY 


gm INTRODUCTION 


In ordinary language, continuous means any process, 
which goes on without interruption or without abrupt 
changes. In mathematics also the word continuous 
has much the same meaning i.e., continuous function 
means continuous arrangement of ordered pairs, which 
further means sufficiently small change in one variable 
leads to an infinitesimally small change in other 
variable. 

We know that function fis defined as a machine that 
takes an input c and produces an output f(c). If it is a good 
machine (a continuous one) a small variation in input 
must result into a correspondingly small variation in out- 
put i.e., a continuous function f(x) produces f(x) near f{c) 
as x 1s taken near to c. For example length of metal rod 
as a function of temperature is a continuous function of 
temperature. 

A very good example of discontinuous machine is 
postage machine say charging ¥~ 2 for letters weighing 
10 gm but¥€ 5 for letters weighing little over 10 gms. So 
the continuity of function also means the connectedness 
of graph of function at each point from both left and nght 
hand side. Qualitatively the graph of a function 1s said to be 
continuous at x = a. If while traveling along the graph of the 
function and in crossing over the point at x = a either from 
left to right or from right to left one does not have to lift his 
pen as shown figure 2.1. 


X=a 


FIGURE 2.1 


Graph of a function continuous at x =a 


In case one has to lift his pen the graph of the func- 
tion is said to have a break or discontinuity at x = a as 
shown figure 2.2. 


O x= 


FIGURE 2.2 


Graph of a function discontinuous at x =a 


2.2 >» Continuity and Differentiability 


Different Situations of Discontinuity at x =a 


O xX=a 


FIGURE 2.3 


O x=2 


FIGURE 2.4 


O xX=a 


FIGURE 2.5 


O x=a 


FIGURE 2.6 


O x=4 


FIGURE 2.7 


X=a 


FIGURE 2.8 


m@ CONTINUITY OF A FUNCTION AT A POINT 


A function f(x) is said to be continuous at a given point 
x = aif its graph is both left and right connected with the 
point (a, f(a)) which is possible if f(a) is real and finite. 
1.e., if f(x) satisfies the following three conditions: 


Continuous at x =a 


FIGURE 2.9 


(i) f(a) exists (a € domain of f(x)) 
(ii) lim A(x) exists (i.e., fhas a limit as x — a) 


(iii) lim fix) = f (a) (e., the limit equals the value of 


function at x = a) 
2 


x -—4 

x+2 

. 4. (4 +2)(x-2) 
eae ab (x+2) 


; then 


e.g., If f(x) = 


= lim(x+2)=4 


4-4 0 
—=0; thus 
2 


and eae 


lim f(x) = f(2)=> f(*) is continuous at x = 2 


Mathematical Definition 


The dictionary meaning of continuity is regularity or no 
breakage and, itis applied with same meaning in mathematics 
also, 1.e., the function f(x) is said to be continuous at x =a 
if its limit at x = a exists and is equal to value of function 
atx =a 


1.€., lim f (x) = (value of f(x) at x = a) 
= (lim 400) = (Iim r09) =e 
> fie, LHL =RHL =fia)] 
i.e., iim fla—h)= him fla + h) = fla) 


Geometric Significance 


Graphically a function is continuous at 'a' point x = a, if its 
graph can be drawn across the point (a, f(a)) on co-ordinates 
plane without raising the tip of pencil 1.e., it is made up 
of an unbroken line at x = a. (otherwise it is said to be 
discontinuous at that point.) 


Functions continuous from one side (one sided 
continuity) 


A function f(x) is said to be left ¢ continuous (nght 
discontinuous) at x = aif lim f(x) = f(a) lim f(x) 


Similarly, a function f(x) is said to be right continuous 
(left discontinuous) atx = aif lim f(x)= f(a) lim f(x) 


@) a 
FIGURE 2.10 


Function left is continuous, but right is 
discontinuous at x = a 


Continuity and Differentiability < 2.3 


FIGURE 2.11 


Function right continuous but left discontinuous at x = a 
x’ +1, x<1 
For example, if / (x)= 
pet OS 
then L.H.L. = lim f(x) = lim(x’ +1) =2 
x1 xo 
and R.H.L.= lim f(x) = lim(x+ 2) =3 
x1" x1" 
and f1)=1+2=3 


R.H.L. = fl) + LH.L => f(x) is left discontinuous and 
right continuous at x = 1, graphically shown in figure 2.12. 


y 


FIGURE 2.12 


Single point continuity 


There are some functions which are continuous only 
at single point. Such functions are called single point 
continuous functions. 


Example: 
x; if xisrational | 
1. f(x)= a is continuous only 
—x; if x is irrational 
at x = 0 
2x; if xisrational | 
2. f(x)= we TAS on oes ee is continuous only 
x-—2; if x 1s irrational 
at x =—2 


2.4 >» Continuity and Differentiability 


Similarly, we have functions which are continuous at 
finite number of points. 


e.g. f(x)= 


x-]; if x is rational 


x’ —4x+5; if x is irrational 


continuous at x = 2 and at x = 3. Graph of f(x) would be as 
shown below. 


nm Yax-" 
RK YEXAXt5 
x 


FIGURE 2.13 


Images of rational points lies along the line y = x —- 1, 
whereas those of irrational points lie along the parabola 
ypH=x-4x +5, 

Clearly as x approaches to 2 from either side 
f(x) approaches to f(2) = 1 

fix) is continuous at x = 2 
Similarly, f(x) 1s continuous at x = 3. 


m@ CONTINUITY OF AN EVEN AND ODD 
FUNCTION 


If fis an even or odd function having portion of graph in 
neighborhood of x = —a, and x — a then fis continuous/ 
discontinuous at x = a means fis continuous/discontinuous. 
at x = —a. 

Since for even function f{-a‘) = fla) ; f-a@) = fla’); 
ft-a) = fla) and for odd function f(a‘) = —f(-a) and 
Ka) =—fl-a’); fla) =—f- a) 

Thus if f(x) is an even continuous function at x = a, 
then f(a) = f(a") = fla) 

=> fl-a*) = fl-@) = f-a) 

=> f(x) is also continuous at x = —a 

Similarly if f(x) is an odd continuous function at x = a; 
then f(a) = f(a") = fla) 

=> —fl-a*) =—f(-@) =-f(-a) 

=> fa") = faa) = fa) 


=> f(x) is also continuous at x = —a 


FIGURE 2.14 


Even function continuous atx =a and atx=a 


¥ 


FIGURE 2.15 


Even function discontinuous atx =a and atx=a 


FIGURE 2.16 


Odd function continuous at x =—a and atx =a 


FIGURE 2.17 


Odd function discontinuous at x =—a and atx =a 


Note that if f(x) is an even or odd function having portion of 
its graph in neighborhood of x = —a and x = a, then f(x) is 
left continuous (discontinuous) at x = a implies f(x) is right 
continuous (discontinuous) at x = —a. 


Continuity and Differentiability < 2.5 


F(X) 
ILLUSTRATION 1: Suppose that f(x) = x°— 3x? — 4x + 12 and A(x) =| x-3 
kt 2. 4=3 


3 


, then 


(a) Find all zeros of f(x) 
(b) Find the value of & that makes / continuous at x = 3. 
(c) Using the value of & found in (b), determine whether / is an even function. 


SOLUTION: (a) f(x) =x°- 3x*°—4x + 12 
= x? (x -— 3) -—4(«-3) = «-3) @’-4) 
hence zeros are —2, 2, 3 
x° —3x” —4x+12 
x-3 
(‘.” f(x) is continuous at x = 3, both sided limits are equal, we can take any one) 
~ tim 23) @-4) 
—3) 


(b) lim A(x) = 


= lim(x?-4)=5 = 3) =k 


x33" ( x 

=> k=5S. 
f@). 4 

(c) Given function becomes A(x) =4 x-3” For even function h(—x) = h(x) 
5; x=3 

3 2 
aes 
(x—3) 


=> h(x) =x°-4;x # 3 and A(x) =5 forx =3 
=> h-r) =h@&)"xeR 
= h(x) is an even function. 


ILLUSTRATION 2: Test the continuity of the function f (x)= satx=2 
—ifx=2 
a 


SOLUTION: Asx—2,x#2 
. While taking left hand limit and right hand limit, we shall take fx) = (2-x) tan 


. LELL = lim f(x)= lim f(2—-A) 


2-h _ 

= lim|2-(2-A)| ered ca are A tan 22=") 2 

hoot 4 hoot 4 
= lim Atan E a = lim hoot( “| 

h->0* 2 4 h->0* 4 

(#2) 4 

= lim cos (= RAT ayy 

hoot 4 I 


a (=| 
sin | ——_ 
4 


and R.H.L = lim f (x)= lim f(2+h) 


2.6 >» Continuity and Differentiability 


ILLUSTRATION 3: 


SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 


. at ‘ 
= lim [2-(2+h)]tan7 (2+h) = lim [-A]tan| 


=| 
— +—_ 
2 4 


| 
jet 
i= 
28 
oo 
OQ 
Oo 
ot 
| 
4 
II 
et 
4: 
if 4) 
jamb © 
Ss 
’ y Ps 
>|. 
Ne” 
¢] 
oO 
4) 
fo o™\ 
E 
A 
II 
= 
4 
+ 
fo 
a 
oo 
Ne” 
?] 
*) 
Lf *) 


4 
Also (2) = — 


L.H.L = R.H.L = 2) 
= f(x) is continuous at x = 2 


sl 4 if x #0 
Discuss the continuity of the function /(x) = 7 © ;atx =0 
— ifx=0 
4 
; 5x —7 
L.H.L = hm eA 
1 
Asx —-0°; —>-® => (5)*-5°- 0 
x 
(7-27 eS 1-7(5) 
L.H.L = ——=— andRHL = tim 2" = pee ee 
0+4 4 x0" 5° +4 x0" 144(5) . 
(Dividing Numerator and Denominator by (5)'”) 
Asx —> 0°; tS 5 +»>5” ->0 
x 
RHL = ack : Also (0) = — 
saan  \(') aa 4 
—7 
L.H.L = f(0) = Py #1 =RH.L 
‘. f(x) is discontinuous at x = 0 
2 
Ey x? +9 
Discuss the continuity of the function f(x)={ ,?-9 , at x = + 3; where [.] is 
0 if x” =9 


greatest integer function. 
[x 79 

f(x) i 2 9 3x 9 
0 >x7 =9 


Let us discuss the continuity of f{x) at x = 3 
L.H.L = lim f (x) 


Continuity and Differentiability < 2.7 


|(3-Ay |-9 _ [9+(a? -6n)|-9 


= lim f(3-A)= lim ———_ = lim 
Him F( ) h0* (3—h) —9 ro 94h’ —6h-9 
7 lim P= O—MhI-9 _ 4 8-9 ae 
h—>0* h* —6h hoo -h(6-h) 0 
. 6-h>0,h>0asho0° 
=> (6-hA)ho 0° 


=> 8<9-(6-h)h<9 
RHL = lim f(x) = lim f(3 + h) 


_ [@+Ay]-9  _ [9+h'+6n]-9 
= lim += = lim |$_____=+ — 
ro (3+h) —9 hoo (9+h° +6h)-9 


im Lot AG +A)]-9 <9+9+h(6+h)<10 
= fe (h +6h) as ( ) 
- . Numerator is perfect zero, 


= lim ————_=0 whereas demoninator approaches 
hoo fh (6 + h) 


to zero 
Also f(x = 3) =0 

. LHL =0#f3) =RH.L =0 

. f(x) is discontinuous at x = 3 


Let us discuss continuity of f(x) at x = —3 


_ _ _ [C3-a |-9 
LHL = lim f(x)= lim f Salas a a TE 


[94h +6h]-9 


190 (9+h’ +6h-9) 


= 1 => 2 
lim 46h 0 as9<9+h*?+6h< 10 
| | _ [3+Ay]-9 
Fc ag cr Ae a oe we 
ze [9+h’-6h]-9 ,. [9-A(6—h)]-9 
0 94+h?-6h-9 = b>0" = —h(6—h) 
8-9 -] 
= lim ——— =— =m as 8<9_-/(6_-h) <9 
0 -h(6—-h) O a) 
Also f(-3) = 0 


. LHL =0 =f-3)#RH.L=0 
‘. f(x) 1s discontinuous at x = 0 


2.8 >» Continuity and Differentiability 


m@ DISCONTINUITY OF A FUNCTION F(X) 
ATX=A 
A function f(x) is said to be discontinuous at x = a if it is not 


continuous at x = a and this happens if at least one of the 
following conditions holds 


(i) f(a) does not exist 

(ii) LH.L = fa) = lim J (x) does not exist (i.e., either 
not defined or is infinite) 

R.H.L = fla*) = im f(x)does not exist. It may 
happen that both L.H.L. and R.H.L. are not finite. 


L.H.L and R.HL both 
L.H.L 4 R.H.L 


L.H.L=R.H.L (a finite real number) # f(a) 


L.H.L and R.H.L or any one of them oscillates 1.e., 
does not tend to a unique real number. 


(iii) 


exist but 


(iv) finitely, 
(v) 


(vi) 


Depending on the above reasons of discontinuity of 
a function f(x) at a point x = a, let us discuss the types of 
discontinuity of a function at a point x = a. 


Types of Discontinuity of a Function 

f(x) atx=a 

Depending on the fact whether the discontinuity of f(x) 
observed at x = a can be removed or not we classify 


discontinuity at a point x = a into the two main categories 
following 


(i) Removable discontinuity 
(41) Non-removable discontinuity 


(i) Removable discontinuity 

In this type of discontinuity at x = a, lim J (x) necessarily 
exists, but is either not equal to f(a) or f(a) 1s not defined. 
Therefore it is possible to redefine the function in such a 
manner that lim F(x) = f(@) and thus making the function 


continuous. Further removable 


Discontinuity is of two types 


(a) Missing point removable discontinuity 


(b) Isolated point removable discontinuity 


(a) Missing point discontinuity: If lim f(x)= 
lim f(x) =a finite real number but f(a) is not defined 1.€., 
image of point x = a does not exist, then f(x) is said to have 
missing point discontinuity at x = a. Graphically it is shown 


below. 


X=a 
FIGURE 2.18 
(b) lim f(x) 


= lim f(x) =a finite real number but Jim f(x) # f(@) = 


Isolated point discontinuity: If 


a finite real number then f(x) 1s said to have isolated point 
discontinuity at x = a, as the image f(a) is isolated from the 
remaining graph. Graphically it is shown below. 


y 


O X=a 


FIGURE 2.19 


ILLUSTRATION 5: Show that the following functions have removable discontinuity at the referred point. Also 
name the type of removable discontinuity. 


(x-2)(9-x?) 
(x-2) 


atx =2 


(a) f(x)= 


(b) fx) = [x] + [x] atx = 2 


Continuity and Differentiability < 2.9 


(x—2)(9 — x’) 


SOLUTION: (a) lim f(x) =lim (x2) 


=5and f(2) =" = not defined 


Thus at x = 2 we have removable discontinuous 


The above removable discontinuity is missing point discontinuity 


_ 2 —-1;x¢Z 
(b) f(x) =[*]+[-x]= O:xeZ 


L.H.L = lim f(x)= lim ([x]+[-x]) =-1 
= (x 372° >xe(1,2)>x€Z=> f(x)= -1) 
Similarly R.H.L. =—1, but (2) = 0 

. LHL =R.H.L =-1 #/f(2)=0 


'. fix) has removable discontinuity at x = 2. The above removable discontinuity is 
isolated point discontinuity. 


1 1 
a—x)‘a) :x<0, at x=0 
ILLUSTRATION 6: Test the continuity of f(x) = 70 ‘x=0 ,atx =0 


1 
—2/x 74 {24} . 
(l+x)“*(_-x) 3x >0 


(1 — jas) -x<0 
SOLUTION: f(x) = 40 ;5x=0 
(i) 
(lt+x)?*(l-x) “" “sx>0 


1 
——+ 


L.H.L = lim f(x) = lim f(0—A) = tim —(-ay" =) = lima+ay Cw 


4- yee 
= lim(1+h) (Ci) = lim(1+A)* =(1+0)* =1 


R.H.L = lim f(x= lim Ff(O+A) 


lim (1+) a— ay i) 


h>0" 
_ 4 —2/h 4. 2 eee = a =) 42 
= lim (1+) lim (1 h) lim (1 h)t =e (Ie =1 
Also f(0) = 0 


L.H.L = R.H.L = 14/(0) =0 
.. f(x) has a removable discontinuity at x = 0 and it is isolated point discontinuity 
£n(2 —cos 2x) 
én’ (1+ sin 3x) 


esin2x = | 


én(1+ tan 9x) 


for x < 0 
ILLUSTRATION 7: Let fx) = ; Show that f(x) has a removable discontinuity at x = 0. Also 


forx >0 


find f(0) so that function f(x) becomes continuous at x = 0 


2.10 >» Continuity and Differentiability 


(ii) Non-removable discontinuity 


A function f(x) is said to have non-removable discontinuity 
atx = aif lim f(x) does not exist and therefore it is not 
xa 


possible to redefine the function in any manner to make it 
continuous. These are further classified into three catagories. 


(a) Jump discontinuity (b) Infinite discontinuity 


(c) Oscillatory discontinuity 


(a) Jump discontinuity: If both the limits at x = a exist 
finitely, but are unequal irrespective of the nature of f(a), 
then f(x) is said to have jump discontinuity at x = a. 

Difference of L.H.L and R.H.L. is called jump of 
discontinuous function at x = a. The graph of such a 
function is given figure 2.20 


Jump 
continuity 


X 


Jump = RHL—LHL 
FIGURE 2.20 


l 
For example it f(x) = tan! — 
x 


I = 1 
LHL. = Lt tan!—=— andRHL.= Lt tan!—=— 
Xx p x30" e: 


x30" XxX 
but /(0) is not defined and L.H.L # R.H.L. 


(b) Infinite discontinuity: If at least one of the two sided 
limits of f(x) at x = a becomes infinite, then the function f(x) 
is said to have infinite discontinuity at x = a. The graphs of 
some of such function are given below. 


FIGURE 2.21 


(o@) 


O a 
FIGURE 2.22 


—0O!: | —0Oo 


FIGURE 2.24 


for example if f(x) = _— 
—x 


fi ee GA) 


then L.H.L. = = 
ror l—x  h0' 1—(1-h) 
. l-h 1 
= lim —— =—=00 
hoo =f OM 
and R.H.L. = lim Soe lim D. iis 


0 1-(1th) O 


xol J-x 
fix) has infinite discontinuity at x = 1 


(c) Oscillatory discontinuity: If at least one of the two lim- 
its oscillates between two finite real numbers, then the function 
f(x) cannot attain a unique limit at x = a and the function f(x) is 
said to have oscillatory discontinuity at x = a. 


Continuity and Differentiability < 2.11 


y=sin1/x 


FIGURE 2.25 


FIGURE 2.26 


_ i l 
sin— and cos— are discontinuous at x = 0 because their 
x x 


values oscillates with infinite frequency in_ the 
neighbourhood of’0' in between —1 and 1. Thus limit does 
not exist at x = 0. i.e., f(x) has oscillatory discontinuity 
atx =0. 


m POLE DISCONTINUITY 


Pole discontinuity of a function is an infinite discontinuity, 
when both left hand limit and right hand limit becomes infi- 
nite (positive or negative). 

A function f(x) is said to have pole discontinuity at 
x = a if its numerical value becomes infinitely large as 


; 1 ; 
x tends to a. Mathematically lim F(x) =0 or lim ve (x) = 00 
xa xX xa 
Example 


2 
1. f(x)=——— has pole discontinuity at x = 2 as 


(x -2) 

ine 0 

x2 f(x) x2 7 

2. f(x) au has pole discontinuity at 2 
: = ——______ c u x= 

GES) y 

and atx =3 as 

je Sa 

x2 F(x) x2 (x a 1) 

im - fim ED -~0 

x33 F(x) x33 (x + 1) 


2.12 >» Continuity and Differentiability 


m+) 
Also fim St (x) = lim (x —2)(x —3) 


l 
=> x= -1] isa pole discontinuity of 
f(x) 
—__. x<2 
» f(x) =4 (%-2)(x-3) ; 
x+2; x22 


Then lim f(x)=© and lim f(x) =4 


Thus him f(x)=0 and lim f(x)=4 


apes and lim | au 
mr f(x) mr f(x) 4 
lim | #0 

x22 F(x) 


Thus f(x) has infinite discontinuity at x = 2, yet f(x) 
does not has pole discontinuity at x = 2, as when 
x tends to 2 from left side, f(x) tends to o and 
when x tends to 2 from right side f(x) tends to finite 
real number 4. 


The graph given below clarifies the distinction 
between infinite discontinuity and pole discontinuity. 


¥ 


Pole discontinuity 
at x=a 


y 
FIGURE 2.27 


' Pole discontinuity 
at x=a 


FIGURE 2.28 


a 
Infinite discontinuity but not 
pole discontinuity at x=a 


FIGURE 2.29 


Remarks: 

1. Every pole discontinuity is infinite discontinuity, but 
the converse is not true 1.e., every infinite discontinuity 
is not a pole discontinuity. 

2. If a function is continuous at x = a, and’a' is a root of 
fix) = 0, then x = ais a pole discontinuity of reciprocal 


of f(x). 
Proof: ~°. ‘a'isaroot of f(x) =0 
=> fla)=0 


Also f(x) is continuous at x = a 


= lim f(x)= f(a)=0 


= 0 


lim 
xa f(x) 
Thus f(x) has pole discontinuity at x = a 

3. Zeros of all polynomial functions are poles of their 
reciprocal functions 

4. Zeros of sin x, cos x and tan x are poles of cosec x, 
sec x and cot x respectively. 

5. If a function f(x) does not has any zero, then its 
reciprocal function cannot have any pole. 


> 


m@ DISCONTINUITY OF FIRST AND 
SECOND KIND 


Discontinuity of First Kind 


A function f(x) is said to have discontinuity of first kind at x 
= a if both L.H.L. as well as R.H.L. exist but the condition 
of continuity is not satisfied. 

Thus following may be the causes of a function to have 
discontinuity of first kind at x =a 


(i) lim f(x)= lim f(x) 4 S@) 
(ii) lim f(x) 4 lim f(@) 


Continuity and Differentiability < 2.13 


For example 


(i) [lim fGo|=c05 lim f(~) is finite 
x-2 forx<l xa" xa 
i) f()=5 0 forx=1 (iii) lim f(x) or lim f(x) or both does not exist (neither 
ere alee finitely nor infinitely). 


Clearly lim f(x) = lim f(x) =-140=/f() 
“. f(x) has first kind of discontinuity at x = 1. 


For example 


| | 
(i) f(x)=sin—, then lim f(x)= lim sin— does not 
x x> x2 x 


Discontinuity of Second Kind exist as it oscillates in between —1 and 1. 
- ec: 

A function f(x) is said to have discontinuity of second kind (ii) f(x)= 25 

at x = a if at least one of two one sided limits either does not x43 

exist or becomes infinite. im f(x) = iim 25 =e 

Thus following may be the reasons of second kind of «x43 
discontinuity of a function f(x) at x = a. and him f(x)= lim ata = 
Lee Thus f(x) has second kind of discontinuity at 
l = | 
(i) |lim f(x))=0; lim f(x) is finite oa. 


2.14 >» Continuity and Differentiability 


; l ; l 
= lm| —{ |= lim—_, = 
h0'\ (—h) h0* (h) 
Also R.H.L = tim f(x)= lim fO+A) 


ou 1 
= lim—, = and f(0)= 0 which is not defined 


x0" x 
'. L.H.L = R.H.L = and f{0) is not defined 


‘. f(x) has an infinite discontinuity and hence non-removable discontinuity at x = 0 


[sin 3x] 
(c) f(x) =—— atx =0 
x 
LHL = tim 153%! — jinn ~8i23 _ _3 
x07 x x30" x 

= lsin 3x = lsin 32| = 

and R.H.L = lim ——— = lim ——— =3 
x0" x x0" x 


And /f(0) -" which is not defined 


L.H.L and R.H.L both exist but are unequal 
‘. fix) has a jump discontinuity at x = 0 and hence non-removable discontinuity 


(a) fry = 2b atx =0 
2 
L.H.L lim f(x) = lim f(0-h) = ie = lim ———~ = —— =-00 


hoo —h hoo = — hh —h 


and R.H.L lim f(x) = fine = lim~ =1 
x0 x90 X x30" X 
“. f(x) has infinite discontinuity at x = 0 and hence is non-removable 


() f(~)= Flaps 


x 


LHL = tim 2! = tim Ba" - tim 7 =? 
x93 X r0° (3-h) 10° (3-h) 3 
and R.H.L = lim f(x)= lim f(3+A) = lim ceeds lim ai and (3) _Bl_, 
x0* h->0* hoo (3+h) 20°3 3 


'. L.H.L and R.H.L are finite and unequal. Thus the function is discontinuous and the function 
2 
has jump discontinuity at x = 3. Also R.H.L. = f3) = 1 4 L.H.L. = 3 Thus f(x) is right 
continuous and left discontinuous. 


ILLUSTRATION 9: Mention the nature of discontinuity in the following functions. 


x 


79 
(a) Ax)= eve atx =-3 
(b) BX atx=(Qx+)SjneZ 
x 


(c) f(x) = sgn (cos 2x — 3cos x — 4) at x = (2n + 1) x; neZ and at x = 0 


Continuity and Differentiability < 2.15 


2 — 
SOLUTION: (a) f{x)= = and atx ER ~ {(2n + 1)a; neZ} 
x 


Clearly f(x) is not defined at x = —3 


—9 = pin Ft IE—3) 
and lim f(x)= tim *— = tim x93 (x+3) 


= lim (x-3)=-6 
lim F(x) =—-6 # f(-3) which is not defined 
‘. f(x) has a missing point removable discontinuity at x = —3 


t 
(b) fx) = oe , which is not defined at x = (2n + 1)n/2; neZ and at x = 0 


Atx = (2n+1)>sneZ;x#0 and x nega 


. f(x) +e and hence lim me; (x)= 


x-9(2x41)F 
Atx =0 


t 
lim = =1; f(0) =— > which is not defined 
x 


'. fix) has a missing point removable discontinuity at x = 0 
(c) Ax) = sgn (cos 2x — 3cos x —4) 
= sgn(2cos*x-1 — 3cos x —4) 
= sen(2cos’ x — 3cos x — 5) 
= sgn [2cos*x—Scos x + 2cos x — 5] = sgn [cos x (2cos x -5) + 1 (2cos x —-5)] 
= sgn [(2cos x —5) (cos x + 1)] 
—1 for x <0 


We know that f(x) =sin(x)= <0 for x =0 
1 for x >0 


—1 for (2cosx—5) (cosx+1)<0 
'. fix) = sgn [(2cos x — 5) (cos x + 1)] = 40 for(2cosx—5) (cosx+1)=0 
1 for (2cosx—5) (cosx+1)>0 


—] for-1<cosx <> 
5 
= {0forcos x = —1,— 
2 
5 
1 for cosx<-—lor cosx > 5 


But cos x € [-1,.1] 


2.16 >» Continuity and Differentiability 


—1 for—1<cosx<l 


= fo)=| y 


Oforcos x =—-1 

—1 forxe R~ {(2n+1)z;n eZ} 
Oforx =(Qn+Da;neZ 

lim f(x)= lim (—l)=-1 butf2n +1) 0 


~ 


=> fo)={ 


x—>(2n+l)}2 x>(2x+1 24 
az = 0 and if keR ~ {(2n + 1)a; neZ}; 
then lim f(x) = lim f(x) =—1 and fk) =-1 y’ 


.. f(x) is continuous everywhere except for the FIGURE 2.30 


points x =(2n+ 1)x;neZ 
and Atx = (2n+ 1)n; LH.L=R.H.L =-1 # f2n+ 1)n)=0 
“. f(x) has isolated point removable discontinuity at x = (2n + 1) 1.e., odd integral multiple of a 


ILLUSTRATION 10: Observe the following graph and state the type of discontinuity at the following points: 


(i) Atx =-1 
(ii) Atx = 1 
(iii) Atx = 2 
(iv) At x = 3; where f(x) is defined in domain 
[-2, 5] 
(v) Atx =-2 
(vi) Atx =5 


FIGURE 2.31 


SOLUTION: (i) Atx =-1, A-lL) =A-l) #fC-1) 
As image of f(—1) does not exist Thus function has a missing point removable discontinuity 
atx =-l 

(i) Atx = 1, fC) =A) =A 
Function has a jump discontinuity at x = 1, which is non-removable. Hence f(x) is left 
continuous but right discontinuous at x = 1 

(iii) At x = 2; (2°) = © and f(2*) =o 
Function has an infinite discontinuity at x = 2 and which is non-removable 

(iv) Atx = 3; A3) =f3°) =/GB) 

.. f(x) has isolated removable discontinuity at x = 3 

(v) Since no portion of graph lies on the left of x = —2 therefore we do not talk about the left 
hand limit at x = —2 
Clearly oo F(x) # f(-2) 


.. f(x) is discontinuous at x = —2 and has isolated point removable discontinuity at x = —2 


(vi) Since no portion of graph lies on the right of x = 5 therefore we do not talk about the nght 
hand limit at x = 5. Clearly lim F(x) = f (5). Thus f(x) is continuous at x = 5 


Note that if a function is defined on [a, b], then f(x) is said to be continuous at x = a if f(x) 
is right continuous at x = a and is said to be continuous at x = a, if f(x) is left continuous 
atx =b 


Continuity and Differentiability < 2.17 


sin 3ax . Sin3ax s- og 
bx 
c if x=0 
ILLUSTRATION 11: Find the values of a, b, c for which the function f(x) defined by /(x) = z - 
+> if0<x<1 
Xx x- 
be continuous at x = 0 andx = 1 a if x21 


SOLUTION: For continuity at x = 0 


sin 3ax 1 sin3ax 
L.H.L = im lim —— = lim — 
LO ae Oh Sax 


] 3a 
(3a) = ope an 


R.H.L. = lim f(x) = tim FI | 2 


= = = tim * +(x? +xe)- lim (1+ x* +x+1)=2 and f(0)=c 


x-l1 x30 


3a 
re a = 
— OD : (1) 
For continuity at x = 1 
LHL = lim f(x) = lim [Al d-#'=1 
ho") (1— i” = h-1) 
— — 3 — — 
= lim reed = lim [1+(H +3-3h)| =4 
hoo | 1—h —h h-0* 
R.H.L = lim f@= lim (a) =a 
Also fl) =a 
=> 4=a ...(2) 
from (1) a = 4, b =3,c =2; 
2cos x — sin 2x 1 
se 
(a — 2x) 2 
1 
ILLUSTRATION 12: Define a function f(x) by f(x) = z for x = A ; then show that f(x) is discontinuous 
= forx >= 
6x -—37 2 


at x = 7/2. Also find the type of discontinuity 


SOLUTION: T= im f= tie 


xe cal (x 2% y 


2 isin | 
2cosx(l—sinx) cos( 7 1 sin( 7 A) __ 2sinh{1—cosh] 
n O——-—s = Gry —— lim. ———_—_- 


=e) (x —2x y ho" 


(2h) hot (2h) 
_ 2sinh 2sin?h/2 1 
~ Lr hh {®) ~ = jim “(1 yay “3 


4 


2.18 >» Continuity and Differentiability 


—cosx 


RH.L = lim f(x)= lim 


Sam re x—> 
2 


2 


L.H.L 4 R.H.L 


Awe 
= lim 


(6h) 


=") 6x-327 20" 


-cos{ $+] 4] 


‘. fix) has a jump non-removable discontinuity at x = 1/2 


Also f (=) =— 


Pat (3) + LHL. 


= f(x) is left discontinuous and right continuous. 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Discuss the continuity of the following functions 
f(x) at referred points: 


el!* =| 


(a) f()=4e 41 
—] >; x=0 
[x*]-1 2 
(b) f(x)=4 x7-1 - 
0 -x? =] 


Pes aa a | 


<__""; x#0 
(c) f(x) =4 2[x]+{x} 


log, a ;x=0 


,atx =0 


at x = 0; [x] denotes 


integer part of x. 


(sinBp-Nx). 


3x 
2. Find p and f (0) if f(x) = 1S 
(tan(3 +1)x) Beto 
continuous at x = 0. 5g 
l-—sin zx ] 
1+cos27zx 2 
] 
3. Let /f(x)= Dp : ae Determine 


(2x —-1 ean 
Ap Bgal-2.~ 2 
the value of p, if possible, so that the function is 
continuous at x = 1/2. 


. Let [x] denote the greatest integer function and f(x) be 


defined in a neighbourhood of 2 by 


[x+]] 


(exp{(x+2)én4}) 4 -16 


f(x)= 4x-16 : 
1—cos(x— 2) 


(x —2)tan(x — 2) 


Find the values of a and f(2) in order that f(x) may be 
continuous at x = 2. 


. The function 


(ey if O<x<= 
5 
f(x)=4 b+2 if mae 


a|tan x| 


(1+|cos)l b if a SNS 


Determine the values of'a' and’b' , if fis continuous 
atx = 7/2. 


x? jax ifx40 


. Let f(x) = x . Use squeeze play 


0 ifx=0 


theorem to prove that fis continuous at x = 0. 


10. 


a 
. Determine a and 5 so that fis continuous at x are 


l-sin’x . 1 
—,— if x<— 
3cos* x 2 
f(x)=| a if x=— 
BUD f x>Z 

(a -—2x) 


. Determine the values of a, b and c for which the 


sin(a +1)x+sin x for x<0 
x 
function F(x) = Cc for x=0 1s 
2\V/2 12 
we for x>0 
XxX 


continuous at x = 0. 


. Find the locus of (a, 6) for which the function 


ax—b for x<l 
I(x) = | 3x for 1<x<2 is continuous at x = 1 
bx*-—a for x>2 


but discontinuous at x = 2. 


2+cosx 3 


The function f(x) = [ -=,| is not defined at 
x 


x sinx 
x = 0. How should the function be defined at x = 0 to 
make it continuous at x = 0? 


Answer Keys 


1 


2 
5 


10 


12 


13. 


. (a) function is not continuous at x = 0 
(c) function is not continuous at x = 0 


. p = —5/3 and f(0) = —2 
.a=Oandb=-1 


3. p is not possible 
7. a=1/2 andb=4 


11. 


12. 


13. 


14, 


Continuity and Differentiability < 2.19 


Let 
(= ~sin'(1—{x} | -sin™' (1—{x}) 
 2G}=GP) 


for x #0 

f(x) = 
ia for x =0 
y) 

where {x} is the fractional part of x. Consider another 

F(x) for x = 0 


2/2 f(x) forx<0- 
Discuss the continuity of the functions f(x) and g(x) at 
x =0. 


function g(x); such that g(x) = 


State the type of discontinuity of the following 
function and at x = 0 


] ‘ lsin x| 
Gi) f(x)= (ii) f(x) =cos 


Leo x 


a7o4— = 


(iii) fod) = xsin— 
x tn|x| 


Determine the_constants a, b and c for which the 


(l+ax)"* for x<0 
function f{(x)=| 5 for x = 0 iscontinuous 
ses for x >0 
atx = 0. 
Discuss the continuity of the function 
eG) a 1 . 
S(x)=sy OY 42° -atx =1. 
1 a — || 


(b) function is not continuous at x = | 


4. a = 1 and f(2) = 1/2 
8. a = -3/2,b 40, c¢ = 1/2 
9. locus of (a, 5) is y = x — 3 excluding the points where y = 3 intersects it 


f(O")= a0) oa = f is discontinuous at x = 0 


4/2 


. 1/60 11. 


2(0*) = 2(0-)= g(0)=> — gis continuous at x = 0 


. (1) Non- removable (11) Removable 


me at eens 
3 3 


(111) Removable (iv) Removable 


14. Discontinuous at x = 1; f(1*) = 1 and f(1-) =-1 


2.20 > Continuity and Differentiability 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. Which of the following cannot be the reason of 

discontinuity of a function at a point x= c ? 

(a) lim f(x) doesn't exist i.e., lim f(x) # lim f(x) or 
at least one is infinite 

(b) f(x) is not defined at x = c 

(c) lim f(x) # fic) 

(d) f(x) is a polynomial of very extremely large 
degree 


, Manche ena 


x” 
x #0, f(0) = a. If f(x) is continuous at x = 0, then’a' 
is equal to 
(a) 0 (b) 4 
(c) 5 (d) 6 


. The function f(x) = [x]’— [x’] (where [y] is the greatest 
integer less than or equal to y), is discontinuous at 

(a) all integers 

(b) all integers except 0 and 1 

(c) all integers except 0 

(d) all integers except 1 


(+5 


(a) f(x) is continuous at x = 2 
(b) f(x) is continuous at x = | 


. Let f(x) = when —2 <x < 2, then 


(c) f(x) is continuous at x = —1 
(d) f(x) is discontinuous at x = 0 


x” f)+h(x)+1 


. If = lim 
fe) me DE ONS 


and g(1) = 


2/log, x 


lim{log, (ex)} and it is assumed that f(x) and 


h(x) are continuous at x = 1, then 2g(1) + 2f(1) —A(1) 
equals 


(a) 2e*-1 (b) 2e?+ 1 
(c) 1 + 2e? (d) 2+e 
1-2x;x <0 
. If f(x)= 2;x=0 ,thenatx =0 
x? +2;x>0 


(a) fis continuous 

(b) fis continuous from left 

(c) f has a jump discontinuity 

(d) fhas a removable discontinuity 


11. 


. Let f(x)= 


. Let f(x) = 


x 

tan —;x <1 
2 

x-ll<x<2, then atx = 1, fhasa 
=e x22 
2=xX 
(a) Jump discontinuity 
(b) Removable discontinuity 
(c) Infinite discontinuity 
(d) No discontinuity 


x?:x <0 
2;0< x <1; Then at x = 0, fhas 


sin(x—1) | 


? 


2 eal | 
x-1 
(a) Finite irremovable discontinuity (or jump 
discontinuity) 
(b) Removable discontinuity 
(c) Infinite discontinuity 


(d) No discontinuity 


. The function f(x) = |2 sin 2x| + 2 has at x = 0 


(a) Jump discontinuity 

(b) Removable discontinuity 
(c) Infinite discontinuity 

(d) No discontinuity 


1 
. Let f(x) = sin —, then at x = 0, fhas 
x 


(a) Finite irremovable discontinuity 
(b) Removable discontinuity 

(c) Oscillatory discontinuity 

(d) No discontinuity 


The jump of discontinuity of the function at the point 


of discontinuity 1e., x = —2 of the function 
|x+2| . 
IO) aie, 
tan” (x+2) 
(a) 2 (b) 2 
(c) 0 (d) 1 


. Indicate the correct alternative(s): The function 


2n a: 
. cosax — x” sin(x-1l) 
defined as = lim J + 

f(x) Se fasgecaee 
(a) is discontinuous at x = 1 because f(1*) # f(1) 
(b) is discontinuous at x = 1 because f{1) is not 


defined 


13. 


14. 


15. 


16. 


(c) 1s discontinuous at x = 1 because f(1") = f\l-) # 
KY) 

(d) is continuous at x = 1 

tans] — cot, fis) = ta 

, where {x} denotes fractional part 


Let g(x) = 
h(x) =|g(f@)) 


and [x] denotes the integral part, then which of the 
following holds good? 


(a) Ais continuous at x = 0 
(b) A is discontinuous at x = 0 


(0) h(0) => 


(d) A(0') = -2 
2 


, _ , x" —sin x" 
Consider f(x) = Limit reer forx>0,x#1; 
ful) = 0, then 
(a) fis continuous at x = 1 
(b) fhas a finite discontinuity at x = 1 
(c) f has an infinite or oscillatory discontinuity 

atx = 1 
(d) fhas a removable type of discontinuity at x = 1 


leble tk+t3]}} 
Given f(x) = Gad sgn (sin x) ; 


— 


0 forx =0 


where {x} is the fractional part function; [x] is the step 
up function and sgn(x) is the signum function 
of x then, f(x) 

(a) 1S continuous at x = 0 

(b) is discontinuous at x = 0 

(c) has a removable discontinuity at x = 0 

(d) has an irremovable discontinuity at x = 0 


x[x]° logy,,,2 for -1<x<0 


Consider f(x) = In(e* +2,/{x} ; 


for 0<x<l 


tan Vx 


where [*] and {*} are the greatest integer function and 
fractional part function respectively, then 

(a) f(0) = In2 = fis continuous at x = 0 

(b) f(0) = 2 = fis continuous at x = 0 

(c) f(0) = e? => fis continuous at x = 0 

(d) fhas an irremovable discontinuity at x = 0 


17. 


18. 


19. 


20. 


Continuity and Differentiability < 2.21 


Vl+x—-vl-x 
{x} 


g(x) = cos 2x for 7 <x <0 and 


Consider f(x) = for x 4 0; 


+ f(g(x)) for x<0 


h(x) =}1 
f(x) 


for x =0; where {x} 
for x >0 


denotes fractional part function, then which of the 
following holds good. 

(a) 'h' is continuous at x = 0 

(b) 'h' is discontinuous at x = 0 

(c) f(g(x)) is an even function 

(d) f(x) 1s an even function 


Xx 


[x] 
Consider the function f(x) =| 1 if x=2 ; 


V6—-—x if 2<x<3 


if l<x<2 


where [x] denotes step up function, then at x = 2 
function 

(a) has missing point removable discontinuity 

(b) has isolated point removable discontinuity 

(c) has non-removable discontinuity finite type 

(d) is continuous 


1 
———_ ,x #2 which of the 
(x-2) 


For the function f(x) = 


x+2 
following holds? 


(a) f(2) = 1/2 and fis continuous at x =2 
(b) f(2) # 0, 1/2 and fis continuous at x = 2 
(c) f cannot be continuous at x = 2 

(d) f(2) = 0 and fis continuous at x = 2. 


The function f(x) is defined by 
log4,-3)(x —2x+5) if <x<lorx>1 


f(x)= 
4 if x =1 


(a) is continuous at x = 1 

(b) is discontinuous at x = | since f(1*) does not exist 
though f(1-) exists. 

(c) is discontinuous at x = 1 since f{1 ) does not exist 
though f(1*) exists. 

(d) is discontinuous since neither f(1-) nor f(1>) 
exists. 


2.22 >» Continuity and Differentiability 


Answer Keys 
1. (d) 2. (a) 3. (d) 4. (d) 5. (c) 
11. (a) 12. (a) 13.(b) 14. (6) = 15. (a) 


m ALGEBRA OF CONTINUITY 


If f(x) and g(x) are two continuous functions 1.e., 
fa") = fla) = fla); g(a") = g(a) = g(a), then following 
results always hold good. 

1. Af(x) is continuous at x = a (k is finite real constant) 

2. fix) + g(x) is continuous at x =a 

3. f(x) . g(x) is also continuous at x = a 
f(x) 
g(x 


5. The sum of a finite number of functions continuous at 
a point is a continuous function at that point. 


4. is also continuous at x = a iff g(a) #0 


Proof: Let f, f,..... f, be m — continuous functions at 
a point x = a. We have to prove that their sum g = f, + 


REMARK: 


6. (c) 7. (c) 8. (a) 9. (d) 10. (c) 
16. (d) 17. (a) 18. (b) 19. (c) 20. (d) 
a re A is a continuous function at x = a .The functions 


Kd,» ..f, being continuous at x = a we have, 
lim f,(x) = f,(a)slim f,(x) = f,(a),..., lim f,() = f,@) 
Now, lim g(x) = lim( f, + f, + ere + f,)(x) 
= lim { f(x) + (x) + ee + f,(x)} 
= lim f, (x) + lim 7, (x) + shen + lim 7, (x) 


(.. limit of sum = sum of limits) 

=J GP L@ as PL = UG 
(a) = g(@) 

Thus lim g(x) = g(a). Hence g(x) is continuous at 
x =a. 

Thus we can definitely say f(x) = sin x + & + x’; 
fix) = x? + 2x? + x are continuous at each real number since 
sinx, e”, x’, x°, x all are continuous at each real number. 


+f) 


From the above theorem it is obvious that difference of finite number of continuous functions at x = a, is also 


continuous at x =a. 


6. The product of a finite number of functions continuous 
at a point is a continuous function at that point. 


Proof: Let g(x)=(f..fo.fy.uf, (x); where f(x), 
i (x)... 


...,(x) are continuous functions at x = a 
lim A(~=f(@; lim nf, (x) = TN@) sees 
“tims, (x) = f,(a) 
lim 2g(x)= lim F(x). lim bs (Monsen lim Ff, () 
(By theorem of product of limits) 
= f(a f(a) ... $a) 
=A AAS) (@ = g(a) 
Thus g(x) 1s continuous at x = a 


Ps AN RY cals) aete) 1 ADO 1S hs Oietactons g} are two 
sets of continuous functions at x = a, such that 


Si Ii, Si Je 
Sn, Sm, Sm, 
continuous at x = a, where k,, m.e {1, 2, 3,...,n} 


g(a) # 0 for any i, then 


fi, 
Proof: Let h, = —*_; then 


m; 


lim h, le ae Ja (x) = lim ca 
x >a eS g (x) 
lim f, (x) (a aie 
“HO K. init 
lim g,,(%)  8m,(@) | 8x 


(.. By limit of quotient equals quotient of limits pro- 
vided limit of denominator is not zero) 


Thus /, is continuous V; 


‘. By continuity of product of finitely many 
functions at x = a, (h, -A, -h, .....-. h, ) is continuous 
atx =a. 

8. (Chain rule for continuity or continuity of composite 
functions). If f(x) is continuous at x = a and g(y) is 


continuous at y = f(a), then the composite function 
(gof)(x) is continuous at x = a 


Proof: Let u =fx), thus y = gof{x) = g(f(x)) = g(u), 
where f(x) is continuous at x = a and g(u) is continuous 
at u = b = f(a). We have to prove that y = gof{x)) is 
continuous at the point a. 


lim gof (x) = lim g(u), as f(x) is continuous at x = a 


thus x > a > f(x) — fla) 1.e.,u > b 
lim gof (x)= g(6) = g(fla) = gofla); as g(u) is 


continuous at u = b 


REMARKS: 


(i) Let a function f(x) be continuous at all points in the interval [a,b] and let its 
range be the interval [m, M] and further the function g(x) be contininuous 
inthe interval [m, M], then the composite function (gof) (x) is continuous in 


the interval [a, b]. 


(ii) Ifthe function fis continuous everywhere and the function g is continuous 
everywhere, then the composition gof is continuous everywhere. 

(iii) All polynomials, trigonometric functions, inverse trigonometric functions 

exponential and logarithmic functions are continuous at all points in 


their respective domains. 
(iv) 
Proof: Let lim f(x) = f(a) 

Then lim| f(x)|= f(x) 


lim 
ff (a) 


; where u = f(x) 


u>fl(a 


f(a) 


If (x) is continuous at x = a, then |f(x)| is also continuous at x = a. 


= |f(a)| as |x| is a continuous function at every real number 


e’ cosx 
For example, f(x) = 
P 0) x’ +4 


e cosx 
x +4 


is also continuous for all x. 


(x) = 


9. Sum of the two discontinuous functions may be 
continuous. 


Proof: fia) =1,fla)=1, 

g(a) = Land g(a’) = 1, 

If/, +1, =1, + 1, then this is possible 

e.g., fix) = {x}, g(x) = [x] are both discontinuous at 


x = 2 as Lt f(x) = Lt txp=1; Lt {x} =0 and 


Lt g(x)= Lt [x]=1; Lt [x]=2 
x27 x>2- x2" 


but f(x) + g(x) = [x] + {x} =x 
ie, Ut (f+g)x= Lt (f+g))=2 


Continuity and Differentiability < 2.23 


. x a= gof(x) — gofa) 
=> gofis continuous at x = a 
For example, f(x) = cos x is continuous at 
x? -4 ,x<0. 
x=n/2 and g(x)= is continuous at 
x-4, x> 
x = f(r/2) = 0. Hence the composite 
function (gof) (x) is continuous at 
x= 2 


FIGURE 2.32 


(Q f(x) continuous at x =a, xX — a => f(x) > f(a)) 


and g(x) = |x| are continuous for all x. Hence the composite function (gof) 


10. Summation of a continuous and a discontinuous 


11. 


function is always discontinuous. 

If fla’) = fla’) = fla) = Land g(a) = 1, g(a") = 1, = 
g(a) 

Let A(x) = f(x) + g(x), then h(a) = 1+ 1,, and h(a*) = 
1 + I, clearly h(a) is discontinuous. 

For example, consider f(x) = x and g(x) = {x}. Here 
f(x) 1s continuous at x = 0 and g(x) is discontinu- 
ous at x = 0. Both the sum function x + {x} and the 
difference function x — {x} are discontinuous at x = 0. 
Product of a continuous function with a discontinuous 
function may be continuous and this is possible only 
when the continuous function attains zero at that point. 


2.24 » Continuity and Differentiability 


Proof: Let f(x) be continuous and g(x) be discon- when f(x) is continuous at x = 0 and g(x) is discon- 
tinuous at x = a tinuous at x = 0 
=> fla) =1Lf(@) = 6 g(a) = 1, g(a") = 1, and 1, + 1, (iii) However, the product of the function f(x) = x and 
Let A(x) = f(x) . g(x) = h(a’) = fla’). g (a) = 11, 2(x) = [x] is discontinuous at x = 1 
ee ee oe + lim x[x]=(1)(0) = 0;& lim x[x] =()() =1 
Now, £ /, = 11, gives Ii, —1,) = 0 ror xor 


But /, #/, > 1=0. Thus the product of a continu- 
ous and discontinuous function can be continuous, 
provided the limit of continuous function is zero. 


12. Quotient of a continuous and discontinuous function 
may be continuous, may be discontinuous 
For example 

For example: 

— _ 

(1) Consider, Ax) x and B(x) = sen(x) _ (i) fix) = x(2 -4) and g(x) = 
Here f(x) is continuous at x = 0, and g(x) is discon- 
tinuous at x = 0. But the product function 


x+2, x20 
—-2,x<0° 


lim Lo = = fim x(2+2)= 0: 


lim i): lim x(x-2)=0. Also Z@- 0 
x0" g(x) x30 


Therefore ts is continuous at x = 0 
g 


e: x+2;x20 
y (ii) f(x) = (x4) and g(x) = 5 
FIGURE 2.33 ae 
Clearly f(x) is continuous and g(x) 1s discontinuous 
x, x>0 atx =0 
h(x) = f(x).g(x) = 49, x=0 is continuous at 
3 fim F(*) _ x -4 
—-x,x<0 But fot) ae lim ———=2 and 
x = 0 as shown in graph given below "8s him g(x) 90 (x2) 


(11) Product of f(x) and g(x) where f(x) = x and 


x? 
dn 2420 im +-(2) = li mL) = jim ~ 1 =o =? 
g(x) = ~ is continuous at x = 0 even ii x90" B(x) x90" x42 
0 sx=0 .. f/z is discontinuous at x = 0 


ILLUSTRATION 13: Given the function f(x) =——. Find the points of discontinuity of the composite 
—x 


1 
function y = f{/[f(x)]} 
l 
SOLUTION: The point x = | is a discontinuity of the function v = f(x) = = 
—Xx 
l (x-1) 
fxs (L, th = = —_ = 
et en Te Ton 


Hence, the point x = 0 is discontinuity of the function u = f[ f(x)] 


| 
Ifx+0,x #1, then y =f { f[ fx) | } = — = is continuous everywhere 
1—(x-1)/x 


Continuity and Differentiability < 2.25 


Thus , the points of discontinuity of this composite function are x = 0, x = 1, both of them 
being removable. 
l+x; O<x<2 


. Determine the form of g(x) = f({(x)) and hence find the point of 
3-x3 2<x<3 


ILLUSTRATION 14: Let f(x) = 


discontinuity of g, if any. 
fd+x); O<x<l y 
=<f(l+x); 1l<x<2 
fG-x); 2<xs3 
x € [0, 1] => (1+ x) e[], 2] 1 
x € [1, 2] => (1+) é€ [2,3] a Xx 
+ 
ee eee mle ad FIGURE 2.34 
fd+x); O<x<1l => 1sx+1<2 
Hence, g(x)=4 f(l+x); 1sxs2 => 2<x4+183 
fG-x); 2<x<s3 => 0<53-x<1 
Now if (1 + x) € [1, 2] ten f(l+x)=1+0+x)=2+x (i) 
(from original definition of f(x)] 

Similarly if (1+ x) € (2, 3) then f(1+ x) =3-(1 +x)=2-x ...(il) 
if (3 — x) < (0, 1) then (3 - x) =14+ G-x)=4-x ...(111) 
2+x; O<x<l 
Using (i), (ii) and (iii), we get g(x) = 42-—x; 1<x<2 

4—-x; 2<x<3 


1+x; O<x< 
SOLUTION: g (x) =/(fx)) = : 


x, 2<x< 


wo 


Now we will check the continuity of g(x) atx = 1, 2 


Atx = 1; LHL = lim g(x) = im(2+x) =3 y 
ts se g(x)=f(f(x)) 


\ 


12 °3 
RHL = lim g(x)= him (4- x) =2 FIGURE 2.35 


RHL = lim g(x) = lim(2-x) =1 3 
x31" x>I1* 


As LHL # RHL, g (x) is discontinuous at x = 1 1 
At x = 2; LHL = lim g(x)= lim (2 — x) =0 


As LHL # RHL, g (x) is discontinuous at x = 2 
Thus , g (x) is discontinuous at x =1 and 2 
Aliter Method: 
fd+x); O<xs1l => 1sx+1<2 
a(x)=5)ft+x); Isxs2 > 28x4+1853 
fG-x); 2<x<s3 > 0<53-x<1 
2+x, 0O<x<l 
g(x) = 42-x, l<x<2 
4-x, 2<x<3 


2.26 >» Continuity and Differentiability 


ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16: 


SOLUTION: 


1 1 
Find the points of discontinuity of y = —————~ where u = —— 
uo+u—-—2 x-l 


1 
The function u = f(x) = a is discontinuous at this point x = 1 w(1) 
1 1 


re G@i Duo) is discontinuous at vu = —2 and u = 1, 


The function y = g(x) = 


when u = —2, —s =u=2 
x-l1 
=> x-1=-1/2 => x=1/2 (11) 
1 
when u =1, —— =u=1 
x-1 
=> x-1=1 => x=2 .++(111) 


Hence the composite function y = g (f/(x)) is discontinuous at three points x = 1/2, 1, 2 


1 ] 
If f(x) = a and 2(x)= =. then discuss the continuity of f(x), g(x) and log (x) 


x+1 Sate ao : . 
f(= ae fix) is a rational function it must be continuous in its domain and / is not 
x — 


defined at x = 1 
.. fis discontinuous at x = 2 


2(x)= _ , 2(x) is also a rational function. It must be continuous in its domain 
and g s not defined at x = 2 
g is discontinuous at x = 2. 
Now fog (x) will be discontinuous at 

(i) x =2 (point of discontinuity of g(x)) 

(11) g(x) = 1 (when g(x) = point of discontinuity of f(x)) 


=> a, >x=3 


x-2 
he 4) 
Discontinuity of fog (x) should be checked at x = 2 and x = 3 fog (x) = x2 
—1 
fog(2) 1 7 not x-2 defined 


is 
x-2 0 4; l+x-2 
x92]—x+2 


lim fog(x) = lim 


x-2 
fog (x) is discontinuous at x = 2 and it is removable discontinuity at x = 2fog (3) = not 
defined 
1 41 1 
lim fog(x) = lim 2=2— = 0 lim fog(x) = lim 22 
x—>3* x93 =] | x37 x73" a 
x-2 x-2 


fog (x) is discontinuous at x = 3 and it is non-removable discontinuity of second kind. 


ILLUSTRATION 17: If f(x) = 


(x- 


SOLUTION: B. f(g(x)) = 


Continuity and Differentiability < 2.27 


l 
) and g(x) = a then find the points of discontinuity of f (g(x)). 


(I-x)(1-2%7) = f(g (x)) is discontinuous at 


Tyra F 


l 
g=c1= ii and x = 0. Since g (x) 1s discontinuous at x = 0. 


The point of discontinuity of f(g (x)) is +=, +1,0 


m CONTINUITY OF A FUNCTION ON A SET 


So far we studied continuity of a function f(x) at a point 
x =a. Now we shall study continuity of a function on a set. 
A function f(x) is said to be continuous on a set A if f{x) is 
continuous at every point of set A. 

For example, if f(x) = x? and A = Z = set of integers, 
then f(x) is continuous at every integer point. Then /{x) is 
continuous on set A (=Z). 

If a function has discontinuity even at single point 
of set A, then f(x) is said to be discontinuous on set A. 

1 for x >0 
For example, f(x) =sgn(x) = 4 Oforx =0 
—1 for x <0 

Then f(x) is discontinuous only at single real number 
x = 0, so f(x) is discontinuous on R. A function f(x) 
continuous on one set can be discontinuous on other set. 
For example, (1) If we consider fractional part the function 
{x}, then {x} 1s continuous on (0, 1), but {x} is discontinuous 
on (0, 2), as it is discontinuous at x = | and 1 € (0, 2). 


y 


X 
O;}; 12 8 


{x} continuous on (0, 1) 
but discontinuous on (0, 2) 


FIGURE 2.36 


{x} continuous on (0, 1) but discontinuous on (0,2) 


re ‘ HK be at 
(11) f(x) = tanx is continuous on (-=.5) but is discon- 


tinuous on (- 4 as tanx discontinuous at x = 1/2 


1 
=5° 


FIGURE 2.37 


Domain of Continuity of Function 


The set of all those points where the function f{x) is continu- 
ous is called Domain of continuity of function f(x). Every 
function is continuous on its domain of continuity. 


For example: 


C() fx) = 
R~{(2n+)SineZp Thus the set of all real 


tanx, then f(x) is continuous’ on 


numbers except for odd integer multiple of 7/2 is the 
domain of continuity of tan x. 

(2) f(x) = sgn(x), then f(x) is continuous at every real num- 
ber except for x = 0. Thus R ~ {0}is the domain of 
continuity of sgn (x). 


2.28 >» Continuity and Differentiability 


ILLUSTRATION 18: 


SOLUTION: 


ILLUSTRATION 19: 


SOLUTION: 


x’ forx<0 | 
Prove that the function f(x) defined by f(x) = , , is continuous at each real number 
x for x> 


Let KER 
Case (i) k<0 then lim f(x) = lim x’ =k’ and lim f(x) = lim x’ =k’ . Also fk) =? 


Thus f(x) is continuous at k. Since k was choosen arbitrarily, f(x) is continuous at each 
negative real number 


Case (ii) k> 0, then lim f(x~)= lim x=k and lim f(xX)= lim = 

Also f(k) = k 

Thus f(x) is continuous at k. Since & was choosen arbitrarily, f(x) is continuous at each positive 
real number 


Case (iii) k=0, Then, lim f(x)= lim x’ =0. And lim f(x) = lim x=0, also (0) = (0) = 0 


Thus f(x) is also continuous at x = 0 
From above three cases we conclude that f(x) is continuous. From above three cases we conclude 
that f(x) is continuous at each real number. Thus domain of continuity of Ax) is R 
x’ +2;-w<x<l 
Prove that the function f(x) defined by f(x)=4x+1 ; 1<x<2_ is continuous at each real 
sin x32 <x <0 


number except for x = 1 and 2 and hence find its domain of continuity. 
Let k be any real number. Let us discuss following the cases depending on the nature of k 
Case (i) -0<k<1 
Then lim f(x) = lim x" +2=k’+2 and lim f(x) = lim x” +2=k' +2 
Also f(k) =k +2 
. f(x) is continuous at each real number less than 1 
Case (ii) 1<k<2 iim f(x)= tim (x + 1) =k+1 and iim f@)= lim (x + 1) =k+1 
Also fk) =k +1 
.. f(x) is continuous at each real number between 1 and 2 
Case (iii) k> 2; lim f= lim sinx=sink and iim f(x)= lim sin x = sink 
and also f{k) = sink 
A(x) is continuous at each real number greater than 2 
Case (iv) k=1; then L.H.L = lim f(x)= lim x°4+2=3 
and R.H.L = lim f(~)= lim x+1 =2,alsofl1)=(yY+2=3 
.. f(x) is discontinuous at x = 1 
Case (v) k=2, then L.H.L lim f(x)= lim (x +1)=3 
and R.H.L = lim f(@)= lim sin x = sin2, also (2) =3 


Clearly sin 2 # 3, thus A(x) is discontinuous at k = 2 


Continuity and Differentiability < 2.29 


Thus f(x) is continuous at all real numbers except for x = 1 and x = 2 


Thus graph of f(x) is as shown below: 


FIGURE 2.38 


REMARKS: 


1. It is not necessary that every point of domain of function may belong to domain of continuity of function. For 
example; x = 0 is in the domain of function, but it does not belong to domain of continuity of function which 
is R ~ {0} 

2. As we do not talk about the continuity of function at isolated points,(i.e., point having no portion of graph in its 
left and right neighborhood), we never discuss about the domain of continuity of a function having each point of 
its domain an isolated point 

; 2 if x is rational 
For example, if f(x) = | ie ne ea 
—2 if x is irrational 

3. Also we cannot discuss about the continuity of single point function (i.e., function having single point and single point in its 

domain and range or function defined only at single point) and domain of continuity of single point function 


For example, if f(x) = /x—1+V1—x , then domain of f(x) = {1} and range of f(x) = {0} 


Domain of Continuity of Some Standard Function 


: a 


— {x : Ox) = 0} COSEC x R—-{nt;n €Z} 


C7 a SC 
sings 
Ea a 


cot x R — {nn;n €Z} cosec! x (—c0, -1] U [1, &) 


2.30 > Continuity and Differentiability 


Continuity of a Function on its Domain 


A function f(x) is said to be continuous on its domain if it 
is continuous at every point of its domain. If a function is 
continuous on its domain, then it may be discontinuous on 
any other set or on real number set. 


For example: (i) f(x) = tan x 
Domain of f(x) R ~ {(2n + sn = zh 


Then f(x) = tan x is continuous at every point of its 
domain 1.e., tan x is continuous function on its domain. But 
tan x is discontinuous at every odd integer multiple of 1/2, 
thus tan x is discontinuous on real number set. 


Continuity in an Open Interval 


A function f(x) is said to be continuous in (a, b) when f(x) is 
continuous at each point c € (a, b). 1.¢., fc) = f(c") = fic) 
V ce (a,b) 


y 


FIGURE 2.39 


2 
x ) 


2x-1; 


O<x<1 
l<x<2 


ILLUSTRATION 20: If f(x) -| 


SOLUTION: 


Method of testing 


1. First of all make sure that every point of open interval 
is in the domain of given function 1.e., each constituent 
function is defined at each point of open interval (a, b), 
e.g, f(x) = x? + sinx — tanx, then x’, sinx, tan x each is 
defined 1n open interval (0, 1) but same function is not 
defined in open interval (1, 2) as tan x is not defined at 


1 . 
1.57. Thus f(x) cannot be continuous in open 


: ; ae qt 
interval (1, 2), due to discontinuity at x = 5° 


2. Use the knowledge of domain of continuity of 
standard constituent functions involved and algebra 
xsinx;0<x<l 


of continuity e.g., If f(x 
ert cae A ie 


Now «x and sin x have their domain of continuity R 
and the product of two continuous functions at a 
point is also continuous at that point, thus x sin x is 
continuous in (0, 1). 


Also (x? + 2) being a polynomial function is also 
continuous at each real number, x* + 2 is also 
continuous on (1, 4). 


3. Test the continuity of f(x) at suspesious points 
(1.e., points splitting the function into two different 
definitions) For example, in above step (2), x = 1 is 
the suspesious point. 


then discuss the continuity of f(x) on (0, 2) 


fix) = x’ is a polynomial function which is always continuous on R and hence on (0, 1). 


fix) = 2x — 1 is a linear functions, which is also continuous on RK and hence on (1, 2). Also 
x = | is a suspesious point. Now L.H.L. at x = 1 


f= la —AP= 1. and (()= be 201 +a) - 12-11 


Also f(1) = 2(1)-1=2-1=1 


LHL = RHL = f(1) = 1, Hence it is continuous function on (0, 2) 


ILLUSTRATION 21: 


SOLUTION: 


Check the continuity of function f(x) = 


O< xs w/2 


HIL<K<A 


sin x: 


oe in (0, 2) 


L.H.L. = f(n/2)= Lt snx= Lt sin( 52 =: 
eh x>0° 
= 


Also R-H.L. = f (n/2*) = lim {n/2 +h} =lim (n/2 + h) - [n/2 +h] 


= lim (n/2-1) +h = /2-1=0.57 


Continuity and Differentiability < 2.31 


m CONTINUITY OF AFUNCTIONONA 
CLOSED INTERVAL 


A function f(x) is said to be continuous on closed interval 
[a, b] if 
(1) f(x) 1s continuous in (a, 5) 
(11) f(x) is right continuous at x = a 
(111) f(x) 1s left continuous at x = 5 
Thus f(x) is continuous on [a, b] if 


(i) fle) =fle") =fle) Vc €(a, b) 
(ii) fla) = fla’) 
(ii) f(d-) =f) 


(b,f(b)) 


FIGURE 2.40 


Function continuous on [a, 5] 


y 
f(b-) 


C,f(c) , 


f(a’) : 
: ¢ (b,f(b) 


° (a,fla) 


FIGURE 2.41 


Function discontinuous on [a, 6] due to discontinuing at 
extreme points 


2.32 > Continuity and Differentiability 


Atx =0 
RHL = lim x+av2sinx=0 and (0) = 0+aV2sin0=0 


R.H.L at x = 0 = f(0) 
=> f(x) is right continuous at x = 0 


Atx = 1/4 
L.H.L = lim f(x) = lim (x+ay2sin x) = 7 +av2— ; = * ta: 
aa art J2 4 
RHL = lim f(x)= im, 2veotx+5=2{ *Joot +6 = Z()+b=> 4b 
x37 art 
V4 a 1 
Al /4) = 2} — |cot—+b=—+b 
ae) (=) 4. 2 
For continuity atx = 1/4;a+ gree 
ae SD - (0) 
Atx = 7/2 


L.H.L = lim F(x) = lim 2xcotx+b) = 2{ Foor 5 = b; 


ra 
x zr x — 


R.H.L = lim f(x) = lim (acos2x-bsinx) = acos2{ *|-bsin —a(-1)-b=-a~b 


e a 
x x 
2 2 


= also f(x/2) = 2{ =) cot +b =5 


For continuity atx = 1/2,-a-b=b>a+2b=0 :v(2) 
—1 nN 
F 1) and (2), b = ——;a=— 
rom (1) and (2), D 6 
yl+ px —Jl- px —Jf1- 
ai sa pr. -1<x<0 
ILLUSTRATION 23: Find the value of p for which the function /(x)= = is 
2x+1 
;0<x<l 
x-2 


continuous in the interval [—1, 1] 


SOLUTION: f(x) will be continuous in interval [—1, 1] if 
(i) A(x) 1s right continuous at x = -1; 
(ii) f(x) is continuous at x = 0; (suspicious point); 


(iii) f(x) is left continuous at x = 1 


Atx=-1,RHL = lim, f(x)= lim wap Lt a | ae 


x>(-1)* 
il —f\- 
lim f(x) = in Ver 
x x x 


1+ px—1+ px : 1 2p 2p 


Atx = 0, L.H.L = 


= lim —A >=» — ee. = Ji m ————* = 

or x (J1+ px+J1—px) 2 Jl+px+Jjl-px 2 . 
R.H.L = lim f(x) = lim =** - =D 
x0 x¥-2 2 


‘. For continuity at x = 0, p =-1/2 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. Show that the function f{x) defined as 


3x+2; x €(-3,-2) 
f(x)=42x = 5 xe[-2,]1] 

x+2; xe(l,2) 
and continuous at every other point of the open 
interval (—3, 2). Draw a rough sketch of the function. 


is discontinuous at x= 1 


2. (a) Prove that every odd continuous function has its 
value zero at x = 0. 
(b) Let a function f: R — R satisfying the equation 
Kx + y) =flx) + fly) . Vx, y € IR Show that 
(i) if fis continuous at the point x = a, then it is 
continuous for all xe R 
(ii) if fis continuous at x = 0, then it is continuous 
for all xe R 


3. Discuss the 
[cos z x] > x<i 
Kx) = 
|2x-3|[x-2]; x>1 


[x] 1s the integer part and {x} is the fractional part 
of x. 


continuity of 


in the interval [0, 2] If 


4. Find the function f(x) and discuss its continuity if f(x) 1s 
defined as 


. 2n+2 —cos x | 
(a) Ax) = lim (al) 
an os 
Pe cn aka! Bilan OT 
oe (x? +1) 


5. (a) Find the values of a and b so that the functions 
given below are continuous in their indicated 


domain. 
4] 1 
a tan > O0<x<4 
rat 
a/2 > g=4 
(1) fix) = 
bran] -A<x<6 
x—-4 
sin’'(7—x)+az/4; 6<x<8 
(1-sin’ x)/3cos? x ce 
2 
Gi) f(x)=4a = 53x € (0,2) 


[b(1—sinx)/(7-2x) >t 


Continuity and Differentiability < 2.33 


(1+ | sin x yes 7 <x<0 
(ili) f(x)= b ‘x=0 
pone sans Hewe 
6 


(b) Determine the values of a, 5, c etc. for which the 
following functions f(x) are continuous at their 
indicated domain: 


V/|x+2] 
ae —3<x<-2 
—e 
Gi) f(x)=4 b . La? 
e #32 
a) 2) 5 -2<x<0 
(x° +32) 
[sin(a+1)x+sinx]/x ;  x<0 
(ii) f(x)=4e ; x=0 
aa vx ; x>0 


6. Let fbe a continuous function and g be a discontinuous 
function. Prove that f + g is a discontinuous 
function. 


7. Let f(x. y) = f(x) . fly) for all x, y € R. If the function 
fis continuous at x = 1, then prove that it is continuous 
for all x #0. 


8. Three cylinders having the radii of the base circles 
equal to 3, 2 and 1m respectively and equal altitudes 
(Sm) are mounted on each other to form a single solid. 
Express the volume of the solid thus obtained as a 
function of the distance between any cross section and 
the lower base of the lower cylinder. Will this function 
be continuous? 


(foe Js <xX< Be 


: u 
9. Let f(x)= ee” a ai 


n+) <x<(nt)a 


If f(x) is continuous in (nz, (n + 1) 2) n € N, then find 
the values of a and b. 


2.34 > Continuity and Differentiability 


Answer Keys 


2. (b) Function is cont. atx =a 
—cosx ;xeE (-1,1) or|x|< 1 


4. (a) f(x) = Oh ad 


p 
x ) 


x|>1 
Not continuous at x = 1 

5. (a) G) a=-l;b=1 
(b) Gi) a = 2/5; b = -2/5 


97x ,O<x<5 


(ii) a=1/2,b=4 


8. f(x) =4457+42(x-5) , 5<x<10; fx) will be continuous function 


652+2(x-10) ,10<x<15 


3. Cont. in x e€ [0, 2] — {0, 1/2, 2} 


fn(2+x)for0<x <1 


£n3—sinl 


,Not continuous at x = +1 (b) f(x) = a, : 


—sinx for x>1l 


(iii) a = 2/3,b = &8 
(ii) a =-3/2,b € R— {0},c = 1/2 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. Points of discontinuity of f(x) = [x] sin where 


1 
[x+1] 
[.| denotes the greatest integer function, are 
(a) x e Z— {-1,0} = (b) xe Z— {0} 

(c) x e Z- {-l} (d) None of these 


2. All points of discontinuity of the function fog where 


1 ] 
g(x) =——_ and f(x) =-,——~ are 
x-l x 


+x-2 
1 
(a) 5.2.1 (b) 2,1 
(c) 2 (d) None of these 


3. The set of points of discontinuity of the function 
‘él 
tan x. tan oa 
», 
LOY a5) 
(a) {0, 3, 5} 
(b) {(2n+1)Z,nez} 


is equal to 


(c) {0,1,3,5} uf(2n =) ne z| 


(d) none of these 


4. The set of points of discontinuities of the function 
f(x) = Vx ~[Vx ]; where [x] denotes the greatest 
integer less than or equal to x contains the set 
(a) {1,4,9,....100} (b) {”’ :neN} 

(c) N (d) {2n:neN} 


—2sin x for - HS x<—7 
5. If f(x)=sasinx+b for = < x<F iS 
cos x 


a 
for Zi <x<2 


continuous in the interval [—7, 1], then (a, b) = 
(a) (1,— 1) (b) (-I, -1) 
(c) (1, 1) (d) (-I, 1) 
6. Graph of a function f(x) is given. Which of the follow- 
ing is not correct? 


y 


FIGURE 2.42 


(a) f(x) is continuous on (1, 3) 
(b) f(x) is continuous on (1, 3] 
(c) f(x) is continuous on [1, 3] 
(d) None of these 
7. Let [x] denotes the integral part of x e R. g(x) = 


x — [x]. Let f(x) be any continuous function with 
f(O) = f(1), then the function h(x) = f(g(x)): 


10. 


11. 


12. 


(a) has finitely many discontinuities 
(b) is discontinuous at some x = c 
(c) is continuous on R 

(d) is a constant function. 


. The number of points where f(x) = [sin x + cos x]; 


(where [ ] denotes the greatest integer function), 
x € (0, 27) is not continuous 1s: 

(a) 3 (b) 4 

(c) 5 (d) 6 


. Let f(x) = [2 + 3 sin x]; (where [] denotes the greatest 


integer function); x € (0, 2). Then number of points at 
which f(x) 1s discontinuous is: 


(a) 0 (b) 4 

(c) 5 (d) infinite 
x +x? -16x+20 . 
——_.——; ifx#2 

Let f(x)= (x —2) . If f(x) is 
k 1 x= 2 


continuous for all x and k = a? — b*, where a, b € R, 
then 5 is equal to 
(a) 4 
(c) 3 
'f is a continuous function on the real line. Given that 
x? + (f(x) —2)x—-V3.f(x)+2V3-3=0. Then the 


value of f (v3) is 


(b) 7 
(d) None of these 


(a) Cannot be determined 
(b) 2(1-v3) 
(c) Zero 


(5-2) 


d So 
(d) B 
2 
am 30<x<l 
a 
The function /(x)=<sa 1<x< 2 
2 
26-4) Be ce 
x 


is continuous for 0 < x < oo, then the most suitable 
values of a and b are 


(a) a=1,b5=-1 
(b) a=-1,b=1+ V2 
(c) a=-l1l,b=1 


(d) None of these 


13. 


Continuity and Differentiability < 2.35 


forx>0 . 
is: 


forx <0 


The function f(x) = . + yx —[x] 


sin x 


(a) Continuous only for all non-negative integers 
(b) Continuous only for all positive integers 

(c) Discontinuous only for all negative integers 
(d) Continuous for all real numbers 


14. y = f(x) is a continuous function such that its graph 


15. 


16. 


17. 


. Indi+3 
passes through (a, 0). Then lim E+ 3S) is : 


2 f(x) 
(a) 1 
(b) 0 
(c) 3/2 
(d) 2/3 
jim= LO) * 8) ER, f(x) and g(x) are continu- 


ous functions) does not exists if : 
(a) |x| <1 

(b) |x| >1 

(c)x=1 

(d) x =-1 


Let f(x) be a function on [0, 1] 


|x ;xeEQ : 
f(x)= ice ee , then fof{x) is 


(a) Continuous for all x is € [0, 1] 


such that 


(b) Continuous for only one value of x 
(c) Not possible to define 
(d) None of these 


f <1 
Given: f(x)= one 


1 for Ix| >1 


cos (=) for |x| <1 
g(x) = 2 

x —1| for |x| >1 

(|x|-1) 
h(x) =4 log, x| 


éna 


for|x|# 1 


. If 2 m,n 


for Ix|=1,a>0,a¥1 


denotes the number of points of discontinuity of the 
functions f, g and / in their domains respectively, then 
(2, m, n) 1s 

(a) (0, 0, 0) 
(c) (2, 2, 2) 


(b) (1, 1, 1) 
(d) 1, 1, 0) 


2.36 > Continuity and Differentiability 


x? -4x4+3; x<3 
18. Let x)= and 
IO) ~ 25 
x-3 ; x24 
g(x)=4x°-x; 1<x<4; then function f(x).g(x) is 
1 ae <4 | 
discontinuous at 
(a) exactly 1 point (b) exactly 2 points 
(c) exactly 3 points (d) None of these 
ae 
19. The function f(x)= eT ie 
Jaxx 
(a) Discontinuous at only one point 
(b) Discontinuous at exactly two points 
(c) Discontinuous at exactly three points 
(d) None of these 
Answer Keys 
1. (c) 2. (a) 3. (c) 4. (a,b) 5. (d) 
11. (b) 12. (c) 13. (d) 14, (c) 15. (d) 
21. (d) 


m@ PROPERTIES OF CONTINUOUS FUNCTION 


P1 (Fermat's Theorem) 
Every function f(x) which is continuous in [a, b] is always 
bounded 


Proof: Since f(x) is continuous V c é€ [a, 5] 
f cannot attain infinite value in [a, 5] 
=> fle) =fle) =fle) 
which is real and finite V c € [a, 5] 


Therefore by property of order of real numbers, there 
exist real numbers m and M. 


REMARK: 


20. Let fbe function defined by 


— if x =1 


(a) The function is continuous for all values of x 
(b) The function is continuous only for x > 1 

(c) The function is continuous at x = 1 

(d) The function is not continuous at x = 1 


21. In[1, 3] the function [x* +1] , [x] denoting the greatest 
integer function, 1s continuous 
(a) forallx e R 
(b) for all reals except at nine points 
(c) for all reals except at seven points 
(d) for all reals except at eight points 


6. (c) 
16. (a) 


7. (c) 
17. (d) 


8. (c) 
18. (a) 


9. (c) 
19. (c) 


10. (c) 
20. (d) 


FIGURE 2.43 


Such that m = min {f{c): a<c <b} and M = max 
{fic):a<c<b}. Thusm<f(x)<MV xe [a, 5] 


Thus f(x) is a bounded function. 


If a function is continuous in open interval then it is not necessarily bounded. 


an). ’ 
eg.,tanxV xe (5 : 4 is continuous but not bounded as its range is (—00, 00) 


4 


f (x) = Vx € (0,2) is continuous but not bounded as its range is (2,00) 


x2 


Continuity and Differentiability < 2.37 


1+acos2x+bcos 4x 


a ;x#0 
ILLUSTRATION 24: Let f(x) = x° sin” x 
Cc ;x=0 
Then find the values of a, b and c so that f(x) is bounded in the interval -2.5| 


SOLUTION: It is obvious that f(x) may attain infinitely large value as x tends to zero. At all other 
points f(x) has finite values 


Let us assume that lim F(x) be finite 

1+ acos2x + bcos 4x 

1.€., lim ———__e venga 
x0 x” sin” x 
__(1+acos2x+bcos4x) 


=> lum ae 
=-20 4{ sin’ x 
xX — 


= finite = @ (say) 


x? 


= tiga OS eg A) 


x30 x 


As x — 0, denominator x* — 0, for the existence of finite limit, numerator must approach 


to zero 
> l+at+b=0 
= 1=-a-b ...(2) 
2x+bcos4x-—a-—b 
Using (2) in (1) we get, lim“—=$“"""- * "> = ¢ 
x—> xX 
__—a(1—cos2x)—b(1-cos4x) 
x30 x 
~—a(2sin” x)—b(2sin’ 2x 
jie eee 
x0 x 
—2asin*x —2bsin* 2x 
2 2 
= lim——*______*—__ = ...(4) 
x30 x 


Numerator — 0, denominator — 2a — 8b = 0 
=> at+4b=0 

Also-—a-—b=1 
=> 3b6=1>0=1/3 

Again form (2) a =-— 1-—b =- 1- 1/3 =- 4/3 


Form (3), required limit 


7 —cos2x)— ; (1—cos4x) 


402 sin’ x)-+(2 sin’ 2x) 8 ain? x— 2 sin? xcos? x 
ifr De SS ee 
= lim = lim 


x30 x x30 x* 


2.38 > Continuity and Differentiability 


P2: Intermediate Value Theorem 


If f is continuous on [a, b] and f(a) # f(b), then for 
any value c lying in between f(a) and f(b) there 
exist at least one number x, in [a, 5] for which 


Nx,) = ¢. 


f(a) 
FIGURE 2.46 
: ' H y 
x=a Xo x=b ‘ 
FIGURE 2.44 
f(b) 
cs X 
O b 
f(a) 
on ue FIGURE 2.47 
FIGURE 2.45 


for c € [fla), fb)], exactly one x, exist for which A(x) discontinuous on [a, 6] does not at tain 


flx,) =e f(x) = 0 € [Ka), A4)] 


ILLUSTRATION 25: 


SOLUTION: 


ILLUSTRATION 26: 


SOLUTION: 


ILLUSTRATION 27: 
SOLUTION: 


ILLUSTRATION 28: 


SOLUTION: 


Continuity and Differentiability < 2.39 


a+b 


Show that function f(x) = (x — af (x— by + x, takes the value for some x € [a, b] 


We know that the polynomial functions are continuous on R 
*, f(x) is also continuous on [a, 5] 
Also f(a) = a and f(b) = b 


By intermediate value theorem, f(x) would attain each value in between f(a) and f(b) i.e., 
between a and b 


at+b 


. f(x) would also attain the value for some x ¢€ [a, 5] 


Show that the function f(x) = 1- sin x attains value 1 in [-1, 1] 


fix) = 1- sr x is continuous as 1 being constant is continuous, nF x is continuous and 


1— a being the difference of two continuous functions is also continuous. 


5 


Further, f(—1) = 1-sin( =2 and f{1)= 1-sin =0 
by intermediate value theorem, f(x) would attain each and every value between f (—1) and 
Jt) 1e., of interval [0, 2] 

. f(x) also attains value 1 in [—1, 1] 


Show that the polynomial equation x°— 5x*— 17x = 20 has a solution in [1, 2] 

Let P(x) = x°- 5x? + 17x 

P(x) being a polynomial function is continuous in [1, 2] and f1) = 1 -— 5 +17 = 13; 
f(2) = 8-20 + 34=22 

By intermediate value theorem, Ax) would attain each value between 13 and 22 and 
hence it would also attain value 20 in [1, 2] . Thus the equation x° — 5x? + 17x = 20 has a 
solution in [1, 2]. 


Show that the converse of intermediate value theorem is not true by giving a suitable 
example. 


—x? +2x+4 --2<x<0 
Consider the functions f(x) =4x° +3 >0<x<2 
2+Xx s2<x<6 


L.H.L = lim f(x)= lim (—x? +2x+4)=4 
REL = lim f (x)= limG? +3)=3 


. f(x) is discontinues at x = 0. Similarly, L-H.L at x = 2 is 11 and R.H.L at x = 2 is 4 
. f(x) 1s discontinuous at x = 2. The graph of f(x) is as shown in figure 2.48. 


2.40 > Continuity and Differentiability 


ILLUSTRATION 29: 


SOLUTION: 


ILLUSTRATION 30: 
SOLUTION: 


FIGURE 2.48 


Clearly f(x) attains each value from f(—2) to f(6) even when the function f(x) is discontinuous 
in [—2, 6]. 
Thus the converse of intermediate value theorem is not true. 


i 
Show that there is a real number x such that x°* +——— = 2008 
1+sin“ x 


I ree 
——,— being sum of two continuous function is also continuous on R 


Clearly f(x) = oo : 
1+sin* x 


In particular f(x) is also continuous on [1, 2] 

1 
1+sin’ 1 
as f(2) > (2)" = 2048 
Thus f(x) would attain each value from f(1) to f(2) and hence it would also attain 2008 
at some real x. 


But f(1) = 1+ E (1,2); f(2)=(2) + 


1+sin? 2 


Show that 4* + 8* = 3.6 has a solution. 
Given equation is 4* + 8* = 3.6" (1) 


4* §& 2)" (4y 
—+—=3 —| +/—| =3 oe 
= £45 = (2) +{$) Q) 


=> fix) =3 ; where f(x) = (2) (4) 


Clearly f(x) being a sum of two continuous (exponential) functions is also continuous 


2 4 2\' (4) 16 256 272 
Al 1)= =—+—=2 and f4)=| =| +/= |] =—+—=— =3.358 
Gg rs g 3) 81 818i 
Since f(x) is continuous on R and hence also in [1, 4], therefore by Fermat's theorem, f(x) 
would attain each value from f{1) to f(4) i.e., from 2 to 3.358.Thus f(x) would also attain 
value 3. That means equation (2) and hence equation (1) would have a real solution. 


P3: Weierstrass Theorem (Extreme Value 
Theorem) 


If fis continuous on [a, b] then ftakes on a least value m and 
a greatest value M on this interval 


y 
M 
m 
Of ac db 
FIGURE 2.49 


FIGURE 2.50 


REMARK: 


Continuity and Differentiability < 2.41 


Proof: Since f(x) is continuous on [a, b] by Fermat's 
theorem f(x) is bounded on [a, b]. Let m and M be the 
minimum and maximum value of functions respectively. 
Then m < f(x) <M '"xe[a, b] 

As m and M are selected from images f(x); x €[a, 5]; 
naturally there exist a, B, e[a, b] for which f(a) = m and 
Kt®) = M. Further if the function is many-one, then there 
may exist more than one real numbers at which least and 
greatest values occus. 


For example 


(i) f(x) = sin'x is continuous on [-l, 1] having its 
minimum value —z/2 and maximum value 7/2 such 


that f(-l)=~ and f()=— 
y 2 
(11) f(x) = sinx in continuous on [0, 42]; then, least value 


32 7 
of f(x) =— 1 occurs at x= cae and the maximum 
re 


5a 


value of f(x) = 1 occurs at x = aio 


Continuity is necessary for the extreme values theorem to be true. 


Because from the graph shown given below; clearly f(x) has 


FIGURE 2.51 


a discontinuity at x = c , even when least and greatest values m and M are attain in [a, 6). 


P4: Bolzanos Theorem 


If f(a) and f(b) possesses opposite signs then 4 at least one 
solution of the equation f(x) = 0 in the open interval (a, b) 
provided fis continuous in [a, 5]. 


Proof: Since f(a) and f(b) are of opposite signs 
without loss of generality let fia) < 0 and f(b) > 0 as 
shown below 


FIGURE 2.52 


2.42 >» Continuity and Differentiability 


By intermediate value theorem f(x) wouldattain each [a, 5]. But f(a), f(b) are non-zeros, thus J at least 
real number inbetween f(a) and f(b) at least once in one root of f(x) = 0 in (a, 5). Hence the proof. 


P5: A Continuous Functions Whose Domain ___| ««([@, 4]} and f(B) = max {f(x) ; x € [a, b]}. Also f(x) is 


is Some Closed Interval Must Have Its Range continuous on [a, Bj, thus by intermediate value theorem 
fix) would attain each and every real number from 


Al Closed Int | 
so a Closed Interva Aa) to f{B) 


Thus range of f(x) = [f(a), f(6)] which is a closed 


Proof: Let f(x) be a continuous function on a closed 
interval. 


interval [a, b]. By extreme value theorem 4d real 
number a and f in [a, b] such that fa) = min. {f{x); 


Continuity and Differentiability < 2.43 


REMARKS: 


(i) If a function f(x) is continuous on an open interval (a, b) or on Real number line R, and m and M are, respectively, 
the greatest lower bound and least upper bounds of f(x), then Range of f(x) = [m, M] if f(x) attains m and M, and it 
is (m, M) if f(x) does not attain its bounds m or M are included in range if m or M are attained by the function. 


P6: Continuity of Inverse Function Thus F(x) = f. f(t)dt;x € [a,b] (1) 


If the function y = f(x) is defined, continuous and strictly 
monotonic on the domain of function f(x), then there exists 
a single-valued inverse function x = 0(y) defined, continu- 


We are to prove that F(x) is continuous on [a, 5] 
Let x, < [a, 5] 


ous and also strictly monotonic in the range of the function We shall prove that lim F'(x) = F'()) i.e. x > x, 
= fix). 
ae => Flx)—Flx,) +0 
Proof: Let y = f(x) be continuous, and monotonic on the . : Pe 
interval J. Let a € J, then lim Kix) =fla) = b(say) _...(i) 1.€., I. fat—|_ f()dt +0 
Let g(x) be the inverse of f(x) x 
Bb)=@ (2) ie, J SOd >0 el) 
Now lim g (x) = lim f “O)= jam “(f@)) ‘: f(x) is continuous on [a, b] by Fermat's theorem 


fix) is bounded on [a, b] 
= Jareal number & such that |f{t)| <M 
—M < fit)<M 
[ -.. f(x) being monotonic is one-one] x x x 

ee ileesiee = | (Mars) fat <[) Mat 

him g(x) = 8(6) => —M(x-x,)< [. S(t)dt <M(x-%x) 
= f(x) is continuous at x = b 
‘. Inverse of a continuous and monotonic function 
fix) is also continuous on the range of function f(x). lim | : f(t)dt =0 asx—x, 0 


X>Xq 


[-.. f(x) 1s continuous at x = a sox > a> f(x) — fla) 


= lim (x 
Pee. ) 


) 


Thus clearly by Sandwich theorem, 


; ; Hence the result. 
P7: If a Function f(x) is Integrable on [a, 6], 


Then [Flerde;x < [a, b] is Continuous Corollary: Integral I. f(t)dt of a continuous function 


; fix) on [a, 5] is also continuous on [a, b| 
Function 
: . . Proof: We know that every continuous function on a 
Proof: For each x « [a, 5] I. f(Odt is a function of | closed interval [a, b] is integrable, hence by above theorem, 


x(say) F(x). its integration is continuous on [a, b]. 


ILLUSTRATION 32: Examine the continuity of |, Ff (t)dt on [0,2] defined 


sin(t—1) 
by f(t) = (¢-1) 
l for 7 =1 


for t#1 


2.44 >» Continuity and Differentiability 


sin(¢—1) 


SOLUTION: Here f(t) = (1) ” 


™ sin(t — 1) = sinh 


i (t-1l) 0h oh) 


‘, f(t) 1s continuous on [0,2] 


By above theorem, |, f(t)dt is also continuous on [0, 2] 


To Find the Range of Function Using the can find the range of functions by finding the intervals 


Properties of Continuous Functions of their continuity and the points of their discontinuity. 
Some of such problems are discussed below in the form 


By using the earlier discussed theorem, Fermat's theorem, | of illustrations. 
intermediate value theorem, extreme value theorem, we 


ILLUSTRATION 33: Find the range of functions f(x) = 2x* + 6x + 7 
SOLUTION: f(x) = 2x? + 6x + 7 = 2(%? + 3x) +7 
= af 342) 247 
4) 2 


2 
= afa43) + 2 > VxeR 
2 2 2 


We know that f(x) being a polynomial function is continuous on R. Also we find the minimum 
possible value of f(x) = 5/2, which the function attains at x = —3/2. But f(x) tends to 0 as x — 2 


5 
each and every real number from a to oo are attained by f(x) 


Range of f(x) = | 


max |V4—x?,vi+3"| -—-2<x<0 
min Wa—x?, vi+x" O0<x<2 


ILLUSTRATION 34: Find the range of function f{x) defined by f(x) = 


SOLUTION: vee is defined "xeR But V4— x’ is defined for x € [-2, 2] 
Domain of function f(x) is [-2,2] 


=V4-Y ay’ =4-YP >x+y’ =4 


Which is a circle with centre at origin and radius = 2 


- y= V4—-x’ represents semi-circle of circle x? + y?= 4 on and above x —axis 
Again y = V1+x? > y? =142’ 
> y-xr=1 


which represents rectangular hyperbola with centre at origin and transverse axis along y — axis 
and conjugate axis along x — axis. 


Continuity and Differentiability < 2.45 


Thus y = V1+x? represents positive branch of hyperbola y” — x* = 1 as shown below 


FIGURE 2.54 FIGURE 2.55 
At the point of intersection of two functions 
V4—-2x? =V14¢2? > 4-2? =142? > 2x? =3 > x=43/2 
The graph of f(x) is as shown in figure 2.56. 


Clearly f(x) is continuous on [-2, 2] except for the point x = 0, where f(x) has a jump 
discontinuity. 


.. (x) is continuous on [—2, 0] and on (0, 2] 
5 
In [—2, 0], minimum value of f(x) is : and 


maximum value of f(x) is V5 


Range of f(x) in [-2,0] is Bos 


Similarly f(x) is continuous in (0,2] FIGURE 2.56 


Having its minimum value 0 and maximum value ,/— . 


2 
Range of f(x) in (0, 2] is fo, & 


Range of f(x) = 0.5 Ju fe. [05] 


x-2 
ILLUSTRATION 35: Find th f a 
ind the range of f(x) ee ear 


SOLUTION: f(x) =———7—27__ = —__2-? 
| x'+2x’—4x—8 (x? -8)+(2x’ -4x) 


x-—2 _ (x-2) 
(x-2)(x? +4+42x)+2x(x—2) (x-2)(x? +4x+4) 


2.46 > Continuity and Differentiability 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 


SOLUTION: 


. fx) = med ; Domain of f(x) = R~ {—2, 2} 
. fx)= | sWreR~ {—2,2} 


(x+2) 
Clearly f(x) being rational function (poly- 
nomial/polynomial) i.e., quotient of two 
continuous functions is also continuous 
on R ~ {-2, 2}. As x > -2, f(x) — +00 

And as x — +00 , f(x) — 0°. Clearly f(x) > 
0, being a perfect square of a real number 
Range of f(x) is (0, 2) eres! 
Graph of f(x) shown below verifies the range of f(x) y 


Prove that the inverse of discontinuous function f(x) = 
(1+x”) sgn x is a continuous functions. Also find the 
range of f(x) and f'(x) 


1+x’ for x>0 0 
F(x) =(1+x?)sgn x = <0 forx=0 
—(1+ x?) for x <0 
The graph of f{x) is as shown below 
Clearly f(x) is discontinuous at x = 0. But continuous 
on (—co, —1) and (0, 00). y 
Range of f(x) = (20,-1) U (1,0) = R ~ [-1, 1] FIGURE 2.58 
x-l *x>1 
Now f(x)" =40 ;x=0 
—,/—(1+x) sx<—l 
Domain of f(x) is (—0,-1) U(1,0) U {0}, in 
which f'(x) is continuous. Here we do not 
discuss about the continuity of A(x) at x = 0, as 
no portion of graph exists in neighbourhood 


of x = 0. Thus the range of function f(x) is (0, 
o)=R. 


FIGURE 2.59 


—-x+l ;x<0 
Let fx) =x—x? and g(x) = 4 max{/(t);0<t< x, 0<x <1}. Then find the points of discontinuity 


sin 7x,x>1 
of function f(x) and find the range of f(x) 
Ax) =x-x => f(x)=1-2x 
l l 
. f(x)<O0forxe +) and f (x) >0 forx e 0,5) 


1 1 
1.¢e., f(x) in increasing in 0,5) and decreasing in (71 


singx <4 >1 


sin 7x 


Continuity and Differentiability < 2.47 


The graph of function g(x) is shown in Figure 2.60 


Clearly f(x) is discontinuous at x = 0, 1 


i.e., f(x) is continuous in (—%, 0) and (0, 1) and (1, «) 


Range of f(x) would be (1,0) 0 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. 


10. 


A function f(x) = x° — 3x — 5, then state whether the 
following statements are True/False. 


(a) It has at least one root € (0, 5) 
(b) It has exactly one root € (0, 5) 
(c) It has exactly one root é€ (1, 5) 


. Prove that f(x) =2x° + 3x—5 has exactly one root € (0, 5). 
. Prove that 2* + 3* + 5* = 7 has exactly one solution. 


. Let f: [0, 1] — [0, 1] be continuous function. Show 


that there exists a point x € [0, 1] such that f(x) = x. 


. Let fbe a continuous function defined for 1 <x <3. If 


fix) takes rational values for all x and f(2) = 10, then 
find f(5/2). 


3 
. Prove that the function f(x) = (=) sin} 
x 


7 
takes the value 3 in the interval [—2, 2]. 


. If fix) =x + {-x} + [x], where [x] is the integral part 


and {x} is the fractional part of x 
discuss the continuity of fin [—2, 2]. 


. Prove that the inverse of the discontinuous function 


y =(1 + x’) sgn x is a continuous function in its domain. 


. If g: [a, b] onto [a, b] is continuous show that there 1s 


some c € [a, b] such that g (c) =. 


(a) Let f(x +y) = fx) + fy) for all x, y and if the 
function f(x) 1s continuous at x = 0, then show that 
f(x) is continuous at all x. 


FIGURE 2.60 


£[UL-tl] = [-iJU(i) =F) 


(b) If fix y) = f(x): fly) for all x, y and f(x) is continuous 
at x = 1 prove that f(x) is continuous for all x 
except at x = 0. Given f(1) # 0. 


. Let fbe continuous on the interval [0, 1] to R such that 


1 
f(0) =f (1). Prove that there exists a point c in 0 5 


such that f(c) = if« 3 


Z 


. Suppose that f(x) = x? — 3x? -— 4x + 12 and 


f(x) . 
A(x)=|x-3 ; then 
k =3 


(a) Find all zeros of f 

(b) Find the values of & that makes A continuous at 
x=3 

(c) Using the value of & found in (b), determine 
whether / is an even function. 


. Find points at which the function given by the 


following expressions are continuous. 


3x+7 l x 
O) POG ae 
(c) f(x)= ores (d) f(x) = tan (=| 
+sin xX 2 


. Examine the continuity at x = 0 of the sum function of 


the infinite series 


f0)=( Fo | 
xt] (x4+)D2Qx4+1) 2x4+DC6x4+)1) 


=lim DS, = f(@)=1 


2.48 > Continuity and Differentiability 


an 
x? +nxsin' 7X 


15. Let f(x)=lim , prove that f(x) 


no 14+nsin? rx 
discontinuous at x = 0 and x =-1. 


16. If f(x) = {x} and g(x) = [x] (where {} and [] denotes 
the fractional part and the integral part functions 
respectively), then discuss the continuity of 


Answer Keys 


1. (a) T (b) T (c) T 
7. discontinuous at all integral values in [—2, 2] 
13. (a) x e R — {2, 3} (b) x e R—- {-1, 1} 
14. discontinuous 16. (a) continuous at x = 1 

(c) discontinuous (d) continuous at x = 1, 2 


(a) h(x) = f(x) g(x), x = 1 and 2 
(b) A(x) = fx) + g(x), x = 1 
(c) A(x) = fx) — g(x), x = 1 


(d) A(x) = g(x) + Jf (x) ,x=land2 


5. 10 
12. (a) —2, 2,3 (b) k=5 (c) even 
(c)x eR (d) xe R—- {Qn+ 1), ne Z} 


(b) continuous 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. Let fx) = sgn(x) and g(x) = x (@’ — 5x +6). 
The function f(g(x)) 1s discontinuous at 
(a) infinitely many points 
(b) exactly one points 
(c) exactly three points 
(d) no points 


l 


2. If y a aca ae then the number of 
points of discontinuities of y = f(x), x € R is 
(a) 1 (b) 2 
(c) 3 (d) infinite 


3. The equation 2 tanx + 5x — 2 = 0 has 
(a) no solution in [0, 2/4] 
(b) at least one real solution in [0, 7/4] 
(c) two real solution in [0, 7/4] 


(d) None of these 
4, Let fix) = + ,/x—[x]; where [x] denotes the 


greatest integer function. Then 
(a) f(x) is continuous on R* 

(b) f(x) is continuous on R 

(c) f(x) is continuous on R— {1} 
(d) discontinuous at x = 1 


2x-1 
5. The function f(x) = [x] cos ( a )e. [.] denotes the 


greatest integer function, is discontinuous at 
(a) all x 
(c) nox 


(b) all integer points 
(d) x which is not an integer 


6. Function f(x) = (|x —-1| + [x — 2| + cos x), where 


x € [0, 4] is not continuous at number of points 


(a) 3 (b) 2 
(c) 1 (d) 0 
I-h} 
If fx) = 4 1+x ~~, then f([2x]) is; where [] 


] ,x=-l 
represent greatest integer function, then which is/are 
false 
(a) continuous at x = —1 
(b) continuous at x = 0 
(c) discontinuous at x = 1/2 
(d) continuous at x = 1/2 


. The range of the function 


etn x5 P(e! =7x+10) 
2x? -11x+12 


(b) [0, 2) 


o (34 


f(x)= 
(a) (20, 0) 


3 
(c) 3.) 


10. 


l l 
Range of the function f(x) =| ————— |+ 
: “— Pe = V1+x? 
is, where [*] denotes the greatest integer function and 


e=lim(+ a)" 


15 


Continuity and Differentiability < 2.49 


1 


Number of points where f(x) = infx? —3x43] 1S 
n[x° —3x 


discontinuous 1s 
(a) 2 
(c) 6 


(b) 4 
(d) 0 


2 
(a) C aad U{2} (b) (0, 1) 16. If fx) = ie, the number of points of discontinuity 
7 of ffflx))) is : 
(c) OM {2} (d) (0, Iv {2} (a) 1 (b) 2 
11. The range of the function, (c) 3 (d) 4 
fix) = cot” log, .(x* —2x* +3) is 17. Number of points of discontinuity of the function 


12. 


(a) (0, 7) 


o fe 


The function, f(x) = [|x|] — |[x]]; where [x] denotes 
greatest integer function 

(a) is continuous for all positive integers 

(b) is discontinuous for all non-positive integers 

(c) has finite number of elements in its range 


18. 


2sin x 
x) = km —__ b 
T(x) eal + (2e0sx)™ are given by 
(a) 0 


(b) 1 
(c) infinite (d) None of these 


The function f(x)= - eed | eae iS 
sin x for x <0 

(a) Continuous only for all non-negative integers 

(b) Continuous only for all positive integers 

(c) Discontinuous only for all negative integers 

(d) Continuous for all real numbers. 


(d) is such that its graph does not lie above the x-axis. (l-—sgnx)sgnx ;x<1 
13. Total number of points of discontinuity of | 19- The function I(x) = | | is 
Ax) = ie 4 sinx], pty [.] ee the greatest Ere er 1-et™ 
a nction, in [7, 7 : equal to On iHa=3 
(a) (0) (c) x=1 (d) x=3 
(c) 8 (d) 5 ae 
1 20. The function f(x) = = is 
14. If ffx) = ——., where [ ] 1s the greatest integer |4x—x" | 
x+[x] (a) Discontinuous at only one point 
function, then f(x) is discontinuous at (b) Discontinuous at exactly two points 
(a) no point (b) only one point (c) Discontinuous at exactly three points 
(c) infinite points (d) None of these (d) None of these 
Answer Keys 
1. (c) 2. (c) 3. (b) 4. (a,b,c) 5. (c) 6. (d) 7. (d) 8. (a) 9. (c) 10. (d) 
11. (c) 12. (a,b,c,d) 13. (c) 14. (c) 15. (a) 16. (c) 17. (a) 18. (d) 19. (a,c) 20. (c) 


2.50 > Continuity and Differentiability 


DIFFERENTIABILITY 


m@ INTRODUCTION 


A check of the rate of arbitrarily small change in other 
variable with respect to sufficiently small change in one 
variable is called the differentiability of set of ordered 
pairs or differentiability of function. On the other hand, 
geometrically differentiability means smoothness of 
function with no sharp edge or corners in its graph. 


Machine f(x) 


XC 


FIGURE 2.61 


In this chapter we will discuss the basics of the 
differential calculus in detail and build up the base to 
determine the approximate nature of the curves represented 
by a function and it's various properties. 


Differentiability at a Point 


A function f(x) is said to be differentiable at a point 


(Ae Fe) = f(a) 


x=aiff lim 
h>0* 
SS 

slope of left hand tangent at (a, f(a)) 


= lefthandderivative (L.H.D) 


ee 
instantaneous rateof changein 
left neighbourhood of a 


= im (LS) = f(a‘) 
h>0* h 


_———————————— 
slope of right hand tangent at (a, f(a)) 


= right hand derivative (R.H.D) = a finite real number 


e—S—__ -————_—_" 
instantaneous rate of changein 
right neighbourhood of a 


Let P(a, f(a)) be any arbitrary point on the curve of 
function y = f(x). Further let C(a —h, fla —h)) and B(a + h, 
fia + h)) be two points in left and night neighbourhood of P 
respectively as shown in figure 2.62. Then slope of left 


f(a-h)-f(@ 
—h 
f(a+h)— f(a) 
; 


secant AC = and the 


f(a)—f(a—h) _ 
h 


slope of right secant AB = 


y 


y=f(x) 


((ath), f(ath)) 
Right secant throughA  .7 


‘ 
‘ 
. 
. 
- 


Left secant 
through A 


FIGURE 2.62 


Now as C and B tends to A.e., h — 0, secants AC and 
AB tend to become left and right tangent to curve at P. 
f(a-h)-f(@) _ , S@th-J@ _ 
= =a 
—h ho>0* h 
finite real number ensures the unique tangent at P having 
finite slope. 


Thus lim 
h->0* 


Physical Significance 
f (x)- (2) 
X—-a 


Since is an average rate of change of f(x) 


w.r.t 'x' in [a, x], therefore x — a, the interval [a, x] converts 
f (x)- f (2) 


X—a 


to an instant and lim becomes instantaneous 


xa 
rate of change of f(x) w.r.t x at x = a .So differentiability 
physically signifies that no sudden change in the instantane- 
ous rate of change at x = a. 


Geometrical Significance 


Differentiability of f(x) at x = a, implies LHD = RHD. This 
geometrically means that a unique tangent with finite slope 
can be drawn at x = a. Therefore, graph of f(x) must be 
smooth without any sharp edge/corner at x = a and tangent 
line at x = a is not vertical. 
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x, x<l 
ILLUSTRATION 38: Comment on the differentiability of f(x) = hd atx = 1 
x", x2 
_ f(ith)-fil Ith) -1_ 1+h*+2h-1_.. 
SOLUTION: RILD =f(1*)= imZ OF) FO) _ fim UAY “2 gg LtHP+2A—1 pi (4.2)=9 
a h h—0 h h—0 
L.H.D = fq) = im /0-1)=10), Ong) ie ss =] 
—h ho0 hh 


As L.H.D # eee — fix) is not differentiable at x = 1 
Remark: Whenever are we use h — 0 it should be understood that h — 0* 


f(x)=atbx’; x<1 


, then find a and 5 so that f(x) becomes differentiable at x = 1 
3ax—b+2; x21 


ILLUSTRATION 39: If f(x) -{ 


FOLEY ti BE) Oe im ott 


: R.HLD. =/(1)= lin = lim —— = 
SOLUTION: R.H.D. = /f(1*) im _ , him i 3a 
1- 1 +b(1-h)* -3a+b-2 
—h a —h 
sasceyciee a ~2bh 
= is A 
h0 —h 
Hence for this limit to be defined —-2a + 2b -2=0 
ie. b=atl 
. fQy)= = lim— (bh—2b) = 2b  fd)=fO) 
=> 3a=2b=2(a+ 1) => a=2,b=3 
ILLUSTRATION 40: If f(x) = |sin x| and g(x) = x, discuss about the continuity and differentiability of f(g(x)) 
atx = 0. 


SOLUTION: f(x) = |sin x| 
g(x) =x? 
Ag) = [sin x"| 
To check continuity at x = 0 
LHL = Lim (sin x*) = 0, and RHL = Lim sin x°=0 
x0 x0 


Thus at x = 0, L.H.L. = R.H.L. = 0 
To check differentiability at x = 0 
— ee — 1’ 3 — 
f(O-h) SO _tim sin h 0 _ 1H) =0 
—h h0 —h h0 
: 3 
oe Ff (0) = Lim 2 h° -0 
h->0 h 

Thus LHD = RHD so function is derivable at x = 0 


LHD = Lim 
h-0 


and RHD = Lim = Lt (h*)=0 
h-0 


[cos7zx]; x<1 
2 {x}- 1; x>1 
stnds for integer part function and fractional part function. 


ILLUSTRATION 41: For the function /(x) = comment on the derivability at x = 1; where [.] and {.} 
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SOLUTION: 


ILLUSTRATION 42: 


SOLUTION: 


ILLUSTRATION 43: 


SOLUTION: 


ILLUSTRATION 44: 


SOLUTION: 


f() = tim LOD = LO) tpg OE AOI tim = 0 
i h-0 —h ho0 —-h 
‘ im 0+ DLO «tim 2+ hy-14l _ | 2h _ 
ff) = lim iim ; = tim =2 


. fix) is not Pry atx = 1 


x2 
; x<0 

Test the differentiability at x = 0 for the function f(x) = ‘ 
sinx; x20 


iia fit Om = h) _ 5, Sin(0)-(CAy* _ | O-)P _ 


him h->0 h h-0 h 
and RHD = lim oa sin(0) a3 qi sinh = 
h-0 h h-0 =A 
. LHD+#RHD 


=> f(x) is not differentiable at x = 0 


Check the differentiability of the function f(x) = cosx + |cos x| at x = 


NIA 


fix) = cosx + |cos x| at x = 1/2 


en IE I 
2cos x if ae ey 
Now, cosx +|cosx|+ 


Oo gp% eye" 
2 2 


2 
~~ for x <0 
If the function fx) is defined as /(x)= is continuous but not derivable 
x" sin— for x > 0 
x 


at x = 0, then find the range of n. 


2 
~~ for x <0 
Given f(x) = and f(x) is continuous at x = 0 clearly f(0) = 0 
x” sin— for x >0 
x 


x07 


2 
Now L.H.L. = Bae Ko = in| = 5 =) 


, ; 1 
and R.H.L.= lim f{x)= lim x sin — 
x0" x0" x 
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m= CONCEPT OF TANGENT AND ITS Slope of the line joining P(a, f{a)) and 
ASSOCIATION WITH DERIVABILITY OC CL flat i (a) 


Tangent: The tangent is defined as the limiting case of 


Slope of tangent at P = f(a) = lim 
a chord or a secant ho0 


flath)— f(@) 
h 
The tangent to the graph of a continuous function f at 
y the point P (a, f(a)) is 
Q(a,+h,f(ath)) (i) the line through P with slope f(a) if f(a) exists : 
flath)— f(@) 
h 


(ii) the line x = aif = lim 
h-0 
If neither (1) nor (11) holds, then the graph of f does not 
have a tangent at the point P 
In case (i) the equation of tangent is (vy — f(a)) = f(a) 
’ (x — a) 
FIGURE 2.63 In case (11) itisx =a 


REMARKS: 


(i) tangent is also defined as the line joining two infinitely small close points on a curve 


(ii) A function is said to be derivable at x = a if there exists a tangent of finite slope at that pointi.e., f(a*) =f (a) = finite 
real number 


(iii) y =x? has x-axis as tangent at origin 
(iv) y= |x| does not have tangent at x = 0 as LLH.D # R.H.D 
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ILLUSTRATION 45: If f(x) = |x— 1]. ([x] — [—x]), then find f’(1*) and f’(1_) where [x] denotes greatest integer function. 
Also discuss the differentiability of f(x) at x = 1. 
SOLUTION: Given f(x) = |x — 1]. ([x] — [-x]) 
clearly f(1) = 0 
Now LHD = lim LOTM=LO = ping SO-M _ ing UA -1L-AI-L-0-)) 


hot —h hoot) hh hot —h 
= lim AO-()) ae | 

hoot —h 

md RHD = imSOtO-FO _ yg HAN AI-EO+ AD _ 4 AU-C2) _, 
hot h hoo" h ho" h 
. fl) =-1 + fd) =3 .. f(x) 1s not differentialle at x = 1 
ax’?-b if|x|Kl 
ILLUSTRATION 46: If /(x)= 1 is derivable and continuous at x = 1. Find the values of a and b. 


—-— if|x|21 
|x| 
ax*-b if|x|k1 
SOLUTION: Given /(x)= 1 
|x| 
*.” f(x) is continuous at x = 1 

lim fix) = 1) = lim f (x)= f@) > limax’ -b =-1 

x= x> x 


if |x|21 


=> a-b=-1 . (4) 
Also f(x) is differentiable at x = 1 

. fd-A-f@ ,... ai-hy’-b+1 

H.D = f'0) = bm AS = Lim —T_H 

Newer) 130" —h 130" —h 


at+ah’? —2ah—b+1 — lim ah* —2ah 


lim 7 ay (.. a—b=-1 from (i)) = lim (-ha+2a)=2a 
ag -1+1+h 
. fd+rh)- fad . |A+1| lth 1 
HDf(1)= bm aH — = lim -—— = lim —**— = lim ——=1 
andR.H.D/‘(1*)= lim h a hr baeca ne 
“ ff) =f) 
=> 2a=1 => a=1/2 
=> b=3/2 (..a—b=-1) 
: 2[x] . 
ILLUSTRATION 47: Given f(x) = cos" | sgn 3x-[x] ; where sgn. (-) denotes the signum function and [-] denotes 


the greatest integer function. Discuss the continuity and differentiability of f(x) at x =+ 1. 
SOLUTION: Continuity at x = 1 


lim f(x) = lim cos” (sen i 


) = lim cos (0) =— 


O 
3x-0 2 


=> lim f(x) = im cos" sn :}) asx 1*>3x-1—-2* 
t+ x= x- 
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2 


oT 
3x-1 
=> € (0,1) => sen( = j= 
3x-1 °” aa 
lim f(x) =cos"(1) =0 .. f(x) is discontinuous at x = 1 


continuity at x = -1 


sae -1 _ 2x] = li ‘i = 
lim f(x) = lim cos (sen( 522- a ‘sen(5—*,)] 


Now —2 <x<-1>-4<3x+2<-l 


2 ae ee (ans 
3x+2 S 3x+2 
R.H.L = cos? (1) =0 
Now lim /(x)= lim cos” sen( at 
x3-I1* x>-I* 3x+2 
Now x > -l? > 3x — 33" 
=> 3x+2>-l* => 3x+2<090 
3x+2 
_4 
S =] .. RH.L =cos! 
an = moe) 


Also f(-1) = cos” (sn =) = cos (1) =0 


Thus f(x) is continuous at x = 01 
Differentiability at x = 1 
’ f(x) is discontinuous at x = 1, f(x) cannot be differentiable x = 1 
(we shall prove it in our next topic) 
Differentibility at x = —1 


1-4) 
-[-1-A] 
fA-- FD _ sn coe" G Eee 

—h 


L.H.D = Lim 
hoot hot —h 
cos | sgn| ———___ e 
( —3-3h+2 . cos 1 
= Lim —-——7>—_+——_~ = _ lim —— = 0 
hoot —h hoo =—-h 


; 2[-1+h) 
aC os eeneers) 
en SCI -FCD _ 


aes h—0* h h->0* h 
cos | s _ 2 cos | s nf “2 
| a | 343041 | oe" -243n)) 0 
= bin —— >_> = _ lim —_*—_*—"—__ —* = = 0 
ho" h h0* h h 


. f(x) is differentiable at x = 1 
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ILLUSTRATION 48: If the function g(x) is differentiable at x = 2, then find values of a and 5b; where 


SOLUTION: 


ILLUSTRATION 49: 


SOLUTION: 


bx+2 3; 26x<5 


we pa 5 O0<x<2 


avx+2 ; O0<x<2 
g(x)= 


bx+2 3; 26x<5 


im 82° g(2) _ fim 2N2 7h t2 — 26-2 ~ S202. 34: 2 — 2 
—h 


NowL.H.D. =g'(2,)= = lim 


er h—->0* 
Above limit is edests if “im av4—-h —2b-2=0 
—- 


=> 2a-—2b-2=0 


=> a=b+1 ..(1) 
= . av4—-h —2a _ lim a h) 
g(2)= lim 
h>0* —h sPa 
a a 
= lim ——— =— .. {il 
0 24J4-h 4 (ti) 


2+h)- f(2 _ b(2+h)+2-2b-2 _ bh 
Now RH.D = g'(2*) = lim TAY IOY oi Oe ep 
0" h h—0* h hoo" h 
g(x) is differentiable at x = 2 
a 
=> g(2) = g'(2’) => 7 = 
| err (iii) 
1 4 
Solving equation, (i) and (iii) we get b ae a= 3 
@ithl_9 
If f(x) = x. TET , x # 0 and f(0) = — 1; where [x] denotes greatest mteger less than or 


equal to x. Test the differentiability of f(x) at x = 0. 


@ltl-l_9 
x.) ————| ; x#0 
Given f(x) = [x]+|x| 


—] : =O 
RAD = timLOtD-LO _ jim S41 
ae h—0* h ne 
[A}+A| 
iG i} = 
= fim SLA lal — iim 2 = tim 2 a = 1 
hoot h hot h hon Of 
[—h]+-Al 2 
-h -H( h)+|—h Je 
and LAD = im LD=LO jig AEAI#1-A 
—h hoot —h 
—l+h 
ch - : +1 lth lth 
; —l+h . he" +2h-1+h . he" +3h-1 
= lim —->—_—__+*—- = ST  ,  —_—_ 
ho" —h hoe = —h(-1+h) hoo = —h(—1+h) 


which does not exist. 


Hence function is non-differentiable at x = 0 
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Theorem Relating Continuity and => lm f(ath)=f(@) => him f(x)= f(@) 

Differentiability = f(x) is continuous at x =a 

Differentiability > Continuity: .. Ifa function is discontinuous at a point, then it 
If a function fis derivable at x = a, then fis continuous must be non-differentiable. 

atx =a 

Proof: Let fis derivable at x = a Reasons of Non-differentiability of a 


=> f '(a) = lim piCna) EAC) ~ I) exist finitely Function at x=a 
—> 
f(ath)- f(a) In our previous discussion we studied how to check the 
flat h)—fla)= - 3 where (A#0) | differentiability of a function at a point. This is done by 
> lim[(f(a+h)- f(a] =0 verifying the equality of left hand derivative and right hand 
h>0 derivative and both should be finite. 


Now we shall study what makes the left hand derivative 


fig IO i aad a) OHO 


h0 h h0 and right hand derivative unequal or why they do not exist? 
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What should be the reason behind it? What should be the 
nature of graph of functions which are ‘non-differentiable? 
In our last chapter we studied that differentiable functions 
are continuous 1.e differentiability of a function at x = a 
implies the continuity of function at x = a, clearly if a 
function is discontinuous at x = a, then surely it will be non- 
differentiable at x = a. Thus we reach to one of the reasons 
of non-differentiability i.e., discontinuity. Let us explain the 
various other reasons of non-differentiability in detail. 


1. Discontinuity of function at x =a 


Case (i) When function has a jump discontinuity at x =a 
such that f(x) is left continuous but right discontinuous or 
left discontinuous but right continuous 


ae =1, 

Let 

f(a )=L, = f(a) 

- RHD-= fim Jt) -f@ = im 2 
h>0 h hoo Ah 


fas = f(a) 


= co 


and LHD = lim 


0 


y 


O a 
FIGURE 2.64 


R.H.D = 00 


= f(x) is non-differentiable at x =a 


y 


O a 


FIGURE 2.65 


Case (ii): When the function has a jump discontinuity at 
x = a such that f(x) is left as well as nght discontinuous at 
x=a 


f(a") =L, 
Let, f(a)=L 
f(@)=L, 
Then, L.H.D = fe = ees = 00 
x0° —h x0 «=f 
and R.H.D = lim Sees = lim a = 
x0" x—0* 


Pip Sie 
h-0 h 


= 00; RH.D.=lim2—= = 6 
h>0 hh 


L.H.D and R.H.D both are infinite thus f(x) 1s 
non-differential at x = a. 


y 


a) = F(a')= 
FIGURE 2.66 


Similarly for the figure given below 


O a 


FIGURE 2.67 
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Hence from above four cases we observe that due to 


L.H.D. = him - h =—0o and discontinuity of a function at a given point whatever it 
L.—L may be (jump on removable) at least one of the two one- 
R.H.D. = him = 7 —00 sided derivatives becomes infinite. Due to which function 
becomes non-differentiable at that point. 
L.H.D and R.H.D both are infinite. Thus f(x) is 
non-differentiable at x = a. 2. Sharp points on graph: It may happen that a function 


f(x) is continuous at x = a, still the function is non- 
differentiable at x = a. This situation may arise due 
to sharp point on the graph of function at P (a,f(a)) as 


Case (iii) When the function f(x) has removable disconti- 
nuity atx =a 


re shown below 
Let! Pe 
f(@=aL y 
then from figure 2.68 


Right secant in 
“| limiting position 


X 


Left secant in limiting position 


FIGURE 2.70 
F E 2. ; 
Mannose The point P on graph is called sharp corner or kink. At 
—h)- such points the graph changes its direction abruptly. 
LHD = lim S(a-h)- I@ Pp grap g ptly. 
h0* —h 
Example 
L, —L = 
"Ee as (i) The function f(x) = |x| is non-differentiable at x = 0 
= 0 0 
And R.H.D = im LOTT) es ee LHD= lim Z-ZO LO) = im ao I{=10| jim = —] 
h—->0* h x00 x-—O0 x>0 X 
and for the figure given below 
FIGURE 2.71 
FIGURE 2.69 And ; 
RHD- lim JO LO _ fim PICO es | 
L-L x90 = x —0 x20" x-Q x0*x 
eS a 
L.H.D = hoot hl! as .. L.H.D =-1 =slope of y =- 
# R.H.D =1 =slope of y =x 
AndR HD ,—L 355 “. f(x) = |x| 1s continuous at x = 0, but 1s non-differenti- 


able atx =0 
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(ii) The function f(x) = |sin x| is non-differentiable at 
x=nn;neZ 


Slope =-1Slope =1 


FIGURE 2.72 


FIGURE 2.74 


_ f(x)-f(ma) _ |, f(na—h)— f(a) 
ae ey In figure 2.73 L.H.D = © and R.H.D = 


Whereas 1n figure 2.74 L.H.D = -o and R.H.D = —co 
: lsin (nz - h) _ lsin nn 
im A J+—__—_. 


nee _h For example: 
\(-1)"" sin A|-0 aay (i) fx) = x'* 
= lim ——————— = _ lim —— = -] ; V/s 
ho" —h hoo" —h Atx =0, lim f(x)= lim (x) =0 
_— yn LQ)-f (nz) 
and R.H.D == Ea ani And lim f (x) = lim (x)"" = 0 
. Eye x x 
lim ae Also f{0) = 0 
Thus f(x) is continuous at x = 0 
sin(nz + h) —|sin(nz)| 1/5 
= Lm ——H\H———_ — jj J(-A)-9 = =| (-A)* 
Pate h Now L.H.D lim 7 him 7 
— |Cd"sind|-0 sinh ee eee 
i. hs a i-90" (A) 
; 0+h)—f(0 
LH.D#RH.D And RH.D = lim f( ; f(9) 
3. Vertical tangent: It may happen that a function 
is continuous and smooth (with no sharp point) at = tin f(A)- FO) 
x = a, even then function is non-differentiable at h0" 
x =a. This happens due to vertical tangent at P (a,f(a)). (ny 1 


= lim ——~ =0 


ao h h—>0* ( hy" 2 


For vertical tangent line at P (a,f(a)), f(x) should be 
continuous at x = a and |f(x)| — © as x — a. The 
following figures illustrate the case: .. The graph of f(x) = (x)'* would have a vertical tan- 
gent at x = 0 as shown in figure 2.75. 


y 


FIGURE 2.73 FIGURE 2.75 


(ii) For f(x) = (x)? 


lim f(x) = lim f(x) = f(0)=0 


. f(x) 1s continuous at x = 0 


Nowe 22 Od OD) 
ho0" —h ho>0* —h 
2/3 
h>0* (—h) h->0* (-h)y'? 
and R.H.D = lim LO+A)- FO — lim I” 
hoot h h->0* h 


The graph of f(x) = (x)*? would have a vertical tan- 
gent at x = 0 as shown in figure 2.76. 


Q H R 


vy 
FIGURE 2.76 


Thus slope of OQ approaches to —00 as x — 0° and the 
slope of OR approaches to © as x — 0° such a function 
is said to have cusp at the point under consideration. 
Hence it is x = 0. 


4. Oscillation point: If a function f(x) is continuous but 


left and right derivative do not exist at x = a due to 
high frequency oscillations in neighbourhood of x = a, 
then the function /(x) is non-differentiable at x = a and 
such a point is called oscillation point. 


For example 


(i) Consider the function f(x) defined by 


1 
xsin—;x #0 
Ax) = x 
0;x=0 


] 
sin — €[-1,]] 
x 
de, Gat 
then, xsin— lies in between y = —x and y = x 
x 


; on | 
and lim f (x) = lim xsin— = 0 x (a finite real 
x x—-> x 


number) = 0 = f(0) 


(Gi) f= 


Continuity and Differentiability < 2.61 


Thus f(x) is continuous at x = 0 


. xX . . 
Now L.H.D = lim| ———— |= lim (—sin) 


x—0° —Xx x0" x 


which oscillates between —1 and 1. 
. 1 
Similarly R.H.D = lim sin which also oscillates 
x—> xX 


in between —1 and 1. 
Thus L.H.D and R.H.D do not exist at x = 0. The 
graph f(x) is as shown below: 


y 
X 
y=x' 
y' 
FIGURE 2.77 
i 
x|sin—|,x #0 
x 
0 —x=0 


The graph of f(x) is as shown below: 


y 
FIGURE 2.78 


Clearly f(x) is non-differentiable at x = 0. 


2.62 >» Continuity and Differentiability 


ILLUSTRATION 52: Examine for continuity and differentiability at the pomts x = 1 and x = 2, the function f defined 
x[x], O0<x<2 


by f(x) = (x-DIx], 2<x<3 ; where [x] = greatest integer less than or equal to x. 


x[x], O<x<2 


SOLUTION: Given f(x)= bane 2<x<3 


L.H.L. = lim Ax)= lim x [x] =0 and R.HL.= lim fx)= lim x[x]=1 
x1 x1 x I1* x1 


lim f(x)# lim f(x) 

xo x 1* 
function is discontinuous as well as non-diff. at x = 1 
Also f(2) = (2 -1).2 =2 


Now L.H.D = tim LE“) - lim (27 MI2- 1-2 = lim (27-2 _| 


= h-0* — h->0* —h 
and RHD = tim LE*- LO : lim Se = im (l+h)(2)-2_, 


. f2Z)4f(2) 
hence function is non-diff. at x = 2 
Also lim f(x)= lim x[x]=2x1=2 
x27 x32 
lim f(x)= lim @- 1) [x] =(@-1).2=2 
x2" x32" 


Bie PO) NOS 7e)= 2 


’. Function is continuous at x = 2 


Thus f(x) has a sharp corner point at x = 2 


1 for -«o<x<0Q 


1 
ILLUSTRATION 53: A function fis defined as follows: f(x)= j 1+|smx| for Osx< 3 
24 x-5) for 2 <x<+00 
2 2 
Discuss the continuity and differentiability at x = 0 and x = 1/2. 


1 for -—0<x<0 
SOLUTION: Given f(x)=4 1+|sinx| for O<x< a 
24+ x- 5) for 2 <x<+00 
2 2 
Clearly im fix) = 1 = f(0) so f(x) is contmuous at x = 0 


(0) = 1; (3) =2 


Continuity and Differentiability < 2.63 


LHD=f'(0)= Lt BA Ds 


fO-)-fO _ 1, fCM-1_ |, 1-1_, 
—h h 


hoot hoot _ hoot —h 
. f(h+0)- f(0) . 1+|sink|-1  ,. |sinh| . sinh 
HD = f'(0 = lim ————_ = _ lim ————_=:_ lim ———- = 1 =1 
epee aa h a a a a 
 S'O)#f'O) 
hence f(x) is non-differentiable at x = 0 
=> f(x) has a corner point/sharp point at x = 0 
At x=7 
2 
: f\| h+2 - 1% 2+(a+ 2-2 2 ; 
RHD=f'| | = lim & 2) = tim ca ag re Lay 
_ 2 h—0t h hot h hoot h 


Vs I 
A) 
and L.H.D = f’ eae a i lim 


|cosh|-1 . cosh-1 _ 2sin? h/2 
——_ = —— = lim ——= 


hot —h hoot 3 —h hoot h 


= f(x) is differentiable at x => 


, _ 
= fx) is also continuous at x = ri 


ILLUSTRATION 54: Examine for continuity and derivability at origin in case of the function f defined by 
K(x) = x tan (1/x), x # 0 and f(0) = 0. 


xtan!(I/x) ; x#0 


SOLUTION: Given f(x) = 
0 ; x=0 


htan!+—9 
Hence f(0) = lim peat — lim h : —] 6 


lim tan” Zz 
nan h>0" h | a /2 
wg = = 


LHD. |. (7) 7 
lim tan} — 
hoo" h 


f’(0*) # f'(0-) => function is non-diff. at x = 0 
1 

Also lim f(x) = lim x tan” = = (0 = (0) 
x0 x—0 x 


= function is continuous at x = 0 


Thus function has a sharp point at x = 0 


2.64 > Continuity and Differentiability 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


iF 


Check the continuity and differentiability of 
F(x) -{ 


xsin(logx”); x #0 
0 ; 


atx = 0. 
be 


. (a) Show that the value of the derivative of |x — 1| + 


lx —3| atx =2 is 0. 


(b) If f(x) = |x|/[x], x € (0, 1), then find f’(2). Here [ | 
denotes greatest integer function. 


LaeiP x#1 
. A function f(x) is defined as f(x)= } x-1 
0 - iS 


then discuss the continuity and differentiability of 
fix) and mention the direction of tangent at the point 
b oe UF 


. If fx) = |sin x — cos x|, find f’(1/2), if it exists. 
. Does f"(1) and f'(2) exists for the function 


x[x]; O<x<2 
x’ -x: 2<5xs3 


greatest integer < x. 


; where [x] denotes 


feoy=| 


N 


. If fix) is defined as f(x)= 


6 5 eles 
x 
0 ; x=0 


find the condition that can be imposed on p such 
that fcan be 


(1) continuous 


(11) differentiable at x =0. 


ae 1 
(x-1) Seniaa ; ad i 


. Let f(x) = 
-l a Sl 
prove that the above function is differentiable at x = 1. 
. Find the values of a, b and c. If f(x) = a |sin x| + 


b e*| + c |x/> is differentiable at x = 0. 


. Check the continuity and differentiability of f(x) = x’ 


sin 1/x if x #0 and x if x = 0 and show that "differen- 
tiability of function not necessarily implies continuity 
of its derivative." 


10. 


11. 


12. 


13. 


Prove that the derivative of an even derivable function 
is always an odd function. 


If f(x) be an even function and f’ (0) exists, then show 
that /’(0) = 0. 

gla x 
(a > 0) and f(0) = 0 for continuity and existence of 
the derivative at origin. 


Examine the function f(x) = x #0 


A function ‘f' is defined 


as 
Lx] 


ax* +bx+c iflx|<> 


by 
if|x|> - 


f(x)= _If'f is differentiable 


at x = 1 and x = —1/2, then find the values of a, b and 
c if possible. 


Answer Keys 


8.a+b=0; cER 


12. Continuous but not differentiable at origin 13. (a,b,c)e 
15. 0 


1. Continuous but non-differentiable 
2. (b) does not exist 


4. £(Z)=1 


5. No differentiable at x = 1, 2 


17.k = 1/2 


14. 


15. 


16. 


17. 


Continuity and Differentiability < 2.65 


Check the differentiability of 


1 
f(x)= ert »XF#E€ atx =e 


0 >x=e 


Let f(x) = i 2(0) = g' (0) = 0 and f(x) be con- 


tinuous at x = 0. Find /’ (0), if it exists. 


Prove that f(x) = — is differentiable at x = 0 for 
1+ Fe 
all n e [0, 0). 
at+(x-b) ,|x-b|<k 
f(x)= ( ) | Find the value of ’k’, 
c+|x-b| ; x-b|>k 


so that f(x) becomes differentiable at x = b — k, 
b + k and prove that a—c = 1/4. 


3. f(x) is discontinuous and non-differentiable at x = 1, At x = 1, tangent is vertical 


6. (i) p > 0, 


(ii) p>1 


9, Continuous and differentiable at x = 0 
ered E R} 14. non-diff 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


1. 


If y = |x — a| + |x — B, then: 

(a) f(x) is continuous and differentiable at x = a, b 

(b) f(x) is continuous but not differentiable at 
x=a,b 

(c) f(x) is neither differentiable nor continuous at 
x=a,b 

(d) None of these 


2. y =|\x— 1]-1|+ 11s NOT differentiable at the points : 


(a) (0, 0), (1, 1), (0, 2) 

(b) (0, — 1), (1, 9), (2, 1) 

(c) (1, 0), (1, 2), (1, — 2) 

(d) (0, 1), C1, 2), (2, I) 

If f(x) = sin |x| — e*!, then at x = 0, f(x) is: 
(a) Continuous but not differentiable 

(b) Neither continuous nor differentiable 


4. 


5. 


(c) Both continuous and differentiable 
(d) None of these 


Number of points where f(x) = |Max {x’ — 2, x}| is not 
differentiable is : 

(a) | (b) 2 

(c) 3 (d) 4 


Let f(x) ni , where x # 0 and f(x) = 1, where x = 
0, then ” 

(a) f(x) is differentiable at x = 0 

(b) f(x) is continuous but not differentiable at x = 0 
(c) f(x) is not continuous at x = 0 


(d) him fix) =0 


sin! (sin x) is NOT differentiable at x = 
(a) 1/4 (b) 2/2 
(c) 1/6 (d) x 


2.66 > Continuity and Differentiability 


7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


The left hand derivative of f(x) = [x] sin 1 x at x =k, 
k an integer and [ | is the greatest integer function 1s: 
(a) -—1*(&-Dn (b) — If ' In 

(c) (1) kn (d) (1) ‘kn 


. Number of points where f(x) = Max {9 — 4x, 2x* + 3, 


4x + 1} is NOT differentiable is: 
(a) 2 (b) 3 
(c) 1 (d) differentiable at all points 


. y = Max { e!, In |x|} is non-differentiable at 


(a) all values of x 
(b) No value of x 
(c) only three value of x 
(d) only two values of x 


The domain of derivative of the function: 


tan™! x if|x|<1 
ON Masi |xb Lis 
(a) R— {0} (b) R—-{]} 
(c) R-{-]} (d) R-{-I, 1} 
If |x) — fiy)| < x —y?"*' (n € N) then f(x) is equal to : 
(a) 0 (b) n 
(c) nx (d) 1 
At the points where y = |cos x| is differentiable, 
dy 
hk equals: 
(a) |sin x| (b) — |sin x| 


(c) — |sin x| cot x (d) —|cos x| tan x 


The points of non-differentiability of the function 
fx) = |||x — 1] -— 1] - 1] are: 

(a) {0, 1, 2, 3, 4} (b) {- 1, 0, 1, 2, 3} 

(c) {-1, 0, 1} (d) None of these 


If f(x) = 1 — |x|, the number of points where f (f(x)) 
ceases to be differentiable is: 
(a) 0 (b) 1 
(c) 2 (d) 3 


Which of the following is/are true? 

(a) If fis continuous, then |f is also continuous 

(b) If |f/ is continuous, then fis also continuous 

(c) If fis differentiable, then |f is also differentiable 
(d) If |f is differentiable, then fis also differentiable 


Which of the following functions is differentiable 
at x = 0? 


17. 


18. 


19. 


20. 


21. 


(a) cos (|x|) + |r| 
(c) sin ([x|) + |x| 


(b) cos (|x|) — |x| 
(d) sin (|x|) —[x| 
Let [ ] denotes the greatest integer functions 
and f(x) = [tan x], then 
(a) lim f(x) does not exist 
x0 
(b) f(x) is continuous at x = 0 
(c) f(x) is not differentiable at x = 0 
(d) f (0) = 1 
The function f(x) = |2x — 3] [x], x = 1; and f(x)= sin 


Hx e e 
ais < 1; ({ ] denotes the greatest integer function) 


(a) 1s continuous at x = 2 

(b) is differentiable at x = 2 

(c) continuous and differentiable at x = 1 

(d) is continuous but not differentiable at x = 3/2 


2 — 
a ;0<x<2 
x +1 
1 
If f(@)=) GG -x*) 3 2<xS3, then 
9 
qe cre) 5 3<x<4 
(a) f(x) is differentiable at x = 2 and x = 3 
(b) f(x) is non-differentiable at x = 2 and x = 3 
(c) f(x) is differentiable at x = 3 but not at x = 2 
(d) f(x) is differentiable at x = 2 but not at x = 3 
A function f(x) 1S defined as 
re | 
=; #0, mEN 
fix) = , se = . The least value of m 
0 : if x= 


for which /’ (x) is continuous at x = 0 is 
(a) 1 (b) 2 
(c) 3 (d) None of these 


Let the function f, g and h be defined as follows: 


x in( 
f(x)= x 
0 for 


a ( 3 
x* sin| — 
g(x)= x 
0 for 
h (x) = |xP for-—1<x<1 
Which of these functions are differentiable at x = 0? 
(a) fand g only (b) fand h only 
(c) g and h only (d) None of these 


for -—l<x<landx#0 


x=0 


for —l<x<landxz0 


x=0 


22. 


233 


24. 


2D. 


x+b, x<0 
can be made 


The function g(x)= 
cosx, x20 


differentiable at x = 0. 
(a) if b is equal to zero 
(b) if b is not equal to zero 


(c) if 6 takes any real value 
(d) for no value of b 


Let f be differentiable at x = 0 and f(0) = 1. 


Then Lim EAU ler AGS) equals 

h0 h 
(a) 3 (b) 2 
(c) | (d) -1 
If (3) = 6 and f’ (3) = 2, then tim= FOAL) 
is given by : 
(a) 6 (b) 4 
(c) O (d) none of these 

2 (sin x ~ sin? x] + sin x ~ sin? x 

Consider f{x) = 


2 (sin x ~ sin? x] - sin x ~ sin? x 
I 
KF > for x € (0, 1); f(n/2) = 3, where [ ] denotes the 


greatest integer function, then, 

(a) fis continuous and differentiable at x = 7/2 

(b) fis continuous but not differentiable at x = 1/2 

(c) f is neither continuous nor differentiable at 
x =n/2 

(d) None of these 


Answer Keys 
1. (b) 2. (d) 3. (c) 4. (d) 5. (c) 
11. (a) 12. (d) 13. (b) 14. (d) = 15. (a) 
21. (c) 22. (d) 23. (a) 24. (c) 25. (a) 


m@ ALGEBRA OF DIFFERENTIABILITY 


If f(x) and g(x) are differentiable functions at x = a, then 
following holds good 


1. f(x) is always differentiable ( * is finite) atx =a 


= lim 


Proof: Since f(x) is differentiable at x =a 
EO ee Oe) 
h>0* —h 7 h 


finite and real 


=f'@ , 


h>0* 


26. 


27. 


28. 


29. 


Continuity and Differentiability < 2.67 


Given the function f(x) = 2x yxr-1 +5 vx 
yl- x* +472 yx —1 + 3x +2 then: 


(a) the function is continuous but not differentiable 
atx = 1 

(b) the function is discontinuous at x = 1 

(c) the function is both continuous and differentiable 
atx = 1 

(d) the range of f(x) is R' 


x .&n(cosx) . 
If f(x) _) én ( + <) : 
0 ; 
(a) fis continuous at x = 0 
(b) f is continuous at x = 0 but not differentiable 
atx =0 
(c) fis differentiable at x = 0 
(d) fis not continuous at x = 0 


x#0 
, then: 


x=0 


lx-3| , x21 
The function f(x) = (<2) (22)+ (48) ei iS: 


(a) Continuous at x = 1 
(b) Differentiable at x = 1 
(c) Continuous at x = 3 
(d) Differentiable at x = 3 


The function f{x) = V1l-v1- x? 


(a) has its domain —1 <x<1 

(b) has finite one sided derivative at the point x = +1 
(c) 1s continuous and differentiable at x = 0 

(d) is continuous but not differentiable at x = 0 


6. (b) 7. (a) 8. (a) 9. (c) 10. (d) 
16. (d) 17. (b) 18. (d) 19. (b) 20. (c) 
26. (a) 27. (a,c) 28. (a,b,c) 29. (a,b,d) 

Now tim ODM _ i { = a 
= kf(a) 


if(a+h)-Wf(a)_,. kLfa+h)-S@) 
h 


and lim 
h—>0* h>0* h 


= Af(a) 


'. kfis differentiable at x =a 


2.68 > Continuity and Differentiability 


2. f(x) + g(x) 1s always differentiable at x =a 
Proof: Let w(x) =f(x) + g(x) 


LHD = lim YE“) -¥@) ma, 


mf (a—- i+ g(a ae [ f(a) + g(a)] 
f(a 7 f(a) 


_ 


= iy ee lim g(a—h)— g(a) 
h>0* h—>0* —h 
= fa )+ Bh ) = finite 
finite finite 


tim ylat a y(a) 


male (at i) + g(at Je Lf (a) + g(a) 


_ 


R.H.D = 


= far fe). lim 
ho" h h—>0* 
= f(a’) + g'(a’) = finite 
f(a) = f(a’) and g(a) = g(a’) 
.. L.H.D=R.H.D at x = a for w(x) 
Thus (f+ g) is differentiable at x =a 


Similarly, we can show that (fg) is differentiable at x = a 


3. f(x) . g(x) is always differentiable at x = a 
Proof: Let w(x) = f(x) g(x) 


LH.D= lim y(a-h)-y(@) 
ak hoo" —h 
iii fie-Wste-)- Hato 


f(a-h)g(a-h)— flajg(a—h)+ 
S(ag(a-h)— f(@g(@) 


see = 
- g(a—-h)[ f(a-h)- f(a)] 
7 et —h - 
lim LO [g(a—-h) - g(a)| 
a —h 


= g(a) f(a) + fla) g(a) ..-() 
R.H.D= lim VeVi) 


= fim Let Nete+ Sa. g(@ 
f(a + h).g(a +h)- f(a)g(ath)+ 
_ in L@s(a+h)- f@g(a) 


h>0* h 


= lim g(a+h) je Ao + 


lim f(a) 82 9=8O)| 


= 


g(ath)—g(a) 
h 


= g(a f(a )+ f(a).g(@) .--{i1) 


f(a) =f(a@") and g(a) = g(a’) 
.. from (4) and (11) 


L.H.D = R.H.D at x = a for w(x) 


.. (fg) is differentiable at x =a 


LO) is differentiable at x = a, provided g(a) # 0 
g(x) 
Proof: Let o(x) = g(a)#0 
Then, L.H.D = lim Hen A) Ho) 
f(a-h)_ sJ@ 
~ tim 8@—4)_8(@) 
h—->0* —h 
_ in L@-Wala)- f(a)g(a-h) 
a’ “hg(a—h)g(a) 


f(a-h)g(a)— f(a)g(a)+ 
~ jim [O8(@)-S@s(a-h) 
hoo Thg(a—h)g(a) 
tim {sobre - fe) 


—h)— 
_ (a) l&@ : sl 
g(a—h)g(a) 
_ sa f'a)-f@g@) 
[g(a] 


i) 


Also R.H.D = jim a9) 
S(at+h) 2 h) f(a) 
m £04 1)_g(a) 


fla+hgla)-sa+ hfe 
rod hg(a+h).g(a) 

f(a+h)g(a)- f(a)g(a)+ 
_ tim L@8@- 84+ HI/@) 
90 hg(a+h).g(@) 


[f(at+h)- f(a)] atest 
h h 


im| eo 


— f(a) 
g(at+h)g(a) 
_ gla) f'(a)-f@s(@) 
[g(a] 
f(@) =f(@) and g'(@) = g(a*) and g(a) #0 


...(ii) 


“. from (i) and (11) we have o' (a) = 0'(a") 


. R.H.D= lim 


5. f(g(x)) is differentiable at x = a if fis differentiable at 


x = g(a) and g(x) is differenable at x = a. 

Proof: Given g(x) is differentiable at x = a, and f(x) 
is differentiable at x = g(a) = u (say) 
Let (x) = (fog) (x) 

g(a—h)— g(a) __ limg(a+h)—g(@) 


fim S@— ; =g\a) (i) 
and 
yy lim an = f(u) .{ii) 


At x = a, let us discuss ‘ienlaie of 
(x) = fog(x). 

L.H.D= lim se 
in LBC W)- Ste) 

= tin LBW) =F 


g(a) =u => g(a—h)=u—-0;5-0 
g(a-h)- g(a) 
—h 


as g'(a) = lim => g(a—h) > g(a)=u 
. g(a—h)=u-6,56—-0ash—O0 


. Papin 22s) 


hot —h(6) 
= lim fu—0)-flu) 6 
6,h->0* —O h 


= f°) lim = = fw). jim 8") 
= fy) lim S48 

ee os 

= fu )e(a )=f'u).2g (a) = f (2e(a@).g (a) 
Similarly R.H.D = lim Hert) Ke) 


fim Lela) - f(g@) 


h>0* h 


ier 4a 2 f() 


= 
dictaine aoa 


g(ath)—g(a) 
h 


as g'(a) = lim => g(ath)-> g(a)=u 


g(a+h)=u+t6 for some 6 > 0ash— 0 


an f(y) 


Continuity and Differentiability < 2.69 


f(ut+o)—flu) 0 


lim 

5,h-0 O he 
km J UT O-L@™ lim 3 
6-0 O 0,x—>00 h 


= f'(u).lim g(at : — g(@) 


=f(u'). g(@) 
= fu) g(@ =f(g(@)).8'@) 
Thus L.H.D = R.H.D = f(g(a)).g'(a). Hence fog(x) is 


differentiable at x = a if f(x) is differentiable at x = g 
(a) and g(x) is differentiable at x = a. 


. Sum of two non-differentiable functions can be dif- 


ferentiable 


Proof: Let f(x) and g(x) be two non-differentiable 
functions at x = a and let h(x) = f(x) + g(x). 

Let f(a) =1,, f(a) =1,; 1,, 1, finite but 1, 41, 

And g'(a) = m, , g(a’) = m,; m, m, finite but m, 4m, 
Now f(a) + g(a) =1, +m, 

And f(a‘) + g(a’) = 1, + m, 

Now, it may happen that / + m, =1,+m, 


| x forx>0O 
For example, (i) f(x) = e forx<0 
2x for x>0 
and g(x) = me forx <0 


Clearly f(0) =—1 ; /(0") = 1 
And g'(0°) = 4; g'(0") = 2 


.. f(x) and g(x) are non-differentiable at x = 0 


But f(x) + g(x) = 3xV xe 
and f'(0°) + g’(0°) = 3 and f'(0") + g’(0") = 3 


=> fix) + g(x) 1s differentiable at x = 0 
(11) f(x) = 2 + |x| and g(x) = 3 — |x| are non-diff at x = 0 But, 


fix) + g(x) =5 = always iff 
Also f(x) = [x]; g(x) = tx}; Ax) + 8) =x => diff 


. Sum of differentiable function and non-differentiable 


function is always non-differentiable 


Proof: Let f(x) be differentiable at x = a, and g(x) be 
non-differentiable at x = a 


So, let f(a) = f(a") & gi(a) # g(a’) 
Clearly f(a) + g(a) # f(a’) + g(a’) 
Thus f(x) + g(x) is always non-differentiable 


. Product of two non-diff functions may be differentiable. 


e.g., f(x) = |x| and g(x) = |x| Ax).g(x) = ([x[)°= |"| = x° 
which is always differentiable 


2.70 >» Continuity and Differentiability 


9. Product of a diff and non-differentiable function may 


be differentiable .f(x) = |x| and g(x) =x 
2 
e.g. f(x) = x\x| = if ; =" 
=< x<0O 


Domain of Differentiability 


The set containing all the points at which the function is 
differentiable is called domain of differentiability of a 
given function, for example if f(x) = ||x| — 1|; then its graph 
is given below 


FIGURE 2.79 


The graph of f(x) has corner points at x = —1, 0 and 1. 
Except for all these points, f(x) has smooth and continuous 
graph at all real points. Thus domain of differentiability of 
fix) is R ~ {-1, 0, 1}. 


=m DOMAIN OF DIFFERENTIABILITY OF SOME 
STANDARD FUNCTIONS 


f(x) Domain of f(x) Domain of dif- 
“ee — 


eae sec. x — {(2n + 1). 
P(x) - nel} 


P(X) 
O(x) R —{x : O(x)=0} | cosec x R — {nr; neZ} 


CS Ca CS 
ise [a Toee fe 


tan x R — {(2nt1).n/2; | sec'x (—c0,— a 00) 
ae 


cot x — {nn;neZ} cosec'x | (-00,-1)U (1,9) 


Differentiability in Open and Closed Interval 


A function is differentiable in open interval (a, b) if 
f(c) = f(c’) real and finite V c € (a, 5). A function is 
differentiable in closed interval [a, b] if fis differentiable in 
(a, b) and RHD at x = a and LHD at x = b should be real and 


finite. 1.e., f(c*) = f(c_) = real and finite V c € (a, b) and 
flath)— f(@) 
h 


RHD atx =aie., lim as well as LHD at x 


tim £0- i) £0) 


jh are real and finite. 


= bi.e., 


m METHODTO CHECK THE 
DIFFERENTIABILITY OF A GIVEN 
FUNCTION ON A SET ORTO FIND 
DOMAIN OF DIFFERENTIABILITY 


1. From the graph theory or using standard function's 
domain of continuity, find all those points where the 
function is discontinuous (Say) x = X,, X,, X, ....5 X,. 
Then f(x) will be non-differentiable at these points. 

2. Find all those points where the function f(x) takes 
a sharp turn i.e., have kink points. At these points 
function will be non-differentiable. 


3. Also find all those points where the function 
fix) has vertical tangent. At such points f(x) will be 
non-differentiable. 


4. Find all points where f(x) oscillates with infinite fre- 
quency. At such points f(x) will be non-differentiable. 


5. The set R except for the points of non-differentiability 
will be the domain of differentiability of given 
function. 


6. If f(x) is a multi formula function, then remove the 
sign of equality at the points where the definition of 
function changes. Find the corresponding derivative 
functions. The continuity of function at the point of 
separation of two different branches and continuity 
of derivative function implies the differentiability of 
function at that point. 


ILLUSTRATION 56: Discuss the differentiability of f(x) = x + |x| 


2x; x20 
GO x<0 


SOLUTION: /(x)=x+|x|= 


The graph of given function is as shown below: 


Continuity and Differentiability < 2.71 


FIGURE 2.80 


Clearly f(x) has a sharp corner point at x = 0, Thus f(x) is differentiahle at all real points 
except for x = 0. Thus domain of differentiability of Ax) is R ~ {0} 


ILLUSTRATION 57: Discuss of differentiability of f(x) = x|x| 


y 
x? x20 
SOLUTION: /{(x)= 3 
—x x< 0 y=x° 
i: fie) 2x ;x>0 > 
ow, x)= 
~2x? sx <0 


Now /(0") = f(0) =-2 
Also f(0") = f(0>) = 0 FIGURE 2.81 


Thus f(x) is differentiable at each real number. Thus R is the domain 
of differentiability of given function. 


x-3 ,x< 
x? -3x4+2 ,x>0 


differentiability of g(x) by drawing the graph of (/{x|) and |A(x)| 


ILLUSTRATION 58: If /(x) -| ; a(x) = Axl) + JAx)|, then comment on the continuity and 


SOLUTION: The graph of given function f(x) is as shown below: 


Graph of f(|x|) and |f(x)| 
FIGURE 2.82 FIGURE 2.83 


2.72 » Continuity and Differentiability 


y=lf(x)| 


FIGURE 2.84 


If f{|x|) and |fx)| are continuous, then g(x) is continuous. At x = 0, f{|x]) is continuous , and |f(x)| 

is discontinuous therefore g(x) is discontinuous at x = 0. 

.. g(x) is non-differentiable at x = 0. Futher f{|x|) is differentiable at x = 1 and x = 2 whereas 
\f(x)| is non-differentiable at x = 1 and x = 2. But the sum of a differentiable and non- 
differentiable function is also non-differentiable so g(x) is non-differentiable at x = 0, 1, 2. 


ILLUSTRATION 59: Let Ax) = maximum {2sinx, 1 — cosx} for all x e(0, 7), then discuss the differentiability 
of f(x) in (0, x). 


SOLUTION: We know f(x) = maximum {2 sin x, 1 — cos x) can be plotted as shown in figure 2.85. 


FIGURE 2.85 


Thus f (x ) = maximum { 2 sinx, 1 — cosx} is not differentiable when, 2 sin x = 1 — cos x 
or 4sin? x = (1- cos x)? or 4 (1+ cosx) = (1-cosx) 

or 4+4cosx = 1-—-cosx or cosx = —3/5 

=> x =cos'(-3/5) 


. fix) is not differentiable at x = nm — cos'(3/5), and differentiable for all remaining real 
numbers of (0, 2). 


Remark: One must remember the formula we can write 


max{f(x),g(2)}= LO #84) 4 | L)- 8@) 


F(x)+ 3) _ YZ (x) - g(*) 
Z 2 


min{ f(x), g(x)} = 


ILLUSTRATION 60: Let f(x) = |x — 1] +]| x +1]. Discuss the continuity and differentiability of the function. 
SOLUTION: Here f(x) =|x-1|/+|x +1 | 
(x-1)+(x+1); when x>1 
=> f(xs)=4-(*-)D+(4+); when -1Sx<1l 
—(x-1l)-(x+1); when x<-l 


ILLUSTRATION 61: 


SOLUTION: 


Continuity and Differentiability < 2.73 


2x, When x>l 
=> f(x)=42, when -1<x<1 


—2x, when x<-l 


Graphical method: From the graph it is clear that function is 
continuous at all real x, also differentiable at all real x except at x 
= +]; Since sharp edges at x = —1 and x = 1. Atx = 1 we see that 
the slope is from the right. 

i.e, RHD = 2, while slope from the left ic., LHD = 0. Similarly at x = —1 it is clear 
that RHD = 0, while LHD = -2 

Shortcut Method: In this method, first of all, we differentiate the function and on the deriva- 
tive equality sign should be removed from doubtful points. 


FIGURE 2.86 


—2; x<-]l 
Here, f'(x)=4 0; -1<x<1 (no equalityon —1 and +1) 
2; x>I1 


Now, at x = 1 f’(1*) = 2 while f (1-) = 0 and at x = -1, f(—1*) = 0 while f’(-1) = -2 
Thus f(x) is not differentiable at x = +1 


Discuss the continuity and differentiability of the function f(x) = sin x + sin |x|,x € R. Drawa 
rough sketch of the graph of f(x). 


fx) = sinx + sin|<x| 
different f.V different. 
xER VxeER~{0} 
We have to check differentiability at x = 0. 
S(O) = 0 
f'(0*) = lim f(h+0)- f(0) ~ lim 32 h+sin |h| ~ lim 52 h+sinh Z 
h—0* h h—0* h h—>0* h 
f(O) = lim f(-hA)—- f(0) — lim h+sin|—h| — kim 32 h—sinh a, 
h—>0* —h ho" —h h—0* h 


. £1) 4/0) y 


hence the function is non-differentiable at x = 0 


-_ y=2sinx 


for continuity at x = 0 


lim f(x) = lim(sin x + sin | x }) 
x0 x0 


lim (sin x + sin x) 0 
x>0' 
‘ 


lim (sin x— sin x) ~ 
lim f(@)= 


hence function is continuous at x = o 


FIGURE 2.87 


fix) = sin x = sin |x| 


0 ; x0 


= 0 . x=0= ; 
2sinx ; x>0 


sinx—sinx ; x<0 | 
sinx+sinx ; x>0 


2.74 >» Continuity and Differentiability 


ILLUSTRATION 62: Examine the continuity and differentiability of f(x) = |x| + |x — 1| + |x - 2|; x e R. Also draw 
the graph of f(x). 


SOLUTION: (x)= | x| 
different. VxeR—-{0} different. VxeR—{1} 


y=3x-3 


+ |x-1| + |x-2| 
y=—-3x+3 
different V xeER—{2} 


.. f(x) can be non-differentiable only at x = 0, 1, 2 


—-x-x+tl-x+2 ; xs0 
x-xtl-x+2 ; O<x<l X 
oa x+x-l-x4+2 ; 1lSxs2 
x+x—-l+x-2 ; x22 
3x43: x<0 FIGURE 2.88 
—xt3 3 OS7S1 
~ |) etl 3 1Sx<2 
3x-3 3; x22 


Clearly f(x) has corner sharp points at x = 0, 1, and 2. At all other points the graph of 
function is smooth. So f{x) is non-differentiable only at x = 0, 1, and x = 2. 
, -1; 2s<xs0 
ILLUSTRATION 63: Let f(x) be defined in the interval [-2, 2] such that /(x)= 
x-1; O<xs2 
2(x) = fA\x| + |Ax)]). Test the differentiability of g(x) in (2, 2). 


-], -2<x<0 
SOLUTION: fix)=4 1 yeep 
diag « {I-28 280 
and VOM = 1) als ocx <2 
; —2<x<0 


ene -1 for x=0 F _} 1 
AD Vxl-A; 0<|xis2 MYO Ya); o<xs2 


ie -1;-2<s|x|s0 
UD) 1: 0<|x]<2 


y 
a 
y=f(x) 
x' X 
y’ 
FIGURE 2.89 FIGURE 2.90 
—-x-l1 ; —2<x<0 1 - —2<x<0 
Thus y = (|x|) = 4-1 ; x=0 and | f(x)|=4{-xt+1 ; O0<x<1l 
l<xs2 


x-1 ; O<xS2 Ral 


Continuity and Differentiability < 2.75 


Also g(x) = Axl) + |Ax)| 
-x-l+l ; —2<x<0 
x-l-x+l1 ; O<x<]l 
x-l+x-1 ; 1Sxs2 
—x 3; —2<x<0 

0 ; O<x<1 
Qx-2 ; 1<x<2 FIGURE 2.91 
. g(x) 1s non. diff. at x = 0, 1 


l-x ; (0<xS]1l) 
ILLUSTRATION 64: For f(x)=4x+2 ; (1<x<2), discuss the continuity and differentiability of y = f [Kx] 
4-x ; (2sxsA4) 
forO<x<4. 
l-x ; (0<x<l) 
SOLUTION: Given f(x)=4x+2 ; (l<x<2) 
4-x ; (2x4) 
I- f(x) ; 0<f@)s1 
Ae) = 4 f@+2 3 1<f@)<2 
4-f(x) ; 2s f@)s4 


l-l+x 3; {x:0S1-xSB¢A {xS1l-xs}>08xS1 

I-x-2 3; (l<x<2)N(OSx+2<)>-2<x<-D 

1-4+x ; (2<x<4)n (0s4-xSs153exS4) x ; O<xsl 

l-x+2 ; (O<x<sI)n Ad<1-x<25-1<x<90) x-3 ; 38x54 
={x+24+2 ; (l<x<2)N(<x4+2<25-1<x<0) =4-xt+6 3; 2<x<3 

4-—x+2 ; (2Q<xs4)N0<4-x<252<x<3) —x+2 3; 1<x<2 

4-l+x ; (OsxsS1I)N(@QS1-x8545-38xs-l) x ; x=2 

4-x-2 ; U<x<2)N(28x4254508 x82) 

4-4+x ; (2<xs4N(2<4-x<54508x¢2) 

x ; Os<x<l 


—x+2 ; 1<x<2 
KM))=) * 3 x2 

—xt+6 ; 2<x<3 

x-3 ; 38x84 


Graph of f(/(x)) 1s as shown below. 


. f(x) is continuous at x = 1 and discontinuous at 
x = 2,3 and non-diff. at x = 1, 2,3 FIGURE 2.92 


|2x—-3|[x] forx21 
ILLUSTRATION 65: Discuss the continuity and the derivability in [0, 2] of f(x) = aX 


where [ ] 


for x <1 


denote greatest integer function. 


2.76 > Continuity and Differentiability 


|2x-3|[x] ; x21 
SOLUTION: /(xX)=}; . ax 
sin— ; 
2 
f0)=1 
sin (h+1)-1 
hoo" h 
fin 2+ -31 [A+ 1-1 
h->0* h 
H 
| cos{ ©) -1 lim *(—sin = 4 0 
_ J lim aaa ee 2 2 Fs ae 0 
a 1-2h-1 lim —— |-2 


\2h-1].1-1 |tim ——— [aso hk 
> — ase! h 


ae tim £0+D= FO) _ | lim 


lim 
h-0* 
f'1) #f'() = hence function is non-diff. at x =1 


lim f(x) = lim sin (=) =] 

x1 xl 2 

lim f(x) = lim f(x)= lim |2x-3| [x] = lim 3-2x)=1 
x1" x1" x1" x1 


Function is continuous at x = 1 
forx<] 


fix) = sin =] which is cont. and diff." x, for x > 1 


I(x) = [2x — 3] x [x] 
(i) non-diff. at x = 3/2 (i) non-diff. at x = 2 
(11) cont. " x (11) discont. at x = 2 
checking diff. at x = 3/2 and cont. at x = 3/2 
3 3 ; | 
Am3)-13) ms 
3/2) = lim 2 2 — fim 2243 3) 0 im 2/4! _ Jiso ho _ 
h-30 h h-20 h h0 hh 2|h| 
f'B*/2) = 1 and f"(3/2) =—2 hoo 
non-diff. at x = 3/2 
li = li = = |i _ = 
im f(x) an |2x — 3| [x] co 2x - 3|.1=0 


x3/2 
f3/2) =0 
lim fx) = f3/2) 
x33/2 


Hence continuous at x = 3/2, checking continuity and diff. at x =2 
A{2) = |2 x 2-3] [2] =2 


li = li — = = = 
pon FOO = MD Pe SIBI= in (2x3). [ta | 


x72 


lim (2x —3).2 
ere) 2 ? 


tim ffx) # lim fx) = f(2) 


So, function is discontinuous at x = 2 and hence function is non-diff. at x = 2 


ILLUSTRATION 66: 


SOLUTION: 


ILLUSTRATION 67: 


SOLUTION: 


Continuity and Differentiability < 2.77 


x 32 xsl 
For what triplets of real numbers (a, b, c) with a #0 the functionf{x)= } 
a ; ax’ +bx+c; otherwise 
is differentiable for all real x? 
(a) {(a, 1 -—2a, a)|a € R,a #0} (b) {(a, 1 — 2a, c)| a,c € R,a #0} 
(c) {(a,b,c)|a,b,c Ee R,at+b+c=1]} (d) {(a, 1 —2a, 0)| a € R,a #0} 
: xsl 


So) = ‘2 +bhx+c; otherwise 
Atx=1 
LHL = lim f(x)=1 
x1 
RHL = Aen LG) a OE 


.. f(x) 1s differentiable at x = 1 
=> f(x) must be continuous at x = 1 


Now f(1) = 1; fd =f =f) 
> l=atbte (1) 
1 ; x<l 
ea ia otherwise | Bed 


LHD = lim f'(x)=1 
x1" 
RHD = _ f(x) =2a+5, for derivability at x = 1, LHD = RH.D. 
x 
=> (2a+b=1) (2) 
. atbt+c=1>at+(1-2a)+c=1> c=a 


a=a,b=1-2a,c=a 
{(a, 1 — 2a, a); a €R} is the triplets possible. 


x 
iI ° |x|21 
x 
Discuss the continuity and differentiability of the function, (x) = 
; |x|<1 
1-|x| 
~ | x|>1 
1+ |x| l 
Given f(x) = . Clearly f-1) = (11) = —— =—:f0)=0 
x 1+]1] 2 
——; |x|<l 
I-|x| 


Clearly A(x) is differentiable every where possibly except for x = 0, + 1. So have to check dif- 
ferentiability only at points x = 0,+ 1 


Atx =0, 
_f_ 4g 
f'(0) = im 2 At O- SO) = limi l#l es lim —_— 
h—0 h hoo =O ho0h(l-|h|) ro0l-|h| 
pets [Lee 
- LA.D — jroolt+h_}1+0_ }! 
R.H.D i 1 ] 1 


m ——— 
hoo l-h (1-0 


2.78 » Continuity and Differentiability 


m MISCELLANEOUS RESULTS ON 


DIFFERENTIABILITY 


1. Differentiability of a function does not imply the 


continuity of derivative function 
x? eyes #0 

For example: f(x) = x 

0ifx=0 


Now lim f(x) = lim x’ ne = 0x(a real number) 
x0 x0 x 


oscillating in between —1 and 1) 


= 0=f(0) 
*, f(x) 1s continuous at x = 0 
“7 ani , 
Now /(0°-) = lim ——* = lim C sin) =0 
h sin —0 
and f'(0") = lim ——"— = lim on =0 


'. f(x) 1s differentiable at x = 0 

aegee + sin |(2x):x #0 
Further, f(x) = x x 

0; x=0 


; 1 1 
2 lim fia= im 2 sin—— cos] , which does not exist 
x—> x XxX xX 


*. f(x) is discontinuous at x = 0 


2. Continuity of derivative function does not imply 


differentiability of function 


via 
tan x; x<— 
e.g. f()= 


(tan x) +1; Fex<t 
4 2 


then L.H.L= lim f(x)= lim tanx=1 


x x 
4 4 


RHL= hm, f(x)= lim {(tanx)+i=2=f (=) 


x>| — x>| — 
@ 4 


*. f(x) is left discontinuous at x = 7/4, but right continu- 


ous at x = 77/4 


Thus f(x) is non-differentiable at x = 1/4 


sec’ x; x<7/4 
Now, f(x) = 


In such case we take £{2) a r{E) a {= 


Thus derivative function f(x) is continuous at 1/4 


1. Discuss 


Graphically 


FIGURE 2.93 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


the differentiability of the function 
fx) = @? — 1) |x? — 3x + 2] + cos (|x}). 

H - 4x"| O0<x<l 
. Iff{x)= , then discuss the dif- 
|x?-2x]; Isx<2 
ferentiability of fin (0, 2). Here [] denotes the greatest 
integer function. 


- Find a, 6. for which the — function 
sin x [xX 
fix) = is differentiable for all x. 
ax+b 3; x22 


. Discuss the continuity of f(x) and f’ (x) on [0, 2] 
x°/5 O<x<l 

; and comment 
2x° —3x+3/2 1<x<2 


over the statement "continuity of derivative implies 
the differentiability of function". 


when f(x) = 


. Find the values of a, 6b s.t. function f(x) = 
ax’ —b ; 
—I/|x| ; 

. Discuss the differentiability of functions given below: 

(here below [y] denotes greatest integer < y) 


(a) sin (x [x]) 
(b) sin (x {x}) for all x € (—1n/2, 7/2) 


x|<1 


is differentiable V x. 
x| >] 


10. 


. Let ffx) = 


Continuity and Differentiability < 2.79 


X 


7/4 r/2 


y=f(x) is continuous 
y' 
FIGURE 2.94 


Thus continuity of derivative function does not imply 
differentiability of function; however continuity of 
derivative of continuous function which are non- 
oscillating implies differentiability of function. 


. If fe) = min{| x|,]x-2|,2-|x-1]} Then draw the 


graph of f(x) and also discuss its continuity and 
differentiability. 


. If fc) =-1 + bx — 2); 0S x <4 and g(x) =2 - |x|, -1 


<x < 3, then find (fog)(x) and (gof)(x). Draw rough 
sketch of the graphs of (fog)(x) and (gof)(x). Discuss 
the continuity of (fog)x at x = 0. 


. Let f(x) is defined in the interval [— 2, 2] such that 


—-] ; -2<x<0 


fx) to gene adele) =F (HD + Me) 
Test the differentiability of g (x) in [—2, 2] 


Let f(x) = sin x, 

(x) {max.f(t) O<tsx} for OSx<7 
x)= 
(1—cosx)/2 for x>7 


Discuss the continuity and differentiability of g(x) in 
(0, ©). 


[1-4x? |; 0<x<1 
[ Bi is ie sens [.] denotes the 
YS Ze | tan 


greatest integer function. Then discuss the differentia- 
bility of f(x) in (0, 2). 


2.80 > Continuity and Differentiability 


—-lif-2<x<0 


Ba ae f= if 0<x<2 


and g(x) = | f(Hdt. 
=) 


Test the continuity and differentiability of g(x) 


differentiable in [0, 2], find’a' and’b'. Here [x] stands 
for the greatest integer function. 


. Let f(x) = x 9x? + 15x + 6 and 


. Then drawn 


Min.{ f();0<t<sx}; 0<x<6 
g(x) = 
x-18 - x>6 


the graph of g(x) and discuss its continuity and dif- 
ferentiability. 


in (—2, 2). 
sin| x |x : 
—=—=—+ax +b; O<x<l1l . 
13. If f(x) = x7 —3x+8 1S 
2cosmx+tan! x : l<x<2 
Answer Keys 
1. Not differentiable at x = 2 2. Not differentiable at x = 1/2, 1 


3.a=-l,b=n7 
§. a = 1/2, b = 3/2 
6 


4. Discontinuous and non-differentiable at x = 1 


. (a) always differentiable (b) continuous and not differentiable at x = -1,0,1 
l+x OSx<l 

—-l-x -ls<x<0 i, a a 

x-1 O<x<2 > BUCK x-1 2<xs3 


S-x 3<x<4 


8. foe(x)= 


10. Continuous and differentiable for all values of x 11. non-derivable at x = 1/2 and x = 1 
12. g(x) is cont. in (—2, 2); g(x) is der. At x = 1 and non-der. At x = 0 


continuous at x = 0. 9.Not differentiable at x = 0 and 1. 


-x-2if-2<x<0 
2 
Note that g(x) = f(x)= es for 0<x<1 


2 
x 


eae 


14.g(x) is discontinuous and non-differentiable at x = 1 and x = 6 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. If f(x) = sin ! (sinx) ; x € R, then fis 
(a) Continuous and differentiable for all x 
(b) Continuous for all x but not differentiable for 
Wh 

all x = (2k + 1) aks L 

(c) Neither continuous nor differentiable for 

1 

x = (2k-1) mee L 

(d) Neither continuous nor differentiable for 
xe R-[-1, 1] 


2. The functions defined by f(x) = max {x’, (x — 1), 
2x (1—-x)},O<x<1 


(a) is differentiable for all x 

(b) is differentiable for all x except at one point 
(c) is differentiable for all x except at two points 
(d) is not differentiable at more than two points 


. Which one of the following functions is continuous 


everywhere in its domain but has atleast one point 
where it is not differentiable? 


(a) fix) = x"° w) £9 =F 
(c) f(x) = e* (d) f(x) = tan x 


4. The number of points at which the function, 


fix) = |x — 0.5] + |x — 1| + tan x does not have a 
derivative in the interval; (0, 2) is 

(a) 1 (b) 2 

(c) 3 (d) 4 


. Let fbe a differentiable function on the open interval 
(a, b). Which of the following statements must be 
true? 
I fis continuous on the closed interval [a, 5] 
II fis bounded on the open interval (a, b) 
Il Ifa<a,<b, <b and fa,) < 0 <f(,), then there 
is a number c such that a,< c < b, and f(c) = 0 
(a) I and II only (b) I and III only 
(c) II and III only (d) only III 


2x+1 


;eeQ 


. The function f(x)= 1S 
~ ie x EQ 


(a) Continuous no-where 

(b) Differentiable no-where 

(c) Continuous but not differentiable exactly at one 
point 

(d) Differentiable and continuous only at one point 
and discontinuous elsewhere 


. A function f defined as f(x) = x [x] for— 1 <x <3; 

where [x] defines the greatest integer < x is: 

(a) Continuous at all points in the domain of f but 
non-derivable at a finite number of points 

(b) Discontinuous at all points and hence non-deriv- 
able at all points in the domain of f(x) 

(c) Discontinuous at a finite number of points but not 
derivable at all points in the domain of f(x) 

(d) Discontinuous and also non-derivable at a finite 
number of points of f(x). 


. [x] denotes the greatest integer less than or equal to x. 
If f(x) = [x] [sin zx] in (-1, 1), then f(x) 1s: 

(a) Continuous at x = 0 

(b) Continuous in (1, 1) 

(c) Non-differentiable in (—1, 1) 

(d) None of these 


. The set of all points where the function f(x) = 1+] x| 
x 


is differentiable is: 


(a) (00, 0) 
(c) (0, 0) U (0, «) 


(b) [0, 0) 
(d) (0, °) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Continuity and Differentiability < 2.81 


If f(x) = min. {1, x’, x°}, then 

(a) f(x) is continuous V x e R 

(b) f(x) >0,Vx>1 

(c) f(x) is not differentiable but continuous V x e R 
(d) f(x) is not differentiable for two values of x 


The number of point where function f(x) = minimum 
{x? -1, -x + 1, sgn (—x)} is continuous but differen- 
tiable is 
(a) One 
(c) Zero 


(b) Two 
(d) None of these 


Number of points where the function f(x) = max 
{ltan x.|, cos |x|} is non-differentiable in the interval 
(—m, 7) is 
(a) 4 
(c) 3 


The function 1 + |sin x| is 


(b) 6 
(d) 2 


(a) not differentiable at infinite no. of points 
(b) continuous everywhere 

(c) differentiable now here 

(d) not differentiable at x = 0 


— eile if x>2 


5x—7 ifxs2 

(a) fis not continuous at x = 2 

(b) fis continuous but not differentiable at x = 2 
(c) fis differentiable every where 


(d) f(2+) does not exist 


Let f and g be two functions defined as follows 


f(x) x +|x| ¢ , d (x) x forx<0 
x) =—— for all x an i= 
2 3 x’ forx>0 


then: 


(a) (gof) (x) and (fog) (x) are both continuous for all 
xeR 

(b) (gof) (x) and (fog) (x) are unequal functions 

(c) (gof) (x) is differentiable at x = 0 

(d) (fog) (x) is not differentiable at x = 0 


Let f: [0,1] — [0,1] be a continuous function. Then 
(a) f(x) =x for atleast one 0<x< 1 

(b) f(x) will be differentiable in [0,1] 

(c) fix) + x = 0 for atleast one x such that 0 <x <1 
(d) None of these 


2.82 > Continuity and Differentiability 


17. Let [x] denotes the greatest integer < x. | 18. f(x) = |sin x| + [cos x], x € [0, 27], where [.] denotes 


If f(x) =[x sin mx] , then f(x) is the greatest integer functions. Total number of points 
(a) continuous at x = 0 where f(x) is non-differentiable is equal to 

(b) continuous in (—1, 0) (a) 2 (b) 3 

(c) differentiable at x = 1 (c) 5 (d) 4 


(d) differentiable in (1, 1) 


Answer Keys 
1. (b) 2. (b) 3. (a) 4. (c) 5. (d) 6. (d) 7. (d) 8. (c) 9. (a) 
10. (a,c) 11. (a) 12. (a) 13. (a,b,d) 14. (b) 15. (a,c) 16. (a) 17. (a, b, c, d) 18. (c) 


US CONCEPTS ABOUT i 


ILITY AND DERIVATIVE Q(x, f(x) 


I 
P(a,f(a)) Jf le 


Alternative Limit Form of the Derivative Tangent P 


We know that the derivative of a function f(x) at x = a is 


; +h)- 
given by f(a) = lim EAC ee d)) . 
h0 h 
On substituting a + h =x ;x— a, we get f(a) = EIGUN ecg? 
ec a C2) and we have, LHD = f(a) = ff (x)- f (a) 
xa Xa Ff (a) = lim ———— = lim tan 8 = tang 
£(x)- f£(@) f(x) f(@) scan eetaeatinmie 

lim -—————— and R.H.D = f(a*) = lim ————— = slope of tangent tocurve at P(a, f(a)) 
xa” X-a x>a* X-a 


Continuity and Differentiability < 2.83 


Another Alternative form of Derivative b ie 
Using Centered Difference Quotient : 7 tim —Le—”) = ={ f@t+f@hl=f@ 
Let (a —h, a + h) be neighbourhood of 'a' of radius ‘h' and Thus lim Sath)~ f(a-h) _ f(a) 
centre 'a' Then the quotient h-0 2h 
oe = eer is called Geometrically 
centered difference quotient y P(a,f(a)) R(ath), f(ath) 
f(ath)— f(a—-h) 


Consider the limit lim 
h>0 rh 


~ jim ft D-L@+ f@)= fa-h) 
h-0 Qh 
- jim fet H-S@)-[f@-4)-s@] 
h->0 Qh 
a jim er h= Fo] im LB L0| 


h->0 h h>0 h 


f(ath)}-f(a-h) 


FIGURE 2.96 


If f(x) 1s differentiable x = a, then 
flath)— f(@) fla-h)- f(@ _ 
h —h 


As h — 0, Q and R gets closer and closer to P and 
hence chord QR tends to coincide with tangent at P 1.e., 


= lim limit becomes f(a). 


h->0 


lim 
h-0 


I'@) 


REMARKS: 


fing f(a + g(h))—f(a) 


= f'(a)- j 
1m g(h) (a) - provided g(h) + 0ash—0 


7 f(a+g(h))—F(a+ g(h)) 
* h0 g(h) — ¢(h) 


= f'(a) ; provided g(h) ,o(h) > ash 0 


2.84 > Continuity and Differentiability 


fGr+sinh)— (G+ tanh) 


Pe es li 
ILLUSTRATION 71: If f(3) = 7, then evaluate lim (sinh — tanh) 


kim SA ee Ea), 
h—0 (sin h — tanh) 
ken Lt sin 4)- f@)|-L/G + tan h)- FB) 
h-0 (sin A — tanh) 
f@Grsin h)- IO) y sinh f@Grtan h)—- f(B) 
= Fie sin h tan h 
30 sinh —tanh 


~ jim f OSinh= f'Btanh _ yy) jen SiMA-taM) _ yy gy _ 
“iso (ink—tanht) in| = rma 


SOLUTION: 


f(at3h)— f(at2h) 


ILLUSTRATION 72: If f(a) =5, then evaluate lim 7 


h-0 5h 5 lim 


soLuTiON: lim/@t3M—f(a+2h) _ 1, in| to 3— 0 = fol 


f@_5_, 
5 


a= 


_ ser s- f(@)]_ 2f(a+2h)- f@) 
slim 2h 


{-3 rau (a)-2f'(@}= 
2 2 

ILLUSTRATION 73: If /(2) =3 and f(3) = 4; then evaluate ime See 

20 f(3+h* -—h)—- f(3+h-2h’) 


_ f(2+h? +3h)— f(2+2h-h’) 
h0 f(3+h* —h)- f(3+h-2h’) 


2 
_ = Yin LO) +3h)— f(2+2h—h? ) (22 +h) 


SOLUTION: 


(2+h? +3h-2-2h+h’) 
(+h* —h-3-h+2h’) one 
{B+h -h)- fB+h-2h’) (Gh*-2h) 
f (2+h? +3h)- f(2+2h-h’) 
= lim——___4_—________- 
h0 (2h* +h) 
vie (3h” —2h) eee 2h? +h 
h0 £342 -h)- fB+h—-2h) *03h>-2h 
~ FO yj RATED _ £(2)- 13)-2 
f'B) '0hGBh-2) f'B) 2) 8 


4 
f(it+h’)- f(2-cos h) 
} 


ILLUSTRATION 74: If f(1) = 6, then evaluate _ 
> 


_ fa+h)- = cosh) | f(l+h’)- f (1+(1-cos h)) 


SOLUTION: 
a h-0 h? 


Continuity and Differentiability < 2.85 


m@ DIFFERENTIABILITY OF PARAMETRIC 
FUNCTIONS 


Let the function y = f(x) be defined parametrically as x = o 
d 
(t) and y = y(t). Then derivative of y wrt x ie., = is 
x 


dy _ dyldt _w'®) 
dx dxidt Ct) 
y(t) _ = [wieth)-—wit)|/h 
Ot) A0 [b(t + h)- O(2)|/h 


PD LOO 50 [OE 


defined by f(x) = ...(1) 


Now, f(x) = sche) 


REMARKS: 


, [wt-h)-v@|_.. [we+h-vo] 
im +——_ = = lim ———> 
ro [G(t-h)- 9] 250° [9¢+2)-4(0)] 


— tim WE - VO) 


pot [G(t-h)-00)] BAe 


: t+h)-—wi(t)|/h 
Similarly R.-H.D = f(x") = Cy an 


ai [wit+h)-v()| 
= lim —————_— 
ro [P(t + h)- 9(2)] 
Thus for differentiability of f(x) at x = (df or at 


(4) 


= a finite real number 


(i) Ifx = (t) is an increasing function of t i.e., x increases with t increasing, then (3) and (4) represent 


L.H.D and R.H.D respectively. However if x = o (t) is a decreasing function of t i.e x decreases with increase in t, 


then (3) and (4) represent R.H.D and L.H.D respectively 


(ii) Alternatively, we can eliminate the parameter't' and get y = f(x) and then we can investigate the 
differentiability at x 


2.86 > Continuity and Differentiability 


- LHD= “= f'@Q2Y) =5 
= tim MEFD-VO _ jig 2 FAY 24 
Now R.H.D = oe P(t + h)- @(t) —_ (t+ hy? ey = (t” - 1) 
2h ; 2h ine 2 1 


= lm ———— = lim — — 
h0" {7 + . +2th-1-t7+1 h20°h*+2th foot (h+21) ¢ 
. JOM) =- “= f"9(2)" == 


1 
‘. LH.D=R.H.D => 
=> given function is derivable at t = 2 
Method II: We have x = ?-1, y = 2t 


2 
— ee (2) —1 (eliminating #) 


y 
ci 7 > ~Y=4(«4+1) 
=> y=t2Vx+1 = ages ay 
Att =2,x =(2/-1=3 
=> LHD=/G)= tim SS LO) 
Se ee A -2V4 _ 5 2{V4=h=2) 24-4) 
h—-0* h->0* —h 0" —h( l4_-h +2) 
lim 2 1 
> (J4- +2) 


Also R.HLD = (3°) = tim LE*9- £0) 


ae scene S2V8 tI — 2) 


hot hace 


4. 2(44h- 9 : 
~ st a( Jah +2) Rar 2 


‘. f(x) is differentiable at x = 3 or att =2 


differentiable at x, then it can be differentiated again and its 
derivative is denoted by f(x) and is called derivative of 3" 
order or third derivative. Thus we can get derivatives of a 
functions of higher orders until the previous one derivative 
function is differentiable 


f(xth)— f") 
h 


m@ DERIVATIVES OF HIGHER ORDERS AND 
REPEATEDLY DIFFERENTIABLE FUNCTIONS 


Let a function f(x) is differentiable in an interval J (open or 

closed) and f(x) denotes its derivative function. If f(x) is 

differentiable at x, then the derivate of f(x) is denoted by Thus f"(x) = lim 

f'(x) and is called second derivate or derivative of second ve 

fet h)- f'@) SOU e+h)- f°") 
h 


order and f"(x) = him ; 


. Further if f"(x) is and f(x) = lim 


Continuity and Differentiability < 2.87 


A function f(x) 1s said to be twice differentiable atx =a | _ f'"ath)— f"a)  f"x- f"a) 
if f(x) 1s also differentiable at x = a te, hn or 


lim A at - f@) 


h>0 h 


exist finitely. 
h-0 h xa x-@a y 


FO-F@) | In general f(x) is said to be differentiable n-times at x = a 


ae FM @+D- LO | fOW- LW 
$$ or im A 
h xa x-a 


exists finitely or lim 
xa 


exists finitely. Similarly, a functions f(x) is said to be thrice | if lim 
ad 


differentiable at x = a if f"(x) is differentiable at x = a. i.e., 
exists finitely. 


REMARKS: 


1. Note that f"(x) stands for function f applied n-times whereas f(x) stands for nth derivative of f(x). 


2. If a function f(x) is such that derivative function f(x) is not defined at x = a, then it is possible that f(x) is 
differentiable atx=a 


1 
e.g. If f(x) = (x) tan x, then F(x) =x" (sec?x) + (tan x) Go es = x" secx+ ayn x 
5(x 


linn) = ©) 


h>0 h 


0+h)-—f(0 
Clearly f(x) is not defined at x = 0, but i im = 


v5 V5 
_ h 
_ li _tana—0 = lim tanh ~0.1=-0 
h>0 h h>0 h 


.. F(0)=Oi.e,, fa) is differentiable at x =0 


3. Iflimit of a derivative function exists and is equal to the value of derivative, then the function is called continuously 
differentiable or f(x) is continuous i.e., continuity of derivative function and differentiability of function. 


4. lt may happen that a_ function f(x) is differentiable, but not continuously differential 


x’? aaa -x +0 
e.g. f(x) = x 
0 *x=0 


1 1 
f(x) = 2x sin —— cos—;x #0 
xX xX 


2... 1 
(x)-F(0) x* sin——0 


_ F(x : 
Now f& (0) = lim =limxsin—=0 


= @) x->0 x x30 


ei oe 0 
* FXM(x) = x xX 
0 for x =0 


.. f(x) is differentiable x <« R 
Sioa : en 1 ; _ 4 1 
Now limf (x)= lim 2x sin— — cos— | which does not exist as 2Xxsin—— 0 and cos— oscillates 
xX-> x-> >4 >4 xX x 


'. £'(x) is discontinuous at x =0 
'. f(x) is differentiable V x € R, but fX(x) (derivative function is discontinuous). Thus f(x) is not continuously 
differentiable. 


2.88 > Continuity and Differentiability 


ILLUSTRATION 76: Show that /"(x) is not continuous at x = 0 but f(x) is twice differentiable at x = 0 for the 
function f(x) = (x)*” sinx 


SOLUTION: f(x) = x°” sinx 
F(x) = 2” cosx + 3/2 (x)!” sinx 
f'(@) =<” sinx + 3/2 x’ cosx + 3/2 (x) cosx + 3/4 x sinx 


Now lim f"(x)= im 2 * sinx+ 3 2 cosx+ ol * cosx+—x!? sin : 
x0 x0 2 2 4 
aie F | : im 3 = | 2 
x30| 4 x x0] 4 x 
Thus f"(x) is not defined at x = 0 but him f"(x)=0 
x 


. f"(x) is discontinuous at x = 0 


: "x)-— F'(0 
Again atx = 0, f'(0) = im 2 O-FO 
x0 (x-0) 
x2 sores 2 sinx —0 aa 
= lim ———_2- = lim x"? cos x +——_—— 
x0 x x0 2 xi/2 


= im cosx+ =i? sn). 0+ — (0) = 0 


x0 


. f"(x) is discontinuous at x = 0, but f(x) 1s twice differentiable at x = 0 


3x7 —4x;x <0 
ILLUSTRATION 77: Find whether /(x)= ; ; is twice differentiable and find the second 
sin® 2x+3x*;x20 


derivative of f(x) 


3x7 +x,x<0 
SOLUTION: /(x)= A 
sin x +3x*;x20 
f'® 6x+1,x<0 
x)= 
=, cosx+6x;x>0 


we exclude equality from x = 0 as x = 0 is in doubt for differentiability 


Now f(0-)= lim £@) Een ©) a 1 


and (0°) = lim FO-LO) «jig SBA +SE~0 


-—Q a x 
. fO=1 
6x+1; x<0O 
Os es x20 
;x<0 
sinx+6; x>0 


a a 


Now f"(x) fi 


Continuity and Differentiability < 2.89 


and f"(0*) = lim 


x07 


Ff RHF (DO) oe cosx+6x-1 
x-0 x30" As 
2sin” = 


=6-lh 6— lim 


x0" x x20 =x 
, £O) HPO) =6>/'O)=6 
‘. f(x) is twice differentiable at x = 0 and the second derivative function is given by 
6,7 <0 
sinx+6;x20 


- (1—cos x) = 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


2. 3. If fand f’ are differentiable at each point of the inter- 
2x sIn7zax ; xsl 
1. Let f(x)= : : be a differential val [a, 5], then match the statements given in column-I 
x” +ax" +b; x>I with the corresponding correct statement given in 
function. Examine whether it is twice differentiable ee 
inR Column-I 
; (a) f"(x) > 0 for V x € (a, 5), then 
2. Identify weer True or F ae | | | (b) f(a) f(b) < 0, then 
(a) The es f(x) = x? |x| is twice differentiable at Column-II 
xX — 


(p) there exists c € (a, b) such that f(c) = 0 
(q) f(x) #0 for all x € (a, b) 
(r) there is at most one c € (a, b) such that f(c) = 0 


4. If f(x) is derivable at x = 3 and f’(3) = 2, then find 


: | i f+h)- f(B-h) 

(d) If lim [fx) + g(0)]=2 and lim [x)—g@)]=1, 0 Te 

5. Prove that the inverse of the discontinuous function 
y =(1 + x’) sgn x is a continuous functions 


(b) If ff R — R has a root in [0,1] and 
f(x) =—x? + x + 2, then fhas only one root in [0,1] 
(c) If f is continuous at x = 5 and f(5) = 2, then 


lim f(4x”-11) exist. 
x2 


then lim f(x).g(x) need not exist 
x—-a 


Answer Keys 
1. f(x) is twice differentiable for all x except at x = 1 2. (a) T (b) T (c) T (d) 
3. (a) > 1, (b) > p 4.2 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


1. Which of the following functions is/are continuous 
on (0, 1)? 
(a) tan x 


l, 0<x<32/4 


©) 2 sin(2x/ 9) == <x< 


(b) [ie sinl/t dt xsinx, 0<x<z/2 
? ( m/2sin(z+x),7/2<x<a 


2.90 > Continuity and Differentiability 


2. If f(x) = (4 + x)", n € N and f(0) cope the r* 
fd 


derivative of f(x) at x = 0, then the value of ier 
is equal to 

(a) 2” (b) e 

(c) 5” (d) None of these 


3. If the prime sign (') represents differentiation 
w.r.t’x' and f(x) = sin x + sin 4x. cos x, then 


WA 
(2x? +3) at x= |= is equal to 


(a) 0 (b) —1 
(c) -2V27 (d) None of these 
4. If f(x) is differentiable at x = 4 and f'(4) = 5, then 
f(4(1+2)\-[F) 
i 
h-0 Dh 


(a) equals 10 if and only if f(4) 4 0 
(b) equals 10 iff f(4) = 0 

(c) does not exist if f(4) = 0 

(d) equals 10 


Answer Keys 
1. (b,c) 2.(c) 3. (c) 4. (b) 


m FUNCTIONAL EQUATION 


An equation involving unknown functions is called a 


functional equation. For examples 


(i) f(x) = fx) holds for every even function f(x). 
e.g., f(x) = x’, f(x) = |x|; f(x) = cos x, f(x) = sin’x etc. 
(11) f(x) = (x) holds for every odd function. e.g., 
Kx) = x7, f(x) = x\x|; fx) = sin x, f(x) = tan*x etc. 
(ii1) fof(x) =x holds for every self invertible function. e.g. 


fxy=xtkkeR 
“. foffx) =ffx)) =-fa) +k =Haxt+h+k=x 
(iv) fog(x) =x holds when g(x) = f'(x) 
fog) = fF "'@)) 
[let fly) =x > f'@) =y] 
= fy) 
=x 
e.g., f(x) = sin(sin! x) =x V x e€ [-l, 1] 
fix) = exp. (Inx) =x Vx>0. 


5. If f(x) is a twice differentiable function, then between 
two consecutive roots of the equation f(x) = 0, 
there exists : 

(a) atleast one root of f(x) = 0 
(b) atmost one root of f(x) = 0 
(c) exactly one root of f(x) = 0 
(d) almost one root of f"(x) = 0 


6. Let f(x) be a quadratic expression which 1s positive for 
all real x. If g(x) = f(x) + f(x) + f"(x), then for any real 
x, which one is correct? 
(a) g(x) <0 
(b) g(x) > 0 
(c) g(x) =0 
(d) g(x) 20 


7. Let f"(x) be continuous at x = 0 and /'(0) = 4, then the 
2f(x)-3f + f (4x) 


value of lim equals 
x? 

(a) 11 (b) 2 

(c) 12 (d) None of these 


6. (b) 7. (c) 


Solution of a Functional Equation 


By solution of a functional equation we mean to find 
a function satisfying the given functional equation. 
Usually a given functional equation has more than one 
solution as is clear from above illustrations. Unique 
solution can exist when some additional conditions are 
given like continuity, differentiability at a point, values 
of functions at some particular points. For example let 
the given functional equation be f(x + y) = ffx) + fK) 
V x, y € R and f(x) is a differentiable function" x e« R 
and f(2) = 8, 


Now, f(x) = jig 


$+ SVL) «jig LOD 


= lim 
h-0 ho-0 f 


wf (xt y= ft SY) 
= forx=y=0 
= f(0)=27(0) 
= f(0)=0 
. f@=k 
=> [f'@)de=[kde+C 
> fxaHk+C 
Now f(0) = 0 
=> C=0 
=> f(x) =k (family of straight lines through origin) 
. f(2)=8 
=> f(2)=2k =8 
=> k=4 


. f(x) =4x 
Solution is f(x) = 4x 


Some Famous Functional Equations in Two 
Variable and their Corresponding Solutions 


(a) Ax + y) = fx) + fly) > fx) = ha ke R. 
(b) flx + y) = fx) Ay) > Ax) = 0 or fix) = a a> 0; 41 


(c) fixy) =fix) + fly) V x, y € R ~ {0}, then f(x) = & log, 
Ix|; a> 0, or fix) = 0. 


(d) fixy) = fx) .fO0);x>0,y> 0 Sfx) =x; ne R 


Proof: (a) Already proved in last topic 
(b) f(x) = fim Peete 


FOOLS”) = 1 
h 


= lim 
h->0 


i 
If we let x = y = 0, then f(0) = [A0)? 
=> f(0)=0 or f(0) = 1 
But for f(0) = 0, fix + y) = f(x) .f0) 
=> f(x + 0) =f(x) .f0) Vx eR. 
=> fx)=0VxeER. 
So let (0) # 0 and f(0) = 1 
FMA FOI 
h 


() 


from (1) f(x) = lim 


h->0 
TOD. ge. 
=> Fy “SO =k (say) 
= A =k, => Infxy=kx+C 
=> Inff0)=C => Ind)=C > C=0 


“ Infxy==kx > flx) =e 


=fx) -f(0) 


Continuity and Differentiability < 2.91 


or log fix) . log.a = kx 

=> log fix) = kx 

=> f(x) = a®™. 

(c) Given f(xy) = f(x) + fy) V x,y € R~ {0} 


Now, 
fest) 
lio +24 


h-0 h 


feth)-f@) _ 
h 


f'@)= lim 


faye s(1e4}-se9 


f'(x)= lim 
fy) = f(x) t+ f) 
= forx=y=l, fM=2fM 


=> f(l)=0 
s(1+4)- ro] 
i Se ee 


“. f(x) =k, . /x); where f(1) = &, (say) 
=> f(x) =k, Ink} +C 
forx = 1; fl) =A, Inkl +C 
=> C=0 (f(1) = 0) 
“. f(x) =k, In |x| 
=> f(x) =k, . (log, |x|) (log,a) 
=> f(x) =k log, |x|; where k, log.a = k (say) 
Also clearly f(x + y) =f{x) . fly) "x,y € R ~ {0} holds 
for f(x) = 0 
“. fix) =k log, |x| or f(x)=0 
(d) Given f(xy) = f(x) . fly); x > 0, y>0 
> fx)Hx3neR 
Let x =e"; y =e’ 
“. fle’. e’) = fle”) . fle’) 
=> fle’*”) =fle") . fle’) .. (1) 
Let g(u) = fle’) 


. g(ut v) = g(u). g(v) .... [from (1)] 
=> g(u) — eu (By p art (b)) 
“. fle") = (e* => f(x) =x* 


Sfx) =x"5n € R forx>0. 


2.92 > Continuity and Differentiability 


Jensen's Functional Equation 


(232) - LOL) 
Z 2 


=> fix) =ax+b 


Proof: Let y = 0 and f(0) =a (say) 


=> 4(3)-£9"" VxeR 


xty _ Sf (xty)ta_ 
s| 2 - 2 


given functional equation] 
=> flxty)+a=flx) + fy) 
“fix +y) =flx) + fly) -a 
Let g(x) =f(x)-a . (A) 
© ga ty)=fe ty)—a=[fx) +f) - 4] 
Now g(x) = f(x) -—a 
and g(y) = fly) —a 
g(x) + gy) = fx) + fly) - 2a 
“. From (2) and (3) g(x + y) = g(x) + g) 
=> g(x) =kx 
fix) =g(x) +a 
=> fx=kt+a 
Using calculus: 


f(a) = fim 


2x+2h 2x+0 
: i| 2 ba 2 
= bm — 


h-0 h 


(1) 


LOI) prom 
—a ..(2) 
... (3) 


C. g(x) = fx) — a] 


or f(x) =ax+ b. 


F(2x)+ fh) f2x)+fO) 


=lim 2 2 
h-0 h 


= lim 
h-0 


fae = f (2h) = k,(say) 


. fx)=kxte or f(x) =ax+b. 


D' Alambert's Functional Equation 


Hx + y) + flx—y) = 2fx) . fy) 

=> fx)=0Vx 

or f(x) =cos kx 

or f(x) =cosh kx (cos hyperbolic kx) 


Proof: Given functional equation is f(x + y) + 
Kx —y) = 2x) AY) (I) 
Differentiating both sides partially w.rt. x, we get 


F(x + y) + f&—y) = 2fG) 9) 


Differentiating again both sides partially wrt. x 


we get f"(x + y) + f(x —y) = 2") SY) + (2) 
Now differentiating (1) partially wrt. y we get 


fx + y)-f@—y) = 2O)FY) 
Differentiating again both sides partially w.r.t. y we get 


sce +) + f"(x— y) = 2) f'0) + (3) 

From (2) and (3) 
2f" (x) Ay) = 2A) f'W) 
£2) _ SOD _ oes 

> “Fa fo °° 

=> f'(x) = lx) 
d*y 

a dx? oe 
Auxiliary equation is D?—c = 0 

=> D=+4Vc 
Let for c =-—w? > D=+io 
sol. is f(x) = c, cosmx + c, sin wx .. (4) 
and for c = 0”, D=+@ 
sol. is fix) = c,e" + c,e™ ... (5) 
from (1) for x = y = 0; 2f(0) = 2[f(0) |’ 

=> f0)=0 or f(0)=1. 
But for f(0) = 0; f(x) + fx) = 2ffx) 0) 


(taking y = 0) 
> fxs=0"xeER 
So, Let f(0) = 1. 
From (4) f(0)=1=C, 
Also for x = 0 
we have f(y) + f( — y) = 2f(0) fKY) [By given 
functional equation | 
fly) + fry) = 2f) 
f(-y) =fy)"yeR 
f(x) is an even function. 
C.-0 
from (4) f(x) = cos wx 
from (5) fix) = C,e* + Ceo 
forx = 0; (0) =, C= 1 
= CS lec 
2 Say Cer dea C er 

= Cc [e~—e™] + em 

fx) = fl) 
=>. Jaya eler je") e* 

=, (CYS) hee 
=— iC \e"=e"|=|e"= 
= C= 2 


“YU UUY 


e°*] 


f(x)= ~(e" —-e ) +e %* 


= =(e* + a = cosh wx 


fix) =0 
or f(x) =cos hox. 
7. (a) g(x + y) = g(x) AY) + fx) . 80) 
(b) fix + y) = Ax) - fly) — g(x) - 80) 
(c) gx —y) = g(x) .f) — 80) - fA) 
(d) flx—y) = fx) fy) + 8) - 80) 

These four functional equations represent the addition 
and subtraction theorem for the trigonometric functions 
fix) = cos kx and g(x) = sin kx 

For first three functional equations the converse is 
not true i.e., if we start from given functional equation, 
then there may be a lot of continuous and differentiable 
functions. 

Other than f(x) = cos kx and g(x) = sin kx. However for 
the fourth functional equation the only solution continuous 
on R is f(x) = cos kx and g(x) = sin Ax as proved below. 

Given functional equation is f(x — y) = f(x) . fy) + 
g(x) . g(y) sen (1) 

If we take f(x) = c and g(x) = Je(1-c) 

1.e., both constant functions; c € [0, 1], then (1) holds. 

Now let us suppose that f(x) is not identically constant 
functions. 

Interchanging x and y in (1) we get 

Kx —y) = fly —x) 

=> fx) =f—xy)VxeR 


= f(x) 1s an even function. 


or f(x) = cos wx 


Let us suppose that g(x) is an even function 
=> gy) = 80) 
. from (1) fx + y) = fx) fy) + 8@) 8X) 
[Replacing x by —x and y by -y] 


= fix) fly) + g(x) ge) 
Kx + y) =flx—-y) 
Kx + x) =flx—x) 


f(2x) = f(0) = constant V x € R. 
f(x) is constant function contrary to our assump- 
tion that f(x) is not a constant function. 


YUU: 


g(x) 1s not an even function 
g(x) cannot be a constant function. 


7 UY 


If f(x) is not constant, then g(x) is also not 
constant. 

Let f(x) is even function and g(x) 1s odd 
function. 

g(x) = -g) 

g(0) =— g(0) 

g(0) = 0 

from given functional equation, taking y = 0, we 


get f(x — 0) = f(x) AO) + g(x) 8(0) 


Yds 


y 


JY UY 


Y UY 


JY UYY 
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Kx) = fx) (0) 

Ax) [1 —f{0)] = 0 

fix) =0 

ft0)=1 

but f(x) 4 0 identically 
AO) = 1. 


From given functional equation f(x — y) = f(x) . fty) 
+ g(x) . 8) + (2) 
Putting y =x, 

KO) = fx) - Ax) + g(x) « g(x) 

x) + [g@)P = 1 

f(x) |< 1 and |g@)|<1VxeER 

replacing y by —y in given functional equation we 
get fix + y) = f(x) fi) + eg) g-) 

Ax + y) =f) SY) — 8) 80) ..-. (3) 
(2) + (3) gives, f(x + y) + flx—y) = 2fx) fY) 
which is D' Alembart's functional equation having 
solution f(x) = cos kx or 

fix) = cos hwx 

however the condition |f(x)| < 1 

fix) = cos kx vee (4) 
g(x) is not a constant function, we get some a € R 
for which g(a) # 0 

from given functional equation we have f(x + a) = 
Kx) fa) + g(x) g(a) 

fx + a) = flx) Aa) + gx) g(a) 

cos (x + a) = cos kx cos ka + g(x)g(a) 

cos kx cos ka — sin Ax sin ka = cos kx cos ka + g(x) 
g(a) 

g(x) g(a) =— sin ko sin kx 


e(x) = sate pine 
g 
g(x) =A sin kx. we (5) 
Pea ie —sinka 
g(a) 


but f(x) + 2°(x) = 1 
cos*kx + (2 sin? kx = 1 
7 sin? kx = sin? kx 
= 1 

XW =H1. 


f(x) = coskx d f (x) = cos(—k)x 
meee e@yasncoe 
fix) = cos kx and g(x) = sin & is the only 


continuous solution of functional 


Equation f(x — y) = fx) fy) + g(x) 8) 
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ILLUSTRATION 78: If fis a function of x satisfying the functional equation f(x + y) = f(x) + Ay) for all rational 

numbers x and y, then show that f(x) = kx, where k is a constant. 
SOLUTION: Case(i) x=y=0 

=> f(0) =2f0) => f(0)=0 
“. f(0) = (0) 
Case (ii) Ifx=neN; (#1) 
then fv) =fAlt+1t+...+1) =f) +All) +.... + fC) = nfX) kn; where f(1) = k 
for n = 1; 1) = Al + 0) =f) + (0) = Al) =k =k) 
fx) =k forxe N. 
Case (iii) Ifx=-—n;neN 
from given functional equation f(x + y) = f(x) + f(y), replacing y by -x 
=> 0) = fix) + fx) => 0=flx) + fx) 
=> f-*) =f) => fx) =f-9) 
=> fn) = SH) = An) = -kn; k = f(1) by case (ii) = Kn) = kx 
. fix) =k forx=-njneN 


Case (iv) If x= 13 PgQeZiqe0 


Now f(p)= sa?) = 2) + 12) ee (2) (q times, setting g = +ve) 
q q q q 


suff 


1 1 a 
=> 2) == f(p)=—(p) =k. (by case (iii) and (iv)) 
q) 4 q q 
‘. In view of above four cases we note that f(x) = kx V x € Q (set of rationals) 
Where k = f(1). 


ILLUSTRATION 79: If a function / satisfies the functional equation f(x + y) = f(x) . fly) V x, y rationals, show that 

either f(x) = 0 or f(x) = e® for all rational numbers x. 

SOLUTION: For x = y = 0, we get f(0) = (0) => f(0)=0orf(0)=1 
for (0) = 0; taking x = x and y = 0 in given functional equation 
we get f{x) = f(x) (0) Vxe R 
=> fx=0VxeER => f(x) =0 identically 

So let (0) = 1 
Case (i) x=0 
=> f0)=1 =e; a is some constant 
Case (ii) x =n eN (1) 
=> fn) =Al+14+1+...4D= OSQ..fO] 
n—times 


= [Dy = elor — prlh sO] 


= e™; where a = In f(1) 
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for x = 1; f(1) = e™™ = el HAD = gla 
“ fxy=e™VxeEN 
Case (iii) Ifx=-n;neN 
Let y = x, we get f(x — x) = f(x) fi) 
=> A) =f K->) 
= fen=—~ = f= 


F(x) F(-x) 
me vare f = 7 = =e Mae" =e™ 


Case (iv) If x is any rational number = 7”) ; where p, g « Zandg #0 


so)=s( 42) let @>0 


AMA) im 
. s0-|4(2)] 


: 12) =r = [ere 
q 
fx) = e™ V x © Q; where a = In f(1) 
or f(x)=0 V x € Q (set of rational numbers). 
ILLUSTRATION 80: If f(xy) = xf(y) + yx) V x, y > 0, then show that f(x) = Ax Inx, x > 0. 


SOLUTION: Let 2(x)= ie 


. LEY) _ fO), f&) 
oy y x 


(dividing the given functional equation by x.y) 


=> g2(xy) = g(x) + gi) => g(x) =kinx 
‘. from (i) & In =f) => fx) =kx Inx. 
F(X).F() 


a 
ILLUSTRATION 81: If f(x+y)= Vx,y€R~ {0}, then show that f(x)= = VxélR; where ao is 


F(x)+ f(Y) 


any constant 
SOLUTION: Let g(x) =—— 
SEF) 
1 _f@)+fO)_ 1 1 
fet) f@f0) f@ fo) 


. g(xty)= 
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= g(x + y) = g(x) + 80) 
=> 2(x) =kx [By cauchy’s functional equation] 


1 1 
=> f(@)=—— =<; where ae 


f(x) = Z~Vx ER ~ {0} 
x 
3 
ILLUSTRATION 82: If f{x + y) = f(x) + Ay) + xy (x + y) Vx,» ER; then show that f(x) = hoe VxeER. 


SOLUTION: Let g(x) = fe)-> > f(x) =8@) +> (1) 


(x+y) 
3 


=> a(xty)=f(ety)- = f@)+ SO) +E+)-Z 


=y _ (x)=. Ee 
3g OMty) = f@)- T+ IO)-> =a) + 2) 


Thus g(x + y) = g(x) + 8) 
=> g(x) =kx [By Cauchy's functional equation] 


3 
f(a)= ket Were, 


ILLUSTRATION 83: A_ function f( : (0, ») — (0, ©) satisfy the functional equation 
1 
ax’ f =| + f(x)= ae Vx € (0,°°); where a € R . Then find the function f(x). 


SOLUTION: Given functional equation is @x mf c *\s fC era —— we (1) 
1 1/ 1 
Replacing x by x we get e+ s(4) = ws sr 
= a f(x)+ax icy _ oF (2) 
x) 1+x 
Eliminating f =| from (1) and (2), we get — f(x)=—_-a@”’ f(x) 
2 ay Fy = 22 = ee. 
> (@-)f@)=F— = SO=G pap 


x(1—@x) 


(x+1)(1-@) 


ILLUSTRATION 84: If f(x + y) + f(x —y) = 2f(x), then show that Ax) = ax + b. 


if a’ #1 and no solution if a? = 1. 


=> f@)= 


SOLUTION: Differentiating given functional equation w.r.t. x, we get f(x + y) + f(x — y) = 2h) wee (1) 
Differentiating given functional equation w.r.t. y, we get f(x + y)—f(« —y) =0 wee (2) 
(1) + @) gives, 2/(« + y) = 2f() 
=> faxty)=fx)x,yeR 
=> f(x) =a =constant => Ax)=axt+b 
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ILLUSTRATION 85: If f(x) : (0, 00) — (0, ©) satisfies the functional equation f(x + y) {x — y) = [{)’, then show that 
Ax) = e*";a,beR 
SOLUTION: Given functional equation is Ax + y) Ax —y) = [Ax)/P 
Taking log both sides we get Inf{x + y) + In fx — y) = 2In f(x) 
Let In f(x) = g(x), then we have g(x + y) + g(x — y) = 2g(x) 
Its solution is g(x) = ax + b (By previous Illustration ) 
=> Infx)=ax+b 
=> fx) =e". 
ILLUSTRATION 86: Function /(x) satisfies the functional equation f(x) + f(x + 2y) = 2f(x + y). Show that f(x) = ax + b. 
SOLUTION: Given functional equation is f(x) + f(x + 2y) = 2f{x + y) 
=> Aa ty)—y) +Aa ty) t+y)=AxtyVxyveR 
Replacing x + y by z 
we get f(z-y) +Azty)=2fz)VzyeR 
=> fix)=ax+b (by above Illustration) 
ILLUSTRATION 87: If f(x + vy) =f{x) . fy) + Ax) + fy), then show that fx) = a-—1;a>0#1lorfx)=-1VxeER 
orfx)=0 VxeR 
SOLUTION: Given functional equation is f(x + y) = f(x) . fly) + Ax) + Ay) 
= x) [Ay) + 1] +f) 
= fx) fy) + 1+) + 1)-1 
= (f(x) + 1) fy) + 1-1 
=> fxetyt+D=(@)4+1)96)+)) 
Let g(x) = f(x) +1 


=> g(x + y) = g(x). 0) => g(x) =0 

or g(x) =a;a>0;a41 

= fix) =-l or g(x) =a@;a>0;a41 
fx) =a-1 or f(x) =-l;a>0;a+1 


Clearly fx) = 0 V x € R is also a solution. 
ILLUSTRATION 88: Find all continuous solutions of functional equation Ax + y) = g(x) + h(y); x, y € R. 


SOLUTION: Given functional equation is fx + y) = g(x) + h(i) . (1) 

Putting y = 0 

= fix) = a(x) + A(0) 
Let A(O) = b 

=> fix) = e(x) + b 

=> g(x) =fx)-5 (2) 
Again in (1) put x = 0 

=> fly) = g(0) + hG) 
Let 2(0) =a 

=> fly) =athv) 
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ILLUSTRATION 89: 


SOLUTION: 


=> hy) =fy) -4 3) 
Using (2) and (3) in (1) we get fx + vy) =fix) + fh)-a-b wee (4) 
let d(x) = f(x) -—a—b .. (5) 


.. From (4) we getd@ +y)+a+b=o0@) +atb+o(y) +at+b-a-b 
=> oo + y) = ox) + 00) 
= (x) = 0 identically 
or o(x) =AxVxeR 
.. from (5) fx) =kx+at+b 
from (2) g(x) =kx +a 
from (3) h(x) = kx + Bb. 
Let f be a real valued function defined for all real numbers x such that for some positive 


1 
constant a, the equation f(x +a) = oF y f(x)— f?(x) holds Vx ER . Then 


(a) Prove that the function fis periodic 


(b) for a=1, give an example of a non-constant function with given properties. 


(@) fr+a)=>+/f@-F7@ VxER _ 


=> Axta21/2VxeEeR 
=> fix)=A@-a)t+taz1/2VxeEeR 
fy 21/2VxeER 


let g(x) = f(x) - 1/2 
=> g(x) 0. 


‘. from (1) g(&t+a)= [e+ 5}-{2+3) 


- feo+4-tecor -2- 8) 
g(x+a)= fH [a? .@ 


Squaring we get [g(x+ a)! = 7 —[z(x)P sx (3) 
=> [g(x+2a)} = - [e(x+a)] wee (4) 
g(x) 20 


=> g(x + 2a) = g(x) 


= flx+2a)-2= f)-> 


=> fx + 2a) =fix) 


= f(x) is periodic function with period 2a. 


ILLUSTRATION 90: 


SOLUTION: 
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(b) For a = 1, we want to find a function f(x) with period 2a = 2 


1 
Such that f(x)2= a 


If we let g(x)=k sin x , then it is a periodic function with period'2' and k > 0 as 
2(x) 20 
1 
=> [g + a)P = q ls@Or [from (2)] 
I 74 Va 
=> k*|sin—(x+1)| =——k? |sin—x 
2 2 
~ K cost x +k sin? Ex = => R= 1/4>k=41/2 
g(x) =. sin 2 (. k>0) 
f@)=ae)+5 = f= Flin 2x45. 
The function f(x) is defined V x > 0 and satisfies the condition 
(a) f(x) is strictly increasing on (0, ©) 
(b) f(x) . f(Ax) + 1/x) = 1 V x > 0; then find (1) and hence find f(x). 
(a) Let fl) =m 
we are given f(x) . f(x) + 14) =1Vx>0 we C1) 
=> fa). f7a)+VD=1 => mfm+1))=1 
=> fim+1)=1/m cs (2) 
Now in (1) put x = (m + 1) 
=> fim f{ some | =] 
m+1 
1 1 
= fim f{ +) =1 
m m+i1 
1 1 1 1 1 
= — + —___ | — — + ——_ | = = 1 
= * /(- ) = (= ) ma dX) 
" fis a strictly increasing function (one-one) 
1 1 
= =F 1 => m+1+m=nm+m 
m mt+l 
1+./1-4(1)(-1) 
=> == 
2(1) 
=> malts => maitv5 4, 1-5 
Z 2 2 
1 
If m = ies > m>i 


=> l<m<m+1 => fll) <fim + 1) [-" f(x) is S.L. Q] 
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ILLUSTRATION 91: 


SOLUTION: 


1 
= => m<1 (.m>1>m>0) 


=> mel, 1) 
Which is a contradiction as m > 1 
_1-v5 


2 


4 


> fy=> 


1 
Given functional equation is f eo F(x) 2] =1 forx>0 


Let fix) =k 
1 1 1 
=> ks(e+t)=1 —, (e+) =4 
x x) k 
Now in given functional equation put x =k + 1/x 
1 1 1 
k+—|. k+—|+ = 
ms s( “sf af =| ae| 
1 
— 1 
Be aia a) ms Aq a)- nd) 
". f(x) being S.I. (one-one) 
see 
kK kx+1 
> k+1lt+k=k(k& +1) 
=> 2kxt+1=khe +k 
=> h’—-—ke-1=0 
Pech EA! _xtJ5x_14V5 1 
2x? 2x? 2 “x 
=> f(x)= a ge 
2x 
a _ 
f= => f(x)= . 


Let f: Q* — Q* which satisfies the functional equation /(xf(y))= = , then show 


that f(x) satisfies the equations 


@ f¢@)=— (ii) flx.t) = fx). 

Given functional equation is f/(xf(y)) = = .. (1) 
putx =1 

> f(f0))= - 2) 


f(f,))= £0 © GB) 
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TEXTUAL EXERCISE-7: (SUBJECTIVE) 


1. If f) + fy) - f(xi-y tyVl—x \Wxyel-L] 


then find out the function f(x) and hence or otherwise 
prove that 


(i) 3f(x) = f3x — 4x’) only if x€ |---| 
(ii) 2f@= f 2xvi- <) 


2. If f(x. y) = fx) + fly) for all positive real numbers 
FY) 
f(x) 


3. Let f(x) be a polynomial satisfying f(x) /(1/x) = f(x) 
+ f(1/x) for all x e IR ~ {0} and f(5) = 126. Then find 


x, y, then prove that =log. y,x#1 


fix) and the value of f(3). 


. Find the domain and range of a real valued function 


fix) satisfying 2 f (sin x ) + f(cos x) =x. 


. If f is a polynomial function satisfying 2 + f(x). 


f 0) =f) + f 0) + f @y) for all x, y € R and if 
f(2) = 5, then evaluate f(f (2)). 


. If fix + y) = fx) + fly) — xy — 1 for all real x, y and 


ft1) = 1, then find the number of solutions of 
fix) = -n, for all n € N and also show that x = —1 is 
one root of f(x) = 0. 


. Let f(x) = x?- 2x, x € Rand g (x) =f()- 1) +f 


(5 — f(x)). Show that g (x) = 0 for all x € R. 
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8. Let f N — N be a function such that: (where [.] | 14. Find all polynomials p satisfying p(x + 1) = p(x) + 


denotes the greatest integer function.) 20 ok Ae 
x f(x) 15. Find all real not identically vanishing functions f with 
4 | Eanes the property f(x) fly) = fC x — y) for all x, y. 


(i) x —f(x) = 19 90 
(ii) 1900 < f(1990) < 2000. Find the possible values | 16. Find a function f defined for x > 0, so that f(xy) = 


eee) fly) + Yflx); x y > 0 
9. Let fand g be real valued functions such that f(x + y) | 17, Find all tame solutions of f(x+y)= FO)FY) 
+ f(x—y) =2 fx).g (y) for all x, y € R. Prove that if f F(x)+ fy) 


is not identically zero and | f(x) |< 1 for allx « Rthen | 18, Find all tame solutions of f(x) =x + y) fx —y). 


< 
BO) SL sonny 19. Find the function f which satisfies the functional 
10. If p and g are positive integers, fis a function defined 
for positive numbers and attains only positive values 


Sue 00) eee ove alg F: 20. Find all tame solutions of f(x + y) + f(x —y) = 2[f(x) + 
MW. If fet ytD=WS@+VFOY andfO=1Vx,] fo) 

y € R. Determine f(x). 21. Find all tame solutions of f(x + y) — f(x — y) = 2fy) 
12. If f( + y) = f(x). f() for all real x, y and f(0) # 0, | 22. Find all tame solutions of f(x + y) + f(x — y) = 2f(x) 

then prove that the function F(x) = _ is an | 23. Find all continuous functions satisfying f(x + y) f(x — 


1 
equation f(x)+ f (+) =x for allx + 0, 1 
—x 


1+ 

even function. SOs y) = [Nx) - fo). 

13. Determine all continuous functions f satisfying the | 24. Find all functions f which are defined for all x ¢ R 
functional relation f(x + y) = g(x) + hi). and, for any x, y satisfy x f(y) + yvf{x) = (« +y) Ax) fO). 

Answer Keys 


1. f(x) Sore €[-1,1] 3. f(3) = 28; fx) =x? + 1 
1 
4. f(x) = sin'x — 1/6, x €[-1, 1], Range f(x) = [-27/3, 1/3] 


5. f(x) =x’ + 1; 26 6. 2 solutions 8. 1904, 1994 11. fx) =(«+ 1) 14. p(x) =x’ +e 
1 ; - 1 1 1 
15. fx)=+1 16.cx.log x 17. =| 18. k.a* where k 1s positive 19. f(x)=—| 1+x-—-— 
kx 2 x |-x 
20. fix) = ax’? 21x) = ax 22. f(x) =ax +b 23. f(x) = ax’ 24. 0 and 1 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


1. Select the true information about the solutions of (ii) f(x + vy) = f(x). fO) 
following equations (continuous and differentiable) (a) The function solution of above solution is 
GQ) f(x + y)=f(x) + fly) fix) = ax, where a is constant 
(a) The function solution of above equation is (b) The function solution of above equation is 
fix) = kx, where k is constant. fix) = a*, where a > 0. 
(b) The function solution of above equation is (c) If (2) = 25, then f(3) = 125 
f(x) = x*, where k is constant. (d) None of these 
(c) If (1) = 2, then f(5) = 10 (iii) f(xy) = f(x) + fy) 


(d) None of these 


(a) The function solution of above equation is 
fix) = a‘, where a is constant. 

(b) The function solution of above equation is 
J{x) = loggx where a > 0 anda #1. 

(c) If (25) = 2 then (625) = 4 

(d) None of these 
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A function f(x) satisfying the equation f(x + y) + 
fx-y)=0VxyveER 

(a) is even function 

(b) is odd function 

(c) Neither even nor odd 

(d) does not exist 


2. If f(x) =x + 1/, then [f(x)]}?+ 5/2 equals 7. A continuous and differentiable function f(x) satisfy- 
(a) fx’) + 3 flr) ing the equation f(x + y) = f(x) + fly) V x, y € R, then 
(b) fx’ )+ 3 fix) + 2) f(x) may be 


(c) fxr) + 3f 1/x) + f(1/2) 
(d) None of these 


(a) aneven function (b) an odd function 


(c) even as well as odd(d) A periodic function 


*4+3% 8. A continuous and differentiable function f(x) 
_ + on 
I) J * ene | Yd ey) eauals satisfying the functional equation f(x. y) = f(x) + 
1 V x,y ER’ , then 
(a) gL /(Q2x)+F2y)| cia’ ; 
(a) fx) =0 Vx,yeER 
(b) —[ f(2x) F(2y)] (b) (1) =0 
\ (c) f(x) = loggx;a>041 
©) 5 f (2x)+ f (-2y)| (d) All above 
1 9. A continuous and differentiable function f(x 
(d) —| f(-2x)+ f(2y)] — , i Kx) 
2 satisfying the equation f(x + y) = ftx). fly) Vx,yvER 
. If fis an even function defined on (—5, 5), then the real ane fl) 7; Bien 13) equals 
Pr (a) 16 (b) 81 
values of x satisfying the equation f (x)= f [ r | (c) 4 (d) None of these 
x 


are 10. A continuous and differentiable function f(x) satisfy 
= _ _ = the functional equation f(x + y) = f(x) fly); then the 
(a) lev 345 (b) EES 3tV3 solution of f(x) + f(x) = 2 is 
2. 2 ps 2 _ 7 
245 (a) x=1 (b) x =-1 
(c) —a (d) None of these (c) x =0 (d) None of these 
11. A continuous and differentiable function f(x) satisfies the 
x-1 
ik of Od mar then value of x for which functional equations G19) = fore - f (1) =32, 
Sx) + ffx) = 0 is 
then f(8) equals 
(a) 14-2 (b) V2 (a) 2 (b) 4 
(c) 34-2 (d) None of these (c) 6 (d) None of these 
Answer Keys 
1. (i) (a), (C) (ii) (b), (C) Gi) (6), (©) 2. (b,c) 3. (b,c, d) 4. (a) 5. (a) 6. (a, b) 
7. (a, b, c, d) 8. (d) 9. (b) 10. (c) 11. (b) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLES 


1. Let f(x) be a twice-differentiable function and 


f'(O) = 2, then lim 22 3S) + FA) - 


x 
(a) 6 (b) 3 
(c) 12 (d) None of these 

2f '(x)-6f (2x) + 4f (4x) 


Solution: (a) Given lim 


= i ZF") 12 F"(2x) +16 FAX) 


2X 


x0 2 
6 " 
_6f'O) _, 
2 
sin x” ar 
. The function f defined by f(x)=) x ’ 
0, x=0 


is 

(a) Continuous and derivable at x = 0 
(b) Neither continuous nor derivable at x 
(c) Continuous but not derivable at x = 0 
(d) None of these 


Solution: (a) We have 


S22 id 
‘ . smMmX 
Oe 
a: 
= tim (2 }r-1x0-0-/(0) 
x—> XxX 


So, f(x) is continuous at x = 0. f(x) is also derivable 
_ t(0 a?) 
f(x) f( ) = yin Six 


x—-0 x x 


at x = 0, because lim =] 
x0 


exists finitely. 


. The value of (0), so that the function 


27 -2x)'" -3 
f(x)= er he #0) is continuous, is 
given by 
(a) 2/3 (b) 6 
(c) 2 (d) 4 


. If fx) = 42; 


Solution: (c) Since f (x) is continuous at x = 0, 


1/3 
f (0) = lim f (x) = lim ile a 


therefore ger OT 
x30 Q_ 3 (243 + 5x) 


oo 


l _2 
—(27-2x) 3(-2) 4 

" im- 3 -[-2)(-2] =2 
-= (243 +5x) 5(5) 


. The set of points where’ the function 


fix) = |x — 1| e* is differentiable is 

(a) R (b) R—- {1} 

(c) R— {-]} (d) R— {0} 

Solution: (b) Since | x — 1| is not differentiable at 
x=1.S0, f(x) =|x—-1| e 1s not differentiable at x = 1 
Hence, the required set is R— {1} 


1-2x; x<0 
x =0, then atx =0 
x? +2; x>0 
(a) fis Continuous 
(b) fis Continuous from left 
(c) fis Continuous from right 
(d) fhas removable discontinuity 
Solution: (c) At x = 0 
LHL = lim f(0 - h) = lim 1 - 2(-h) = lim 1+2h=1 
RHL = lim f(0 + h)= lim (hy +2 =2 and f(0) =2 
LHL # RHL = f(0) 
= f is continuous from right but discontinuous 


from left 
only (c) 1s correct 


6. f+ g may be a continuous function if 


(a) fis continuous and g is discontinuous 
(b) fis discontinuous and g is continuous 
(c) fand g both are discontinuous 

(d) None of these 


Solution: (c) Consider h (x) = f(x) + g(x) 
If f (x) is continuous and g (x) is discontinuous, then 
let us assume that h (x) is continuous. 
Now, g(x) = A(x) — f(x) 
—— 


cont.fn. cont. fn. 


=> g(x) is acontinuous function (by theorem 1) 
Which is contradictory to the given fact that g (x) 
is a discontinuous function. 

Hence our assumption that h(x) is continuous is 
wrong. 
1.e., if fis continuous and g is discontinuous then 
f+ g cannot be a continuous function. 
1.e., (a) is wrong. 
Similarly (b) is wrong. 
For (c) we take f(x) =x -—[x ] 

(discontinuous function) 
g(x) =x + [x] (discontinuous function) 
(f+ g) (x)= (&—[x]) + @ + [x]) = 2x 

(continuous function) 

(c) is correct 


. The equation 2 tan x + 5x — 2 = 0 has 

(a) no solution in [0, 77/4] 

(b) at least one real solution in[0,7/4] 

(c) two real solutions in [0,7/4] 

(d) None of these 

Solution: (b) Let f(x) = 2 tanx + 5x -—2 
ey (5 57 


f (0) =-2, f (2/4) = 2 tan— 7 crac caay a 


5 
Now 0 e€ 2, =| and f(x ) is continuous on [0,7/4] 


By intermediate value theorem Jd c € [ 
which f(c) = 0 

(b) is correct 

. The left hand derivative of f(x) = 
x =k, k is an integer, is: 


(a) 1) (K—- 1)n 


0, 2/4] for 


[x] sin(mx) at 


(b) 1)" Kk - I) 

(c) (-1)‘kn 

(d) 1)" kn 

Solution: (a) f(x )=[<x ] _ (1 x ) 
If x is just less than k, [x] =k-1 


. fix) = (k- 1) sin(rx), oak l<x<kVkel 
Now LHD at x = k, 
kim (k -1) wen k sin(zk) 
X — 


xk 
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(k —1)sin(zx) 
(x—k) 

[as sin (tw k) = 0 ask e€ integer] 

lim (A —1)sin(z (k —h)) 


= lim 


xk 


[Let x =(k—h)] 


xk —h 
_ Kim —s sin(h7) _ im 
(kK -1) (- ye = = (=) 


=(k—1)(-1 x Tous (a) is the answer. 


9. Which of the following function is differentiable at 


10. 


x=0? 
(a) cos(|x|) + |x| 
(c) sin(/x|) + |x| 


(b) cos((x|) — || 

(d) sin([x|) — [| 

Solution: (d) Here RHD of sin (| x |) — 
PP LL fe CA a (Un) 


h->0 h 


| x | 


Also LHD of sin (|x|) — |x| 
ny nA = 1A) = (0-9) 


lim —h 
Si ee La ee er 
hoo —f 


Thus, sin (|x| — |x| is differentiable at x = 0). 


Let f(x) = min. {tan x, cot x} V x € R. Then which of 
the following is true? 

(a) Range of f(x) = (—co, —-1] u [0,1] 

(b) Period (if periodic) is x 

(c) Points of discontinuity of f(x) are 


Solution: (a, b, c, d) We know; f (x) = min.{ tan x, 

cot x } can be plotted in two steps. 

(i) We should plot the graph of tanx and cot x 

(ii) We should find their point of intersection and 
neglect the area above their point of intersection. 
Graph of f(x) = 
below: 


min, {tan x, cot x} is given 
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11. 


m/2 ™ 3n/2 Qn 


y 


FIGURE 2.97 
Clearly, (a) range of f(x) = (—, -1] U [0,1] 
(b) period of f(x )=1 


: eee t 
(c) point of discontinuity are ee ress 


(d) also the points of non-differentiability are 


Indicate all correct alternatives if, f(x) = ’ — 1, then 


on the interval [0, 7] 


(a) tan (/(x)) and 7 


are both continuous 
x 


(b) tan (f/(x)) and are both discontinuous 


1 
f(x) 
(c) tan (f(x)) and f '(x) are both continuous 


1 
(d) tan (/(x)) is continuous but ——— 1s not 
f(x) 


Solution: (c) f(x) = a x € [0, z] 
1 2 
f@) x-2"" 
1 
f(x) 


Now, tan /(x) = tan (3-1) : 


ae 


is discontinuous in [0, 7] 


(3-1) 2 5-1 in which tan f(x) is 


continuous let f(x) = 7 —l=y 


12. 


13. 


=> ly=x-2 

= LHe 

=> f(x) =2x+2 

=> cin given involve. 

= f'(x) is continuous in [0, z] 


Lif x=4 
For x > 0, let A(x) = 44% q ; where p and 
0 if xisirrational 


gq > 0 are relatively prime integers then which one 
does not hold good? 

(a) A(x) is discontinuous for all x in (0, 0) 

(b) A(x) is continuous for each irrational in (0, 00) 

(c) A(x) is discontinuous for each rational in (0, 0) 
(d) A(x) is not derivable for all x in (0, ©). 


2 
Solution: (a) Let x = 5 which is rational 


ima ( +1] =0 


= Discontinuous at x € O 
Letx= V2 £O 
h(N2) = 0; Consider V2 = 1.41401235839 0 


1414023583 1 
10 


10'° 


Hence / is continuous for all irrationals 


=> (a) is correct option. 
The graph of function fcontains the point P (1, 2) and 
O(s, r). The equation of the secant line through P and 


*+2s—3 
OQ is y — x — 1 — s. The value 
ee 
of (1), is 
(a) 2 (b) 3 
(c) 4 (d) Non-existent 
Solution: (c) I: By definition f/’(1) is the limit of the 
slope of the secant line when s > 1. 
_ s +2s-3 
Thus f’(1) = lim———> 
sl sr 1 
— kim (s—1)(s +3) 
sl RY =| 


= lim(s+3) =4 


14, 


= (d) 1s correct answer 


y 


Q(s,r) 


P(1,2) 


FIGURE 2.98 


II: By substituting x = s into the equation of the 
secant line, and canceling by s — 1 again, 
we get y = s? + 2s — 1. This is f(s), and its deriva- 
tive is f"(s) = 2s + 2, so f’ (1) =4.] 


Which one of the following is not bounded on the 
intervals as indicated? 


(a) fix) = 2*! on (0, 1) 


(b) g(x) =x cos on (<0, 0) 


(c) A(x) = xe* on (0, «) 
(d) /(x) = arc tan2* on (—0, 0) 


Solution: (b) 
1 
— | 
; [4 Ba) 
(a) lim f(x) =lim2'=— 
te 
. _ a =e 
eee 
] 
=> fese( 0d) 
Z 
=> f(x) is bounded 
(b) cos e(-1,1) 
x 
1 
= xcos—e€(—-x,x) forx>0 
x 


cos— €(—00,00) for x € (0, 00) 


= g(x) is unbounded function. 


(c) lim x e* = lim Ah e’ = 0; lim x e = 
h->0 h-o0 x00 
. Xx . dt 1 
lim — = lim— =— = 0 
x70 e x70 e e~ 
= 3 —_ e ~ xe" — »x(1—x) 
= Also a >y cE = 


= 0 at x = 1, also A(1) = l/e 


15. 


16. 
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1 
= Range of A(x) = o,=| graphically shown below 
e 


y 


1 
FIGURE 2.99 


=> h(x) is bounded 
Also 1(x) = are (tan2*); xe(—00, 00) = tan !(2*) 
When x — (©, 00), 2*E(0, «) 
Also tan” x is a increasing on (—00, 00) 
= tan! (2*) increases on (—00, 0) 
=> tan! (2°) € (tan 0, tan, 00) = 02 
=> I(x) is bounded, 
Given f(x) = b ([x]*+ [x]) + 1 for x = -1 
= sin (n (x + a)) for x < —1 
where [x] denotes the integral part of x, then for what 
values of a, b the function is continuous at x = —1? 
(a) a=2n+(3/2);bE€Rjnel 
(b) a=4n+2;beERsnel 
(c) a=4n+ (3/2);bE R' 5nel 
(d)a=4n+1;beR snel 
Solution: (a) f(-1)=b(1-1)+1=1 
and Lim f(-l1-A)=1 
=> Lim f(-1-h)=Lim sin(z(-1-h)+za)=1 


As f(x) is continuous at x = —1 


’ 37 
=> sinnza=—1l1= sin( 2n0 + 


3 
Hence a = ant+ >, nelandbeR 


fn (e* + Pix 


If f(x) =—————=—— 1s continuous at x = 0, then 
tan Vx 

f (0) must be equal to: 

(a) 0 (b) 1 

(c) e (d) 2 
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Solution: (d) For continuous at x = 0 


Ln (e* + 2Vx| 
f(0) = Limit ———_——— 


x70 x 
2 ¥ 
- Limit in{e* if 2Vx| 
= limIn(1+ Peano to em he 


Kim —(e* + 2x - y 


x70 xX 


| 
Sy 
3 
= 
oo! 
be 
ho 
a 
+ 
RKO 
NOY 
T 
NO 


17. Given f(x) = 


_ 2 
[ECA 


qs 
log, (a |[x] +[-x] "| ——— 
3+ a" 


; |x|4#0;a>1 


? 


0 : x=0 


where [ ] represents the integral part function, 
then: 

(a) fis continuous but not differentiable at x = 0 

(b) fis cont. and diff. at x = 0 


(c) the differentiability of 'f’ at x = 0 depends on the 
value of a 


(d) fis cont. and diff. at x = 0 and for a = e only 


Solution: (b) f(x) = 


ee ae 
(EbEal 


|x| 


(log, (a |[x]+[-x])"}] ——— |; |x1#0,a>1 
34a" 
0 : x=0 
aay 
flog, (a |[A]| + [-A])"}. —— -0 
= Lim 3+" 
h>0 h 


2 
[ArI-Al 
q Ml 
{log, (a | [4] +[-A]|)"}., ——— 
34 ql! 
Lim 
_ ho>0” h 
— 2 
[h]+[-A] 
la 
{log (a |[h]+[-A]|)"}. 
34 ql 
Lim 
hoo" h 
ga - 
{h.log,(a|—1+0\)} 34 Ql 
Lim 
_ h->0" h 
oh 
a 
{h.log, (a|0—1])} 34 qh 
Lim 
ho>0* h 
qe 2h-5 
Lim{log. a}; ————— = 
: Lim{ Ba (; +a" 7 aA ee mis 
= gus) ~2h-5 
; Qe Lim ————_ 
Lim{log, al + qt ae 34 qh 


0 “+ (Lim +a") = 0) 
= h>0- 
f 


- f'O=fO)=f0)=0 
Hence f(x) is differentiable at x = 0 and also 
continuous at x = 0 


(Lim(3 + a”) = 00) 
h>0* 


18. Let fx) = [n+ p sin x], x € (0, x), n € Zand pisa 
prime number. The number of points where /(x) 1s not 
differentiable is 
(a) p—1 
(c) 2p+1 


(b) p+1 
(d) 2p-1 


Solution: (d) f(x) = [n + p sin x]; x € (0, 2) andne Z 
=> fix)=n+[p sin x] 


In (0,5) sin x € (0,1) 


=> psinx takes integer values 1, 2,3 ....p—1 
1.e., (p — 1) integer values 


19. 


20. 


=> fix) =n + [p sin x] 1s discontinuous and hence 
non-differentiable in (0, at exactly (p — 1) 
points. Similarly f(x) is non-differentiable in 
(=x) at exactly (p — 1) points. 


Also f(x) is non-differentiable at x => 


Thus f(x) is non-differentiable in (0, ) at 
2(p —1) + 1=(2p-— 1) points. 


Let f(x) be defined in [-2, 2] 


max .(4—x’*,l+x’); -2<x<0 
f= | ) 


by 

. Then f(x) 
min.(4—x’,1+x*); 0<x<2 

(a) 1s continuous at all points 

(b) has a point of discontinuity 


(c) is not differentiable only at one point 
(d) is not differentiable at more than one point 


Solution: (b), (d) 


max .(4—x°,1+x’); -2<x<0 


min.(4—x*,l+x°); 0<x<2 


fo)=| 


Graph of f(x) is as shown in figure below 


X 


(2,0) 3/2 (0.0) 13/2 (2,0) 


FIGURE 2.100 


Clearly f(x) is discontinuous at x = 0 and 


V3 


non-differentiable at x = ar 


The function f(x) = sgnx.sinx is 
(a) discontinuous no where 
(b) an even function 

(c) an odd function 

(d) differentiable for all x 


21. 


22. 
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sinx; x20 
Solution: (a), (b) f(x) -| 

—sinx; x<Q 
Graph of f(x) is as shown below. 


y 
get) PVA NY, 
KJ 0 AS 


y 
FIGURE 2.101 


Clearly f(x) is discontinuous nowhere, but 


non-differentiable only at x = 0. 
Also f(x) 1s even. 


fix) = |x[x]| in — 1S x < 2, where [x] 1s greatest 
integer < x, then f(x) is: 

(a) continuous at x = 0 

(b) discontinuous at x = 0 

(c) not differentiable at x = 2 

(d) differentiable at x = 2 


Solution: (a, c) f(x) = |x[x]|; -1<x<2 
Now, Lim f(x) = lim | x(0)|=0; 
x0" x>0* 


and Lim f(x) = lim | x(-1)|= lim(—x) = 0; 
x0" x07 x07 


= f(x) is continuous at x = 0 
Lim f(x) = lim | x(2)|= lim 2x = 4; 
x—2* x2" x—2* 


Lim f (x) = lim | x(1)|= lim x =2 
x27 x27 x27 
= f(x) is discontinuous at x = 2 


fix) = 14+ x. [cos x] in 0 < x < 1/2, where [ ] denotes 
greatest integer function then, 

(a) It is continuous in 0 < x < n/2 

(b) It is differentiable in 0 < x < 1/2 

(c) Its maximum value is 2 

(d) It is not differentiable in 0 < x < n/2 


Solution: (a, b) f(x) = 1 + x [cos x]; 0< x 
fix)=1+0=1 


=> f(x) is constant in (0,2 


= f(x) is continuous and differentiable Vx € 0, 4 
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23. f(x) = (sin'x). cos(1/x) if x # 0; f(0) = 0, then, 


24. 


25. 


fix) 1s: 

(a) continuous no where in —1< x < 1 

(b) continuous every where in—1 <x <1 

(c) differentiable no where in-1 <x <1 

(d) Differentiable every where except at x = 0 


Solution: (b), (d) f(x) = (sin'x)’. cos(1/x) if x # 0; 
f(0) =0 
Lim fix) = 0 = Lim f(x) = 0) 


= f(x) 1s continious in [—1, 1] 


(sin”' h)* cos” 2 
ro) bi 


| 
— Lim Si (h) 
h 


h 


. sin (Ah) cos! (1/h) 


h->0 


which does not exist as . co aS h — 0° for which 


it 
cos” = is not defined. 


.. f(x) 1s differentiable every where except at x = 0. 


If f(x) = |x| + |sin x| in [-2,) , then f(x) is 
(a) Continuous no where 

(b) Continuous every where 

(c) Differentiable no where 


(d) Differentiable every where except at x = 0 
Solution: (b, d) f(x) = |x| + |sin | 


—x-—sin x for x € [=#.0) 


x+sinxforx € 0,5 


. f(0") = Lim“? =? 
. h+sinh-—0 
and f'(0) = Lim = -2 


= f(x) is non-differentiable at x = 0, but f(x) being the 
sum of two continuous functions |x| and |sin x| is 
continuous every where. 


Let f: R > R be any function. Define g : R > R by 
g(x) = |f{x)| for all x. Then g is 

(a) onto if fis onto 

(b) one-one if fis one one 


26. 


(c) continuous if fis continuous 
(d) differentiable if fis differentiable. 


Solution: (c) Let A(x) = |x|, 

then g(x) = \Ax)| = A{fx)} 

Since, composition of two continuous function is 

continuous, g is continuous if f is continuous. So, 

answer Is (Cc). 

(a) 1s wrong answer. Let f(x) =x 

=> g(x) = |x| 
Now, f (x) is an onto function. Since, co-domain of 
x is R and range of x is R. But g(x) is into function. 
Since, range of g(x) is [0, ©) but co-domain is 
given R. 

(b) Let f(x) = x => g(x) = |x|. Now, f(x) 1s one-one 
function but g(x) is many-one function. 

Hence, (b) is wrong. 

(d) Let fx) = x => g(x) = |x|. Now, f(x) 1s dif- 
ferentiable for all x € R but g(x) = |x| is not 
differentiable at x = 0. 

Hence, (d) is wrong. 


Let f: R — R be a function defined by , fx) = max 
[x, x°]. The set of all points where f(x) is NOT 
differentiable is: 


(a) {-l, 1} (b) {-1, 0} 
(c) {0, 1} (d) £-1,0,13 
xin (—oo,—1) 
Solution: (d) Given, f(x) = saree 
x°in (1,0) 
lin (—o0 —1) 
. _ }3x in (1,0) 
oe ee Lin (0, 1] 


3x* in (1,0) 


FIGURE 2.102 


27. 


28. 


FIGURE 2.103 


Above graphs represents f(x). First one shows the 
graph of both f(x) = x and f(x) = x and the second one 
shows the graph f(x) = max {x, x°} 
The points for consideration are x = —l, 0, 1 
(doubtful points) 
At the point of consideration 
f'Cl) = 1 and f’C 1") = 3 
f'-0 ) = 0 and f(0") = 1 
f'Q) = 1 and f’*) = 3 
Hence, f is not differentiable at —1, 0, 1. 
If f (x) is continuous in [ 0,2] and f (0) = f(2), then the 
equation f (x) = f(x + 1) has 
(a) non-real root in [ 0.2] 
(b) at least one real root in [ 0, 1] 
(c) at least one real root in [ 0,2] 
(d) at least one real root in [ 1, 2] 


Solution: (b) Let g(x) = f(x) -—f(x+ 1) 
~  g(0) = (0) -—fC) 
and g(1) = f (1) —f (2) 
=> g(0) +g) =0 
= g(0) and g(1) are of opposite signs 
=> f(x) =f(@ + 1) at least once in [0, 1]. 


Let S(x)= [ dntde(x > 0) and H(x) = an 

Then A(x) is 

(a) Continuous but not derivable in its domain 

(b) Derivable and continuous in its domain 

(c) Neither derivable nor continuous in its domain 
(d) Derivable but not continuous in its domain 


Solution: (b) S(x) 
= 9x? Inx — 4xInx 


= In(x?) 3x? — Inx? (2x) 


29. 


30. 
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= (9x? — 4x)Inx 
= (9x — 4) xlnx 
2) = (9x -—4)Inx 
x 
=> A(x) = (9x — 4) Inx 
Which 1s clearly continuous and differentiable in 


its domain. 
Given 
xe" for0<x<1 - O<x< 
f= 
a sen(x+1)cos(2x-—2)+bx*; 1<x<2 
(a) a=-1,b=2 (b)a=1,b=-2 
(c) a=-3,b=4 (d) None of these 
Solution: (a) L.A.L. lim f(x) = lim x’e**” =1 
x1 x1" 
Also, f(1) = 1 
Now R.H.L. = lim f(x)= lim a sen (x + 1) cos2 
(x-—1)+ bx? =a.l.1+b 
For continuity a+b=1 
Also, LHD (x = 1) is 
_ 2 2h -2h 
jim) eI = tim 207 + he (==!) 
h->0 h h>0 h 
=2+01+2=4 
2 — 
RHD («= 1) is lim asen(2+h)cos2h+b(1+h) -1 
h-0 h 
_ |; acos2h+b+bh* +2bh—(a+b) 
airs h 
= im| Sa) «on 28 = 2b 
h-0 h 
(. a+b=1) 
fix) is differentiable at x = 1 if 2b =4 
=> b=2;a=-1 
If f(x) = Min. (tan x, cot x) then: 
5 
(a) f(x) is discontinuous at x = 0, a * and = 


3 
(b) f(x) is continuous at x =F and = 


aI2 


(c) [ S(x)dx = 2¢nv2 
(d) f(x) is periodic with period z. 


Solution: (c, d) From the graph of (see figure example 
10) min {tan x, cot x}, it is clear that f(x) is discon- 
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a 
tinuous at x = 0, op 

a 
differentiable at x = 0, a 


Also f(x) is periodic with period x 


SUBJECTIVE SOLVED EXAMPLES 


1. If f(x)={|x]-|x-1]), draw the graph of f(x) and 


discuss its continuity and differentiability. 


Solution: We know that 


—x+x-1; x<0 


m/2 ml4 nla 
and I, f(x~= 2I tan xdx = 2|Insec x |, 


=2 


inseo4 4] = 21n 3 


(c) and (d) are correct options. 


SECTION-II 


Solution: /((2)= {2+(2-[2])*}=0, 

L.H.L. = lim f(x)= lim{h +24+(h)}=0 
x—2* > 

LHL = lim {(2—h)+(1—-h)?} =0 

Clearly f(x) is continuous at x = 2 

At x = 2.5; f(2.5) = {2.5 + (.5)°?} =.75 

RHL = lim {(2.5+h)+(5+ h)’} =.75 


|x|-|x-l]=4x+x-1; 0<x<l LHL = lim{ (2.5 —h) + (.S—h)"} =.75 \ 
a a ”. f(x) is continuous at x = 2.5 
-l1 ; x<0O 
=. |x|-|x-l|={2x-1; O<x<1 3. Let f(x) is defined as follows 
I, > sx (cos x -sinx)""™ -F<x<0 
re _ _ 2 
f(@)={|x|-[x-1} eas = 
l, when 0>x or x21 ell*® 4 o2/* 4 ox 
7 (2x-1) when 0<x<1 Pe ee O<x<a/2 


Graphically f(x) could be shown as; If f(x) is continuous at x = 0, find a and b 


y Solution: Here, f(x) is continuous at x = 0 
=> RHL (at x = 0) = LHL (at x = 0) = f(0) 
1 “. R.H.L (at x = 0) 
1 1 
3/h 
e ¥ lt 4 ot 4 ox art gett 
Ow 4 im-—,. —,, — = ha 
x30° =6qe* + bx” h->0 ap | @ 
e {air} 
e 
y = I/b (i) 


From above figure it is clear that f(x) 1s 

continuous for x e€ R; but f(x) is not differentiable 

atx = 0,1 again LHL (at x = 0) = lim (cos x — sin x) 
= f(x) is continuous for allx € R 7 eee 
=> f(x) is differentiable for all x « R— {0, 1} =o te (CONE ean) 


= lim {1 + (cosh + sin h—1)}-"S"" [1.e., (1)” form] 


_ 1 
{as oe 


COSEC X 


2. Discuss the continuity of fx) = {x + @ — [x}*} at 
x =2 and x = 2.5, where { } stands for fraction part of 
x and [ ] is greatest integer function. 


lim {cosh+sin r-1(-| 
_ Pics sinh 


é gh _h oh | 
lim < —sin“ —+2 sin—cos— }} -————————___ 
pee 2 2 2 2sinh/2cosh/2 


sin h/2—cosh/2 
h—-0 cosh/2 -1 os 
=e =e ...(i1) 


and, f(0) =a 
=> a=e'=I1/b 


1 
=> a=-;b=e 
e 


. Discuss the continuity of the function, 
g(x) = [x] + [-]. 


Solution: Let us simplify the definition of the 
function 


(i) If x is an integer [x] = x and [-x] =-x 
=> g(x) =x-x=0 
(11) If x is not an integer: 
Let x =n + f where n is an integer and f € (0,1) 
=> [xJ=[n+f]=n 


and [—- x] =[-—-nz-f]=[Cn-)D+a-Jf] 


=== 21 
Hence g(x) = [x] + [-*] =n + (-n-1) =- 1 
0 if x isan integer 
g(x) = ae | 
—] if x isnotan integer 


Let us discuss the continuity of g(x) at a point 
x =awhereae Z 


L.H.L. = lim g(x) = -1 as ~ a, x is not an 
integer 

and R.H.L. = lim g(x) =- 1 as x > a’, x is not 
an integer. 


But g(a) = 0 as ais an integer. 


Hence g(x) has a removable discontinuity at 
integer value of x. 


Let us check the continuity at x = b € Z. (b is not 
an integer) 


Now, lim g (x) =—1 and lim g (x) =—1 and 
g (6) =-l 


g (x) is continuous for allx =b e Z 


5. If f(x) =(x4+[x° + ij , find the derivative when 


x € (1, 3/2) and indicate the points where it does not 
exists. (where [.] denotes the greatest integer function) 
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Solution: Here f(x) =(x+[x’ + ijn 
(x+2)° 7, Lex <2”? 
= f= ats) 2 eas, 
Gade Beep e3/2 
2: lex<2"” 
As [x° +1] =43; 2!° <x<3” 
4, 3° <x<3/2 


which shows f (x) is discontinuous at x = 2’? and 3'° 
and so not differentiable at x = 2!” 


and 3'. 
Also f(x) = 
(2x + cos x) In(x + 2) 
(x42) 7) x? + sin x ;xe(1,2”) 
i x2 
(2x + cos x) In(x + 3) 
(x+ 5) aie ye eas “xe M3") 
‘ x+3 
(2x + cos x) In(x + 4) 
(x+ 4)", 1 2 sin x ; x € (3'73/2) 
aay os 


a8 “(f(x 8(0) 
xX 


= foe} $11) en F00} 
g(x) 


Clearly f(x) is discontinuous at x = 2'7 and x = 3'° 


. Let f(x) be a continuous function defined for 


1<x<3.Iff(x) takes rational values for all x and f(2) 
= 10. Then find the value of f(1.5). 


Solution: As f(x) is continuous in [1, 3], therefore 
by intermediate theorem f(x) will attain all values 
between f(1) and f(3). As f(x) takes rational values 
for all x and there are innumerable irrational values 
between f(1) and f(3) which implies that f(x) can take 
rational values for all x if f(x) has a constant rational 
values at all points between x =1 and x = 3 


So (2) = f1.5) = 10 


. Examine the continuity of the function f(x) = lim 


n—-oo 
cos?" x 


Solution: f(x) = lim (cos’x)" 


Case (i): When cos’x = 0 then lim(cos* x)" =0 
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Case (ii): When 0 < cos’ x < 1, lim (cos?x)"” =0 
as lim a” =0if0<a<1 
Case (iii): when cos’x = 1, then lim (cosx)”" = 1; 


We have to check continuity of function at x = kn 
(k € Z) and at x = knr/2 (k is odd) as changes are 
only at these values of x. cos*x = 0 when x = kn/2 
(k is odd) while cos* x = 1 when x = kn (k € Z). 


At r-Ske 


L.H.L. = f(kn7/2) = lim lim [ cos? (kn/2 — h)]" = 
limlim [0]" = 0 


ho0 n> 0 


R.H.L. = f (An'/2) = lim lim [ cos? (kn/2 + h)] = 
limlim [0 ]"=0 


h->0 n>00 

and f(kr/2) = lim [ cos* kn/2]” = 0 

Hence function is continuous at x = kn/2, where k 
is odd 

Atx =krn (ke Z) 

L.H.L. = f (kw) = lim lim [cos? (kn — h)]" = 


20 n> 0 


(indetermined) 
and R.H.L. = f (km) = lim lim [cos? (kn + h)]”" = 


(indetermined), and f(kx) = lim[cos* kr] =1 


Hence function is discontinuous at x = kn (k € Z) 


. Let f(x) be defined in the interval [—2, 2], such that 

fel 7=25250 
fo <x = 2 
and g(x) = f (|x|) + |f<x)|. Test the differentiability of 
g (x) in [-2, 2]. 
Solution: Let us find f(x) in [—2, 2] 1.e., -2 <x <2 
=> 0<|x|<2 

Hence f(| x |) = |x |-1, -2<|x|<2 


lens =25250 
Now |f01=] 71h nae er (1) 
1 ;—2<x<0 
= SOV ocees baat: (2) 
Adding (1) and (2), we get 
P(e) + |) = ae ieee: 
|x|-1l+|x-1|; 0<x<2 
| x | 3—2<x<0 
= a= Gaon -O0<x<2 


on further simplification 


—x ;—2<x<0 
g (x)= 4x-1+1-x=0 30<x<l 
x-1l+x-1=2(x-1) ; 1sx<2 
—Xx 5 —2<x<0 
= <0 >; O<x<l 
2(x-1); l<x<2 


clearly g(x) may be non-differentiable at x = 0 
and x = 1 


Now, Lg’ (0) = tim) 8) = imo 4 


h>0 —hf 
vm ., Z(0+h)—-2(0) — ,. 0-0 © 
and Rg’(0) = i nr = a are =0 


. g(x) is non-differentiable at x = 0 


Also Lg’(1) = jim 20-8) = ja 0 


> h->0 —h 
and Rg’ (1) = ieee = acme =0 
h-0 h ho0 fy 


= Lg’ (1) # Rg’ (1) 
Therefore g (x) is not differentiable at x = 1 


Hence g(x) is not differentiable at x = O and 
x = 1 in [-2, 2]. 


. If fix) be a continuous function in [0, 2x] and 


f(0) = f(2z) then prove that there exists point 
c € (0, x) such that f(c) = f(c + x). 


Solution: Let g(x) = ffx) -—f(x + 2) ... (1) 
atx = 1; g(m) = f(r) -f(27) ... (11) 
at x = 0; 2(0) = f(0) — f(x) .. (111) 


Adding (ii) and (ili), g (0) + g (nm) = f (0) —f (27) 
=> g(0)+ 2¢(n)=0 [".. Given f(0) = f(27)] 
=> g (0) =-29(m) 

= g (0) and g (x) are opposite in sign. 


y 


g(0) 


X 
O (x,0) 


g(x) 
= There exists a point c between 0 and 7m such that 
g(c) = 0 as shown in graph; 
From (1) putting x = c; g (c) =f(c)-fle + a) =0 
Hence, f(c) = f(c + x) for some c € (0, 2) 


10. If f(x)=||x|-1|, then draw the graph of f(x) and 


fof(x) and also discuss their continuity and differentia- 
bility. Also find derivative of (fof)* at x = 3/2. 


Solution: The graph of f (x) is shown as in the fig- 
ure. It is clear from the graph that f (x) is continuous 
for all x but f(x) is not differentiable at x € {—1, 0, 1}. 


Now fof (x) = || f() 1-1] =|f@) - ll] { as fx) 20 
for all x} 
Now if f(x) > f(x)—-1, ie., shift the graph one unit 


below x-axis as shown as 


Thus for graph of fof (x) = | f (x) -1| is taking image 
of the graph of f (x) — 1 below x-axis and keeping the 
portion above y-axis as it is 

Graph for fof (x) will be as shown below 


which is clearly continuous for all x € R, but not 
differentiable at x = { -2, -1, 0, 1, 2} 
which shows fof(x)=2-x, 1<x<2 


(fof) =(2-xy, 1<x<2 


> 2 pyry =2(2-x)(-l), 1<x<2 
dx 
<( fof)’ (when x = 3/2) =—2(2 — 3/2) =-1 


=> (furan =! 
xX 


11. 


12. 


Continuity and Differentiability < 2.115 
Let (0) = 0 and f(0) = 1. For a positive integer k, 


show that Lim | f(x)+ (3+ ee if 1(2)} 
x0 x g) k 


Solution: im} f(x)+ (3) —_ i 1(]| 
x0 x 2? k 


= fi ee Ne. ee 
x0 x x ba 


— tm 2 Ae tO-FO i, neat 
x30 x x30 x 2 
2 
(2 + 0| - FO) 
k 1 
lim — 
x0 xX k 


Hence proved 


If a function f:[-—2a,2a]—>R is an odd function 
such that f(x) = f(2a—x) forx € [a, 2a] and the left 


hand derivative at x = a is 0, then find the left hand 
derivative at x = —a. 


Solution: It is given that , (L.HD. at x = a) =0 
fart Gone ee em 
h->0 —h 


Now (L.H.D. at x = -a) 
= tim ice ari) ay eA H+ Ho 
{as f(-x) = -f(x) given} 

neg N=f@ 

_ in Lao + I- fo 

fas fix) = f(2a - x) for x €[a, 2a]} 

7 jim f+ F0) 


h->0 


= 0 (using (1)) 


LHD at x =-a=0) 
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GA es £0) xta if x<0 d 
- x)= — 
: fips: OOS ee) 
x+]1 if x<0 
(e-1)? +b if x20 ; where a and b= are 
x-l)° +b if x> 


non-negative real numbers. Determine the composite 
function gof. If (gof) (x) 1s continuous for all real x, 
then determine the values of a and b. Further for these 
values of a and b, is gof differentiable at x = 0. Justify 
your answer. 


xta if x<O0 
Solution: Here /(x)= and 


|x-1| if x20 
(x) x+1 
x)= 
(x-1) +b if x20 


if x<0 


g(xta) ; x<0 
g(|x—-1|); x20 


x+at+l ; xta<0; x<0 


sof (x) = Bf) = | 


(xta-l/’ +b; x+a>0; x<0 
{|x-1|-1}’ +5; x20 


xtat+l >; x<-a 

(xt+a-ly’ +b ; -a<x<0 
7 x’ +b :. Oey] 

(x-2) +b ; x21 


gof(x) is continuous for all real x (given) 
It must be continuous at x = —a, 0, 1 
Since got is continuous at x = —a 


=> lim gof(x)= lim gof(x) = gof(-a) 

=> lim (x+a+1)= lim (x+a-1)’ +b 
=(at+a-—1y+b 

— -at+a+l=(-a+a-l)’ +b 


> 1=1+b>65=0 
And gof{x) is continuous at x = 0 
= lim gof(x) = lim gof(x) = gof(0) 


=> (a-1yr+b=b>a=1 
Now, (L.H.D. at x = 0) 2 {(x+a-1) +b} 6 
= 2(a-—1)=0 {asa = 1} 
Again (R.H.D at x = 0) = f(x +b)} 9 =0 


(..b=0) 
gof(x) is differentiable at x = 0. 


ax(x-1)+b ~~ when x<1 
14. The function /(x)= x-1 when l<x<3. 
px’ +qx+2 whenx>3 


Find the values of the constants a, b, p, g so that 
(i) f(x) is continuous for all x 

(11) (1) does not exist 

G1) f(x) is continuous at x = 3 


ax(x-1)+5 ~~ when x<1l 
Solution: /(x)= x-l when l< x <3 
px’ +qx+2  whenx>3 


f(x) is continuous at x = 1 

=> lim f(x)= f() = lim f(x) 
= lim ax (x-1)+b=0 
> b=OandaeR 


Now, f(1) = im O2 LO 


im Gt Md t+ A-D+6 a ane 


h>0 h [ao 
 (14+h-1 | oA 
lim lim — 
ho>0* h hoo" fh 
limadt+h) (gq 
— Jh-0° = 
l l 
* f(1) = does not exist 
=> a#l 


a € R—- {1} and 6 = 0;; f(x) is cont. atx = 3 
Further it is given that f(x) is continuous at x = 3, 
and f(x) is continuous Vx. In particular f(x) is also 
continuous at x = 3 


lim x) =f) 

lim (px? + gx +2)=2 

99+ 3q+2=2 

9p + 3g =0 (1) 
f(x) is continuous at x = 3, hence f(x) is must 


be differentiable at x = 3 as f(x) is continuous at 
x=3 


“ f'GB)=him 


-)Y Yd 


fB+h)-fB) 
h 


h>0" h 
fe pBthy +qB+h)+2-2 


h—>0* h 


lim — 
_ h>0 yn 
7 2 
kim ph’ +6ph+qh+9p+3q 
h>0* h 
1 
= 2 
kim ph’ +6ph+ qh 
h>0* h 


{".” from equation (1) 9p + 3g = O]} 


I 1 
7 petite 7 |p 
 £/B)=f'R) 
> 6p+q=1 
Solving equation (1) and (11) p = 1/3, g =- 1 
Thus a e R— {1}; 5 =0; p= 1/3; ¢g =- 1 


Gi) 


15. Discuss the continuity on 0 < x < 1 and 
differentiability at x = 0 for the function. 


fix) =x. 


i 
sin— . sin where x + 0, x # l/rn 
x 


x.sin — 
x 


and f(0) = f(1/rr) = 0, r = 1, 2, 3,...... 
Solution: Given 


ee ee AQ ra real. 2.3 


. x.sin — 
f(x) Xx 
ee ee eee FPH1,2, 55: 
ra 
von pa, f(A+9)—- FO) 
a cr 
hsin( *) si —0 
hsin( 
= Lim 
h-0 h 
hsin{ 1 sin : 
hsin{ ©) 
= Lim 
h->0 h 


Continuity and Differentiability < 2.117 


| , G . 1 
= Lim sin}—| sinj] ————— 
h0 h hsin(1/h) 
ee’ N , 


both belong to[-1,1] _ both belong to[-1, 1] 


which does not exist uniquely. 
so f(x) is not differentiable at x = 0 


Lim f(x) = Lim xsin (+) sin eee 
x0 x0 x xsin(1/ x) 


: l Gee. 
: in | =0 = fi0) 


both belong to[-1, 1] 


= Lim x. sin(I/x) 


ee -—" 
rae both belong to[—1, 1] 


= f(x) is continuous at x = 0 


Lim f(x) = Lim xsin (+) sin a 
gos pee Xx . ( l 
rn ar Xx Sin 


Xx 


= Lim x.sin (+ sin 


we oe 

x + 
xXS1In| — 

—>0 X 


-o= (2) 
VI 


Hence function is continuous V x é€ [0, 1] 


x>— 
ais 


both belong to[-1, 1] 


x? if x40 


ya 
cos — 
16. Consider the function, f(x) = 2 


x 
0 if x=0 
(a) Show that f’(0) exists and find its value 


(b) Show that f’(1/3) does not exist 
(c) For what values of x, f’(x) fails to exist 


x? if x40 


f(x) = 


A 
cos — 
2x 


0 if x=0 
f(h+0)—- f() 
h 


Solution: 


(a) f'(0) = lim 


h? cos( = —0 
, 2h 
= lim 
h>0 h 
= limh cos( | =0 = 0 
h>0 rh 


| 
belong to [-1, 1] 
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Fis pL V2) fv2) [a2 -2 
Pea de) ae a Lim 
(b) f"(1/3) = lim ——=2 “4 Z we 
ft fol2) |... 2-2 
oo h>o h 
2 
GA cos] —— | saline We +2N2h 
3 l Lim — Lim ————— 
2 C + = 4 ho" h = 4 ho" h 
, : 0 0 
= —— f-." f(1/3) = 0} 
, Lim(h +2V2) 2/2 
( ; 30 = J h>0* = 
h+—| |cos 0 
, 3 2(3h +1) 0 
= ko AAJ : ‘ 
= ; S02 )4 £02) 
2 
I 3% Hence f(x) is non-differentiable at x = V2 
h+ .COS 
lin 3 2(3h +1) eu f(x~= ee x =2 = f(V2)= a (2) 
hao" h x2 
‘s re = f(2)= Lim ee 
(i + ;] COs x2 
lim A383) 2G6htD) Hence f(x) is continuous at x = V2 
h>0* h 
' x’ sen[x|+{x},0<x<2 
f'Q/3) 18. If f(x) -| 7 | , comment on 
2 jae Cc oP gin 
3) : 2(3h +1) the continuity and differentiability of f(x) at x = 1,2 
lim 
eae: 3x03 C3 ( a} Solution: continuity at x = 1 
2Gh+1) 2 Gath? 3 LHL. = lim f(x)= lim(2? sen{x]+{x})=0+1=1 
ah +1) 60 Br RHLL.= lim f(x) = lim(<* sgn[x]+{x}) = 1() +0=1 
3 2(3h +1) : 
lim ; Also f(1) = 1 
Bs. Oe OE 1 _ 2 
in SS, Ae L.H.L = R.H.L = f(1). Hence f(x) is continuous 
2(33h+1) 2 (3h4+1)9 3 es | 
F ms (i+ 7: FQ) 
lim o-sin( 2) 52 (-3).2 R.H.D = f(1") = 
h->0” Zo} 2 9 —7/2 
= = sstiekd ; ree 
. (32) 3x 1 m/2 = lim ———————-_ = lim —__—_——_ 
lim —| 0 —sin}| — }.—(-3)— h0 h h-0 h 
= : h? +3h 
= lim =3 
. f' (0/3) =— n/2 and f'(1/3*) = 1/2 ho ft 


and L.H.D =/f(1) 


17. Discuss the continuity and the derivability of'f at ; 
(1—h) sgn(1—A]+{1-A}-1 


x=V2 where f(x) = degree of (u* +u? +2u—3) = lim 7 =| 
2 2 = =e, 2 
Solution: f(x) = degree of (u* +u*+2u—3) - lim =" 
h>* a 
_ 2. 8 OPS 2 ; 
eT en a" 
f(V2) = Oe . fpayefay 


Hence f(x) is non-differentiable at x = 1 


19. f(x)= ; 


now atx =2 
lim f(x) = lim x’ sen[x]+{x} = 4.141=5 
x7>27 x27 


lim f(x) = lim (sin x +|x-3|)=1+ sin 2 
x—>2* x2" 


Hence L.H.L# R.H.L 


b sin” [=**} Tig 0 
2 pA 


S atx =0 


: oe 
2 


If f(x) is differentiable at x = 0. Find the value of a and 
also prove that 64b7= 4 — c? 


Solution: 
er -1 1 
RUD = limZ Ct9- FO) _ yy) 2 
h->0 h->0 h 
, ah a’h’ | h 
a ae 
lim 
h->0 h? 
a ah 1 
2° 2°79 2 
= lim 
h>0 h 


For the limit to exist a = 1; 


2 
Hence RHD = lim (= + tan x containing ) 


Aliter: LHD = jim ZO LO) 


h-0 —h 
ch “(s4) (4) 1 
b oe + are 
2 aie 2 5! 2 2 
= lim 
h>0 —h 


1 
As function is differentiable so this limit is equal to 8 


For this constant part must be zero and coefficient of 


1 
h in the numerator must be equal to 3 Coefficient 


20. 


Continuity and Differentiability < 2.119 


of h in numerator 1S equal to 
2 2 2 22 4 
2 +5 3( S| o «5(£) en meray 
2 BY 2 5! pd) 8 


Clearly left hand side is derivative of 


4x 
—bsin “gatxsc 


l 


1 1 
= Left hand side of equation (1) is ee ar 
ee 
4 
= Squaring both side and 64b7= 4 — ¢’ 


Let f(x) be a function defined on (a, a) with a > 0. 
Asumme that f(x) is continuous at x = 0 and 


him fO-L) 


k =a ,wherek e€ (0, 1), then compute 
x xX 


J'(0") andf’(0-), and comment upon the differentiability 
of fat x = 0. 


ip LO- Sb) _ 


Solution: An : a 
mf O=LO+ FO +() _ 
x0 x 
=. mf @O-SO-S)+ SO _, 
x0 x 
= Lin( SOLO _L0-f0) 
x0 x x 
> (Lig L2=LO) (rpg LOL) 
x0 x x0 kx 
x0" xX x0" 
—> 
camf@O-£0 1 £le)-£O , 
x—0* x x0" kx 


_ Ptaiten 
f'O)-f (O")=a 
‘a -k)f'(O)=a 
(Ik) f'(0*)=a 
“0-) = &_ 
Oyen 
“ory = & 
[Oja— 
HR cP, om Pi xe ce. 
SIO-fO)af0)=—_, 
.. fix) 1s differentiable at x = 0 


2.120 > Continuity and Differentiability 


21. 


22. 


If f(x) = ax? + bx + c is such that |f(0) < 1, /f1)| < 1 
and |f(-1)| < 1, prove that |f(x)| < 5/4 V x e€ [-1, 1]. 


Solution: We have f(x) = ax’ + bx +c 
=> fc-l)=a-bte, 


SO) = ¢, 
and f(l)=a+bt+e 
From (i), (11) and (111) we get, 


a= aa) + f()-2F(0)); 
bat 

2 
> f(x)= scp + f()-2f OV}? + 


. (i); 
.. (ii) 
... (iii) 


[f@)- f(-D] and c = (0) 


S[f@)-S-DIe+ FO) 


_ x(x+b) 


2 
E: . YX ety iv) 


Since, | f( 1), | (0)| and |f(1)| are < 1, we have 
2| f(x)| < | x(x +1)4+2] x? -1]+| x(x-1)| ...(V) 


f(x) FQ) —(% +I) (x-D f(O)+ 


In the interval x ¢€ |-1, 1| 

O<1l+x<2,0<1-x<2and0<1-x <1 
=> 2 \f(x)| < |x| (1 -x + 1+x)+2(1 -x’) 

2 fx)| < 2(|x| + 1 — x’) 


5 ly 5 
= yoo sCe+ pl) = 3-(I 41-3 | <7 


Thus | f(x)|< avs e[-1,]] 


Discuss the continuity and_ differentiability 
of the function y = f(x) defined parametrically; 
x = 2t—|t—1] andy =2f + tlt 


Solution: Here x = 2t-—|t-—1l|andy=2t?+¢|t| 
Now when ¢ < 0 ; x = 2t- {-(t- 1)} =3t-1. 


] 
andy=2P-f =P => vast 
when 0 <¢< 1; x = 2t-—(-(t-1)) =3t-1 

] 
andy =22+2=32 => y=s(r-ly 


when ¢>1;x =2t-(t-—l)=t+1 
andy =2° +P =3f 
= iy= 5 (e=1) 


1 


get x<-l 


Thus, y= /f(x)= o(+1) -l<x<2 


3(x-1)’; x2>2 


Now to check continuity at x = —1 and 2. 
Continuity at x = —-1; 


= ii is 2 
LHL = lim EP valid) = 0 
and RHL = lim f(1+h) = limo (1+ ha) =(0; 


f(-1) = 0; 
“. f(x) is continuous at x = —1. 
Now to check continuity at x = 2; 


ae Pe ee eee 
LHL = lim f(2—h)=lim>Q-h+1) =3 


and RHL lim f(2+h) = lim 3(2+h-l)y =3: 


and f (2) = 3. Thus f(x) is continuous at x = 2. 
Now to check differentiability at x = —1 and 2. 
Differentiability at x = —1; 

LHD Lf(-1) 


1 
—(-1-h+1)’ -0 
9 ) 


= lim —————————__ = 0 
h-0 —h 


= lim 
h->0 


and RHD = Rf’(-1) 


fCl-A)-fCD 
—h 


l 
—(-1+h+1)’ -0 
ae SCA+A)- fC) _ Be 


h->0 h h>0 h 


=0 


Hence f(x) 1s differentiable at x = -1. 

Differentiability at x = 2; 
2-h)-f(2 

LHD Lf’(2) = lim PEA DETS) 
h-0 —h 

| 2 

a (2-—h+1)° -3 


= lim =Z 


h-0 —h 


RHD Rf’(2) = lim fern t 


—s 2 
Cages) ea 


h>0 h 


6 


Hence f(x) is not differentiable at x = 2. 
“. f(x) is continuous for all x and differentiable for all 
x except for x = 2. 


23. 


24. 


25. 


Let g(x)=] (dt, where f is such that 1/2 < 


fit) < 1 for t € [0, 1] and 0 < f#) < 1/2 fort € [1, 2]. 
Then find the interval in which g(2) lies. 


Solution: g(x)= [, f(t)dt 
=> 9(2)=f fiat 


=> (2)=f fOd+[ Oat (i) 
Now, 1/2 < f(t) < 1 fort € [0, 1] 


a, 2 1 ae 1 d 
= ie t< |. f r<[id t for t € [0, 1] 
1 fl . 
we get > <|, f(pdt<l ... ii) 
] 

again, er 60 rs for t € [1, 2] 

2 2 Al | 
= [oar<] f(Odt < | de 


0<[ s@dt<— i 
=> US], 5 ... (111) 
from (ii) and (iii), we get 
1 1 2 l 
OFS |, fpat+ | dt <1+— 


1 3 
—<9(2)<= 
or 5 2(2) 5 


Let f: R > R satisfying |f(x)| < x’, for all x € R, then 
show that f(x) is differentiable at x = 0. 


Solution: Since | f(x) | <x’, for allx e R 
at x = 0, |f(0)| < 0 

=> f(0)=0 ...(i) 
£0) = fim LOE LO — tig LO Gi) 
{ f(0) = 0 from (i)} 

Now ie <|h| 


=> -[h|s <n 


_ f(h) _ as 
= ge =0 ..(iii) 
(using Cauchy-Squeeze theorem) 
from (ii) and (ii1),we get f’(0) = 0. 

1.e., f (x) 1s differentiable at x = 0 


Discuss the continuity of f(x) = maximum {sin ¢,; 
O<t<x};0<x<2z2 


Continuity and Differentiability < 2.121 


Solution: Given f(x) = maximum (sin ¢t, 0 <t <x), 
O<sx<2a 
¥ 
1 
x' X 
m/2 TU 2m 
y' 


H ; £2 GB 
Ifxe 0, 4 , Sin ¢ is increasing function 


Hence if ¢ € [0,x], sin ¢ will attain its maximum value 
att=x 


fix) = sin x ifx € 0.5] 
1 
Ifxe (22 | and ¢ € [0,x] 
then sin ¢ will attain its maximum value when ¢t = a 
t i 
x)=sin—=1lifxe|—,2z 
f@)=sin E 
sinx , ifx <|0,5 | 
2 


ae ifve( S20 
2 


Now (3) =] 


lim f(x) = lim sinx =1 


x>— x>— 
2 2 


and lim f(x) = lim 1=1 


x>— x>— 
2 2 


as f(n/2) = L.H.L = R.H.L 


f(x) = 


, 1 
", fix) 1s continuous at x = > 


Hence f(x) 1s discontinuous at x = 2 and then 
fix) will also be non-differentiable at x = 2. 


26. Let f(x) = maximum {4, 1 + x’, x* — 1} for all 


x e€ R. Then find the total number of points, 
where f(x) is not differentiable. 


Solution: f(x) = maximum {4, 1 + x’, x? — 1} as or 
Thus from above graph we can simply say, f(x) is not 
differentiable at x = £V3 


2.122 > Continuity and Differentiability 


27. 


And it could be defined as: 
4. :.-V3<x<Vv3 
po={ 


x41; x<-V3 or x>3 


Let f(x) = maximum {2sin x, 1 — cos x} for all x € (0, 
mt), then discuss differentiability of f(x) in (0, 7) 


Solution: f(x) = maximum {2 sin x, 1 — cos x} may 
not be differentiable when 2 sin x = 1 — cos x 

4 sin? x = (1 —cos x)’ 

4 (1 + cos x) = (1 —cos x) 

4+4cosx =1-cosx 

4 (1 — cos? x) — (1 — cos x)? = 0 

(1 — cos x) [4+ 4cos x— 1 + cos x] =0 


) UUYUYY 


cos x = 1 orcosx = "5 


But for x € (0, 1), cos x # 1 


x=cos | -—— 
S 

> X=A-COS | — 
5 


Graphically f(x) maximum {2 sin x, 1 — cos x} can 
be represented as shown below (thick curve) 


) 


1—cosx 
C 


ie 


2sinx; 0<x<8@; 
where 
l—cosx; 0O<x<z 


clearly f(x) = | 


@=n-cos” 3) 
5 


2cosx; 0<x<@ 
(Cohn eeee 
sinx; 0<x<7 


. f£(8)=2 cos9= -2 


, 3 
and f(6*) = sin 0 = sin{ cos" 3) 


(si "4) 4 
= Sin| SIN —/=— 
5) § 


3 
L.H.D. + R.HD. at x =-cos" 3) 


Thus f(x) 1s differentiable at all x © (0, x) except 
3 
for x = z— cos! 2) 


28. Let f(x)=x° —x° +x+1 and 


29. 


O<t<x for 0<x<l 
l<x<2 


ye IO; 


3-x; 
Discuss the continuity and differentiability of g(x) in 
(0, 2). 


Solution: Here f(x)=x°-—x’+x+4+1 
= f'(x)=3x’ —2x+1 which is strictly increasing in 


(0, 2) 
shi — : 


3-x; 


QO<x<l 
l<x<2 


[as f(x) is increasing so, f(x) is maximum when ¢ = x] 
So yay O<x<l 

3—x; l<x<2 

3x? -2x+1; 0<x<1 

—l; l<x<2 

which clearly shows g(x) is continuous for all 
x € [0, 2] but g (x) is not differentiable at x = 1 


Also g'(x)= 


Let f(x)=14+4x-x° for all x ce R; 
(x) max. { f(t); x<t<(x+l); 0<x<3} 
xXj)= 

° min. {(x+3);3<x<5} 


Verify continuity of g(x) for all x € [0, 5]. 


Solution: Here f(t) =1+4t-?¢? 
= f'(t)=4-2t when f(t) =0 
=> t=2; att =2 f(t) has a maxima 


Since 
g(x)=max.{f(t) forte[x, x+l], 0<x<3} 


f(x+)); if te[x, x+1]]<2 


f(Q) 3; if xst=2<x41 
g(x)= i 

f(x) 3; if te[x,x4+]] 

6 ; if 3<x<5 

44+2x-x’, if 0<x<1 
(x) 5, if l<x<2 
8(\X) = 

1+4x-x? if 2<x<3 

6, if 3<x<5 


which is clearly continuous for all x e€ [0, 5] 
except for x = 3 
g(x) is continuous on [0, 3) and on (3, 5] 


30. If f(x) =x’ -2|x| and 
min.{ f(t): -—2<t<x, -2<x<0} 
g(x) =<max.{f(t): O<t<x, O<x<2} 
f(x) ; 2 


(a) Draw the graph of f(x) and discuss its continuity 


and differentiability. 
(b) Find and draw the graph of g(x). Also discuss the 
continuity and differentiability. 


x20 


x<0 


EHD: 
Solution: (a) /(x)= 


x? 42x: 


The graph of f(x) is shown below 


which shows f(x) is continuous for all x € R 
but not differentiable at x = 0 1.e., differentiable 
an R ~ {0} 

(b) 1f f(x) is an increasing function on [a, b], then 
max.{f(t): as<t<x, as<x<b}= f(x) 
min.{ f(t): asxx<bs= f(a) 

If f(x) is decreasing function on [a, b], then 
max.{f(t): a<t<x, as<x<bs= f(a) 


min.{ f(t): asxx<bs= f(x) 
clearly f(x) decreases on (—co, —1] and [0, 1], 
where as increase on [—1, 0] and [1, 0%) 


astsx, 


ast<x, 


f(x) 3; -2sxs-l 
f(-)); -1lsx<0 
B=) a). O<x<? 
f@Q) 3; 1sx<2 
xX 42x 328 x%<=1 
—] >; -l< <0 
= BO) 0 , Ome: 22 
x -2x 3; x>2 


Continuity and Differentiability < 2.123 


2x+2; -2<x<-l 


(x) —] >; -l<x<0 

xXj= 

Te 0 > 0<x<2 
2x—-2; x>2 


Thus graph of g(x) is as shown above 
Fromabovefigureitisclearthatg(x)1snotcontinuous 
atx = 0, and from g’(x), g(x) is non-differentiable at 
x =-—l, 0, and 2. 


31. Let f(x) = x* -— 8x? + 22x* — 24x and 
min f(t); x<t<x+4+l1,-l<x<l 
g(x)= Discuss 
x-10; x>l 


the continuity and differentiability of g(x) in [—1, 0). 


Solution: Here f(x) = x* — 8x° + 22x’ — 24x 
=> f(x) = 40° — 24x? + 44x — 24 
or f(x) = 4(« — 1) (k—- 2) (k—-3) 
= 4 ((x? — 6x? + 11x - 6) 
Which shows f(x) is increasing in [1, 2] U [3, 0) 
and decreasing in (—90, 1] U [2, 3] 
Thus, minimum f(t); x <t<x+1,-l<x<1lis 


given by 
=> minimum jo-\n yagi: 
fd) 3; O<x<il 
f(xt+l); -1<x<0 
Thus, g(x)=5 f/f) ; 0<x<l 
x-10 ; x>l 


(x+1)* —8(x 41) + 
22(x +1)? —24(x+1); -l<x<0 


1-—8+22-—24 > O0<x<l 
x-10 

x* —4x7° +4x°-9; -1<x<0 
g(x) =4-9 > O<x<l, 
x-10 : Baek 

4x? -12x7+8x; -1<x<0 

Also, g(x) =40 >; O<x<l 
+] : x>l 


2.124 >» Continuity and Differentiability 


32. 


33. 


34. 


=> g(x) 1s continuous on [—1, ©) but non-differentia- 
ble atx = 1 


Given function f(x) defined for all real x, and is such 
that f(x + h)—f{x) < 6h? for all real and x. Show that 
f(x) is constant 
Solution: Given f(x + h) — f(x) < 6h’ 
Fth)- fF) < lim 6h 

‘i < 


h->0* 


(1) 


= lim 
h>0* 


. fe) <0 
Again replacing h by —h 
fx —h) —flx) < 6° 
f(x—h)— f(x) , 6h? 
—h —h 
S(x-A)~ fx) > lim—6h 
—h 


h-0 


iQ) 


lim 
h->0 
P(x) >0 

From (2) and (3) f(x) = 0 
Hence f(x) is constant 


(a) Let f be a function such that fx) + fly) = 
fix) + y for all x, y € R, then find (0). 

(b) Now if it is given that there exists a positive 
real 6, such that f(h) = h for 0 < h <4, then find 
f(x) and hence f(x). 


(a) Letx =0,y=Oimnf@)+fo) =f 


.. 3) 


Solution: 
(x) + y 
=> f(0) +f(0) =f() +0 

=> 2f(0) =f(9) => f(0)=0 
(b) Given f(h) =h for0<h<5d 


f(x+h)— f(x) 
h 


Then, f'(x)= lim for0<h<5 


see ( given f(h) . h) 


f(x) = lim 


ey) — i JOO + FCA) — FO) 
f(x) = lim ; 


- 


(given fth) =h) 


t — 1 h sos —_ 
= TO (2 A) = hi) 
= integrating both sides we get, 
=> f(x) =x +c where f(0)=0 >c =0 


So, f(x) = x. Thus f’(x) = 1 and f(x) =x 


Let a function f: R — R satisfy the equation 
f(x + y) =f(x) + fO) for all x, y € R, show that if f 
is continuous at x = a, a € R, then it is continuous for 
allx € R. 


35. 


36. 


Solution: It is given that f(x) 1s continuous at x = a 
= lim f(x) = lim f%) -f@ 
> lim f(a+h) = limf(a-h) =f@ 
= lim flath) = lim fla + (-A)) = fla) [using 
property of function f(x+ y) = f(x) + fly); (given)] 
=> lim Sth) = lim fi-h)=0 ...(i) 
Now let us check the continuity at x = b, b € R, ba 
lim f(x) = lim f+h) 
= lim (6) +f) =fO+0=f(b) — ....) 
[using (7)] 
lim f (b - h) 


Also L.H.L. = lim f(x) = 

= lim f(b+ (-h)) 
= lim (f(b) + f(-h) = f(b) + 0 .... (ili) 
[using (7)] 
from (11) and (111), the given function f(x) is con- 
tinuous for x = b € R, but since ’b’ is an arbitrarily 


chosen real number, therefore f (x) is continuous 
for all x € R. 


Let f (=*2 = a for all real x and y. If 
f(O) exists and equals —1 and f(0) = 1. 
Find f(x) and have /f(2) 


S(x+h)- f(x) 
h 


Solution: f(x) = lim 


s{72=7*)- ro 


= lim z 
h>0 h 
ae), Pe 
= Lio +A Aaea_J4qe_ 
h>0 h 
= py eS a [Let x =2x and 


y = 0, in the given equation] 


Be pc A a eC) a 


pete 2h i0 Oh 
= jim LILO) = f' (0) =—1, thus f(x) =-1 


=> f(x) =-x+c. Also, f(0) =l>c=l 
=> f(x)=1-x = f0yS=1 


A function f: R > R satisfies the equation f(x + y) = 
fix). fly) for all values of x and y and for any x € R, 


37: 


~] 


fix) # 0. Suppose the function is differentiable at x = 

0 and f(0) = 2, prove that for allx e R, f (x) =2 f(@) 

f(x th)— f(x) 
h 


lim 
h->0 


fo @& = 
pot AY. aa F(x) 


lim 


Solution: 


(Using the given functional 


equation) 


= fix) (yoo 


h>0 h 
h)-1 
Our aim is to evaluate ™ (fO=") 


We are given f (0) = 


mLOrD-FO) 


lim 


=> ee (2) 


lim f(h) - ; (0) 
From the equation (1) and (2), we observe that we 
need to find the value of /(0). 

Letx =y =0 

=> f0+0)=f(0) fO) => f(0)=f (0) 

=> {(0)=0orf(O)=1 a> fO=1 

" f(x) #0 for any x € R, given) 

From equation (1), (2) and (3) , we have 

Sf («) =2 f(x). Hence proved. 


Obtain all functions satisfying 

Gi) fxty =f) +fo),xeRyeR 

(ii) Aixy) = fx). Ay) 5x > 0, y > 0; fx) # 0 for 
any x, for which the derivative of'f exists 
wherever fis defined 


mle *)= f(x) 


Solution: (i) f(x) = 
= —- 
h>0 h 


(Let x = y = 0 (in given equation => f(0) = 0)) 
=f’ (0) 
Similarly, f Qc) =f (0) 

=> f (x) =f (0) =k (constant -say) 


=> 5 (eH) Hee re 
But f(0) =0+c 
=> c=0 


38. 


Continuity and Differentiability < 2.125 


=> f(x) = kx, where k is an arbitrary constant. 


i)f @) = mL - SO) wie =a) 
moon f(x) ere 
lim h>0 h 
Substituting x = y = 1 in the given equation, 
we have 


=> fC) =F(yY 
=> (f(D -fC) = 0 
=> FM FU)-)=0 


=> f(l)=1 C. f(x) #0 for any x) 

(1) becomes: /f (x*) = ff (x). 
pe ip -) Pye «tess (ii) 
h>0 h/x 

Similarly, f(x) = a A 6) eee? (iii) 


‘. From equation (ii) and equation (iii), we get 


r= Fw 
=> f (x)= ae K (where K = f" (1) = constant) 
f(x) _K 
f(x) x 


Integrating In | f(x) | =KiIn|x|+Inc 
=> |f(x)|=e|x|* 
bet = la c=! 
Equation (iv) becomes, | f(x) | 
But x > 0 andy > 0 


=> fix) =x 


=|x|* 


Let f : R — R _ be a function satisfying 
ica -fs0) , V x, y € R and fll) = 
fd) #9. 

Show that f(x) + f(1 — x) is constant, for all non-zero 
real values of x. 


Solution: Here, f 2 — rae 


Putting a =1,, we get 2f(1)= r-f(2) ...(i) 


Now, f(x) = lin Le+0= LC) 


2 f (1) 
f(xth)- 
ee C2) 


h>0 h 


2.126 >» Continuity and Differentiability 


39. 


“pn LOM-F 2/9 -2F0 
h>0 h. f(2/x) 
26( S292 )-a 5 
pee 
h-¥0 h.f(2/x) 


fie") ro 
lin. —?—__ 


f(2/x) A 

Xx 
— 2 fM_ fe) f'O 
f(2/x) x fQ@ x 


= fy {as f’ (1) =) } 


f@)-xf'@) _, 
Pe) 


o,f 


(By using (1)) 


=> xf(x)-f*s=0 a> 


a x 
= dx\ f(x) 


I azea] 
as; — = 
dx\ f(x) 


x 
=> —=A/(constant) 


faba lt 
f(x) 


{as; diff. (constant) = 0} 


f(x) 
Fx) _ 1 
= x aA 


x 


joa § 

x)=— and fd-x)=— 

or f(x) 4 an fU-x) 7 
Adding the above two we get, 


x 1l-x 1 
PO Ng a 
. f(x) + fl -—x) = V/A 


= which is clearly constant. 


If f(x)+ fly) = i[* 222) for allx,y e R, (xy # 1) and 


a2 Fin a 4($) and f’(1) 


lim 


x70 


Solution: f(x) +f(Qy)= f =+2 eet) 
Putting x = y = 0, we get f(0) =0 

Putting y = —x 

we get f(4x) +f) =f0) aes (11) 
= f(a) =—f 6) also lim 2 = 2 


Now f (x)= lime = 2) 


mee x) 


lim 


[using (11) — f(x) 
x+h-x 
(sh 
h 
h 
As! 
h 


fatal 
ae 


= f-)] 


f'(o) = lim fusing (i)] 


=> f(x) =lim 


= f'(x)=lim 
i) h0 h l+xh+x’ 
l+xh+x’ 


l 2 
=> f'(x)=2*x > > f@= ; 
1+x l+x 


Integrating both sides, f(x) = 2 tan™' (x) + c where 
f(0)=0 

> c=0 
Thus f (x) = 2 tan"! x 


Hence f cS = 2tan™ (=) 


2 


fW=p 9257! 


| 
S) 
oe 
lI 
w|a 
par) 
= 
ow 


40. Let f: R > R is a function satisfies condition f(x + y*) 


= fix) + [Ay)f for all x, y e R. If f’(0) = 0. Find f(10). 
Solution: Givenf(x+y*?)=f@)+[fQ)) ...@ 
and f’(0) = 0 ...(11) 
Replacing x, y by 0 
F(0) =f (0) +f OY 
=> f(0)=0 ...(111) 
also f(0) = lim EO = jim 
fO+ RY )-fO) 
(nh? y 
= jim SOHO Y'I- FO 
h-0 (h ) 
FRY -fO _,, n( >) ap 
h>0 (n?y n>0\ (Ai?) 


Let J = (0) = lim 


cE ee 
or J/=0,1,-1 as f(0)>0 
eS KPOH00 (2 (v) 


41. 


42. 


Thus 
f (x) = lim h->0 chi?) 


/')=lin core) -f—asing (py 


— (¢n'?) , 

' =| ie ee — (f' (0) 

=> f'%) im (h'?) (f’ (0) 

=> f(x)=90,1 [as (0) = 0,1 using (v)] 
Integrating both sides f(x) =corx +c 

as f(0)=O0>c=0 

=> f(x) =Oorx > f (10) =0 or 10 


Let f be a- real _ function _ satisfying 


f(x+y+z)=f(x) f(y) f(z) for all real x, y, z. 
If f(2) = 4 and f’(2) = 3. Then find (0) and f'(4). 


Solution: Here f(x+y+z)= f(x) f(y) f(z) for 
allx,y,z eR (1) 
Putx =y=z=0 

ft0) = ((0))° => f(0)=0,+1 ...{il) 


Putting y = z = -1 in (A) we get f(x — 2) = f(x) {fC 1}? 
=> f(0) = f{2) {f(-1)}? 
=> f0)=4 EDP => f0)=0 
*. from (11) and (111), (0) = O or 1 
Again f(x — 2) = fix) {f-I)}? 
from (111) (0) = 0 for f-1) = 0 
=> fx-2)=0VxeER 
> fx)=0VxeER 
which contradicts the fact (2) = 4 so f(0) # 0 
 f(0)=1 
Now putting y = 2 and z = 0 in (1), we get 
fx + 2) = fl) A2) AO) 
=> f(x + 2)=4 fx) 
=> f(x + 2)=4f (x); putting x = 2 
=> f(4) =4,f() = 12. Thus f(0) = 1 and f(4) = 12 


Let f be a one-one function’ such that 


F(x).F(Y) +2 = f(x) + f(y) + FY) 
for all x, y e R — {0} and 0) =1, f(D=2. 
Prove that 3(f f (x)ds] -x(f(x)+2) is constant. 


(iii) 


Solution: We have 

F(x). f(y) +2 = f(x) + FO) + Fy) ..-(1) 
Replacing x, y by 1, we get (/(1))’ +2=3/f() 

=> f'()-3f()+2 =0 


Se+h)=- SO) _ SHH Y)- SO) 
h 


Continuity and Differentiability < 2.127 


=> fll) =2, 1 
But f(1) cannot be equal to one as f(0) = 1 and fis 
one-one function 


=> fll)=2 ...(11) 
Replacing y by 1/x in (1), we get 
F(X)fU/x)+2= f(x) + f/x) + FW 
=> f(x). f/x)+2= f(x)+ fC/x)+2 (using (ii)) 
=> f(x). fC/x)= f(x) + f/x) 
=> f(x)= a and f(1/ x)= an 
f(xth)- f(x) 
h 


_..iii) 
Now, f"(x)=lim 


(ei 


(-(3)} 
asf = 
h>0 h 
_ lm Jt Daf th). fO/ 9) + 0/2) 
h—0 hfi- fd/x)} 
f(xth)— f(xt+h)- fd/x)- 


f(22*} 424-7000 
= lim—— 
bee hA{l— f(I/x)} 
; F(x). f(y) = f(x) + fC) + FQY)-2 


S jac y(t)eseahas(os(e22 a 
xX Xx Xx 


= jm SUtHIx)-2 | fUt+h/x)- £0) 


OAL f(A/x)-} cane { f(l/x)-]} 
Xx 


(fl) = 2 by (ii) 
f 
x{f(I/x)-B 


om (iii), f(x). f/x) = 
24 f (x) — 1} 
x 


f(x) f A/x) | 
{f ix) -1} {f(x)-T} 


=> fQ)= 
=> x f'(x)=2{f(x)-}} 
Integrating above expression both sides, we get 
xf (x)—| f(x) de =2] f(x)de-2x+A 
(A is the constant of integration) 
=> 3] f(x) de=x{2+f(n}-A 
Hence 3] F(x) dx —x{2+ f(x)}=—A (constant) 


2.128 > Continuity and Differentiability 


43. 


44. 


Let f: R > R, such that f(0) = 1 and f(x + 2y) = 


fix) + f(2y) + e&' ” (x + 2y) — xe* — 2ye’? + Axy, V x, 


y ER. Find f(x). 

Solution: We have, f (x + 2y) = f(x) + f(y) + 
e**¥ (x + 2y) — xe* — 2ye”” + 4xy 

Replacing x, y > 0, we get, 


f(0) =f(0) + f(0)+0-0-—0+0 


=> f(0)=0 
Replacing 2y — —x, we get, 
(0) =f) + f(— x) — xe* + x e* — 2x? 

=> -f(x) =f(-d) - xe" + xe* — 2x? ... (i) 
Now, 


I(x) = lim 
a f(x t+h)+ f(-x)—xe* + xe™ —2x° 
= aha: ied 
f(h)—e'h+(x+hjeO™ — xe™ 


+ 2(x+h)x—xe* +.xe™* —2x’ 


f(x+h)—f@) 
h 


=> f'(x)=lm 


h 
~ om LDA ht ere! + here! + 2hx— xe" 
= Ty 
eg ge Sy eae) 2 
h-0 h h h h 


= f'(0) + (& - 1) + xe + 2x 
> fx=lte-1+xe + 2x 
or f'(x) =e (x + 1)+ 2x ... (1) 
Integrating (11) both sides, 
f(x)= feet dx+2[x dx 


2 
x 

=(x + le - }l.e* dx+2— +c 
(+ Ie | : 


Set eae tar a ec 
=> f(x) =x? +x +c 

But f (0) = 0 

So, f(x) =x’ + xe’ 


> c=0, 


Let f R' > R satisfies the functional equation 


fixy) = e'-*-” {& fx) + & fy} V x, y © R*. If 
fC) =e, determine f(x). 


Solution: Given that, fxy) = e” * ” {e& fix) + 


efiy)} Vxye R' ... (i) 
Putting x = y = 1, we get fl) =e" {e'f1) + e'f(1)} 
=> fll)=0 ... (il) 


Now, applying the concept of derivative of func- 
tion, we have 


tm 


FG) = tim LEIA LOD — tm ; 
(utr (ue) ( ed sis h }}- re 
= kim ++") _ 


e"f(x)te v(! +4) ss 0) fx) 


= lim 
h->0 h 
[’. fU) = 9] 
fQxy(el te” iy( +4) -£00| 
—— = —— 
jai h 
; e * r(1+*)- roo] 
~ jim LOE “DL iim | x 
h—>0 h h>0 h 
eee, 0 
Xx 
_ er! f'0) 
= f(x) — 


(i+?) ro 


eS lim = f '(1) and — =1 
x 
= f(x)+—.f'0) pyc} 
ex 


F(x) =f) + < 
x 


x 


= —=f)-f@) 
_, Le fe= fee 
x e 
as by quotient rule we can write 
ef (x)-f@.e _d 22) 
(e*) dx 
lod i | 
x d|eé 


Integrating both sides, w.r.t.’ x’, we get 


FAGZ) 
e 


x 


e 


In|x|+e= 


or f(x) =e {In|x|+c} 
Since f (1) =0 > c=0 
Thus f (x) = e* In| x | 


Matrix Match Type 


45. Let [.] denotes greatest integer function 


Column-I 
(a) If P(x) = [2 cos x], x € [-1, x], then P(x) 
(b) If O(x) = [2 sin x], x € [-n, rm], then O(x) 
ys 


(c) If R(x) = [2 tan x/2],x € 2.2] , then R(x) 


(d) If S(x) = E cosec = xe Ee , then S(x) 


Column-Il 
(p) is discontinuous at exactly 7 points 
(q) 1s discontinuous at exactly 4 points 
(r) has non-removable discontinuous 
(s) is continuous at infinitely many values 
(t) continuous at some odd integer multiple of 1/2. 


Ans. (a) — (p,r, $s), (b) — (p, 15, s, t), 
(c) — (q, I, s), (d) —(r, S, t) 


Solution: (a) Graph of 2cos x in [-7, nm] 1s 
shown below: 


n/2 n/3 


Continuity and Differentiability < 2.129 


Clearly P(x) is discontinuous at 7 points 1.e., 


24 2 A aH 20 
Baan 28 


bd 


3° 2 
and hence non-differentiable at 7 points. Also P(x) 


is continuous at infinitely many points except for the 
above seven points. 


(a) p,r,s 


(b) Graph of 2 sin x in [—7, 7] is shown below: 


The graph of Q(x) = [2 sin x] is as shown 
below: 


—1 


f(x) is discontinuous at 7 points Le., 

-Sr a ,.an 52 
ce aula | ste seme 

6 6 62 6 

Also f(x) has removable discontinuity at x = a/2 and 
f(x) is continuous at infinitely many points in [—a, 7] 
except for above seven points. 
Also f(x) 1s continuous at —7/2 1.e., an odd integer 
multiple of 7/2. 

(b)—> p, r,s, t 


(c) The graph of 2 tan in 2.2 is as shown 


below: 


2.130 >» Continuity and Differentiability 


The graph of S(x) 3 cosee | in Fam is as 


shown below 


y 


The graph of R(x) = 2 tn in -=,2| 1S as 


shown below. 


Clearly S(x) is discontinuous at net, 


x, = 3cosec™! 3) ; x, = 3cosec! (= 


1.e., at 3 points 


Also f(x) has removable discontinuity at x =7 


, , 3a ; 
Also f(x) is continuous at > 1.e., an odd integer 


Clearly R(x) is discontinuous at exactly 4 points ‘ 
a ae atl ya multiple of — and f(x) is continuous at infinitely 
2tan | —— |,0,2tan” | — 2 


2 


ae many points. 
Also R(x) has removable discontinuity at x = 1/2 


d)— r,s,t 
and R(x) is continuous at infinitely many points i 
except at above four points. 46. Column-I 
(c) > q, r,s. (a) f(x) = |x?| is 
(d) The graph of 3cosec in Ean is as shown (b) fix) = Jel is 


(c) f(x) = |sin'x| is 
(d) f(x) = cos"|x] is 
Column-II 


below: 


(p) Continuous in [—1,1] 

(q) differentiable in (-1,1) 

(r) differentiable in (0,1) 

(s) not differentiable atleast at one point in (-1,1) 


Ans. (a) — (p, q, 1), (b) — (p, 1, Ss), 
(c) — (p, 5, s), (d) > (&, 5, 8) 
Solution: (a) f(x) = |x’ 


Graph of x? is as shown below 


Continuity and Differentiability < 2.131 


Note that f(x) has a cusp at x = 0 

*. f(x) is continuous in [—1, 1]; non-differentiable in 
(—1, 1); differentiable in (0, 1) 

.. (b)—p,r,s 

(c) F(x) = |sin x| 
Graph of g(x) = sin (x) is as shown below 


. flx) = |x] = 


3 


x; for x20. 
-x*° forx<0° 


AO") =O ) = 0) = 0 


= f(x) is continuous at x = 0 


3x* forx>0 


= 7e={ 


-3x’ for x <0 


. L.H.D =f(0) = 0 and R.H.D = f(0") =0 
‘. f(x) is differentiable at x = 0 
Thus |x?| is continuous and differentiable 


in [—1, 1] 
(a) > p,q,r 
Vx for x >0 
b = 7 ; 
() fos) = V8 ae 


f'(O')= f'O") =0 = f(0) sin' x; forx>0 
Also f(x)=) |, 
1 —sin x; forx<0 
Ph ues >0 
xX ss 2 = 
=> f@=\ KO) = AO") = (0) = 0 
—— forx <0 
2V-x forx >0 
=> L.H.D =-—o and R.H.D = 0 f(x= f'®= ce 
= f(x) 1s non-differentiable at x = 0 = for x <0 
Kx) as 
Graph of f(x) = ,/|x| is as shown below 


. £(0) =-1 and f(0") = 1 


2.132 > Continuity and Differentiability 


.. f(x) is non-differentiable at x = 0 , but continuous 


in [-1, 1] 
(c) > p, q,r,s 
(d) f(x) = cos” |x| 
cos’ x; forx>0 

- hes (-x) for x<0O 
7 cos” x; for x >0 

m—-cos x; forx<0 
f{(0°) =n-—cos'0=n-2/2=7n7/2 
f(0') = cos” 0-7 and {(0)=cos”' 0 = 


“. f(x) 1s continuous in [—1, 1] 


V1— x? 
l 
V1—x? ) 


=> f(0)=1 and f(0*) =-1 
.. f(x) 1s non-differentiable in (—1, 1) 
Graph of f(x) = cos"|x| is as shown below: 


for x >0 


Also f (x)= 
for x <0 


(d) > p,r, s. 


47. Column-I 
pt+3cosx. 


2 9 
xX 


(a) If f(x)= 7 
g of } x20 
[x+3] 


x<O0 


is continuous 


at x = 0, where [.] denotes the greatest integer 


function, then 


—2sinx, —-at<x< ste 
2 
(by If f(x)=4 psinx+q, > <8<F 
COS x, Fex<a 
2 


continuous in [—1, 7], then 


2 E O<x<2 
2 
t : 
(c) f(x)= q+ 3; a is 
p|tan x| 
(1+ | cos x |) q 3 TSK 


continuous at x = 2/2, then 


3 ET x>0 
(d) If f(x)= 2: x=0Q where [.] 
+) a= x <0 
x 


denotes the greatest integer function is 
continuous at x = 0, then 
Column-IlI 

(p) p+ q|=0 

(q) p-ql = 2 

(r) [p + 2g] =-2 

(s) [p + 2g] =4 

(t) Ip—qi=1 


p+3cosx. 
2 bd 


dd } x>0 
[x+3]) 


LHL. = f(0)= lim f(x)= lim [etsese 
am x> x 


x<O 


Solution: (a) f(x)= 
q an 


denominator tends to zero, numerator must also 
tend to zero. This implies p = —3 


. —3+3cosx  ,. —3(1—cos~x) 
L.H.L, = lim —— = lim —,—- 
x30" xX x0" Xx 
~3| 2sin? — 
; 2 3 
= lim ae an = 
x70 xX 2 


RHL. = f(0*)= lim f(x) = fim gta A 
x0 x0" [x+3] 


= qtan{ =|=4V3 


Also f(0) = qv3 
For continuity at x = 0, 


== 


2 


a ae 
4 pH==3,9 _-v3 
2 
[p — 24] = [3 + V3] = [-3 + 1.732] 
= [-1.268] =-2 

(a) > (r) 
(b) Possibly f(x) can be discontinuous at x= =a 

and a 

2 


1X 
So we shall make f(x) continuous only at x = -— 


and x= = 
2 
a 
Now atx = — 
2." 
LH.L. = lim f(x)= lim _(—2sin x) 


Ren 


R.H.L.= lim_ f(x)= lim (psinx+q)=-p+q 
x(-4) x> = 
V4 
At x=—, 
2 
LH.L.= lim f(x)= lim (psinx+q)=p+q 
(2) rane 
R.H.L.= lim f(x)= lim cosx=0 
x32 (2 
a ya 1 
For continuity at x =—-— and — 
2 2 
—pt+q=2andp+gq=0 
=> Ge lp Hs) 
lp + q4|/=0; p—q/=-l-l]=2 


[p— 29¢] =[12C¢1)] =[1] = 1 
[p + 2g] =[-1 + 2C-1)] =[3] =-3 
(b) > p,q 

(c) At x= 


lim f(x) = im (3 ia 
+2) 


LAL 


a 
x>| = 
5 


lim _(cos3x)(tan 2x) 0 
-(3}4 -(3) =| 
2 2 


48. 


— 


x0" 


x0 


R.H.L. = 


Continuity and Differentiability < 2.133 


. Pitan x| 
R.H.L.= lim f(x)= lim (1+|cosx|)¢ 
x3 A x3 = 
Py Vis 
= lim (I+ | cos x foes A “= et =e! 
=(4) 
and (5) =q+3 
2 
iets H 
For continuity at x = 3° 
p 
e’=l=qt+3> p=0;q=-2 
lp — 9| = 2; p + 2q|= 
(c) — (q), (Ss) 
(d) AT x =0 
LHL. = lim f(x) = img +| | 
x70" x20" x 
xr xX 
[s-2+2- J 
3! 5! 
= lim g +| ——_,———_ 
x0 xX 


1 x* x* x 3 
= lim g +] -—+—-—+——-— +.... 
3! S! 7! Of AL! 


= img +| 2+ =q-1 


lim f(x) = lim p+ a] 


sin x 
= ( =p 
x0" x 


Also f(0) = 2 


.. For continuity at x = 
=> p=2,q=3 


0,.p=q-1=2 


Ip-gq=1 
(d) > (t) 


Column-I 
(a) The number of whole numbers less than the 


fundamental period of cos*x + cosec*x — 


cot2x is 


(b) The number of points of discontinuity of the 
function g(x) = [x] + {2x} + [3x] for x €[0, 1) 
where [.] and {.} represent greatest integer and 
fractional part function is 


(c) If L = 


lim tan x(1+ cos x) 


and [.| represents 
ds x sec x 


greatest integer function then [L] equals 


2.134 >» Continuity and Differentiability 


(d) The number of solutions of the equation 


sin"'x = 2cos'(x + 1) is 
Column-II 

(p) 3 

(q) 1 

(r) 4 

(s) 2 


Solution: (a) cos?x + cosec*x — cof’x = cos*x + 1 
. fix) = cos*x + 1 and ffm + x) = cos? (n + x) + 1 
= cos*x + | 
Fundamental period of f(x) is 
The whole numbers less that p(= 3.14) are 0, 1, 2, 
3 1.e., 4 in counting 
=> (a) >) 
(b) g(x) = [x] + {2x} + [3x] ; x € [0, 1) 
For x € [0, 1) ; [x] =0 
. g(x) = {2x} + [3x] 


2x; ee 
3 
2x +1; Lee 
3 2 
=> g(x)= : 
2x-l+l; —<x<— 
2 3 
2 
2X12) =x <1 
3 
1 
2X: O<x<- 
3 
2x +1; Dgiyae 
3 2 
=> g(x)= 
] 2 
2x; —<Sx<- 
2 3 
2x +1; 2 eod4 
3 
esa 1 1 2 
Clearly f(x) is discontinuous at x = 3° and 5 


(b) — (p) 
je =n tanx(1+cosx) _ im( *)(* + 4 
ca xsecx MIU. Sec x 


2 
-o(F}=2 


[L] = [2] =2 
(c) — (1), (S) 


(d) sin'x = 2cos'(x + 1); for domain of equation 
x € [-1, 1] A [-2, 0] = [-1, 0] 


Also sin'x e€ 2.0 for xe [-l, 0] and 


2cos (x + 1) € [0, 2] for x € [-1, 0] 

sin x = 2 cos''(x + 1) when each equals 0 
=> 7 =0 

There will be only one solution x = 0 

(a) > (q) 


Column-!I 

(a) If fixy) = f(x). fy) and fis differentiable at x = 1, 
such that f(1) = 1 also f(1) # 0, then f(7) equals 

(b) The number of points where f(x) = |x? — 3x + 2] + 
|sin x| — [x — 1/2]; -m <x < mw 1s non-differentiable 
is ([.] is gint function) 

(c) The number’ of points at which 
f(x) = [a + 7 sin x]; x e€ [0, mz], a € Z is 
non—differentiable 1s ([.] is gint function) 

(d) If for a continuous function f, f(0) = f(1) = 0, (1) 
= 2 and g(x) = fle’) . e , then g’(0) equals 
Column-II 

(p) 13 

(q) 9 

(r) 2 

(s) 3 

(t) 1 


Solution: 


h 
FG) = Hig EF D= LE) hg LA FOE 


ref( + *)-F9 


XxX 


= lim 
h>0 h 
s(t + 4 —1 
: x 
= him f(x) i 


“~O= F() tim LO D—1| 


- f(1) exist finitely and f(1) # 0 and denominator 
is approaching to zero, numerator must approach 
to zero 


=> lim{ f(1+h)-1} =0 


=> fi)=1 


{i+2)-1 
f(x) = f(@) lim; ——— 


=> f'%)=fO@)lim 


_t(t}-r0 
ah Se ee 


= Sey x h/x 
f= Mpon- & po= 
fa) 1 
f(x) x 

=> Injfx)| = In|x| + C 

=> Inl{1)| =In1+C 

> Inl=Mm1+C = C=0 
In |fix)| = In |x| => fix)=+x 
But f(1) = 1 => f(x) =x 

. f@e=l 

=>fM=l 

=> (a)> () 


(b) f(x) = p? —3042)fina|-| x5 —HSXS0 


= lI (a-2)+)sins|-| »-5 


Clearly |x — 1) @ — 2)] 1s non-differentiable 
atx =1,x=2 
|sin x | non-differentiable at nt ;n € Z 
But here x € [-x, 7] 
= |sin x| 1s non-differentiable only at x = 0 


y 


Continuity and Differentiability < 2.135 


Also [x —1/2] is non-differentiable at integer 
points for x € [-1, 7] 


; ] l 1 
i.e., for | x -— |e] -7@-—,7-— 
( 2 2 ; 


1.e., for r-2 = —3,-—2,-1,0,1,2 


k(x)=[x, 1/2] 


We observe that among the given three functions, 
no two have any common point of non- 
differentiability and by algebra of differentiability 
we know that the sum of a differentiable and non- 
differentiable function is non-differentiable so,. 
ese ea ey Bes are the points where 
2 ae Be ae De 

fix) 1s non-differentiable at exactly 9 points 
(b) — (q) 

(c) f(x) = [a + 7sinx] ; x € [0, x];a € Z (fixed inte- 
ger) for non-differentiability 
a + 7 sin x must be an integer 
AsaeZ,7sinxe Z 

> Tsinx=kke Z 

=> sinx=k/7;ke Z 
But sin x has its range [—1, 1] 


2.136 > Continuity and Differentiability 


> k e[-7,7] andkeZ 

k e€ {-+-7, -6, -5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 
5, 6, 7}. But in [0, x], sin x = 0 

=> ke {0, 152,354,950, -7} 


y 


12345 6 
=> sinx = = 
ae ad ae ia | 
But x € [0, 2] (closed interval) 
123 45 6 
=> SINX = TsDolD et: TT? 
i aed any aa es aa 


And sin x would repeat these values twice, once in 
[0,2/2] and secondly in [7/2, x], but 1 is common 
value in two quadrants. 
Thus total number of points of non-differentiabil- 
ity will be 7 x 2-1 = 13 
(c) — (p) 
(4) g(x) = fle*) .&® 
g(x) =fe).&. f(xy) + &. f(e).e€ 
=> (0) =fll). &. £0) + &. f).1 
=0.e. f(0) + e(2) .1=2 
(d) — (r) 


50. Column-I 


n I/x —-l/x > * a 0 
(a) Let f(x) = (2) (4) 
5 5 
0; x=0 
If a= f0) —-  f(0*), then 
[x+0.5] 
(exp((x+2)én4)) 4 -16 
im -————__,.—_-———_ is less than or 
xa (2)* —16 


equal to 

(b) If f(x) =[2+ 5 |n| sinx]; wheren € Z has exactly 
19 points of non-differentiability in 
(0, 7), then the possible Values of n are ([.] is gint 
function) 

(c) Iff(x) = 


is continuous at x = O, then the value of 
sin’ 2+cos* is is ({.} denotes fractional part 
J2 ({.} p 
function) 
(d) If /(x)=——~,then the number of points 
eed 
x 
in R at whichg(x)= is non- 
+ 
f(x) 
differentiable is 
Column-II 
(p) 3 
(q) 2 
(r) —3 
(s) 5 
(t) -2 
4 1/x 4 -l/x 
) -s) 
x l/x -l/x x#0 
Solution: (a) /(x)= (4) (4) 
5 5 
0 1=0 
ge ee J OFR) SO) 5 SE) 
os ala =) = 


(4) (4) 
stk ane 
ee 4 -I/h 4 Ih Bees: 4 2th 
S} +} GS) 
5 5 5 


fO+h)-fO_, SH) 
h 


2/h 
5 
m ee — 


And f'(0*) = lim 


hoo fh 
42!" 
ae (4/5)""—(4/5)"" ae (= —] =n 
a asae 1/h “Wh pot 2h 
(4/5) +(4/5) (4/5) 


a = f'(0)-f(0')=1-Cl)=2 


[x+0.5] 
exp(r+2ying 4 “16 
$=. == 
x2 (2) —16 


2 
(4 )é ~16 
= lim = Li m§ s+ 
x2 (4) -16 x2 G*_16 


which is less than or equal to 2, 3 and 5. 
(a) > p, q, s 


(b) f(x) =[2 +5 |n| sin x|];n ¢ Z and x ¢€ (0, z). For 


=> 


= 


non-differentiability of f(x) 2+ 5 |n| sinx e« Z 
5 |n| sinx « Z 


5|n| sinx=k;ke Z ...(i) 
k 
snx=—;ke Z 
5\n 
1 
But sin x € (0, 1] for x € (0, 4 
ees | 
5p 
k € (0, 5|n]] 


fix) is non-differentiable at exactly 10 points 


in (0, 4 
2 


k 
=> ke {1,2,3,4,... 5|n|} and&=10 and =~ =1 


— 


[| 


10 
5|n| = 10 => |nl=—=2 


=> n=2. 


(In (0, mz); sin x = 1 at x = x/2 common value in 
(0, andl = and hence non- 


differentiability at exactly 19 points means dif- 
ferentiability at 9 points in each quadrant 


(0,2) and (=m) and once at x = =) 
2 2 2 


(b) > (q), © 


(e) $0") = lim f(x) 


_ sin | (1 ~ {x}) cos | (1 _ {x}) 
ae 2{x}(1-{x}) 

__sin({-2})cos(-{3}) 
sr Y2(1-{3}) ({-3}) 


Continuity and Differentiability < 2.137 


“nde pesin™ h.cos' h _ cos '(0) _ we 
hoo" 19(1—-h) (h) V2 22 
Co {x} + {x} =1 for x¢€Z) 
and f '\(0")= lim f(x) 
& sin” (1 - {x}? ) sin’ (1- {x}) 
i= ~33\ 
a V2({x}—{z}"] 
_ (cos'(1-x’).sin'(1- x) 
im. st _— 
als V2 x(1-x’) 
cos”! (1-x’) 1 sin” (1-x) 


= lim ———————.,—_.. 
ne v2 (1-2) 
—] A 
= lim —2x ).—= (By L.H. rule 
x—0* iy. ) 9/2 ( y ) 
2x vA 


gi EN Ne 
PAV le Jo A240. 2 
for continuity at x = 0; f(0-) = f(0") = (0) =A 


uk 


=> — 
2/2 2 
=> A= >su=v2 
1 
sin2A, + cos? — 
Ga 
— sin’ + cos*()=1+1=2 


(c) — (q) 


1 1 
(d) g(x) = 33 FO) 5 
1+ a 

F(x) x 


x 
6+4x 


g(x) being a rational expression can be non- 
differentiable only where g(x) is not defined 
1.e., where f(x) = 0, —3 and f(x) 1s not defined 


=> g(x)= 


1 
But f(x) = 7 Vx e€ R and f(x) is not 
1+— 
x 


defined at x = 0 and at x = —2; f(x) =-3 


2.138 > Continuity and Differentiability 


Xx 


24x 
x =-6-—3x 


x = -3/2 
Domain of g(x) = R ~ {0, —2, —3/2} 

‘. g(x) is non-differentiable at exactly 3 real number 
(d) — (p) 


“YU Y 
- 
| 


Comprehension Type Passage 


A: 


51. 


52: 


53. 


=) ee 


52. 


xg(x) ,x<0 


2 : where 
xtax’-x ,x>090 


Let f(x)= 


g(t) = lim(1 +a tan x)" , 21S positive constant , then 
If a is even prime number, then g(2) = 

(a) e (b) e° 

(c) e (d) none of these 


Set of all values of a for which function f(x) is 
continuous at x = 0 


(a) (-1,10) (b) (<0, 20) 

(c) (0,00) (d) none of these 
If f(x) is differentiable at x = 0, then a € 
(a) (-5,-1) (b) (-10,3) 

(c) (0, 0) (d) none of these 


Solution: Given g(f)= lim(1 +a tan x)" 


t a tan x 


atanx x 


lim(1 +a tan x) 


=e a>0 
a is even prime number 
> a=2 
. g(t) = e* 
. 9(2) =e 
Ans (c) 


xg(x); x <0 xe“; x <0 
xtax’—x°; x>0 


poral 


x+tax’—x°; x>0 

Now /(0 )= lim xe = 0: 

f(0*) = lim(x+ ax* —x°)=0 and f(0) =0 
x0" ; 


.. f(x) 1s continuous atx =0 Va>0 
a € (0, 0) .. Ans (c) 


53. 


34. 


355. 


56. 


37. 


—h)- f(0 
LHD. atx =0=f(0)= fi, SEE 
_ho wt _ 
in 4 
h>0* —h 
h)- 
RED. atx =0=f(04) = lim LOO) 
h>0* h 
ne 
h>0* 
“. f(x) 1s differentiable atx =0 Va>0 
a € (0, ~) 
Ans. (c) 


: Let f: R — R be a differentiable function satisfying 


and 


(222) _2+f@0+/0) ye ver 
3 3 
f (2) = 2, then answer the following questions: 


The range of g(x) = f z is 
(a) [1,0) (b) [2,00) 
(c) [0,0c) (d) None of these 


The function h(x) = |f(\x|) — 4| 1s 

(a) non-differentiable and discontinuous at —1,0,1 
(b) differentiable for all real numbers 

(c) non-differentiable but continuous at —1, 0, 1 
(d) non-differentiable only at —1 and 1 


If g(x) = x* — f(|x|)? — 6 ; then the value of g(k—1), 
where k denotes the solution as well as number of 
solutions of equation g(x) = 0 is 

(a) -9 (b) 8 

(c) 55 (d) None of these 


Area bounded by the graph of relation |y| = h(x); 
x = —2 and; where h(x) = |f(|x|) -4| 1s 

(b) 10 sq.units 

(d) none of these 


(a) 6 square units 
(c) 8 sq units 


Solution: Putting x = 3x, y =0Oin 
(222) = 740040) ee 
2 3 ihe 
(322°) 2+ fx)+ f(0) 
f= eee 
3 3 
= fey - SLE 0) 
Putx =y=0 


Y 


YW YUUY 


£(0)= eee 

30) = 2 +200) 

flO) =2 ...(2) 
from (1); fas) = LEP *" 

Sf) =(O)44 vue (3) 


Now, f(x) = jm ee 


f(2*)- Fe 


h>0 h 
2+ f(3x)+ fBh) 
—f(@) 


3h 
EP LOO) 


2 fe NE) 


] f 
Et 
$3 SB 


3h 
= f Gh) =) 
3h 
Since f(x) is differentiable V x; lim f Bh) =2 


0) =2 
P(e) = Yim? = £0) =k (say) 


But f(2) =2 > k =2 


. Ax)=2x+C 


Also f0)=2>C=2 


. fx) =2x +2 
54, .. 


fix) =2x +2 
A\x|) = 2 |x| + 2 


Af) 22 


g(x) = rl = [lel + 21= be +24 


x 


+2=|x|+2; 
2 


x+2 for x>0 
—x+2 forx <0 


Graph of ||x| + 2|| is shown below 


55. 


Continuity and Differentiability < 2.139 


Clearly the range of g(x) 1s [2, 00) 
h (x) = \Alx|) — 4] = [2 [x] + 2 — 4] = [2|x] — 2| 
2|x—1| for x 20 
= 2||x|-1| = 
2|-x—1] for x < 0 
2(x-1) for x 21 
2(-x+1) forO<x<1 


2(x+1) for-l<x<0 
2(—x -1) for x <-1 


36. g(x) = x —fi|x|)’ — 6 

= x4 — (2|x|? + 2) —6 
= x*— 2|x|? -8 

= |x|* — 2|x|?-8 

= (|x|* — 4) (|x|? + 2) 
g(x) = 0 

|x|? = 4 or |x|?=—2 
x= 4 

Ix] = +2 

Ix] = 2 
MSZ 

Solution of equation g(x) = 0 are 2 and —2 


(-- |x| > 0) 
(." |x| #—2) 


YUU: 


there are two solutions of equation g(x) = 0 

K is the value of solutions as well as number of 
solutions 

k=2 


a 


2.140 > Continuity and Differentiability 


. Bk =1)= 221) = 20) 


 9(k—1) = e(1) = (1)*—2|I2? -8 = 1-2-8 =-9 


57. We know that graph of |y| = f(x) is obtained by 
reflecting the positive graph of f(x) on x-axis and 
ignoring the —ve graph of f(x) 

= h(x); A(x) = Axl) — 44; 


x € [-2, 2] 1s as shown below 


C: 


58. 


59. 


Graph of |y| 


graph of |y|=h(x) 


y' 


The area bounded by |y| = h(x); x = —2 and x = 2 
is given by 


Area of AABH + area of rhombus BCDG + area 
l l 1 
of AEDF = ae) re) ta) 


=2+4+ 2 =8 square units 
Note that the graph contains eight congruent 
triangles each of units area. 


Let g(x) be a periodic function defined in the interval 
[0, 2] as g(x) = |x — 1| — 1/2. Let h(x) be a periodic 
function with period 2 defined as h(x) = g(x) + 
sin 1x 

Further define a composite function w(x) = f(g(x)) 
such that f(x) satisfies the functional equation 

fimx + ny) = (f(x))" .f~0))" Vx, y,m,neR and 


f (0) = —én2f (0). 
Based on the above information answer the 
following questions? 


The value of lim a x is 
7 14+(f (x))" 

(b) 1 

(d) 4 


(a) 0 
(c) 2 


The range of w(x) is given by 
(a) [e ae e!?] (b) [2 es 22] 
(c) [-1, 1] (d) [-2, 2] 


60. 


61. 


62. 


63. 


a+b 


If the value of | w(x) dx does not depend upon ‘a’, 


then 5 can be 
(a) -1 

(c) 2 
Number of points where f(x) and g(x) intersect in 
[—2, 9] is 


(b) 1 
(d) None of these 


(a) 4 (b) 5 

(c) 6 (d) 7 

If w(x) < f(x), then x must belong to 
(a) (—0o, 1/4) (b) (1/4, 0) 
(c) (1/2, 0) (d) (-co, 1/2) 


20 
The value of | | g(x)| dx is 


-20 
(a) 20 sq. units (b) 40 sq. units 


(c) 10 sq. units (d) None of these 


Solution: Given w(x) = f(g(x)) (1) 
fimx + ny) = (f(x))" FO)" Vxymne R  ...(2) 
f (0) =-In 2 f(0) ...(3) 
g(x) 1s periodic function given by 

g(x) = |x-1])-1/2;0<x<2 ...(4) 


h(x) = g(x) + sinmx 1s periodic with period 2 

=> h(x + 2)=h(x) 

=> g(x +2) + sinn (x + 2) = g(x) + sinnx 

=> g(x + 2) + sinmx = g(x) + sinnx 

=> g(x + 2) = g(x) 

=> g(x) must be a periodic function with period 2 


Ix—1)-1/2 SO<x<2 

lx -3]-1/2 s2<x<4 
g(x) = 

Ix -5|-1/2 4<5x<6 

and So on.... 


Now f(mx + hy) = (flx))” fy)” 
Vx,ymneR 
form =n=0 


f(O) = 1; form =n=1; f(x + y) =f). fY) 
mires I) _ jin pore f(x) 


: f@=! rene h->0 
= tim aol : <b pf 20 
(- f(0) = 1) 


= fx) £0) = fx) CIn2 . 0) = (ln2)(Ax)) 


Continuity and Differentiability < 2.141 


' a+b a+b 

‘ = =-In2 60. f v(x) de= [2° a& 
=> Inffx) + C=H1n2 “ 
x o er = . fa | w(x) dx has same value " a € R as w(x) is 
== . aia a Fi Cc ee periodic with period 2. 

orx=0,lnl =-C> C= 

, . b=2 
es In2*f(x) = 0 Ans. (c) 
> 2fx)=1> fx) =2° , 
> w(x) = (fle(x)) = 28 = 22-1 = J2.2 61. fx) = 2* and g(x) = r~1|— 55 0.<x<2 and g(x) is 
58. f(x) = 2™ periodic with period 2. The graphs of f(x) and g(x) in 
lim , he nee ag ape 0 <x <2 1s shown below. 
pee Niche, ae ae | 


=> put2"™+1=t 
=> 2”.(In 2)n dx = dt 
dt 
nin2 
when x =—-2,t=2>"+ 1 
when x = 2,f=27+1 


=> 2*% dy = 


Ve ogi f 1422" 
J =lim | dx = lim lIn¢ er 
acre tnin2 no yin 2 t 
lim l n( 1+ = In [0, 2], f(x) and g(x) intersect only at one point. 
monin2| \1+2 In [—2, 9], f(x) and g(x) would intersect in [—2, 0]; 
, , [O, 2]; [4, 6]; [6, 4]; [6, 8] 
= lim as in 2°"! = lim x2nIn2 =2 1.e., at 5 points 
a oo Ans. (b) 
Ans. (c) 62. w(x) < fix) 
1 g(x) 1 1 g(x) 1 x 
—~ 4 ex) = | = ee | ee => 240) <2 = || 2 
59. w (x) =22 G and g(x) = |x—1|— 3508 i. a 
er eee => g(x) >x 
x < 2 and g(x) 1s periodic with period 2. Clearly ("a is a decreasing function for x € (0, 1) 
1 1 
2258 1 1 
g(x) € >” | ‘” Range of g(x) is 55 : 
Here w(x) is an exponential function with base less Graph of g(x) and x are shown below 


than | and hence is a decreasing function for 


1 1 
g(x) € 3.5 and also w (x) is periodic. 


Range of yw (x) = (3) (5) | 


so] "2" 


Ans. (b) 


2.142 > Continuity and Differentiability 


] 
“. g(x)>x for xe [2,2 


Ans. (a) 
20 20 1 
63. x)| dx =2]||x-1|-—|dx 
. g(x) |x-1|-— 
f l 
= 2x10] |x-1|-—| dx 
; 2 
1}. 
Graph of |g(x)| = || x-1| = ; is shown below 


Graph of |g(x)| in [0, 2] 


2 


| 
|x-1| => dx = area bounded by OABCDEF 


20 
1 
[lg@)| d= 20(5 =10 sq. units. 


—20 


Ans. (c) 


D: Let h(x) =x*; o(x) =(«—- 1)”; w(x) = 2x(1 — x) 
Suppose f(x) = max. {h(x), 0 (x), v(x)} ;0<x<1 
and g(x) = min. {h(x), o(x), w(x)} ;0<x<1 
Further let f(x + 1) = f(x) and g(x + 2) = g(x); 

g(x) = g(x) Vx eR. 
On the above given information answer the 
following questions. 


64. For x € [0, 2), y = [g(x)] is discontinuous (where [| 
stands for gint function) at 
(a) 1 point (b) 2 points 


(c) 3 points (d) 4 points 


65. The least value of'a’ for which f(x) = a + g(x) has 
exactly one solution in [0, 2] is 
(a) 1/2 (b) 1/4 
(c) 1/3 (d) 1 


66. For x € (—1, 1) which of the following is/are true? 
(a) f is non-differentiable at 5 points but g is non- 
differentiable at 2 points. 


(b) f is non-differentiable at 7 points but g is non- 
differentiable at 2 points. 

(c) f(x) + g(x) 1s non-differentiable at 7 points. 

(d) f(x) + g(x) is non-differentiable at 9 points. 


. Which of the following is/are true? 
1 2 
(a) f(x) . g(x) is non-differentiable at x = ae 
112 
(b) f(x) . g(x) is non-differentiable at x = 3723 


(c) f(x) . g(x) is non-differentiable at x = 0,x = 1 
(d) f(x) . g(x) is differentiable at each integer x. 


Solution: f(x) = max. {h(x), 0 (@)};0<x<1 ...(1) 
fxt+ D=f~X)"x eR. ...(2) 
g(x) = min. {h(x), o(x), w(x)} forO<x< 1 ...(3) 
a(x) = -g() ue(4) 
and g(x + 2)= g(x) "xe R. .. (5) 


where h(x) = x’ ; o(x) = (x — 1)*, w(x) = 2x(1 — x) 
Here f(x) and g(x) are defined for x € [0, 1] and f(x) 
and g(x) are given periodic with periods | and 2 
respectively and g(x) is an odd function. 


Let us draw the graphs of given functions 


64. 


|i. ah 
Range of g(x) is 2.4 which contains only integer 


value 0. 

In (0, 2), g(x) takes integer value 0 at x = 1 (only point) 

Thus [g(x)] 1s discontinuous only at one point in (0, 2) 
Ans. (a) 


65. 


66. 


67. 


4 1 1 
Range of f(x) = 3.1] and range of g(x) = 2 | 


4°4 
a= fix) — g(x) 
least value of'a’ is the minimum difference of 
Aix) and g(x) 


21 


= min 2x(1=x)—x 3 


] 
<x< > (from graph) 
= min 2x-3x°s5 <x< * 
3 2 


Let k(x) = 2x — 3x’ 


=> k(x) =2- 6x 
For re|3 , 6x € [2,3] 
32 
=> -6x € [-3, -2] => 2-6xeé [-l, 0] 
1 1 
=> k(x) <0 for vel 35 
3 2 


1 1 
k’(x) is a decreasing function in 5 


k(x) would have least value at x = | 


l 
i.€., a= H3|=1-3-4 
4 4 


Ans. (b) 


In (-1, 1) f(x) 1s non-differentiable at sharp turns 
which are 5 points 

1.€., X,, X,, 0, x,, x, whereas g(x) is non-differentiable at 
2 sharp turning points which are x, and x,. 

Further there is no common point of non-differen- 
tiability of f(x) and g(x). We know that the sum of 
a differentiable and non-differentiable function is 
always non-differentiable, 

So f(x) + g(x) are non-differentiable at exactly 7 
points, which are x,, x,, x,, 0, x,, x, and x,. 


1? 2? 3? 3 4? 5 
Ans. (a), (c). 


If fix) and g(x) are two functions such that f(x) 1s 
differentiable at x = a and g(x) is non-differentiable 
at x = a, then the product function f(x) . g(x) can 
be differentiable if the derivative of differentiable 
function is zero. 
fix) is non-differentiable at each integer x, also at 
x= om pe, hae VneZ. 

3 2 3 
Also g(x) has its derivative 0 at each integer x. 
So f(x) . g(x) is differentiable at each integer x and 
non-differentiable at 


Continuity and Differentiability < 2.143 


l ] 2 
x= n+—,n+—,n+— VneZ. 
3 2 3 


(b), (c), (d) should be correct options. 


Assertion and Reason Type 


The questions given below consist of an assertion (A) and 
the reason (R). Use the following key to choose the ap- 
propriate answer. 


(a) If both assertion and reason are correct and reason is 


the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason 1s 


not correct explanation of the assertion. 


(c) If assertion is correct, but reason is incorrect 


(d) If assertion is incorrect, but reason is correct 


68. 


69. 


Now consider the following statements: 


Consider the functions f(x) = x’ — 2x and g(x) = — |x| 

A: The composite function F(x) = f(g(x)) is not deriv- 
able at x = 0. 

R: ((0°) =2 and f(0) =— 2. 


Ans. (a) 
Solution: f(x) = f(g(x)) = (g@®))’ — 2g(x) = |x’ + 2 [x 
_ x°4+2x; x20 
7 ts —2x; x<0 
ake. 2x+2; x20 
ee w= x<0 


Clearly F(x) is continuous at x = 0 but f?(0-) = —2 and 
f(O)=2 
F(x) = f(g(x)) 1s non-differentiable at x = 0 
Assertion as well as reason both are correct and 
reason explains the assertion. 


Consider the function f(x) = x? — |x? — 1| + 2 ||x| — 1) + 

2 |x| — 7. 

A: fis not differentiable at x = 1, —1 and 0. 

R: |x| is not differentiable at x = 0 and |x’ — 1| is not 
differentiable at x = 1 and —1. 

Ans. (d) 

Solution: |x| is not differentiable at x = 0 and |x’ — 1| 

is not differentiable at x = +1 

So reason is correct 


Now 
Xx 1S 2y 220-7 OH 
yx 19 2 2 24ST Sle x0 
x°+x° -1-2x+24+2x-7; O<x<l 
x =x 414 2%=2 42027 x>l 


2.144 > Continuity and Differentiability 


70. 


71. 


—4x-8; x<-l 
2x°-6; -l<x<0 
NN Dies, pce 
4x -8; x>l 
4 x<-lil 
=> f\(x)=44x; -l<x<l 
4: x>l 


Clearly f(x) is continuous at "x ¢ R 
“. f(x) is derivable at x =—1 and 1 
Assertion 1s wrong but reason is correct. 


sin 7x —x°" sin(x—1)_ 


14x27"! = 2n 4 


Consider the function f(x) = lim 
NAO xX 


wherene N 

A: f(x) is discontinuous at x = 1. 
R: f(1) =0. 

Ans. (b) 


sinzx; x<l 
> and for x > 1; 


Solution: 
olution 0: oa 


x" sinax—sin(x—-1) _ sin(x-1) 


fx) = Ro eel l-x 
= limsin(zx)=0 and lim ne =—-] 
x17 x—>I* —(x = 1) 


=> L.H.L. # R.H.L. 

“. f(x) is discontinuous at x = 1, Also f(1) = 0, but it 
does not explains the reason. 
Thus (b) should be the correct option. 


Consider the functions 
g(x) = cot! [x — 1] 


fix) = sgn (x — 1) and 


A: The function F(x) = f(x). g(x) is discontinuous 
atx = 1. 

R: If f(x) is discontinuous at x = a and g(x) is also 
discontinuous at x = a then the product function 
fix). g(x) 1s discontinuous at x = a. 

Ans. (c) 

Solution: f(x) = sgn(x — 1); g(x) = cot"[x — 1] 


—cot '[x+l]; x<]l 


F(x) = fix) . g(x) = 0; x=1 
cot '[x-1l]; x>1 
—cot '(-l); x<1  [{-(4-cot’l); x<l] 
cot (0); x>1 Wer2, x>l1 


72. 


32 


—-—; x<]l 

4 
=< 0Q; x=! 
ae x>Il 

2 


=> f= =, F(1*) = 5 and F(1) = 0 


= f(x) is discontinuous at x = 1 
Assertion is correct but product of two discontinu- 
ous functions may be a continuous function. 
So reason 1s wrong. 


A: If the series represented by function f(x) = x’ 
+ x4 + x®° + x® + .... converges, then function 
g(x) = [x] (gint function) is continuous at one fixed 
point of f(x). 

R: f(x) =x 

=> x’+x-—1=0 which gives two fixed points. 


Ans. (c) 
Solution: Given infinite series is f(x) = x? + x*+x°+ 
2 
x 
5 eT : 
l-x 


(".. series converges => |x?|< 1 —>-1<x<1) 
Now at fixed points f(x) = x 


— 


SS = eS => t+x-x=0 


x0? +x-1l)=0 => x=O0orx’?+x-1=0 
-l4vl+4 9-145 

i a 2 

Bt (138. 


2 2 


) 


=> X= 


—> x= 


—] 
v5 ¢Z and 


there are two fixed points x = 
x=0. 
g(x) = [x] 1s continuous only at one fixed point 
J/5-1 

2 


Assertion is correct, reason is incorrect. 
Ans. (c) 


and discontinuous at x = 0 


73. A: There is no polynomial function f such that 


Ax + y) = fix) + yff)) "x,y € R 

R: f(x) = fU(x)). If fis of degree n, then the equation 
n—1 =n’ has no positive integer solution 

Ans. (a) 


Solution: /(x)= jim ZOOS) 


h-0 


_ mp LOA LO)-SO 
h>0 h 
oh 
= jim YOY _ ga) (i) 
h>0 h 
Let f(x) be of degree n and let f(x) = a,x" + a,x! + 
7 ae a BE a 
f(x) = nap! +a(n—1)x"* +..... + a, and 
MM) = af)" + a, (fey +... + a, fle) + a, 
If f((x)) = f(x), then degree of both polynomials 
must be same 
> n-l=n => n’-n+1=0 
which has no root as disc. = —3 
Reason and assertion both are correct. 


Solved Integer Type 


74 Let f(x) = [3 + 4 sin x] (where [ | denotes the greatest 
integer function). If sum of all the values of'x’ in 


k 

[, 2] where f(x) fails to be differentiable, a 
then find the value of k. 
Solution: f(x) =[3 +4 sin x] =3 + [4 sin x] 
For 7 <x <3a;-l1<snx<0-4<4sinx<0 

[4 sin x] and hence f{x) is possibly non-differen- 

tiable, where 4 sin x takes integer values 

1.e., when 4 sin x = — 4, —3, —2, -1, 0 


; 3 -1 -l 
1.e., when sin x =— 1, -—,—,—, 
42 4 
Graph of [4 sin x] for x € [z, 22] is as shown 
below 


. f(x) is non-differentiable x, = x, 
. (3 . 1G 
xX, =a+sin- | — xX, =a+sin- | — 
4 2 
“(3) | 
xX, =a+sin- | — — 
4 4 
| (5) a 7 
x, =24—-sin | — X,=2a-sin- | — 
Z 4 


k 
Sum of points of non-differentiability = 127 = = 


(given) 
=> k= 24. 


75. If fix) = cos x + 


(E}(F) 


x, =22-sin™! ( 
( 


x, = 20 


lcos x |; then evaluate 
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Solution: f(x) = cos x + | cosx | 


—1 1 
2cosx; for a reo 


= lim =) 
hoot —_ h>0* —h 
£ f{Z+n)-7( =] 
and R.H.D r{é | eae 
2 h->0* h 
— lim 0-0 -0 
hoo hf 
|L.H.D. + R.H.D,| 
a a 
=f')> [+f > |a]-2+0/=2 
76. For the function 
(x}4{-x} 
2 | | 5 
In(el.x]+[-x]) | ———— |; for x <0 
II 
I()= 0; forx=0 ; 
Ix] {x} 
Xx.-——_— 5 forx 0 
|x| {x} 
| f'O )| 
evaluate ———_.. 
| f'O°)| ; ; 
Solution: LHD = f(0) =lim Fone”) 
— lim T(-A) 
hoot —h 
{-h}+{h} 
-n|2e *® —5 
In(e|[-#] + [A]) * ore" 
= lim 
h-0* —h 
ay) Jes 
in(e|-1)) —- 
= lim 
h>0* —h 


{. [h] +[-A] =-1 for h¢€Z 
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77. 


78. 


and {h} + {-h} =1 for h¢Z} 
Vh 
-hine| % 2 


3+" 2e" —5 
= lim ——————_——~ = lim 
h h->0* 34 el" 


hoo — 


—lth 
= lim pepe: = —) 
r>0°\ 3e 0°" +1 


Now, RHD. = (0°) = lim 


f@-f0 _ SH 
h 


hoo fh 
= |h|+{h} 
‘a |h a 1-e"*" 1-e” 
= lim ——— = lim —— =lh =— 
h>0" h hoo’ Ath ho-0 = Dh 
LPO)! 2_ 
If'O")| 1 


Find the number of points at which the function 
fix) = [x — 1] + [x — 2] is not differentiable in the 
interval [0, 3]. 


Solution: f(x) =[x-1]+|x-2| 

Here |x — 2| is a continuous function, where as [x — 1] 
is discontinuous at x = 0, 1, 2, in [0, 3] 

Further the sum of a continuous and a discontinuous 
function is again a discontinuous function. 

So f(x) is discontinuous as well as non-differentiable 
at x = 0, 1, 2. 

Also |x — 2| is non-differentiable at x = 2 only point 
in [0, 3]. 

Also [x — 1] is non-differentiable at x = 2. 


But sum of two non-differentiable functions may 
be differentiable, but here due to discontinuity, f(x) 
definitely has a non-differentiability. So f(x) 1s non- 
differentiable in [0, 3] at exactly 3 points. 


Find the total number of points of discontinuity 
and non-differentiability of function 


fix) = =~ x+5[24]-5 [1-29 in [0, 1]. 


1 l 1 
Solution: = —-x+—[2x]-—[1-2x 
olution: (x) ; 5 | = | 
for x € [0, 1], 2x € [0, 2] 


] 
and 2x takes integer values 0, 1, 2 at x = 0, ae 


79. 


Also for x € [0, 1] ; (1 — 2x) € [-l, 1] and (1 — 2x) 


takes integer values —1, 0, 1 at x = 1, 3 and 0 
respectively. 
So, we shall break the interval [0, 1] at x = | 
eer eee x=0 
2 2 
l l l 
—-x+—(0)-—(0); O0<x<— 
5 5 a 
1 1 1 l l 
x)=) —-—+—(l)-— (0); x=— 
f(x) << 5) 5 5 
l 1 l 
—-x+—(l)-—(-l); -—<x<l 
- a a ) 
1 1 1 
——1+—(2)-——(-l); x=1 
; a a ) 
0; x=0 
——-x; 0<x<-— 
> f@)=) =; ret 
2 
3 
——-x; —<x<l 
2 
1; S| 


] 
.. f(x) is discontinuous at x = 0, — and 1 and 


=f 


f'(x)= 
1; 


O<x<— 


—<x<]l 
2 


= f(x) is non-differentiable and discontinuous at 


l 
x=0, 5 and 1 1.e., at 3 points. 


Let f be a continuous function on R. If 


| 2 : 
lz) = (cos e” \se* eT , then find (0). 


2 
n+n 


Solution: ~‘.” f(x) is continuous at x = 0 


= 0) = lim f(x) = im (3. 


2 


= lim (co e” oa 2 =} 


= lim Co 
no 5” 1 5 
ee ee a 

non 


; where k € [-1, 1] 


=k(0)+1=1 
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TUTORIAL EXERCISE 


SECTION-III 


ONLY ONE CORRECT ANSWER 
1. A function f(x) is defined as f(x) Ged ads 2 =e : 
2 
x #0, f(0) =a. If f(x) is continuous at x = 0, then a is 
equal to 
(a) 0 (b) 4 
(c) 5 (d) 6 


. Among the following, which 1s false 

(a) If f, g are any two continuous functions, then 
max, {f, g}; min. {f, g} is also continuous 

(b) If'f is continuous and g is discontinuous, then 
f+ gis discontinuous, 

(c) If fis continuous and periodic in [a, 5], then it is 
bounded. 

(d) A periodic function which is discontinuous cannot 
have its period of discontinuity as period of the 


function 
—2sinx for “HS x<-> 
_ If f(xy) = jasinx+b for < < x7 is 
cos x for = <x<a 
continuous in the interval [—1, m], then (a, b) = 
(a) da 1) (b) (—1,-1) 
(c) (1,1) (d) (1,1) 


. Let [x] denotes the integral part of x, g(x) = x— [x]. Let 
fix) be any continuous function with f(0) = f(1), then 
the function h(x) = f(g(x)): 

(a) has finitely many discontinuities 

(b) is discontinuous at some x = c 

(c) is continuous on R 

(d) is a constant function 


. The number of points, where f(x) = [sin x + cos x] 
(where [ ] denotes the greatest integer function), x € 
(0, 27) is not continuous is: 

(a) 3 (b) 4 

(c) 5 (d) 6 


6. 


10. 


11. 


A function f(x) = e* + e* — e is defined in interval 
[0, 1], then which of the following is true. 

(a) f(x) = 0 has no root in [0,1] 

(b) f(x) = 0 must have only one root in [0, 1] 

(c) f(x) = 0 has more than one root in [0, 1] 

(d) none of these 


. The jump of discontinuity of the function at the point 


of discontinuity i.e, x = -—2 of the function 


|x+2| 


Ie) = tan™'(x +2) - 
(a) 2 (b) 3 
(c) 0 (d) 1 


3 
Xx 


: IO) = —asinamx +3;-4<x<4;ae (0,1). The 


99 
value of f(x) is 199 for some x e€ [-4, 4]. This state- 
ment is 
(a) true (b) false 


(c) trueonlyifa=0 (d) true only ifa e€ [-4, 4] 


if xis rational 


< is: PS * 9 
x if x is irrational 


2. 
. Tf fx) = fe ; then 


(a) fis continuous at x = 0 
(b) fis continuous at x = 2 
(c) fis discontinuous at x = 0 
(d) fis continuous at x = 1 


1 x>l 
(x) = [x] and g (x) = ' (where [.] represents 
2. XS 


the greatest integer function). Then g (f{x)) is discon- 
tinuous at 
(a) x =1 
(c) x =0 


(b) x =2 
(d) None of these 


x+2; x<0O 
If fx) =\-x°-2; O<x<1, then the number of 
yee 
points of discontinuity of |f/(x)| 1s 
(a) 1 (b) 2 
(c) 3 (d) None of these 


2.148 > Continuity and Differentiability 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


The correct statement for the function f(x) = 

x, xEQ | 

is 

—-x; x€QO 
(a) continuous everywhere 
(b) f(x) is a periodic function 
(c) Discontinuous every where except at x = 0 
(d) f(x) is an even function 
Number of points of discontinuity of the function 

' 2 sin x 
x) = lim ——————_ are given b 

DONT ee 3” +(2cos x)” d 
(a) 0 


(b) 1 
(c) infinite (d) None of these 


If f(x), g(x) be differentiable functions and f(1) = 


e(1) = 2, then im W8)- Swe P+ 80 


g(x)— f(x) 
is equal to 
(a) 0 (b) 1 
(c) 2 (d) None of these 
If (3) = 6 and f'(3) = 2, then py is 
given by : 
(a) 6 (b) 4 
(c) 0 (d) None of these 
tim Sin +h ~sinvx is equal to 
h>0 h 
(a) cs (b)_ sin-vx 
] 
(c) ae (d) cosvx 


The function defined by f(x) = 
2x(1—x)},O<x<1 

(a) is differentiable for all x 

(b) is differentiable for all x except at one point 


max {x(x — 1)’, 


(c) is differentiable for all x except at two points 
(d) is not differentiable at more than two points 


If both f(x) and g(x) are differentiable functions at 
x = x,, then the function defined as, h(x) = maximum 
tx), a(x)} 

(a) is always differentiable at x = x, 

(b) is never differentiable at x = x, 

(c) is differentiable at x = x, if f(x,) # g(x,) 

(d) cannot be differentiable at x = x, if f(x,) = g(x,) 


19. 


20. 


21. 


22. 


23. 


24. 


Let f(x) = |x| and g(x) = |x? |, then 

(a) f(x) and g(x) both are continuous at x = 0 

(b) f(x) and g(x) both are differentiable at x = 0 

(c) f(x) is differentiable but g(x) is not differentiable 
atx =0 

(d) f(x) and g(x) both are not differentiable at x = 0 


If f(x) is twice differentiable function, then between 
two consecutive roots of the equation f’ (x) = 0; then 
there exists 

(a) more than one root of f(x) = 0 

(b) at most one root of f(x) = 0 

(c) exactly one root of f(x) = 0 

(d) at most one root of f(x) = 0 


V2: 


. e * ? 
1; x 1s irrational 


x 1s rational 


If f(x) -| and o(x) = [fx]; 


({ | = G.LF.); then which one is not true about (x). 
(a) discontinuous V x 

(b) continuous V x 

(c) 1s differentiable V x 

(d) is a periodic function 


A mathematical minded scientist researched on the 
heart diseases of dolphins and recorded his finding in 
the coded language as "maximum number of heart 
attacks a dolphin can survive is equal to the number of 
sharp turns without jump in the graph of 
ree fanx+cotx |tanx—cotx 
2 2 
21). Try to decode his message and find the minimum 
number of heart attacks that will definitely result in 
the death of a dolphin. 


"(where 0 < x < 


(a) 2 (b) 3 
(c) 4 (d) 5 
2 3 sin(2 +h] _- cos(7 +h) 
lim ————__——————_—— _ is equal to 
0 3h (W3 cosh — sinh) 
2 3 
ae bya 
(@—) ~5 (b) - 7 
4 
(c) —2v3 Ci 
a+sin'(x+b), x21. | 
fx) = is differentiable at 
x, x<l 
x = 1, then 
(a)a=1,b5=1 (b) a=-l1,b=-1 


(c)a=1,b=-1 (d) None of these 


25. 


26. 


pig e 


28. 


29. 


30. 


31. 


32. 


fx) = asin |x| +be"' is differentiable at x = 0, if and 


only if 

(a) a—b=0 (b) a=0 

(c)a+b=0 (d) b=0 

Let ffx) = * -— x7 + x + 1 and g(x) = 


roche for O<t<x}; for O<x<!1 
then: 


Co ee ae for l<x<2’ 


(a) g(x) is cont. and derivable at x = 1 

(b) g(x) is cont. but not derivable at x = 1 

(c) g(x) is neither continuous nor derivable at x = 1 
(d) g(x) is derivable but not continuous at x = 1 


If H'(1) = 1, g’(1) =2; Hl) = 1, g(1) = 2, then 
A(x). gQ) - g(@%).H4() 


lim ; is equal to 
x1 sin (x — 1) 

(a) 1 (b) 0 

(c) 1/2 (d) 2 


Number of points where the function f(x) = max. 
(|tan x|, cos |x|) 1s non-differentiable in the interval 
(—1, 7) 1S 
(a) 4 
(c) 3 


The function f(x) = 


(b) 6 
(d) 2 


maximum x(2-x),2- x| is 


non-differentiable at x equal to: 
(a) | (b) 0,2 
(c) 0, 1 (d) 1,2 


A function f: R —> R is defined as f(x) = 15 — |x — 10}. 
The number of points at which the function g(x) = 
Sif(x)) is not differentiable is 
(a) 0 (b) 1 
(c) 2 (d) 3 


A function f(x) = x [1 + (1/3) sin (In x?)], x #0. [ ] = 
integral part; (0) = 0. Then the function: 

(a) 18 continuous at x = 0 

(b) is monotonic 

(c) is derivable at x = 0 

(d) cannot be defined for x < —1 


If f(x) = 3(2x + 3)? + 2x + 3, then which is false? 
(a) f(x) is cont. but not diff. at x = —3/2 

(b) f(x) is diff. at x = 0 

(c) f(x) 1s cont. at x = 0 

(d) f(x) 1s discontinuous and non-differentiable at x = 0 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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If sin'x + |y| = 2y, then which one is false about 
y as a function of x. 

(a) defined for—1 <x <1 

(b) continuous at x = 0 

(c) differentiable for all x 

l 


3V1-—x 


for—-l1<x<0O 


d 
(d) such that ae 
dx 


2 


Which of the following functions is differentiable at 
x=0? 

(a) cos (|x|) + |x| 
(c) sin ({x/) + [x| 


(b) cos (|x|) — [x 
(d) sin (/x|) — |x| 


Domain of the derivative of the function 
tan'x if |x|<1 
Kx)= 41 1S 
ral cle if |x|>1 
(a) R— {0} (b) R- {1} 
(c) R—-{-1} (d) R-{-1, }} 


Let f R > R be such that f (1) = 3 and f’(1) = 6. 


I/x 
_ {fd 
The lim a) equals 
x0( (1) 


If |fx,) — flx,) | < @, — x,), for all x,, x, ¢ R. The 


2 
equation of tangent to the curve y = f (x) at the point 


(1, 2) is 


(a) y=1 (b) y=3 

(c) y=2 (d) none of these 

If f(x) =(1+x)(2+x)'? 34] 2° |)”, then fl) is 
(a) (4)! (b) 3\3./2 

(c) O (d) does not exist 


If y = |x —a| + |x — |, then: 

(a) f(x) is continuous and differentiable at x = a, b 

(b) f(x) is continuous but not differentiable at x = a, b 

(c) f(x) is neither differentiable nor continuous at 
x=a,b 

(d) None of these 


x 


If f(x) = [i t | dt,x >— 1, then: 
=f 
(a) fand f' are continuous for x + 1 >0 


(b) fis continuous but f’ is not so for x + 1>0 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


(c) fand f' are not continuous at x = 0 
(d) fis continuous at x = 0, but f’ 1s not so 


y =||x — 1|-1] + 1 1s not differentiable at the points : 
(a) (0, 0); C1, 1); (0, 2) 

(b) (0, — 1); C1, 9); (2, 1) 

(c) (1, 0); CL, 2); C1, — 2) 

(d) (0, 1); (1, 2); 2, 1) 


If f(x) = sin |x| — e*', then at x = 0, f(x) is: 
(a) Continuous but not differentiable 

(b) Neither continuous nor differentiable 
(c) Both continuous and differentiable 
(d) None of these 


The left hand derivative of f(x) = [x] sin mx at x =k, k 
an integer and [ ] is the greatest integer function is: 
(a) (-1) (A- 1) (b) (1)! &- 1)n 

(c) (-1)* kn (d) (-1)*"' kn 

If Ax) —fiy)| < jx — yl)?" *! (n € N), then /’ (x) is equal 
to: 

(a) 0 
(c) nx 


(b) n 
(d) 1 


The points of non-differentiability of the function 
fix) = ||lx — 1] — 1] — 1] are: 

(a) {0, 1, 2, 3, 4} (b) {-— 1, 0, 1, 2, 3} 

(c) {-1, 0, 1} (d) None of these 


If f(x) = 1 — |x|, the number of points where f (/(x)) 
ceases to be differentiable is : 


(a) 0 (b) 1 
(c) 2 (d) 3 
| x | —x(3"” +1) 
The function f/f aig, x #2. -O; 


f(O) = Ois: 

(a) discontinuous at x = 0 

(b) continuous at x = 0 but not differentiable there 
(c) both continuous and differentiable at x = 0 

(d) differentiable but not continuous at x = 0 


Let [ | denotes the greatest integer function and 
f(x) = [tan’ x], then 
(a) lim f(x) does not exist 


(b) f(x) is continuous at x = 0 
(c) f(x) is not differentiable at x = 0 


(d) f' (0) = 1 


49. 


50. 


51. 


52. 


53. 


34. 


a3 2 


Rox <) 
Let f(x) = 


. Domain of f '(x) is 
x; x’ 2] Pe) 


(a) (-c0, 00) — {1} 

(b) (co, 0) — {1,-1} 

(c) (co, 0) — {1, —I, O} 

(d) (20, 0) — {-]} 

fix) = max. {2 sin x, 1 — cos x} V x € (0, z), then f’(x) 
becomes zero at 


(x5, 
@O2=—5 


Total number of critical points belonging to [0, 27] 
for the function f(x) = max. {sin x, cos x, 1 — cos x} 
is 


(a) 3 (b) 4 
(c) 5 (d) 6 
fx) = xed, x #0 Value of’a’ such that f(x) is 


a; X=0 
differentiable at x = 0, is equal to 
(a) 1 
(b) —1 
(c) 0 
(d) f(x) cannot be made differentiable at x = 0 


A function f: R — R* satisfies fx + y) = f(x). 
fy) V x, vy € R. If f (0) = 2, then f(x) is always 
equal to 


(a) fix) (b) 2f{x) 
] 2 
—— d 
©) FG) © FH 
Iffn + 1)= Hse, n € N and f(n) > 0 
2 f(n) 
VneéN, then lim f(n) is equal to 
(a) 3 
(b) -3 
(c) 1/12 


(d) None of these 
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SECTION-IV 


MULTIPLE ANSWER CORRECT 


1. State which of the following statements are true? 


(a) All polynomials, trigonometrical functions, expo- 
nential and logarithmic functions are continuous 
in their domains. 

(b) If f(x) is continuous and g(x) is discontinuous at x 
=a, then the product function o(x) = f{x).g(x) is 
not necessarily be discontinuous at x = a. 

(c) If f(x) and g(x) both are discontinuous at x = a, 
then the product function o(x) = f(x). g(x) is not 
necessarily be discontinuous at x = a. 

(d) None of these 


1 
. The function f(x) = 4, 


(a) 1s discontinuous at many points 
(b) is continuous every where 


l 

(c) is discontinuous at x = —,n © Z-{0}. 
n 

(d) f(x) is continuous at x = 0 


. Which of the following function(s) has/have 


removable discontinuity at x = 1? 
2 


(@) f)=—— 0) f= = 
n|x| x -l 

ve Aree ery 
(6) fx) = 2 @) «y= 


. Which of the following functions is/are continuous 
on (0, 7)? 
(a) tan x 


(b) [esin Vit at 
0 


1; O<x<== 

© f=) yy 4 
2sin( 2} —<x<zZz 

9 4 
xsin x; 0<xs7 


(d) f(x)= 


1 
—sin(a#+x); —<x<zZ 
2 2 


. Let f(x) = Bal ;x #0, f (0) = 0, then ([ | is the 


greatest integer function) 

(a) fis not continuous at x = 0 
(b) fis continuous at x = 0 

(c) fis discontinuous at x = 1 
(d) fis continuous at x = 1 


. If f(x) = 0 for x < 0 and f(x) is differentiable at x = 0, 


then for x > 0, f(x) may be 


(a) x’ (b) x 
(c) x (d) —*? 
. For the function f(x) = (n— x) ae x#0, flr) =1, 


which of the following statements are true? 
(a) Ar )=—1 

(b) fix’) = 1 

(c) f(x) is continuous at x = 7 

(d) f(x) is differentiable at x = 1 


. State which of the following statements are true. 


(a) If f(x) and g(x) are derivable at x = a, then the 
functions f(x) + g(x), fix) - g(x), fx). g(x) will 
also be derivable at x = a and if g(a) + 0, then 
the function f(x) / g(x) will also be derivable 
atx =a 

(b) If f(x) is differentiable at x = a and g(x) is not dif- 
ferentiable at x = a, then the product function F(x) 
= f(x).g(x) can still be differentiable at x = a 

(c) If f(x) and g(x) both are not differentiable at 
x = a, then the product function; F(x) = f(x). g(x) 
can still be differentiable at x = a 

(d) If f(x) and g(x) both are non-derivable at x = a, 
then the sum function F(x) = f(x) + g(x) may be 
differentiable at x = a. 

(e) If f(x) is derivable at x = a => f'(x) 1s continuous 
atx =a. 


. Given that the derivative f '(a) exists. Indicate which 


of the following statements is/are always true 
h)- 
ahs tl tO 
h->a h —aQ 


(b) f'(a) = jim LO”) 
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10. 


11. 


12. 


13. 


14. 


15. 


(c) f'(@ = [pp 
(d) f'(a) = lim Mateo Aan) 
Let f(x) = cos x and 


min.{f():0<t<x}; for0<x<— 
A(x) = , then 


= for ~< x53 


Z 


(a) H(x) is continuous and derivative in [0, 3] 
(b) A(x) is continuous but not derivable at x = 1/2 


(c) H(x) is neither continuous nor derivable at x = 1/2 
(d) Maximum value of A(x) in [0,3] is 1 


fix) = |[x]x| in -1 < x < 2, where [x] is greatest 
integer < x, then f(x) is: 

(a) continuous at x = 0 

(b) discontinuous x = 0 

(c) non-differentiable at x = 2 

(d) differentiable at x = 2 


xIn cosx . 0 

If fx) = 4 Ind. + x*)’ : then 
0; x= 0 
(a) f(x) 1s not continuous at x = 0 
(b) f(x) is continuous at x = 0 
(c) f(x) 1s continuous at x = 0 but not differentiable 
atx =0 

(d) f(x) is differentiable at x = 0 


If f(x) = [x sin zx], then f(x) 1s: 

(a) continuous at x = 0 

(b) continuous in (— 1, 0) 

(c) differentiable at x = 0 

(d) differentiable at (— 1, 1) 
|x - 3] [x] >; x21 

The function f(x)= 5 . (zx ([.] denotes 
sin ( cox <1 


2 
the greatest integer function) 
(a) 1s continuous at x = 0 
(b) is differentiable at x = 0 
(c) 1s continuous but not differentiable at x = 1 
(d) is continuous but not differentiable at x = 3/2 
[x]+1 
FO = onal 
represents greatest integer function and {.} represents 
fractional part of x, then which of the following is true? 


for f. [0, 5/2) > (1/2, 3], where [.] 


16. 


17. 


18. 


19. 


20. 


21. 


(a) f(x) is injective discontinuous function 
(b) f(x) 1s surjective non-differentiable function 


(c) max. (lim f(x), lim f(x) =) 
(d) min {x : x 1s a point of discontinuity} = 1 


x2=0 


min{2x,x°-l}; x<0 


max{x, x7}; 


If f(x) = | 


(a) f(x) is not differentiable at x = 1 — V2 
(b) f(x) 1s not differentiable at x = 1 

(c) f(x) is continuous everywhere 

(d) None of these 


If fi)= 4" “l¢e™ ae 
0; x=0 
(a) if nm = 1, function is continuous and differentiable 
(b) if m = 2, function is continuous and differentiable 
(c) if n = 0, function 
non-differentiable 
(d) None of these 


is discontinuous and 


The function f(x) = [sin x] cos x is, ([ ] is the greatest 
integer function) : 

(a) continuous function 

(b) differentiable every where 

(c) not differentiable at x = 0 

(d) not differentiable at infinite points 


The function f(x) = (x — [x])sin mx Is : 

(a) continuous everywhere 

(b) differentiable every where 

(c) differentiable at x = 0 

(d) not differentiable at infinite number of points 


Let f(x) = cos x, 
ae pow :0<¢<x}; xe[0,z] 


, then 
sin x — 1; x>a 


(a) g(x) is discontinuous at x = 1 

(b) g(x) is continuous for x € [0, «) 

(c) g(x) has infinitely many critical points 
(d) g(x) 1s differentiable for x € [0, 0) ~ {x} 


A function f(x) satisfies the relation f(x + y) = f(x) + 
fy) + xy (x + y) V x,y € R. If f'(0) =—1, then 

(a) f(x) is a polynomial function 

(b) f(x) is an exponential function 

(c) f(x) is twice differentiable for all x « R 


(d) #3) =8 
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SECTION-V 


ASSERTION AND REASON TYPE 


. A: f(x) = sin x + cosec!x is not continuous 

R: If domain of f(x) consists of finite number of 
points, then f(x) is discontinuous. 

. A: Let f(x) = x(x — 1) and g(x) = sgn(x), then gof (x) 
is discontinuous at x = 0, 1 

R: If f(x) is continuous and g(x) is continuous at 
all points except at x = a and 5, then g(f(x)) 
is discontinuous at all those points for which 
fix) = a and at all those points for which f(x) = b. 


. A: |x’| is differentiable at x = 0 
R : If f(x) is differentiable at x = a, then |f(x)| is also 
differentiable at x =a 


. A: f(x) = |x|. sin x is differentiable at x = 0 


R: If f(x) is not differentiable and g(x) is differen- 
tiable at x = a, then f(x) . g(x) can still be differen- 
tiable at x = a. 


. A: Sum of left hand derivative and night hand derivative 


of f(x) = |x? —Sx + 6| at x = 2 is equal to zero. 

R: Sum of left hand derivative and right hand 
derivative of f(x) = |(x — a)(x — b)| at x = a (or 5) 
is equal to zero, (where a , b € R) 


. Consider the following statements S and R: 


: . : ; ; a 
A : tan x is decreasing function in the interval , "| 


R: If f(x) is a differentiable function with f’(x) 4 0 in 
(a, b) and f(x) 1s positive and increasing in (a, b) 


f(x) 
f'(x) 


and f ‘(x) is decreasing, then is also 


increasing in (a, 5). 


SECTION-VI 


COMPREHENSION TYPE 


: Among various properties of continuous, we have if 
fis continuous function on [a, b] and ffa)f(b) < 0, then 
there exists a point c in (a, b) such that f(c) = 0 equiv- 
alently if continuous on [a, b] and x € R is such that 
fla) < x < f(b), then there is c€(a@,b) such that 
x = f(c). It follows from the above result that the 
image of a closed interval under a continuous function 
is a Closed interval. 


. The number of continuous functions on R which sat- 
isfy (f(x) = x’ for all x ER is 

(a) 1 (b) 2 

(c) 4 (d) 8 


. Suppose that f(1/2) = 1 and fis continuous on [0, 1] 
assuming only rational value in the entire interval. The 
number of such functions is 

(a) infinite (b) 2 

(c) 4 (d) 1 

. Let f be a continuous function on [—1, 1] satisfying 


(f(x)? + x* = 1 for all x € [-1, 1]. The number of such 
functions is 


(a) 2 (b) 1 
(c) 4 (d) infinitely many 


. Let f(x) =x, x # 0 and f(0) = 1. Then 


(a) fis a continuous function 
(b) Range of fis an interval 
(c) Range of fis R 

(d) None of these 


: A function f(x) is said to have a jump discontinuity at 


a point x = a, if both of the limits L.H.L and R.H.L 
exists and finite at x = a but not equal and f(a) may be 
equal to either of these limits. 

The value of |LHL — RHL]| is known as jump of 
discontinuity. 


. Jump of discontinuity of y = 2[x] at x = 2 is, (where 


[.] represents greatest integer function) 


(a) | (b) 3 
(c) 2 (d) —2 
a De oo | os 
. If ffx) = , then jump of discontinuity of 
2x+5;x>1 
fix) atx = 11s 
(a) 4 (b) 3 


(c) 7 (d) None of these 
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7. Number of jump discontinuities in y = f(x) . g(x), 


- _ jx+h x20 d — jsinx,x <0. 
where f(x) = ee and g(x) = 2x2: x>0 1S 
(a) 1 (b) 2 
(c) 3 (d) None of these 
C: Let a function f be defined as 
[x]; -2Ssxs-— 
fix) = | , where [ . |] denotes 
ee eee? 
2 
greatest integer function . Answer the following 
question by using the above information 
8. The number of points of discontinuity of f(x) is 
(a) 1 (b) 2 
(c) 3 (d) None of these 
9. The function f(x — 1) is discontinuous at the points 
] 
—l1,--= b) -~,1 
(a) -1,-5 () -5 
l 
(c) 0, 5 (d) 0, 1 
10. Number of points where |f/(x)| 1s not differentiable is 
(a) 1 (b) 2 
(c) 3 (d) 4 
D: In certain problem the differentiation of {f(x) . g(x)} 


11. 


12. 


appears. One student commits mistake and differenti- 


df d 
ates as Ff pad but he gets correct result if f(x) = x 
dx dx 


and g(x) is a decreasing function for which g(0) = 1/3. 
The function g(x) is 


3 4 
© G3 °F 

=9 2} 
©) G3) © G3 


Derivative of {f(x -3) . g(x)} with respect to x at 
x = 100 is 


(a) 0 (b) 1 
(c) —1 (d) 2 
f(x).g(x) 
13. lim neareS will be 
(a) 0 (b) —1 
(c) 1 (d) 2 


: Left hand derivative and Right hand derivative of a 


function f(x) at a point x = a are defined as 


14. 


15. 


16. 


F. 


LY. 


ies f(@) 


f(a)= fim LO-LE=” - lim n 
= lim IX)- IY 
xa X-a 
and 
P)= fig LEAD LO) jg L—LO-W 
ee fa) ft) 
x—a™* a-x 


respectively. Let f be a twice differentiable function. 
Then answer the following questions. 


If fis odd, which of the following is right hand deriva- 
tive of fat x =-a? 
h)— 
@) im L@==F@ 
h->0- —h 

h- a a) 
(0) fim LO-9)-KE 
i ie flab 


hoot = 


im LO9- LEW 


(d) 
If f is even, which of the following is right hand 


derivative of f’ at x =a? 


of 10) <i +h) 


(a) lim 

(0) lim wes (ca~h) 

©) lim LC ast a-h) 

@) tim HO*S a+ 

If pm = tim fQ@)—f(x-h) 
where / is real, then : =e 

(a) fis odd 

(b) fis even 


(c) fis neither odd nor even 

(d) nothing can be concluded 

Let us define f: [—z, 1] > R, g: [-2, n] — R by 
fix) = min. {sin x, cos 2x} 

g(x) = max. {sin x, cos 2x} 

Answer the following questions 

Number of points where f(x) is continuous but not 
differentiable is 
(a) 2 

(c) 1 


(b) 3 
(d) 0 


18. 


19. 


20. 


21. 


22. 


° 
e 


Number of points where |g(x)| is continuous but not 
differentiable is 


(a) 2 (b) 3 

(c) 4 (d) None of these 
Range of f(x) is 

(a) [-1/2, 1] (b) [-1, 1/2] 

(c) [-1, 1] (d) [1/2, 1] 
Range of g(x) is 

(a) [-1/2, 1] (b) [-1, 1/2] 

(c) [-l, 1] (d) [1/2, 1] 


f(x) 1s increasing in the interval 
(a) [—n, —n/2] (b) [-1/2, 1/6] 
(c) [/2, 52/6] (d) [—n/2, n/2] 


g(x) is decreasing in the interval 
(a) [—7, —7/2] (b) [0, 2/6] 
(c) [1/2, 51/6] (d) [-n, 2/2] 


A function f(x) having the following properties 
(i) f(x) is continuous except at x = 3 
(11) f(x) is differentiable except at x = —2 and x = 3 


23. 


24. 
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(11) f(0)=0, lim fix), iim f(xy= 3, lim f(x) =90 
(iv) f'(x) >0V x € (0,2) U (3,0) and f(x) < OV 
x € (2, 3) 
f"™x) >0V x © (co, -2) U (2,0) and f” (x) < 
0 V x € (0,3) U (G,), then answer the following 


questions 
Maximum possible number of solutions of f(x) = |x| is 
(a) 2 (b) 1 
(c) 3 (d) 4 


Graph of function y = f(—|x|) is 

(a) differentiable for all x, if f’(0) =0 

(b) continuous but not differentiable at two points , if 
f'(0) = 0 

(c) continuous but not differentiable at one points if 
f' (0) =90 

(d) discontinuous at two points if /(0) = 0 


25. f(x) +3 x = 0 has five solutions if 


(a) f-2) > 6 

(b) f'(0) <—3 and f-2) > 6 
(c) f'(0) > -3 

(d) f' (0) > —3 and f-2) > 6 


SECTION-VII 


COLUMN-MATCHING TYPE 


Column-I 
For xeER 


(i) f(x) = {sin (xx)} is discontinuous Vx € 
sin x 
(ii) g(x) = =| is discontinuous Vx € 
x 


sin x 


(ili) A(x) -| is continuous Vx € 


x 
sin x 


is discontinuous function on set 


(iv) u(x) -| 


Column-Il 
(a) [0, 1) 
(b) {1,2} 
(c) {0} 


oh 


List-I below gives functions while List-II gives their 
behavior at x = 0. Match the function in List-I with its 
behavior in List-II [....] denotes the greatest integer 
function 


Xx 


Column-I 

(1) [x] [1 + x] 

(ui) [x] [1 —x] 

(iii) [sgn x][2 — x] [1 + [x1] 

(iv) [cos x] 

(v) [-] [1 +] 
Column-II 

(a) Left continuous at x = 0 

(b) Continuous at x = 0 

(c) Right continuous at x = 0 

(d) lim f(x) exists but f(x) is discontinuous at 
x =0 

(e) lim f(x) does not exist and f(x) is neither left 


continuous nor right continuous at x = 0. 


Column-I 


; where 


l 
(i) Point of discontinuity of y ser caeaar 


1 

t = —— is/are 
x+1 

(ii) Points of discontinuity of y = [x] + [—x] is/are 

(iii) y = [sin (2tx)] is non-differentiable at 
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(iv) f(x) = |2x + 1] + |x + 2| -— |x + 1] — |x —4| 1s non- 


differentiable at 
Column-IlI 


u 
(a) — 5 
(b) —2 


(c) —1 
(d) 4 


4, Column-I 


(i) f; [0, 2] — [0, 8] is continuous, then the number 


of roots of equation f(x) — x* = 0 is 


(11) If f(x) 1s derivable, then between the two 
consecutive roots of f(x) = 0, the number of roots 


of f(x) = 0 is 


(111) The number of values of x at which |2 — |x — 2]| 1s 


not differentiable 


ee 
fone =f if xis rational tice. Gee 
5x—-6 if xis irrational 
number of values of x at which /f{x) 1s 
continuous 
Column-II 


(a) exactly two 
(b) at least one 
(c) at most one 
(d) exactly three 
(ce) more than one 


5. Column-I 


) Gj ee ee 
(i) Given f(u) 7 us 


fas a function of x is 


l 
where u =——., then 
x+1 


(ii) If f(x) = sgn(x — 1) (4 — x’), then f(x) is 


(iii) If lim J) exists and f(0) = 0, then f(x) is 
x—> X 
(iv) The function f(x) = lin 
no _ hn 

Column-II 

(a) a continuous function 
4 

(b) discontinuous at x = ——,0,-1 


(c) continuous at x = 0 
(d) discontinuous function 
(e) discontinuous at x = 1, 2, -2 


6. Column-I 


(i) The function f(x) =|x? + (A —1)|x| —A] is non- 
differentiable at five points for A equals 


(ii) The function defined by 
fas min.(lx|,Vi-x"); —-l<x<l aie 
(|x|); 1<|x|<2 


differentiable at 
(11) f(x) = |x + 1|(|x| + |x — 1]) 1s non-differentiable in 
interval [—2, 2] at the points x equals 


(iv) If (232 }-LO2f) vx,yeR.Iff"(0) 


2 
= —] and f(0) = 1, then f(2) is less than or equal to 
Column-II 
a) —l 
a -1//2 
(c) 1/V2 
(d) 1 
(t) O 


SECTION-VIII 


SINGLE INTEGER TYPE 


1. If f(x) = cos x + |cos x|, then evaluate 


comes 


2. If f(x) = cos x and g(x) = 


min.{ f(t);0<t< x}; for 0<x<— 
; then answer 


7 x: for —~<x<3 
2 2 


1 ;if g(x)is continuous but not differentiable on [0,3] 

2;if g(x)is discontinuous on [0,3] 

3;1f g(x)is discontinuous but derivative function is 
continuous on[0,3] 

4; if g(x)is differentiable on[0,3] 


3. Find the greatest value of '’m’ for which the function 


m2 ~* + 
x’ sin} —|;x40 | 

fix) = x is continuous but not 
Oif x=0 


differentiable at x = 0 


10. 


11. 


12. 


2 ee 


. If a function f(x) is such that f(x + h) — f(x) < 2h°-V h 


and x real, and f(2) = 7, then evaluate f(7) 
= X, xX,, x, are the points of discontinuity of 


function f(u) =— , where “=——,, then 
uo +u—2 x-l 


evaluate 2|x, + x, + x,| 


. If fix) = x? — 2\|x| , then’m’ denotes the number of 


points of discontinuity of functions g(x) and 'n’ denotes 


the number of points of non- 

differentiability of g(x), where 
min.{ f(t);-2<t<x};-2<x<0 

g(x)= ; then 
max.{/f(t);0<t<x};0<x<3 


evaluate (m + n) 


. If the graph of the function y = f(x) has a unique tan- 


gent at point (e*, 0) (not vertical, non-horizontal) on 


£n(Ql+9 f(x)) —tan(f (x)) 


the graph, then evaluate lim 


xe" 2 f (x) 
* — bx +25 
. If ffx) = a for x # 5 and fis continuous at 
x = 5, then evaluate f(5): 
—})" 
. Let g(x)= = 30<x<2,m and n are 


éncos” (x-1) 
integers, m # 0, n > O and let p be the left hand 
derivative of |x —1| at x = 1. If lim g(x) =p, then 


evaluate (m)" 


a|x? —x-2 
——— = lore 2 
2+x-x 
Let /f(x)= b; forx=2; where [] 
poe for x >2 
x-2 


denotes greatest integer function is continuous at 
x = 2, then evaluate (1 — a)? + (1 — b) 


Let [x] denotes the greatest integer function and f(x) 


(exp{(x + 2) in43) = -16 
4° -16 
1—cos(x — 2) 
"(x — 2) tan(x — 2) 
Find the value of a for which f(x) may be continuous 
atx =2 


<2 
be defined as f(x) = 


sx>2 


4x —5|[x]; for x >1 os 

If f(x) = ; where [.] is gint func- 
[cos zx] forx <1 

tion, then’m’ is the number of points of 


discontinuity of f(x) and ‘n’ is the number of points of 
non-differentiability in [0,2], then evaluate (m + n) 


13. 


14 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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If f(x) = x + {-x} + [x], where [x] and {x} denotes 
greatest integer function and fractional part function 
respectively, then find the number of points at which 
fix) is both discontinuous and non-differentiable in 
[-2, 2] 


Find the number of points at which the function 
fix) = max. {a—x,a+x,b};-~0<x<0,0<a<b 
cannot be differentiable. 

If f(x) 1s derivable at x = 5; f'(5) = 4; then evaluate 


km LOt#)- 5-2) 


h->0 Ih? : 
—1 
(cos x —sin x)" ;—<x<0 
2 
If fix) = 4a 3x =0 is continu- 
el!/* ze el* ss 2 . ‘ r 
2/x 3/x ? <xX<— 
ae’ * +be 2 


bd 


ous (4 4 ; then evaluate (nb — na) 


1+sinx—cosx 


If f(x) = ,x #0 is continuous at x = 0, 
l—sin x —cosx 

then find |/(0)| 

Let f(x) be a continuous function defined for 0 <x <3, 


If f(x) takes irrational values for all x and 


fU) = ¥2, then evaluate f(1.5) . (2.5) 


A function f : R—-R is defined as f(x) = 
2 nx 
. ax’ +bx+ct+e . 
lim t——#~——., where f(x) is continuous on R. 
sa oa l+ce 


Then find the value of c. 


Let the derivative function f ‘(x)is continuous on 
(2, 10]. If f (x) takes only rational values V x and 
f(A) = 3, then evaluate f(5) — f(4) 


Let f(x) is a differentiable function on [7, 10] and takes 


only irrational values, given f(8) = V3 , then evaluate 


l 


Find the number of points where f(x) = —=——-_————| 
Ie) tn| x? -3x+3| 


is discontinuous. 


l—a’ +xa* &na 
— 

xa 
. (2a) —x£n2a-1 


2 > 
xX 


; (where a> 0) 
>0 
1 ] 2 
is continuous at x = 0, and a= Pe =—;(np) , 
Pp P 


then evaluate p. 
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24. If (2 eee fess 7 in], 4 
(x-1) x 
ee ; = 2: = (0 
continuous at x = 1, and f(1) = abl ; then re : CEE ese 
(p+) p+) maa* x<0 
evaluate p. x 
the greatest integer function). If f(x) is continuous 
at x = 0 and b—-a =k, then evaluate k. 
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5. (1) — (b, d), (11) > (c,d, e), (a1) > (Cc), (iv) — (a, c) 
6. (1) — (a, b), (11) — (a,b,c,d), (411) — (a,d,e) (iv) — (a,b,c,d,e) 
SECTION-VIII 
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HINTS AND SOLUTIONS 
TEXTUAL EXERCISE-1: (SUBJECTIVE) gvtl_| 4 
R.H.L. = lim f(x) = lim = lim 
x0" x+ [x] x90 =x 
os cer Thus L.H.L. 4 R.H.L. = f(x) 
1. (a) f(x)j\ e417 
a a a | 


el” ae 


fo )= lim f(x) = lim 


se ee | 
e*4+1}) O+1 


Vx = -1/x 
f10°)= lim £0) = in| £ +) = i eZ 


esa) 


+30" l+el” 
1+0 

L.H.L # R.H.L 

=> SAO) has jump discontinuity at x = 0 
[x‘]-l 
ie ae | 

(b) f(x)=4 x-1 

Atx=-l 9 7 =] 

L.H.L. = lim f(x) = lim ee) ae ee 


1m 
x>(-1) x? =] ears 1y (x? = 
RH.L.= lim f(x)= lim pas 
x>(-1)* x* —] 


lim 
~ st (14h)? —1 


> — 

Bae h? —Dh Brees oh 

afer —] 

h>0* h(h— 2) 
fix) has infinite discontinuity at x = —1 
Atx=1 

2 
Sinai ag OO 
xl” xl x as | him (h’ ~1) 


Oil ee ee 
ae (-1) 0-1 


R.H.L. = lim f(x) = tim as 
xolt x* —] 
2 — 
= lim i i and f(1) =0 
h0' (h*-1) O-1 
=> LHL.=RHL. fix) 
= ftx) has a removable discontinuity at x = 1 


ques} 4 
—— ;x#0 
(c) f(x) =4 2[x]+ {x} 
Ina SLO 
Quit _] 
L.H.L. = lim f(x) = lim 


x90 Q[ x] + {x} 


—2+x-[x] 


¥ | we -1 a’! —1 -] 
= lim ——————- = lim = =l-a 
x90 2(-1l) + x-[x] 0 (-14+ x) —1 


[(-1+h)’]-1 


=> f(x) is a discontinuous function but right continuous at 


x=0 
sin(3 p —1)x 
3x 
2. f(x)= 
ace ee es 
x 
L.HLL. = lim f(x) = lim SCP 


307 


-x<0 


_ ny Gp = Dx (3p-1) _3p-l 
m0 (3p-l)x 3 3 


RL. = lim f(x) = lim cE ee 


she tan3p+l)x (3p+l)  3p+l 
0° (3pt+l)x 2 2 
For continuity at x = 0, L-.H.L. = R.H.L.= (0) 
3 2 
=> sp =D = p== Io 
LHL. = RHL. = (0) ==Pu 
l-—sin zx 
——__ 4 x<— 
1+cos2ax 
1 
3. f(x)= Pp Sar 
V2x-1 oie 
4e0p=152, 2 
LH.L.= lim f(x)= li eee 
volt i i ) 1+cos2ax 
2 2 
I-sinz[ 5h) 1~sin( 4 
2 2 
Be 1.) mel 2th 
—0* —0* _ 
+ 0s2a{ >A TOMES AE) 
__ 1-coszh 2sin’ 2 h/2 
= lim —W— = lim —_.—— 
h>0' 1-—cos2zh 40° ~2sin* zh 
2 7,2 
20 7 se 
R.H.L. = lim f(x)= lim _ ee 
x3) x2) 4+ V2x-1-2 
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V¥1+2h-1 J2h cy ls x| a) im, $( $2) (co x) 


0" /44/142h-1-2 0 J2h+4—2 =e =e" =e* and 
2h (Wai +44 2} (3) =b+2 
= lim ——-—_———— = 4 2 a 
Pa V2h = For continuity at ery. b+2=e° =1 
For continuity at x ae L.H.L=R.H.L=p => a=0,b#42andb=-1 
2 a=0,b=-1 
=> Z =4= p;; but it is impossible 1 
4 x? sin— ifx #0 
No value of p is possible 6. f(x)= 
0 ifx =0 
[x+1] 
(exp{x+2}In4) 4 4 —16 ; XB > x? for x0 
+ ______+__:x< 
4. f(x)= ae = ay ey <x in oe cae 
1—cos(x-2) x x 
a.—————————;x >2 
(x-2)tan(x -2) +. Let g(x) =—x??:x (11) and 
[3-4] , 
exp.4(4—h)In4}) 4 -16 *!sin—; —1,1);x #0 
lim f(x) = lim aa naar leas h(x) = * x ae x 
x27 h>0* = aa 
0 >; x=0 


(exp.{(4- h)In 4})" 46 Clearly g(x) < f(x) < A(x) Vx € (-1,); 


= lim 


h0" —4(h+2) Now lim g(x) = lim(—x”) = 0 and 
(4-h) : io 
Sie oan lim h(x) = lim x” a al 
h0"| —4(h + 2) 
(2 .. By squeeze play theorem, lim f(x) =0= f(0) 
sin’ — x 
lim f(x)= lim a. 1—cos(h) _ . ~ lim 22 = 2 = f(x) is continuous at x = 0 
ho Atan ho fo A’ tan hh #50" 4 
“4 Oh : dae 
t $e.) | 
a 2 (2) 3cos* x 
= —=0 2 
2 
=> a=0 for continuity atx=2 and f(2)=0 (1 -sinx)(1 sears te sin x) 
= im | AS 
tan 6x (2) 3(1—sin x)(1+ sin x) 


Gia if0<x< a 
5 2 


| Mee 1+sin‘°x+sinx l 
1 = tin | Hearts) — and 
5. f(~= b+2 if as. 3 58 (1+ sin x) 2 
oan - 
(1+ cos) b |G peg f|2 |= lim b(1 sin) 
2 2 peu (1 — 2x) 
2 
ws P “+h 2x =-2h 
— ta (Sot as ul x=>+ ES GED Sp 
x{= xa[F | - 
tC - sin( = + 3) 
tan 6x = 2 _,_. b(1-cosh) 
=> a |= tim (=O 0 = lim ~— 5 = lim" 
2 
2 
=> iat asin?” b eal ; 
(cs) = blim ——— 2 nade Fe 2 5 
lim = lm | (1+ |cos x|) ee ; h : Bio | A 3 
2) x92 “a 7 


2 2 


10. 


Continuity and Differentiability < 2.161 


1 
ee (5 mee = lim 


—xcosx—sinx+2sinx 
x0| —x4 sin x + (cos x)4x° + 4x> cosx + Asin x(3x’ 


For continuity at, x =F ; = 2 =a —xcosx+sinx 
a =hM|-> 7 
x>0\ —x" sinx + 8x cosx+12x* sinx 
=> ee a a — xsin x | 
x0] —x* cosx —12x° sinx + 36x’ cosx + 24xsin x 
sin(a+I)x+sinx , = jim ———______*sosetsing 
a rr orx <0 x0] x* sin x — 24x° cosx — 4x’ (cosx + 9sin x) + 24(sin x + 4xcos x) 
(x)= c for x=0 _ @M+@M 2 = 1 
(x +x?) — x! 72+24+24 120 60 
~——_____——. forx >0 Ei ad 
bx?!” sd = For continuity atx=0, f(0)= i 


sin(a+1)x+sinx 60 


f(0)= hm : 
aid “3 cos” (1-{x} ).sin™(1 — {x}) 
= lim (a +1)cos(a+1)x+cosx=a+2 11. lim f(x) = lim 


at or ot 2 ({x})(14 Eh )(1- 5) | 


_ cos(0).(1)_ sz 


0*)=1 b#0 — and lim x 
FO): eee 0) Saas) az Ho 
bx? 1 1 Al -1 
a are eee eee cos" (1 {x})sin”*(1-{33) 
° bx| Viton? +x] [vite +i] 2 “ret Va Gay(I+fy)(l—(}) 
Also f(0)=c ; cos’ (1 — {x}’} 7 e cos | (1 — {x}’} 
mui = im ——_=>———— eee | eee eee 
For continuity at x =0,a+2= Fi =C ecu J2 { x} 2 20) 2 V2 x0" { x} 
ahs en ee ee cos™'(1- x’) seas =| -2x 
2 2 _) B) x—>0* x 7 2/2 x70" 1 (1 Pe y . 1 
ax—b for x <1 a . _ 
f(x) =43x for 1<x<2 ~ Ty x30" 4x? — x! mm) 
bx’ —a for x>2 1 1 
L.H.L = aie’ R.H.L. =—, f is discontinuous at x = 0 
f(r) =a—b, f(")=3and f(l)=a-b 4v2 2 
ae = _ ; f(x); x20 
For continuity ata=1,a-—b=3 ...(i) Next, g(x) = 
2/2 f(x); x<0 


f(2)=6; f(2") =4b-a and f(2)=4b-a 
For discontinuity at x = 2, 4b-—a#6 
=> 3b+(b-a)#6 
=> 3b+(-3)#6 => 3b#9 
=> b56#3 
a=b+3;b#3 
Locus of (a, b) is y= x — 3 excluding the point (6, 3) 


Clearly 6(0*)= /(0*)=Z and g(0")=2VE:/(07)=4 
and 9(0) = f(0) =F (Given) 


=> f(x) is continuous at, x = 0 


12. (i) lim f(x) = lim-—— = 
2+COosx = | ie 


fa) =( 23S 5 
xsinx x" ee ey 
x90 1 90" x07 [oe 


2x+xcosx—3sinx 
=>  f(x)has a jump or non removable discontinuity at x = 0 


oe, 
: beecorse ema (ii) f(s) =cos{ E22 = cos{ 
= lim) ———  ————_— x x 


x’ sin x 


x0 x’ cosx + 4x’ sinx 

li = cos| lim| 2 })=cost; but £(0) i 
a m( 22 xsinx— z2s2) lim f(x) = cos 2 hae =cosl; but /(0)is not 
*90\ x" cosx + 4x° sin x discontinuity at x = 0 
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(ii) f(x) =xsin= 
x 


lim f(x)= lim xsin (=) = (x (Finite number between 
x x—> x 


—1 and 1) = 0; 
f (0) = Not defined 


=> Seer discontinuity at x = 0 


(iv) f(x)= id | 


lim f(~o= lim— = =0, but f(0) is not defined 


=> Removable discontinuity at x = 0 
13. f(x)= sx =0 
1 


1 
fO)= lim (1+ax)x =e'; 


1 


f(O)= tim EE) : Finite 
re 
> c=] 
m0 
x+1)3 —(1)3 
5 poy tim 22 =? 3) _2 
x0" = = 1 3 
(+2-0 
yi 
For continuity atx =0, e* =b=— 
=> a=In( 2),5=3,e=1 
3 3 
1 
ed =2., 1 
14. f(x), f(r) = lim =I 
ee 1) 9) 
ie 
l oo 
a od 
— = h 
far) = tim ars 2nd FO 
e' +2 1+2e# 


= f(x) is discontinuous at x = 1 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. (d) °. discontinuity exists due to 
(i) Non-existence of limit 1.e., Either L.H.L # R.H.L or any 
one of these are infinite or does not exist uniquely. 


(ii) lim f(x) # f(a) and all polynomials are continuous 


function whatever may be its degree. 


2. (a) f)=fO") =f) =a 


cos(sin x) — cos x 7 


=> lim : 
x0 x 
. —sin(sin x).cosx + sin x 
= 4o._ A ie uX~“ 
x—0 2x 


| sin x.sin(sin x) — cos” xcos(sin x) + COS x] 
x30 2 
=> a=0 


3. (d) f(x)=[x] -[x?] and let k eZ, then 
f(k) = (k-1) — lim |x? Jand f(k*) =k? - lim | x? | 
=> fe) =(k-1) ~ lim|(k-AY] 
and f(k*) =k? — lim|(«+h)° | and 
f(j)=h -[ |=h -h =0 
For continuity at k; 
et pe 
- tim| («+ AY |= 4? -[7?]=0 
=> (k-1' = lim | (x = ay | and (k)* = lim | (x + hy’ | 


(K-1P? <(K+hyY <(kK-1P +landke?<(kK+hy<k + 
1 forh > 0 


y 


=> 1-2k<hW-2kh<2-2kand 0 <h’+ 2kh <1 forh>0° 
=> 1<(W-2kh+2k)<2andk>0;h>50° 
Fork=1,1<h?-2h+2<2 
1.e., 1 < (h— 1)? + 1 <2 which is true. 
Fork=2,1<h’-4h+4<2 
1.e., 1 < (h— 2)’ < 2 which is false as (h — 2)” € (3, 4) 
kz 2 => k=1 


= f(x)1s discontinuous us at all integers except for k = 1 


4. (d) fx) = (x43 
Let k € Zand k e€ {-2, -1, 0, 1, 2} 


;-2<x<2, 


l l 
kK) = lim || x+— |(k-1) =|| k+— |(K-1 

Ak) = Tim ( =| ( x 

; It 1 
Kk’) = lim [x43 = C +k and f(k) 

x—>k* 2 2 

= (4 + Al 
2 

For continuity at x =— 2, 
(- + $\(2) = (-2 + s\(2) : Which is true. 
For continuity at x = 2, 
(2 + 5 (2 - y = (2+ .) ; Which is false 


= f(x) is discontinuous at x = 2 
For continuity at— 1, 0, or 1 


~ (c) fx) = lim 


foo [od 


\(k — 1)| = |A => (k-l=+k 
> 2k=lie,k=1/2€EZ 
fix) 1s discontinuous at x =— 1, 0, 1, 2 
x" fA) + h(x) +1 


moo 2x" +3x4+3 
2 
g(1)= lim{] + énx}™ =e 
= tim f(x) = lim x" fC) + h(x) +1 _ “a 
rol (2x" +3x +3) 


m—>n 


=I) 


Also lim f(x)= = 


= f(1)=0, A(1) =-1 
2e(1) + 21) — A(1) = 2e? + 2(0) — (-1) = 2e? + 1 


- (c) AO) = 1, £0) = 2; KO") = 2 


= f(x) is nght continuous at x = 0, but left discontinuous 
atx = 0. 
Also f(x) has a jump discontinuity. 


IX 
tan—;x<l 
2 


7. (c) fx) = 4x-Llsx<2, 
: 5x22 
2-x 
fl = lim ne 
xl 2 
fi’) = lim @-1)=0 
xol* 
Kl) = 0 
= f(x) has an infinite discontinuity at x = | 
x°3x<0 
8. (a) fx) = 42;0<x<l 
in(x—1 
sin (x de 34 
(x1) 
KO ) = 0; f(0") = 2; KO) = 0 
=> f(x) is discontinuous at x = 0 having jump discontinuity 
atx=0. 
Also f(1 ) = 2, f11') = 1 and not defined at x = 1 
= f(x) has a jump discontinuity at x = 1 
9. (d) f(x) = |2 sin x | + 2 function is continuous 
10. (c) f(x) =sin £ 
x 
lim f(x) does not exist as it 1s not unique as it oscillates 
between — 1 and 1 1.e., having oscillatory discontinuity. 
- |x+2| 
11. (a ao eee x) = lim ————_ 
(@) 2) = him. 00) = lim = 
—2-h+2 
Sih fear ee 


no" tan”'(-2-h+2) 490° tan” (-h) 
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| —2+h+2| 
= {2*)= a x) = lim ————— = 
i2) 7 ho tan'(h) 
=> fix) has a ae discontinuity at x = — 2 having jump = 
1 —(-1)| = 


cosax—x°" sin(x- 1) 


2n+1 2n 


12. (a) fx) = lim 
a Lax Sx 


cos zx — x?" sin(x — 1) 


=> fdy)= oe 14 x2ntl _ 2m 
— 2n 1 — 
+ Aine fim OS sie 1) 
ean 1+x°"" -x 
<9 cosa(1+h)-(1+h)” sin(h) 
hoor 14(1 +h)" —(1+h)" 
= —costh—(1+h)” sinh 
hoot 


° 14(1+h)" (1+A-1) 
—cosah —(sinh)(1+h)” 7 
1+A(1+h)" 
13. (b) g(x) =tan ! [x|— cot ' Ix], 
fo = AL §33, nee) = eye) 


[x +1] 
Note that A(x) = |g(f(x))| is not defined for [x + 1] =0 
=> [x] #-li.e., x ¢ [-1, 0) 


Also h(0) = |g(f(0))| = |g(0)| = tan”! O- cot'O0=0- 


+ fh ie 
raat h(0*) = lim |g(ftx)) 
= lim |tan’ |{x)| — cot \f0x)|| 
x—0* 
= lim|tan” LPN gals Le] ——— {x} 
x—>0* [x + 1] ae 5 1] 
=|tar! 0-cot1 0|=|0- =|=— 
2 2 


> n(0)= -F hO") => 


= h(x) is discontinuous at x = 0 and h(0') = _ 


14. (b) fx) = im{ = 


el x" + sinx 
sin x 
x” —sin x” ; n 
fl) = lim eter ie lim —__+_ 
x>l\ x" +$1n x x1 sin x 
no n>o| J+ 
x” 
sinh 
(222= 
= h _i-l_, 
h—>0* sinh 141 
h 
1 sin x 
n : n — 
; x" —sinx n 1-0 
fi’) = lim ss = lim —__*+_ = —-=] 
xol*\ x" +s1nx x It sin x 1+ 
n—-0 n—-o0 1+ 
x" 


and f(1) =0 => f(x) has a finite discontinuity at x = 1 
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2 “. cos 2x € (0, 1) => {cos 2x} =cos 2x 
+ 
ls le {[x cd ee Z 2 cos? x 7 2sin? x V2 (|cosx|—|sinx|) 
15. (a) fx) = G -1}sensi cos 2x 7 (cos? x — sin’ x) 


0 »x=0 = v2 forx € (=.0) 
) 4 


cosx —sinx 
f(O ) = 0 and f(0') = 0 and f(0) = 0 ( 


=> x)) is not even. 
> fix) 1s continuous at x = 0 Keg )) 


h(0) = 1; 
x[x]’ logg,. 2;-1< x <0 h(0°) = Ee 9 er eae a 
16. (d) f~)= tn(e* +2 {3} aed ac - 
——___.——_;0<x<]l 
tanJ/x 0 4 2 7 


im => =]; 
x0" J1+x+V1-x 


AO) = lim x[x*]logy,,2 = lim xlogg,,,2=0, as 


tos Yolen, 23 
log, ,.) 2 is finite; h(O) = lim Ya Kg) 
tn(e* + 2/3) tn{e* + 2vx) if 2 
A0*) = lim | —-————— ] = _ lim | —-—_—— = inks) 
x0" tan /x x30° tan /x x0" 2 COS xX — SIN X 


Thus (0°) = h(0-) = h(0) = 1 


( 2xe* + = A(x) is continuous at x = 0 
1 


~ A) 2 oe 2 eee ak x, 
x30"! @* 42.) (sec? Vn) 5 | ee 
18. (b) f(x) = 41 5x =2; 


1 2.(2xVxe* +1) V6—x :2<x<3 


= kn | ————.—-_———_ 
r0'T e® 42/x sec? /x 
x 
f2) = lim —= lim x =2; 
oa Ea “ ae 
x0" 
AO) # lO") (2) = 1; f(2*) = lim V6-x=2 
a -) # f(O° x2" 
—> f(x) has an irremovable discontinuity at x =0. .. f(x) has a isolated point removable discontinuity . 
l 
ee ees 19. (c) f(x) = ———,x#2 
17 @) Gy eee: a (2)r2 
{x} 
7 = 1 2 l 
g(x) = cos 2x for — <x<0; K2) = lim ———_-= lim —————_,— 
4 x+(2)= (2—h)+(2)2-#-2 
I I 1 
se f(g (x));x <0 = 
V2 h—>0* (2 h)+ (2)"" y) 
h(x)= 51 ;x=0 1 1 
f(x) 3x>0 a 2 ere ee 
x+(2)2 (2+h)+(2h)s 
Domain function (-1, 1) — {0} J{x) can’t be continuous at x = 2 
Vl-x -vVl+<x 5 3 
x) = —— “x Ee(-1,1 log4,-3)(X° —2x+5);—<x<lorx>1 
me x} (=e) | a9. (@ sory = {ten Mg 
4 ee | 
-(vi+x-vi-x) 
a # fix) A) = lim log,,,-5 (x7 - 2x +5) = lim log,_,,(h’ +4) 
— xo hoo" 
Which does not exist uniquely. Also f(1') 
J1+ 41] = 
fig(x)) = —_ = hm log,.3 ie —2x+ 5) = lim log, 4, (a + 4) 


Which also does not exist uniquely. 


vl+cos2x -vl—cos2x -z ee Thus f(x) is discontinuous at x = 1 


{cos 2x} 2 Since f(1-) and (1*) does not exist. 
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TEXTUAL EXERCISE—2: (SUBJECTIVE) Ee ieee x] ( x? y" — cos x 
4, (a) fo) = bm >——__— = lim >—_——_— 
7 n—>0o 2n 1 n> 2" 
1. 2) =3(.2)+2=-4; (x?" +1) ((x") +1] 
f\-2") =f (2) =-4; | 
fly = f (1*) = fe) —cosx;x €(-1,1) 
=> /(x)is continuous every where in (—3, 2) expect at x =1 _ | 1-cosx at x= +1 
2. (a) *. f(x) 1s continuous at x = 0 : 
=> f0)= lim f(-h)= lim f(h) x’;x € R-(-1,1) 
=> f0)=— lim f(h)= lim f(h)=L ("fla is odd) Tere ee =e 
=> f0)=-L=L pe = Feed = f= 
=> f0)=L=0 => fix)is a beans at x = 7 
=> f0)=0 


(b) (i) f: R R; such that fx + y)=f(x)+fy)Vx,yeR | én(2 +x) - x "sin x | 


°O0<x<7/2 


A(x) is continuous at ‘a’ Dy (x + 1) 
=> lim f(at+h)= f(a) 
én(2+x)for0<x<1 
=> lim f(a)+ f()=f(@) ’ 
h>0 n3—sinl 
fix) = aa at x=1 


= lim f(/) =() 
—sinx for x>1 


Letx=k © R, then lim f(k +h) = lim(/(k) + f(A) => f-)=in3, fl) =-sin 1 


= lim f(k)+ lim fh) = fk) => f(x) is discontinuous at x = 1 
= f(x) is continuous at x =k ae afi cl 
f(x) is continuous V x € R 5. (a) (i) iim f(x)= lim atan =| 
(ii) As a special case of part (1), a = 0 concludes the result. ' 
=—a lim tar'(F )-3 ee 
[cos zx];x <1 h->0" 
3. f(x) = 
| 2x —3|[x-2];x >1 i 
lim f(x) = lim btan" (= )- b and f(4) = — 
1 atx=0 x4" h>0* 2 
0 for xe [0,5 .. For continuity at x = 4, ar = = => 
=> fx)= 2 => a=-l,b=1 
1 
—1 for ve(3a| \_ 4: = 
D) Also f(@) iim tan (3 aa 4 )-4 
|2x-—3|[x-2];x>1 
Also f(6') = = (= =| -4 = 76 
lat x=0 4 
Clearly f(x) is continuous for a=—1, b= 1 
0 for x (a | 
(1 — sin’ x) Wis 
-] for e(3.1| 3cos’ x y) 
2 1 
— ; (ii) f(x) = 4a ay 
—(2x —3)(-1) for x €| 1,— 
2 b(1-sin x) 4 
= 2 
(2x —3)(-1) for xe] 5.2] (7 - 2x) 
0 atx=2 : 1~sin’(4—) 
a 2 
| = ota) PE 
Clearly f(x) is discontinuous at x = 0, a 1.€., f(x) 1s 2 ead te: ( e = | 


continuous on [0, 2] — {05-2} 


I| 
= 
aE 
Qo 
+ 
f- oO’ 
— 
wo] | 
A 
“1 Q 
B16 
NLD 
Les) 
oe ine 
NY 
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(1 + cosh+ cos” h) 1 


“aot 3(1+cosh) 2" 


foun Coe") 
Fe 


h 
b] 2sin* — 
b(1 h ( 
= | ( cosh) _ |. a BA | al ae 
h>0* 4h h-0* Ah 8 2 
For continuity of function, a= —= > Sa= = =4 
(1+|sin x|)™ << 
(iii) fx) = 4b e6 
tan 2x r 
e tan3x 0<x<— 
6 


fO-) = lim (1+ (-sin.x))ans =e" 
x70" 
KO) = 6; 
tan 2x i (= 


Ko)= lim etan3x = gro = Sen 


For sear of f(x), e? = b = e*? 


2 
=> a=-,b=2% 


—3<x<—2 
(b) (i) f(x) = 46 xyoa2 
sin(x* - 16) 
- -2<x<0 
x +32 
a 1 
(x+2) _ ho 
j= tia | ot ear yoo 
x->(-2) ae hoot ; 
2 2-e 
1 
ek 
= lim — |=-4, 
hor = 
2e ? 
K-2) = b; 
sin (x* = 16) 
ft-2*) = lim 


=> =2=)>= Seo nn ees 
5 5 5 
. | vx + bx? —Vx 
sa f(0") = in| hx?” | 
2 
= lim zy 


eal 6 cad [Vx + bx? + Ve | 


| Vx 1 
= im ———~. = — 
x90" Jy |i + bx + 1] 2 
Forcontinuity off(x),a+2=c= = a= Sc = sb #0 
6. °.. f1s continuous function at a ER 
=> lim f (x) = f(a) and g is discontinuous function at ‘a’ 
= Following cases arise. 
Case (i): lim g(x) = lim = ¢ ¥ g(a) 
Case (ii): lim g(x) # lim g(x) (e., £ = 2 £,) 
x70" x—a™ 
Case (iii): limg(x) does not exist (1.e., infinite or not 
unique), then 
Case (i): (f+ g) (a) =fla)+ £, (f+ 2) (@) =f(@ + £, (f+ 8) 
(a) = fla) + g(a) # fla) + # 
Case (ii): (f+ g) (a) =€ + £ and (f+ g(a*) =f + £, 
> (f+ gae(ft+g)@)astz€, 


Case (iii): lim (f(x) + g(x)) does not exists as 
lim f(x) = @ and lim g(x) does not exists. 
Thus (f+ g) is discontinuous. 


7. Ax) = f(x) .fyY) Vx,ye R 


fis continuous at x = 1 


> limfdt+h=f) > lim(f+/)=fO 
=> lim f(h)=0 
Now, let x=aeR 
im Flam) =m s{ a+(1+4)) 
h->0 h->0 a 
= = limsas(i+ *). F(a). im [1+ 4 = f(a) fl) 
= f(a.1) = fla) 


=> f(x) is continuous ata € R 
=> f(x) is continuous Vx € R 
9mx;0<x<5 
8. f(x) = 5452+ 2(4)(x-5);5<x<10 
45m + 20x + 2(1)(x-10);10<x<15 
97x;0<x<5 


=> fix) = 4427x+257;5<x<10 
55z7+2x%10<x<15 
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2. (a) g(x) = ay and f(x) =—— 
=> fog(x)= a 
(| “e20) 
(x-1) l 


=> 5) = 45n, f5*) = 452, 5) = 45m and f(10>) = 65z, 


f(10*) = 652, f(10) = 652 
= f(x) is a continuous function. 


ab -] 
1+ |cosx |S" for na <x<(2n+l)— (— | 


9. fix) = ee’ x= (2n 41) 


—7 
cot 2x (ant)( — 


oad (2n+ 1) <x<(n+1)z fUy)= Ocn4) 16 


rT : ab (nt)( =) 
f (2n ar 5 = lim - (1+ | COS x |Jicos. = e: fl’) = 2 = Laren 
x—o(2n+2) > (1)(-2)(-4) 16 
#((2 % 1) a er, Also f (x) has infinite discontinuity at x = 0, 3, 5 and at 
x=(2ntl)2:neZ 
mr cot 2x a (=) 2 
In+1)— |= lim e%t8* = e. 2n+l}\ tan 2x 
i 2 | pee pr 4. (a), (b) f(x) a vx-|Vx | 5 D,= [0, 00) 
Case (i): For x € (kK, (k + 1));k eZ 
im Ssec? x8x 
_ tl 2 sec? x | = o => xE (k, k + 1) 
For continuity of f(x), e” =e. e? =e = | vx | =k 
=> ab=4,;a+b=4 
Ss) ae pets => fix)= Vx —k, which is continuous 
Case (ii): For x = k’ 
TEXTUAL EXERCISE-2: (OBJECTIVE) => flQ)=k-k=0 => fle? )=k-@&-1)=1 
> A(k" \=k-k= 0 
1. (c) f(x) = [x] sin a = f(x) is continuous at x = 0 and discontinuous at n’,n € N. 
x 


2 


fix) =k sin and f(k) = k sin ———;k#- 1 


ea) 1) ey 


= f(x) 1s continuous for x € (k,k + 1) 


For k # —1, and f(x) has domain R — [-1, 0) and (4 ) = 


rs rs 
k—1)sin —;k 4-1, ff) =k sin Kk) =k sin = _z* = 
ae AE) mi [EF ]-2s[F] =a, (=) --2 +6. 
at 


3 


5. (d) fx) = asinx+ bs Sx< 7 


1 
Ay a 


(k +1) - + 
7 |=a+b, f|2 | =0 
=> (x) is discontinuous at every integer expect for x = —1 f 2 ; 2 


2.168 > Continuity and Differentiability 


For continuity in the interval [—-2, m],-a+b=2,a+ 
b=0 
=> b=l1,a=-1 => (a, b)=(1, 1) 
6. (c) © fl) =f +A) when h > 0+ and f(3) = (3 — h) when 
h>0 
=> f(x) is continuous at x = 1 and at x = 3 and continuity in 
(1, 3) is obvious. 
= f(x) 1s continuous on [1, 3] 
7. (€) g(x) =x — [x]; A(x) = fig ()) = Ax — xD) = A}) 
=> f(x) 1s a periodic function with period 1 and f(0) = f{1) 
and f(x) is continuous on [0,1] 
= h(x) is continuous on R 


8. (c) f(x) =[sinx + cos x ]= sin( +s) 


‘4 
4 
7) ae an x 
| 2 
a 
1 for xe 0.2] U {27} 
0 forxe ae U TE 5, 
2 4 4 
= <-1 for e( 2,2] 
4 
—2 forxe == 
2 
—] for| 2277) 
2 4 
= f(x) 1s discontinuous at x = DOSE 2 TE 
2 4 2 4 
In(0, 2x); f(x) is discontinuous atx= <=, and 


1.e., at 5 points 


9. (c) f(x) = [2+ 3sin x] = 2 + [3 sin x] ; x € (0, 2) 


2 for0<x<sin” =) 
3 forsin™ Z <x<sin” (=| 
3 3 
. —] 2 . —] 
4 forsin a <x<sin 1 
= {Sat x=sin1=— 
2 
4 for <x <asin™ (=| 
2 3 
3forz —sin™ (=| <x<a-sin™ : 


2 forz sin” =) <xX<2 


= f(x)is discontinuous in (0, 7) at 
x= sin” +) sin (2) sin"), ~sin” Gi 
3 3 3 
be Sayre : 
a — sin 3 1.e., at 5 points 


x +x’ -16x +20 

See 
(x-2) 

k éx=2 


10. (c) fo) = 


x +x" —16x+20 

(x-2) 
See) ani es 
x2 (x-2) 


.. For continuity on R;k=7,a,beN 
=> @-bh=7 Ss 7 =14+0' 
=> a=4,b=3 


1. (b) x2 + (f(x) — 2)x— V3 f(x) + 2V3-3=0 
x? + (f(x) —2)x — V3 (f0) - 2) =3 
=> (f(x) -2) (x-V3)=3-x 
-(x=V3)(x+53) 
(x-v3) 


“. f(x) is continuous 
=> f(x) —-2 1s also continuous 


= s(08)-2- tye 


=> f(v3)=2(1-v3) 


in (0) = 


=> f(x)-2= 


3 


12. (c) fx) = 4a sl<x<V2 
2b* —4b 


2 
x 


-J2<x<0 


f= —3f')= af) =a 
f((v2) J=a.r{ (v2) ] =6~2b, f(V2) =0-2b 


For continuity in (0, 0), 


z =a;,b’—2b=a 

a 

@7@=1;b>-2b=a 

a=+1;b?—-2b+1 

a=+1;b°>-2b+1=0 

b*—2b + 1—2=0 for a= 1 and b?-— 2b +1 =0 for a=— 1 
(b- 1) =2 fora = 1 and (6- 1)? =0 fora=—- 1 
a=1,b=1+ V2 ,a=-1,b=1 


VUUUYY 


13. (d) f(x) = eon 


sinx forx <0 


Clearly f(x) is continuous for x < 1. 
Letx=keN, then lim f(x) =(k-1)+ Jk-(K-I)=k, 
lim =k+Vk-k=k; ftk) =k 
x—>k* 
=> f(x) is continuous atx=keN 
=> fay=k+ Va-k; f@) =k + Va-k; fay=k + 
a-k 
=> f(x) is continuous Vx e R 


14. (c) Given f(a) = 0 and f{x) is a continuous function . 


gD) IO) 2 38 
xa 2 f(x) xa 2 3f(x) y) 
3 


m2 f+ 8%) 


15. (d) lim ae 


= [ (say) 
heres te a OOOO 
no x” za | 9) 
Which exists uniquely as f(x) and g(x) are continuous 
functions. 


= | i =| _] 
Forx=—l, L= tim Co) SD + 8D 
no (-1)” ae | 
(-1)"= 1 for n = evenand 
—1 for n =odd 
= L does not exist uniquely. 


Pore 


= g(x) which is con- 
aoe x" +1 


tinuous V x € R. 


For |x| > 1 
a 
jp OMe ge 
no Eas | no 
ard 
which is also continuous V x « R 
= Limit does not exist for x =— 1 
_ fx3sxeQ 
16. (a) flx) = a , 
eee bi faeQ _ — | 
l-f(ix)f(e_Q [1-(U-x);x€Q 


=> foffx)=xVxe [0, 1] 
=> fof{x) is continuous V x € [0, 1] 


cos }fori sist 
g(x) = 2 


|x-1| for |x|>1 


—] 
(Ea ) tee 
log, |x| 
fn a for|x|=la>0,a#1 


x for |x|<1 


A A for |x|>1’ 


h(x) = 
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Clearly f-1) = 1, f-1) =-1 
=> f(x) 1s discontinuous at x =—1 


g(1-) = Coss = 0 = 9(1); g(1*) = 0; g(-1 =2 = g(-1); 


—1 
—1*) = cos—=0 
gC’) ; 


=> g(x) is discontinuous at x = — 1, 
1+t-1 
h(-1) = cau ie 
30" log, (-1-t) +0" log, (1+ 2) 
7 lim. = log, a =tna 
t>0° (= ina 
L+t ba 
h(-1) = Ina, 
1-t-1 = 
h(-1") = te ass pee — ee = 
130° log, (1-t) +30" log, (1-2) 
a re 


el ee }108, (-1) 


=> £=1,m=1,n=0 
=> (,m,n)=(1, 1, 0) 


x-3;x24 
4 
18. @ f= | iia and g(x) = 4x -x;1<x<4; 
oo fe 


Not that domain of y = f(x) . g(x) is [1, ©). 

Ca 4x +3) ea | 

(x? — x)(x? —4x +3);1< x<3 
G(x) = f(x) . g(x) = 
(x-4)(x? - x); 3<x<4 
(x-4)( 
( 


x-4)(x-3);x24 

x-1)(x-3);x= 

x- 1) (x- 3);1<x<3 

x- 1)(x- 4);3<x<4 
(x-3)(x-4);x24 

G(1) = 0; GU") = 0; G(3°) = 0; G3") = G3) =—- 6; GA) 

= 0; G(4) = G(4") = 0 


=> f(x).g(x) 1s discontinuous only at x = 3 1.e., exactly at 1 
point 


_ Jx( 
( 


x 


19. = —____ 
(c) fx) = ri Bae 


4x — x3 ae x’) =x(2 —x)(2 + x )=-x(x + 2) &—- 2) 
=> 4x—-x <0 forx (x + 2)x-2)>0 
=> xe(-2,0)U (0, 2) and 4x —x° > 0 for x € (-«, -2) U 
(0, 2) and 4x —x* =O atx=0,-2,2 
4 


3 for x € (—00,-2)U(0,2) 


=> fix)= 2 
_4=* for xe (-2,0)U(2,0) 


(4x -x°) 
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1 forx © (—w,-2) (0,2) 


» 


=> f(x)= ; 
—— for x €(-2,0)U(2,0) 
x 


=> y=f{x) is discontinuous at x = 0, — 2, 2 


2 
—itxe 
20. (d) fxy= 4% 721TH 
Cpe 
2 


x’ -1 
1) = lm —————_ =_ lim | ——- 
ft ) xolt x? —2(x—-1)-1 in) 
= im = =ooand f(l)= . 
xol*\ x — 2 


=> f(x) is discontinuous for x = | 


21. (d) For x € [1,3], 02+ 1) € [2, 10] 


= f(x) can be discontinuous at x = V1 ‘AD af3 “lA Pes V9 


ifkbe Vn; n& {1, 2,3, ....., 9}, then fr) = n; fk) = 


n+1,fk)=n+1 
= f(x) is discontinuous at V1,V2,./3, eee V8 i.e., at 8 


points 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. fc) = x3 — 3x — 5, f(0),f(5) = (5) (105) <0 


= There is at least one root in (0, 5) 
f(x) = 3x? -3 =3 @’-1) 

=> f(x)>0 forx € Cx, -1) U (1, ©) and f(x) < 0 for x € 
(-1, 1), A-1) =-1+3-5=-3; fl) =-7 
The graph of f(x) will be as shown below. 


Clearly f(x) = 0 has exactly one root in (0, 5) as well as 
in (1, 5) 
=> (a), (b) and (c) are true. 


2. fx)=x?4+ 3x-—5 


=> f(x) =3x°+3>0Vxe Rand f(0) =—5, f(5) = 135 
=> f(x) =0 has exactly one root in (0, 5) as f(x) is continu- 
ous and injective. 


Ds 


a ee 


- OG 
> (FQ) 


= £09=(5) ol }+(5) ola) +(5) 6g} 
fi 7 7 dy. 7 7 
=> f(x) is a decreasing function, also continuous 


=> f(x) =0 has exactly one root, Hence the given equation 
has exactly one solution . 


. f: (0, 1] > [9, 1] 


fis a continuous function from [0, 1] to [0, 1]. 
=> dx,,x, € [0, 1] such that f(x,) = 0, fx,) = 1. 
Let g(x) = f(x) —x 
=> g(x,)=flx,)—x,=0—-x, =—x, < 0 and g(x,) =flx,) - x, 
=l=x,>0 
Also, y =f{x), y =x being continuous function on [0, 1], 
(x) — x = g(x) also continuous, s.t 2g(x,) =—x, < 0 
g(x,) = 1—x,>0,x,, x, € [0, 1] 
= By intermediate value theorem g(x) = 0 for some x ¢€ [0, 
1] 1.¢., f(x) =x for some x € [0, 1] 
Ff [1, 3] — R is a continuous function and takes only ratio- 
nal values and f(2) = 10 


=> f(x) must be a constant function 
=> f(5/2)=10 


. fx) = (= —sin =) 3 
Xx 


f(-2) =-2+14+3=2, 
f(2)=2-14+3=4 
Clearly f(x) is a continuous function in [—2, 2]. 
= By intermediate theorem, f(x) will attain all values in 


between 2 and 4 and : e(2, 4). 


7. fle) =x + tx} + i]; 


8. y=f(x) = (1 + x’) sgn x = 40; 


2x forxeZ 
2[x]+1 for x¢Z 


Clearly f(x) is continuous for x « (kK—1, k) where k € Z 
as f(x) =2k-1V xe (k-1,h) 
fk) = 2(k-1) + 1=2k-1, 
Kk) = 2(K) + 1 = 2k +1, 
tk) = 2k 
“. f(x) is discontinuous at each integer point 1.e., at x = —2, 
—1,0, 2 
—(1+x*); x <0;y<-l 
x=0 
(l+x’); x>O;y>1 
=> AO) =—-1; f(D) = 0; (0°) = 1 


=> f(x)is discontinuous at x = 0 


10. 


—Jj-l-y ;y<-l 


> x= 90 sy=0 
y-l sy>l 
—Jl-x 3x<-l 
=> f'(x)= +0 -x=0 
x-1 j5sx>l1 


= f(x) is continuous for x <—1, for x > 1 and at x =0 
(isolated point continuity) (as there exists no neighbor- 
hood of x = 0). 


Hence f~ (x) is continuous in its domain. 


. g: (a, b] > [a, 5] 


Let x,, x, € [a, b] such that g(x,) = a, g(x,) = b, then f(x) = 

g(x) - x 

=>: fx) = ee) =x, = @—x, = 0 and fx.) = 20,) =x, = 
b-x,20 

= f(x) is continuous and hence will attain all values from 
Ax,) to flx,) 1e., at some x €[a, 5] 
K(x) = 0 


=> g(x)=x or g(c)=c for some c é [a,b] 


(a) Ax + y) =f) +f) Vx,yeER 
For x = y = 0, f(0) = f(0) + f(0) 


=> f(0)=90 sae) 
Now, f(x) is continuous at x = 0 
> lim fix) = f(0) = 0 (2) 


Let a € R, then lim f(x) = lim f(a + h) 
= lim (fla) +h) 
[Ax + =f) +f) V x,y € RI 
= fla) + lim Sth) 
= f(a) + 0= fla) ...... (By (2)) 
lim fx) = fla) 
=> f(x) is continuous ata Va eR 
(b) fixy) =fx) fy) Vy eR 
Forx=y=1,fl)=(F CO) 
=> fll)=1 as f(\1) £0 (given) 
Since f(x) is continuous at x = 1, 
> lim f(x) = fll) = 1 ve(l) 


Now fora € R andaz0 


lim f(x)=lim f(a+h)=lim nce 4) 
xa h-0 h->0 a 


= lim f(a). s( +4) 
h->0 a 
= fla). lim i 4) = fla). lim f(x) 
h-0 a hol 
=Ka). J) (.” of (1)) 
= f(a).1 = fla) 


Thus lim f(x) = f(a) V a e R-— {0} 
=> f(x) is continuous V x e R— {0} 


11. 


12. 


13. 
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Consider a function g(x) = f [ +5) — f(x) ...(1) 


As f(x) is continuous on [0, 1] 


‘ie ~1 1 
=> f|x+—] is continuous on | —,— 
2 29 


eaten I 
=> g(x) is continuous on is 


Now, 9(0) = (5) — 0) = k (say) and e{5]=70 


“(.)- 


As f(0) =U) => 9(0). (5 | =-k’<0 


= By in intermediate there g(x) = 0 has at least one root 
in 0,5 ; 
z 1 
=> g(c)=0 forsomec e | 
= s(e+s | = f(c) for some c € 0.5 
f(x) = x8 — 3x? -4x + 12 
f(x) , 
h(x)= x-—3 ; 
k,x=3 
(a) f(x) =x? — 3x’ -4x +12 
= x°(x — 3) — 4(x - 3) 


= (x + 2) &#-2) @-3) 
= Zeros of f(x) are —2, 2 and 3 


x3 


Oy iim sin = ta 6S). See 
x3 x3 (x = 3) x33 


5 andh (3) =k 
For continuity atx =3,k=5 


oe cc. 
53433 

h(-x) = (-x + 2) (-x- 2) forx #3 

= (x + 2) (x— 2) = AQ) 

h(3) =5, h (-3) = (-3 +2) 3 -2)=5 

Thus h —x)=hA(x) Vx Ee R 

= A(x) is an even function . 


3x+7 
(4) fa) > —_ 
(x —2)(x-3) 
Continuous V x eR — {2, 3} 
l x? 
b) fx) = —_--— 
0) SW) = 5 
2 
Se ee es 
x-1 2 
l x? 
=> f(x)= ——forx <0,#-l 
—x— 2 


Not defined at x =+1 


2.172 >» Continuity and Differentiability 


=> f(x) is continuous on R — {-l, 1} 
Vx’ +1 
(c) fx) = —_,- 


1+sin? x 


Continuous V x « Ras Vx’ +1 and (1 + sin’ x) are 


continuous Vx « Rand1+sin?x¥O0VxeER. 
(d) f(x) = tan( =| not defined where > (2n + 1) neZ 


orx=(2n+1)a;neZ 
=> f(x) is continuous on R —- {2n+ 1)a;neZ} 


(x+1)-1 ‘ (2x+1)-(x+]1) 
(x +1) (x +1)(2x +1) 


(2x+1)3x+1) 


( 1 ( 1 1 1 1 

=| ——— |+| ———-—— |+——_ —-——_ = 1 

x+1 x+1 2x41 2x+1 2x+1 
and f(0) = 0 

=> f(x) is discontinuous at x = 0 


14. f(x)= 


aa) «2 

x? +nxsin? zx xsin’? rx x 

15. f(x) =lm Se Se 
n>0 14+ nsin*> 2x 


sin?zx sinzx 


lim af (x)= lim 


aa and /(0) is not defined 
x>0Sinzx 7 


x 
Next, lim f (x)= lim =+0 
x>-1 $in 2X 


= f(x) is discontinuous at x = 0 and x =—- 1 


16. f(x) = {x} and g(x) = [x] 
(a) A(x) = f(x) . a(x) = ix} [x] 
=> him h(x)= lim {x} [x] =(1) (0) =0 and lim h(x)= lim 


{x} [x] = (0) (1) = 0 
AQ) = {1j[1] = 0 


= A(x) is continuous at x = 1 
lim A(x)= lim {x} [x] = (1) Q) = 1, lim A(x) = lim 
x32 x32 x27 x27 


{x}[x] = (0) (2) = 0. 
= h(x) 1s discontinuous at x = 2 
(b) A(x) =fix) + g(x) 
= {x} + [x] = 
Which is continuous at x = 1 
(c) A(x) =flx) — g(x) 
= {x} — [x] 
=x — [x] — [x] =x -2 [x] 
hl) =1-2(0)=1, 
A(*)=1-2 0)=- 
=> Discontinuous at x = 1. 


(d) A(x)=g@)+ Jf) 
=> A(x)=[x]+ Jot 


= A(1)=0+¥V1 =1,A(1')=14+V0=1,40)=1+V0=1 
‘.. h(x) 1s continuous at x = 1 and (2) = 1+ w= = 2, h(2*) 


=2+ J0=2,h(2)=2+ VO =2 


= h(x) 1s continuous at x = 2. 


; for sin mx + 0 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. (c) f(x) = sgn (x) and g(x) =x @’- 5x +6) 
—1 for g(x) <0 
Kg(x)) = sgn = 4 Ofor g(x) =0 
1 for g(x)>0 
—1 for x € (—~,0)U (2,3) 
= 10 at x=0,2,3 
1 for x € (0,2) UG,~«) 


Clearly f(g(x)) is discontinuous at x = 0, 2 and 3 i.e., at 
exactly 3 points. 


1 l 


* OY" Try 2) GF DE-D 


ee ] 
=> ys discontinuous at t= | and — 2 1.¢., at a 1 and 
x— 
l 


aa = —2 and y is not defined at x = 1 
x-—- 


l ae 
=> x= 2: = 1 are 3 points of discontinuities. 


3. (b) The given equation is 2 tan x + 5x-2=0 

=> 2tanx=-5x+2 
Let f(x) = 2 tan x, g(x) =—5x + 2 

=> f(x) =2sec’ x, g(x) =-5 

=> fix) is T and g (x) is T and both are continuous functions 
with range (—00, 00) and domain (—o, 00) 

= Both will intersect exactly once 
For x <0, 2 tanx<0,-—5x+2>0 
Atx=— ri ;2tanx=2 and—5x+2= +2 => x3, 144+2 


=-1.9 


/ | 


Thus 2 tan x + 5x —2 =0 has exactly one root in [0, 77/4] 
4. (a), (b), (c) 

fc) = [x] + Jx-[x] 

Let x =k € Z, then fk) = (k-1) + Jk-(kK-1) 

=(kK-1)+1=k;3 fk) =k+ Jk-(k-) =k+0=k 

Also fk) = [kK] + Vk-k =k 


= f(x) is continuous at every integer point x. 
Further, letx €¢ (k,k +1);k eZ 


Continuity and Differentiability < 2.173 


=> focy=k+ Jkok =k etnx.5\ 7) (x—2)(x—5) 


D=(0,0)- {34 and f(x) = 


=> f@)ak+ Vk-k =k (2x —3)(x-4) 
=> fx=k+ vk-k =k f(x) is discontinuous at x = 0 as f(0") 
Thus f(x) is continuous at x ¢ Z i.e., f(x) is a continuous = Oe) =-—o 1.e., having infinite discontinuity. 
function on R 12 : 
Ix] Also f(x) is discontinuous at x = — and 
5. (c) f(x) = [x] cos ( Js 2 


Letx =k € Z, then f(k) = (k— 1) cos 2 = 00 j.e.. infinite 


yo | cine 


2k-1 (0° )(-4) 
Ae) = &) cos ( ) Js = discontinuity 
k-1 But f(x) is continuous in (0.5) 
fk) =k 0s ( Jz =o 2 
= Range of f(x) = (4, 0) 
=> f(x) is continuous at all integer points. =. go gl Pw ? 
Letxe (kjk +1); k eZ 9. (c) f(x) = tan ise —tan' x 
=> f(x) =k cos (25=t wand for) = kos (75+). eae 
———* 
i] 1l-x 


fix) =k cos 


—] tan” ara 

} 1+ *) 
l-x 

=> f(x) is continuous Vx e R 


6. (d) f(x) = (|x — 1| + |x — 2| + cos x); 


Clearly f(x) being the sum of continuous functions is il x 
also continuous. —7+tan'| 1=* _ |forx>1 
1+ ; + *) i 
Pe ee l-x 
7. (d) ffx) = 4 1l+x ; 
Peace de 
1 jx=-l tan' (1)for x <1 4 for x <1 


alae ee = Not defined atx =1 = 4 Not defined atx <1 
=> f[2x]) = 4 14+[2x] ° —7 + tan™'(1)forx >1 32 
—— forx>l 
1 ;[2x]=-1 4 
na —-3n 
— — => Range of = <—,——_ 
1 xT els ge of f(x) = (4. A 
1+[2x] 2 
; = 10. (d) f(x) = ee ee Fee lim(1+ a)" 
lsxe re (n(x? +e) Jie wie age 
For [2x] <0 Le ee => fn’te)21 
= :.2x <0 > x<0 => 0< — —~<!1VxeER 
1 tn(x? +e) 
1 for x<— 
=> A(2x)) = ; l ——— for +0 
1 = poy | 0) and fx) = 4 
0 for x= — én(x +e) 
y) 2 for 0 


=> f([2x]) is continuous at x =—1, x = 0, discontinuous at x => Range f(x) = (0, 1) U 12} 
= 1/2 11. (c) Ax) = cot" log, , (x* — 2x? + 3) 
tnx 5°?) (x? ~1x +10) Disc. of (x* — 2x? + 3) =-8 <0 
——— SSS =: DS R and log, , (x* — 2x’ + 3) 
2x° -—11x+12 ='log,, (GA Dee 
4 => f(x) € [cot ' (1), cot ' (-cc)) 


R= 3a 
Also {£n x is defined for x > 0 cdi: aa (I 


8. (a) f(x) = 


2x7-11lx+12=0 > x= 


No | Leo 


2.174 >» Continuity and Differentiability 


12. (a), (b), (€), (d) 1 
Ax) = [el] — Ex iS OI@O=Gra aoa 
Letx=ke Zandk>0O én| x 3x+3| 
> k21 : —3 3 
=> fk) =(k-1)-(k-1)=0, (x°— 3x +3) e (>) =|.) 
=> fk’) = ( - (= 0, = k- k= 0, aera 
=> f(x) is continuous at all + ve integers. re 
Ifx=ke Zandk<-1 é me ~ 
= fll) =(K)- (k- 1) ==1, est 
= Eh = 1) Seay SH 1; = —K — (-k) = ae tx=lor2,f/ (x)= —~ 0 
KE) = (-k- 1) - C4) = -1; fl) = -k — (hk) = 0 Atx=1 or2, f(x) 
= f(x) is discontinuous at —ve integers. Enl 
f0O)=0-1=-1,f0)=0-0=0. = f(x) 1s discontinuous at Exactly 2 points 
=> f(x) is discontinuous at x = 0 7 
Letx e (k-1,k;k € Zandk<0 16. (c) fix) = ae 
=> fix)=[4]-|kK-l=CA)-(CA+ I) =-I, 
=> fe) =) -|k- 1] =CA)- CA + I) = -1, fx) =-1 2 2 _2+x 7 
=> f(x) is continuous at x V Z and Range = {0, —1} IIe) 5 +( 2 nae SPs 
13. (c) f(x) = [3 +4 sin x]; x € [0, 27] 2+x 
= 3 + [4 sin x] which is discontinuous for which (4 sin 
2 64+2x 
x) iS an integer => {UU @))= nae ee 
> Asinx=+4,+3,+2,+1,0 2+(7**) nae 
1 1 => x#- 8/3 3+x 
=> sinx=+1, a7 a = f(x) is discontinuous at x =— 2, -3 , — 8/3 
17. (a) fx) = lim—S"* _ = tim ——*8™* 


3 (Zeosx)” 3 +4) (008) 


For x = mm; cos? x =1, sin x =0 


; 0 
Hae ae 
ORO 
For x # mn; cos”? x €[0, 1) 
ie ete Co 
° 7 (3)" +(4)"(cos” x 
5A | =34+(4)=-1Lys *2) <0, rear) 
fine = 2 
3a n—>00 h 4 i 
= ee 3 
(=) as ee (3) (5) 


f(2a )=3 + (-1) = 2, f2n) =3 


18. (d) fx) = ner ae 0 


— 1 
=> f(x) is discontinuous atx=1,x=a+sin'|—|,2+sin! 
sinx ;x<0 


G ,m + sin! =) , 21 — sin! =) , 2m — sin! (+ ; Letk e N, then f(k) =k + Vk-k =k, 
Kk) = (k-l) + Sk-(kK-D) =k 
2m — sin’ 2) 27 i.e., at 8 points. 
4 Kk) =k + Vk-k=k 
1 = f(x) is continuous at each +ve integer point. 
14. (c) fix) = aie ;D.= R — {0} KO) = 0; (0°) = 0; f(0) = 0 
1 1 Also f(x) is continuous V x < 0 
Let k Z; fk) = and kt) = _ 
| . Kk) aa ora KE) Now let x € (k—1,4);k EN, then 
aay 7A fer )=(k-1) + f= (K=1), fo’) = K-1)+ Je- =D, 
=> ftx) is discontinuous at all integers i.e., at infinitely Kx) = (kN) + yx-(K-)), 


many points. => f(x) is continuous V x « R 


(1—sgnx).sgnx;x <1 


19. (@),()Ax)=) 1 
1-2 sx>1 
—2ifx <0 
= <0if0<1 
l 
tog"? x >1 


Clearly f(x) is discontinuous at x = 0, let us examine for 
discontinuity at x = 1 


f(D =f) = 0; f>) = lim = = lim 


>I ]—e"- h—>0* ae 


lim ——————_~ = 1 


h-0* I e 
l-e’e 


= f(x) 1s discontinuous at x = 1 


stig 


l4x—x°| | x|]4—x?| 


= f(x) is not defined at x = 0, +2 
ipa So 
5 ROS 


+ for4—x? <0 
|| 


Hs pe SueesD 
x 


= for 0<x<2or-w<x<-2 


= f(x) is discontinuous at exactly three points, x = —2, x = 
0 and x = 2. 


TEXTUAL EXERCISE—4: ( SUBJECTIVE) 


xsin(log x"); x # Oatx=0 
0 ;x=0 


0) = 0 and lim f(x) = lim xsin(log x’ ) = 0 as sin (log x’) 
oscillates in between —1 and 1. 
=> f(x) is continuous V x € R. 


Pein lOO 
x90 x —0 
= lim sin (log x”) which does not exist uniquely. 
Thus f(x) is not differentiable at x = 0 
2. (a) f(x) = |x - 1| + |x —3| 
—2x +4 for x<1 
=> fx) = 52 for 1<x<3 
2x —4 for x 23 
. f(x)=2 forl<x<3 


> f()=90VxeEU,3) >f2)=0 


Continuity and Differentiability < 2.175 


(b) f(x) = Fixe 0 1) 


2 
=> f2)= 229 ¢(9*) = 2-1 and f2) = == 1 
~=2,f(2")=5=1 ; 
=> f(x) 1s discontinuous at x = 2 
=> f' (2) does not exist. 
Jx—1], 
3. fx) = 45 x-l1 ‘ 
x=) 
f )=-1,f0") = 1, 1) = 0 


=> f(x) is discontinuous at x = 1 and hence non-differentia- 


x41 


ble at x = 1 
—] for x <1 
f(x) = 40 at x=1 
1 for x >1 


= f(x) has horizontal tangent at x < 1 and x > 1 and vertical 
tangent at x = 1 


4. f(x) = |sin x — cos | 


[E]- (sin — cos) =] 


ie 
=> f(x) is continuous at x = zs 


“ flr) = (sin x ~ cos x) for = <x<== 


=> f(x)=cosx + sin x for Fcx<t 


— r(3}- cos + sin =1 
2 Z Z 


P — ja[x],0sx<2 
» fe) yx 2x <3 


AY) = 0; fA) = 1 AW) = 1 
=> f(x) is discontinuous at x = 1 


K2) = 2, f(2) = 2,2) = 2 


=> f(x) 1s continuous at x = 2 
0;0<x<]1 
fix) = 4x;1lSx<2 
x -x 32<x<3 


0;0<x<]l 
=> f(x)=415;l<x<2 
2x-1;2<x<3 


=> (2)=1;fA2)=2(2)-1=3 
= f(x) is non—differentiable at x = 1 and x = 2 


2.176 > Continuity and Differentiability 


(x)’ cos =f #0 


6. f(x) = 
0 ;x=0 
(i) For continuity at x = 0; 
KO) = 0 = flO") 
= lim (x)’ cos ~) = lim x? cos{ +) =0 
x0" x x0* ~ 
=> p>d0 


(ii) For differentiable at x = 0 


km LO-LO_ 5 [ED-FO 
x—0* r=) x—0* —Xx 
1 1 
(x)? cos( +) (-x)’ (-) 
= lim ———\*“= lim 2 
x30° x x30° —x 


=> lim(x)’” cos(4) = lim (-x)”" (=| =0 


x30" x 


For existence of limit uniquely, p — 1 > 0 
> p>l 


(x- ly’ vol |x|;x #1 
—|; x=] 
lim f (x) = in| 1) vol | x | 


= (0-1)=- 1 and f(1) =- 1 
=> f(x) is continuous at x = 1. 


oe l 
f@-f) _ (x-1) sin{ 1] -x41 
(x1) 


7. fix) = 


POM ay (x = 1) xol* 


=Q-1=-1 


(x-1) in| ty eae 
(DS 


miei a 

x1 (x — 1) x1 

=—] 

Thus L.H.D = R.H.D =- 1 

= f(x) is differentiable at x = 1 


8. f(x) =a |sin x| + be"! + clxP 
KO) = b, AO") = b= f0) 


Thus f(x) is continuous x = 0 


= I ae 
LHD-= lim 2) f(0) _ lim 2 Sin | +8¢ +c|x| -b 
x70" x-—O x70" x 
_ -asinx+be™* —cx’ —b 
= io AAA 
x70" x 
—acosx— be™* —c(3x") 
= km ——_—H—— 
x07 ] 
=> -a-b=0 > at+b=0 (i) 


: x)-— f(0 _ alsinx|+be"!+ce|xP-b 
erp elim LO- LO _ jig @lsinx | +be" +0 
x30" x-—O x0* x 
2p asinx + be* +cx° —b he acos x + be® + 3cx? 
x—0* x x—0* | 


=> at+b=0 .. (il) 
K(x) will be differentiable atx =0 for a+b=0,ceR 
1 
x’sin—; x40 
9. f(x) = x 
0; x=0 
SO) = 0") = (0) = 0 


=> f(x) is continuous at x = 0 


1 
x’ sin— 
een Fone ce eee J 0 
x30" x- 0 x30 xX 
x ae —0 
R.HD = lim Az ee A lim ——_*— = 0 


x—0* x-—O x0* x 


= f(x) is differentiable at x = 0 and f(x) 


= x (5 Joos + Dein for x #0 
x x x 


x 
= lim f'(x) does not exist uniquely . 


] . | 
=> f(x)= {reo + 2sinx4 for x #0 
x 


= Derivate function /'(x) is not continuous at x = 0 
Hence the differentiable of a function not necessarily of 
implies continuity of its derivate function. 


10. Let f(x) = be an even derivate function 


“> fle) = tim LE*D=L) gg LED = $0) 
g(x) (say) 
> ghox)= fig LE ICD _ iy SE-W- M9 


(As f is even function) 


= ~ fig SEAL 209 


=> g(x) =/ (x) is an odd function. 
11. Let f(x) be an even function and /(0) exists. 


f(0)= lim A 
= tin LON HO @ 
= lim Z— (.. fis even) 
: ( fim LO mi} Oo 
h—>0* h 
> 2f(0)=0 => f(0)=0 


l/ -l/ 
a*-a 


12. Kx) = ao eile 4+qius ? 
0 ,x=0 
Case (i): 0<a< 1 


re 
> where a > 0 


a (= 
iim = lim a) 
noir ee l+a” =<, |-0 7 


Case (ii): 1 <a<o 


iim f(x)= ue 
& t)-0 (e—\=« 
0+1 


l-a’"* 1-0 
lim f(x)= = iim Xx. (ee) = (=) =0 
S(O) = f(0") = (9) = 0 


= f(x) is continuous at x = 0 


f'(0) = lim 
h>0* 


lim f(x)= im x. 


mh) | a 


£O= LO) — tin ata" 


hoo @q +a 


f(0')= lim 


h>0* 


2th 
Fora>1,= lim (ee )=1 
h>0* 
=> fO)4#fO) 


=> f(x) is not differentiable at x = 0 


For 0<a<1,= (2 t)=-1 


l l 
Fae 
13. fo) = 4H! ; 
ax’ +bx+ce3|x\<— 
2 
ee ne Oe ees 
2 2 
1 —] 
=> fix)= 4—3xs—orx21 
[x if 2 


Not defined for <x<l 


Continuity at x = 1 
=> fl') =f) which is true 
Continuity at x = — 1/2 


LG ie £O) _ 5, A) a - 
‘ha 


15. f(x)= 
=> fix) = g(x) forx > 0 and f(x) =—- g(x) forx <0 


Continuity and Differentiability < 2.177 


a b 
—_] = —-—+¢ 
4 2 


a-2b+4c=-4 i) 


ay ee 
Also f(x) = ; 2 
0 for x<—orx>1xeZ 


Differentiability at x = 1 
f(1°) exists finitely which 1s true as it is 0. 


Differentiability at x = > 


=-atb => a=b 
From (1), -a + 4c =-—4 
4c=a-4 


(a,b,c) € {[ss—} = R| 


0 ;x=e 
(2 a 
lim = lim ¢(2)""= lim ~~— 
x>e*  —t07 >o 1/t 
l/t z 4 7 ¢ 4 
Sig iO apg a 
to0° 1/f ZO 7 z—>00 


! =i 2)) =lm~—~— 
im f(x) “— )( ) at 1/t 

ae es (a) 
L.H.L#R.H.L 


= f(x) 1s discontinuous and hence non-differentiable at x = e 


*8C) | 9(0) = (0) =0 
x 


lim f(x) = lim— g(x) =- lim g(x) ... (1) 
x0" x0" x0" 
And lim f(x) = lim g(x) ii) 
x30" x0" 


g2'(0) exists 


= g(x) is continuous at x = 0 


lim f(x) = lim f(x)= f(0)=0 —__ ['- of @) and (ii)] 
Now lim POET lim I(x) = lim &(x) 
x0" x x0 x x30" =X 


80-20) _ 90") -0and 


see 


2.178 > Continuity and Differentiability 


jie OO) iO) ogy 2) ogy ao 
Xx 


x30" x x30" 
=> f(0)=0 
16. V x © [0, ©); when x > 0, 1 + |x|"> 1 


=> flO) =f) =0=f0) 


=> f(x) is continuous at x = 0 


x70) Xx 


Now L.H.D = lim IOI) = lim =o and 
x30" x- 0 x30" 1+ | x |" 
RES te Os ps 
x 307 x- @) x20* J+ | x ke 


Clearly L.H.D and R.H.D are equal and finite V x € [0, 00) 


= f(x) is differentiable at x = 0 
17. Clearly k is non- negative. 


lim f(x)= lim c+|x-5b| 
(b+k) 


x>(b-ky- x> 
(2 x<b-k=>x-b<-k<0>|x-b|xk) 
=c+ |b-k-—b|=c+kand 


lim 
x—(b-k)* 


lim = 
x—>(b-k)* 


(ky (“x >b-k=>x-b>-k>|x-b|<k) 


(a+(x-b) )=a+(k*) and fb- k= at 


For continuity atx=b-k,a+k=ct+k (1) 


f(x)- f(6-k) 
x-(b-k) 


= Lim —- A = 

eth Ey 
= lm (-b)-k=-2k 
x—>(b-k)* 


I (x)- f(6—-k) 


; 
by x—(b-k) 


x>(b-k)y 


L.H.D = 


c+|x—b|-(a+k’) 
x—(b-k) 


7 x>(b-k)y 
c+|x-—b|-c-k 
x-(b-k) 

—x+b—-—k 
= lim ——~= 

x(o-ky x —(b-k) 
For differentiable at x = b — k, -2k =—1 

l 


=> — 
2 


= lim 


x>(b-k) 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


1. (b) y=|x— al +|x— OI, 


x—>(b-k)' 


(x—b) —k? 


(x-b)+k 


=> a-c=k-k= = (using (i) 


fix) being the sum of two continuous is also continuous 


at x =a, b. (Let a< b) 


—x+a-—x+bforx<a —2x+a+bforx<a 


fx) = )%¥-4-x+6 fora<x<b= 4-a+bforasx<b 
x-a+x—bforx>b 2x-—a-—b forx2b 

—2 forx<a 

=> f(x) = 40 fora<x<b 


2 for x >b 
= f(x) is non-differentiable at x = a and atx =b 
2. (d) f(x) = ||x -— 1]-1]+ 1 
— ||-x+1-1|+lforx <1 
7 abr rte 
_ ||-x|+1 for x<1 
ss etaechaens 
—x+1 for x<0 
x+1 forO<x<1 
—x+3 forl<sx<2 
x-—lfor x22 


—1 for x <0 
fo) 1 for0<x<1 
=> f@x~= 
—1 forl<x<2 
1 for x>2 
= f(x) 1s non-differentiable at x = 0, x = 1 and x =2 
ie., at (0, 1), C1, 2), (2, 1) 
3. (c) f(x) =sin |x| — e” 
Both sin |x| and e”' being continuous 
=> f(x) 1s also a continuous function. 


—sinx—e” forx <0 
Kx) = 


sinx —e’ forx>0 


—cosx+e forx <0 
=> f(x)= 


cosx—e’ forx>0 


=> AO) = KO) =—1, f(O) = 0, f(0") = 0 
=> f(x) is differentiable at x = 0 


4. (d) fix) = |Max. {x’ — 2, x}| = |g@)| 
The graph of g(x) is as shown below. 


Y=X 


The graph of f(x) = |g(x)| 1s as shown below. 


Continuity and Differentiability < 2.179 


HOT I900) 


Clearly f(x) is non-differentiable at x = x,, x =x,, x = 0 (ori- 
gin), x = x, i.e., at 4 points. 


sia 5x <0 \ > 
amy #0 eee 3 
5. (c) fx) = 4 |x| = 3x >0 yAe4K 
1:x=0 ; = =f Clearly f(x) has 2 point of non-differentiability. 


9. (c) y= Max. fe", £n |x|} 
The graph of above function is as shown below. 


f(0) =—I; for (0°) = 1, f(0) = 1 
= f(x) is discontinuous and hence non-differentiable at x 


=(). 
ba da Sx ia 
6. (b) f(x) = sin'(sin x ) = 2 2 
a 37 
=e 
2 2 
Graphically shown below. 
=> f(x) 1s non-differentiable only at 1 values of x corre- 
sponding to points A. 
xX 
tan'x:-l<x<l 
tan” x ;|x|<1 1 
10. (d) fx) = 41 = —(-x-1);x<-l 
. —(|x|-1);|x|>1 2 
Clearly f(x) is non-differentiable at x = 1/2 Z 1 
ric —1);x>1 


7. (a) f(x) = [x] sin mx 
= f(x) is discontinuous as well as non-differentiable at x = 


f(k-h)— fk) =l,4 


ee. oe —h = Domain of derivate of function is R — {-1, 1} 
ected data 11. (@) fe) - AIS |x—y Ps MEN., 
h->0* —h 7) = 
| . xy | =IO)) ps 
_ yn (E-A)(-1) a tin C1) (k= Nsin wh x—y | 
h->0* _ ho0* = n 
= im{ L=L0 <lim(x- y) 
=(- lyin (k-1) xy Bead xy 
8. (a) fix) = Max. {9 — 4x, 2x7 +3, 4x + 1} => /O)|<sOVyeER 
g(x) = 2x? + 3 > f~)=90VyeERor fWM=0VxeER 
=> g'(x) = 4x and 2x°+3=4x + 1 er re, 
=> 2x*-44+2=0 12. (d) y= |cos x| = ‘ae oe 
=> («-1y=0 . ae 
=> y=2x’+3 and y= 4x + 1 touch each other at x = 1. NE ele aid 0 
sinx;cosx <0 


The graph of f(x) will be as shown below. 


2.180 > Continuity and Differentiability 


13. 


14. 


15. 


, | cos x | 
SS. 4 = 4 sing) 
COs x 


=> y'=-|cos x|. tan x 
(b) fx) = [I] x— 141] -1| 
|-—x-1| for x <0 
— {llx-2|-1|forx>1 — ||x-1|)for0<x<1 
| 7 |—x+2-1]|forlsx<2 
|x-—3|forx22 


|| —x|—-1| forx <1 


—x—-1forx<-l 
x+1 for-l<x<0O 
—x+1 for 0<x<1l 
x-lforl<x<2 
—x+3 for2<x<3 
x-3 for x23 


=> f(x) is continuous V x e R 
—1 for x<-l 
lfor -l<x<0 
_ |-l for0<x<1 
= aye 1 forl<x<2 
—lfor2<x<3 
1 for x >3 
= f(x) is non-differentiable at x =—1, 0, 2,3 
(d) x) = 1 be 
Fx)) = 1 — [feo)| 
_ [1+ f(x)for f(x) <0 — [2-|x| for 1-|x|<0 
7 ie for f(x)>0- ieee 
2+ xfor x<-1 
—x for-l<x<0 
x forO<x<l 


2-—x forx>1 


1 for x <-l 
—l for -l<x<0 
1 for0<x<l 


=> f(x) = 


—lfor x >1 
= f(x) is non-differentiable at x =— 1, 0, 1 Le., at 3 points 


(a) 
F(x) for f(x) 2 0 
ror=| 
— f (x) for f(x) <0 
Let fx) = 0 atx = and f(x) <0 forx « (€-8, f)5 9 0 
fix) > 0 for x € (€, £ +e), € > 0", then g(x) = |Ax)| = 
f(x) forx e[2, 2+ €) 
— f (x) forx e(£-6,£) 
=> gf) =f(l) =f) = 0 and a(f) = f(€*) = KE) = 0 
As f(x) is continuous at x = 
=> g(x) = |fx)| 1s continues function. 


Option (b) is false (from figure) 


16. 


Option (d) is false (from figure) 


bby 
a 7 ” (k, b) 
ee YY 


x px 


(d) (a) f(x) = cos (|x|) + |x| 
_ |cosx— xforx <0 
cosx+xforx>0 


—sinx —lforx <0 


= f= | 


fix) is non-differentiable x = 0 


—sinx+lforx >0 


(b) g(x) =cos (|x|) — |x| is non-differentiable as in case (a) 
—sinx—xforx <0 


(c) A(x) = sin ([x]) + |x] = 


sinx+x forx>0 


—cosx—lforx <0 
=> h'(x)= 


—cosx+1 for x >0 
= h(x) 1s non-differentiable at x = 0 
—sinx + xforx <0 


(d) A(x) = sin (|x|) — |x| = 


sinx—xforx >0 


—cosx+lforx <0 


> kKx= 
cosx—1 forx >0 
= k(x) is differentiable at x = 0 


. (b) fx) = [tan’ x] 


lim f(x)= lim| tan? x |= 0, lim f(x)= lim| tan’ x ]=0 
x30" x30" x>0* x—0* 
(0) = [tan? 0] = 0 
=> f(x) 1s continuous at x = 0 
Clearly, f(x) = 0 for x € =.= 
=> f(x)=0atx=O01e., f(x) 1s differentiable at x = 0 and 
f(0) = 90 


Continuity and Differentiability < 2.181 


=> f0)=f(0"*) =f0) =form>0 


-2x+3);1<x<2 ; ] teak i 
|2x—3|[x];x21 Z Now f(x) = 4-x "x" cos} — |+] sin— |mx"™~; x #0 
gi xX x 
. = a = 5 2 
18. (d) f(x) sin( 2) | (2x -3)[x];x2 ; 
=> f(x) = 4-x”"” .cos (+ +m.x"" sin (+). #0 
sin( 2 <1 
2 = f(x) is continuous at x = 0 
Clearly f(x) is continuous function at x = 1 and x == i Ifm—2,m—1>0 
f2)=1;f2) =2 > m>2,m>1 
= f(x) is discontinuous and non- differentiable at x = 2. > m23 
3. 3° 
Also f(l)=0;f(")=-2 7 |= |=2:f'|= |=2 nf +);-1< x<1;x #0 
2 2Z 21. (c) fx)= x 
=> f(x) is non-differentiable at x= 1 and x = 3/2. 0 :x=0 
x7 -] ae l 
(0<x<2 x’ sin| — |;-l<x<1;x#4#0 
x +1 g(x) = x 
19. (b) f(x) = 2 (29 =x?):2<x<3 eae 
4 h(x) = |xP; -l1<x<1 
2 (p24 |4/2ox)3<x<4 AO-) = lO") = 0) = 0; g(0-) = g(0") = g(0) = ACO) = 
4 h(0*) = h(0) = 0 
Pe | => fx), g(x), A(x) are continuous at x = 0. 
5 s0<x<2 1 1 
x +] fe) “x? xeos{ ~) +sin2j-1< <1 
x)= x x 
= fe —x*);2 <x<3 
4 x #0 


= f'(O) does not exist . 


h'(x) —3x° :x<0 
xX == 
yo] 


Nex<2 3x? :x>0 
x +] > A'(0-)=h'(0') =0 
= t(2 ~x*);2 er = A(x) is differentiable at x = 0 


4 
eqn BOBO). 2) 
2'(0) i aay aoe ; lim 


a(-x44-242);3<x<4 


3 cl 
9 2-— =limxsin—= 0 
—;:3<x<4 x70 x x0 x 
2 > (x) is differentiable at x = 0 
fix) 1s discontinuous at x = 2 and continuous at x = 3 


+b,x<0 
1 gx?-22),2<2<3 22. @) ga)= 4. 
T(x)= 44 cosx,x>0 
0; 3<x<4 => 2(0)=5; 2(0°)= 1, g(0)=1 
>] = g(x) is continuous at x = 0 for b= 1 and g'(x) 
=> f[3)= Fee _ jl,x<0 
—sinx,x>0 


= f(x) is non-differentiable at x = 2 and x =3. 
=> g(0)=1, g(0°)=0 
xm nee x#0,meN => g(x) is non-differentiable VbeR 


ae A I= eee, 23. (a) fis differentiable at x =0 and /(0) = 1. 
lim f(x)= lim (—h)" sin (= => jim LO =] 
m . (-1 ae SC) fC 2h) 
lim —(-h)”.sin (= “lim ; 
=> m>0 =O _ pl FM-FO)] , in| f(2h)- £0) 
h->0 h h>0 —2h 


Also lim f(x)= lim h” re >m>0 
x0" h>0* h 


= 0) + 2f(0) = 37) =3 


2.182 > Continuity and Differentiability 


. xf (3)-3f (x) , xéncos x 
24. (c) f3) =6, f(3) =2, lim=———>— _ rue 0) - — 
(©) 3) = 6,8) = 2, lim=— f(0) = lim 8 tn(1+ 3°) 
— lim 22 2) = 3B) + 3B) -3 Ff) _ &ncosx —tan x 1 
= lim——— = im———__ = -— 
x33 x-—3 7-50 én(1 af x’) x50 1 (2x) 
— 2 
= im) fGB)+ (2-9) (1+ 2") 
x33 x- 3 
—3|;x21 
= f(3)-3(3)=6-6=0 has 
28. (a), (b), (c) Ax) = 4f x? 3x 13 
2(sin x —sin’ x)+ | sin x —sin? x| A koa. ce a 
25. (a) fx) = | ————_—| 
2(sinx—sin x)- | sin x —sin° x | 
x’ 3x 13 
In deleted neighborhood of 7/2, sin x > sin? x lim f (x)= him 4.2 a a 
3( sin x — sin’ x 
i cin _1_3,13_1-6413_, 
(sin x —sin x) 42 4 4 
é lim f(x) = lim | x-3|§ lim(—x +3)=2 
=> i J-(E |. xs{Z)=3 x) x1 x31 
2 fQ) = [1-3 = 2 
. a f(x) is continuous at x = 1. 
=> f{x) is continuous at x = — 
: fj 
Also f(x) = 3 for x € (0, 2) ho" 
=> f(x)=0Vxe (0,7) 2 
l-h 
(I-A) = (i = h) 13 2 
n = lim —4 2 4 
=> f(x) is continuous and differentiable at x = — ht _h 
26. (a) fix) = 2xVx?-14+5VxVl—x4 + 7x?Vx-143x42 ie 
fix) is defined only at x = 1 = jim-2——___2--}, 
=> fx)=5;x=1 a a 
=> f(x) is an isolated point function. f(1) = lim fil + h) — f() a a |1+h-—3]|-2 
By Cauchy‘s definition of continuity at a point f(x) is h>0* h hoot h 
continuous at x = 1 \h—2|-2 h+2-2 
Ix-cKk6> ~— | f(x) -f(O\keVxeD,, a aera er 
here = x=¢ > O=|c—c\<od = f(x) is differentiable at x = 1, Obviously, differentiable 
=> | f()- flo) EF 0<e at x = 3. 
But differentiability at isolated point is not defined. 29. (a), (c) f(x) = y1-v1- Xe 
x.tn(cosx) For domain, ¥1—x’? <1;x’ <1 
— 3x #0 = xe (-1; 1] 


Bs 
27. (a), () fix) = 4 én(1 +3") 
0 :-x=0 lim f(x) = lim ¥1—v1-—x’ =0, 
3A = x07 x70" 
lim f(x) = lim y1—V1-— x? 0; (0) = 0 
x07 x07 


=> f(x) is continuous at x = 0 


SO) = te ss) ee A Woe Ae) 


h->0* —h x90 = fy 


— tn(l+(cosx-1)ey MB _Minvi-W Vie vie 
= lim 
x90 eel e eh "aie h 


lim f(x) =lim _xén(cosx) | _ Fi cos) | 
x0 x0 ; én(1+ x’) x30 én(1+ x") 
Xx ae a 


2 


x ii 
= lim —_——— = 0, 
1 ml? ]2) 4 ee ee caesar 
as _ (—2 (1) (0)) =0=(0) = »L0=L0 Hin. Soe 


: = lim 
=> f(x) is continuous at x = 0 : he h>0t h 


Continuity and Differentiability < 2.183 


Vl-vi-A? xv14+V1-#? Sein 


h>0* 2 4 Kx = 
hvyl+wvl—-h 
° ox? 3x43: 1<x<2 
= lim ne 0 : 
OO V+ v1? fl) =f) = =f) = + 
—> lx) is differentiable at x = 0 > 2 
— [xt 30<x<1 
TEXTUAL EXERCISE-5: (SUBJECTIVE) PO Nae acta ey 
1. fx) = 2-1) 2 — 3x +2) + cos (x) a A dy 
| 1 9) | 4 = f(x) is a continuous function, but f(x) being discontinu- 
(x ) | @&— 1) @— 2) | + cos (|x) ous is non-differentiable at x = 1 
— |(x?-1)(x-1)(x-2) + cosx for x €(-,1]U[2,00) Thus continuity of derivate does not implies the differ- 
-(x " 1)(x 2 1)(x _ 2)+ cosx for xe (1,2) entiability of the function. 
fl) =cos 1 =f") =f); A2) =f (2) =f (2) = cos 2 ax’ —b ;|x| <1 
=> f{x) is continuous at x = 1 and 2 5. fix)= 1 
Se sl yl 
39h 4x’? —9x* +2x+3-sinx for x<lorx>2 | Je] 21 
a 
—4x° + 9x* —2x—3-sinx for x € (1,2) 


l 
=> fd) =-sinl, fC’) =-sin 1; f(2*) = 3 —- sin 2; f(2) = sx<-l 


=—3-sin 2, - | 
fix) is not differentiable at x = 2 fix) = 4 ax’ —b j-1<x<1 


] 
== 5x21 
x 


=> fCl)=-LACV) = a— 6; fC1)=-1,f) = 4-55 fA") 


(ee 
Z 


\1—4x7 |;0<x<1 1 = 
2. f(x) = : =2l44y" — Sy <1 =<. a 
| x 22,12 p<? 2 “. For continuity of f(x); a—b=- 1 (A) § 
-1 ;lsx<2 1 
ee ae 
x 
: . = 42ax:-Ix<x<l 
= 15 Jeour[s eor(Z}-0.0- 3809-41 Fen ror een 
2 2 2 l 
; ; — ax Sl 
=> f(x) is discontinuous at x = 1 x 


ae I => fCl)=-1,fC1") =—2a and f(1) = 2a, f(1") = 1 
es 2 ‘. For differentiability at x — 1, 1; 
1 3 , 
=> fi(x)= 48x So <x<l 2a=1 => sa (from (1)) 
0 l<x<2 6. (a) sin(n[x]) = 0 V xe R . 
f(x) is a constant function, hence differentiable V x € R 
: : (b) fla) = sin (n{x}); x € | -T. 
er 
2 sin(z(x-(-2))) for <x < -1 
; ; 7 1 
=> f(x) is non-differentiable at x = 1 and at x = ; - sin(a(x _ (-1))) a ee 
sinx;x <7 sinzxfor 0<x<1 
3. f(x) = 1 
ax+b;x2n sin z(x—1)forl <x <— 
fw) = sin nt = 0, fit") = an + b= f(r) 2 
For continuity atx =1,an + b=0. —1 
sin(x)for —<x<-l 
_ |cosx ;x<7 2 
= roy=|° ‘x>2 _ |-sinax for -l<x<0 
 f(w)=cosn=-li f(x) =a sinzx for0<x<1 
ae Kx) will be differentiable at x = 7, en oon ee 
ifa=-1 => b=-an=nt 2 


2.184 > Continuity and Differentiability 


=> f(-1) =0; f-1*) =0=f-1); Graph of go f(x) 1s as shown below. 

S(O) = 0") = f(D) = 0; Y 

SL) = 0; f1*) = 0 5 
= f(x) is discontinuous at x = —1, 0 and x = 1 and hence 
non-differentiable at = —1, 0, 1 { 

7. If f(x) = min{|x|, |x — 2|, 2 — |x - 1} 7 x 
The graph of f(x) is as shown below. 
9, foxy = {SESE (x) = Ale) + Io] and fl) = el | 
~ x)= 5 (x) =fi\x x)| and f(|x|) = |x| — 
| Pes ret 


for 0 < |x| <2 
=> flx|)=|x|-1 for—2<x<2 and |fx)|= 


lfor—2<x<0 


lfor —2<x<0 
|x-1|for0<x<2 


Clearly, f(x) is non-differentiable at x = A, 0, C, D and E = 4—-x+lfor0<x<1 

1.e., at 5 points. x-lforl<sx<2 
; 1 
aaa ia Tae ae |x |for—2<x<0 Liulfees Sonatas 
ous everywhere.  g(x)= |x|-—xfor0<x<1 = 0 for0<x<1l 


8. fix) =—1 + [x—2|: 0 <x <4 and g(x) =2-— |x|; -1 <x <3. |x|+x—2torlsxs2  [2x—2forlsxs2 
fog(x) = (g(x); 0 < g(x) <4 => 2(0) =g(0°) = g(0); g(1-) = gU") = gC) = 0 and g’(x) = 
=—-1 + |g(x) - 2/;0<52—-|x| <4 —1 for —2<x<0 
=<] Ffal|p=2 <= [| <2 
=-1+ |x|; -2<- |x| <0 
=) =1;—2 =x 52 


0 for0<x<l 
2 forl<x<2 


But domain of g(x) is [-1, 3] => g(x) 1s non-differentiable at x = 0 and x = 1 
= fog (x) =|x|-1;x e€ [-1, 2] 

: ern max. fit); 0<t< x 
—x-1;-l<x<0 10. f(x) = sin x; g(x) = forO<x<z 

Now, gof (x) = 2e(f{(x)); — 1 < fx) <3 (1—cosx) . 

=2—|fo)|;-1 <-1+|x-2) <3 aa aaa, 

=2=/-1ax=2|,0sh—2)54 "Fort € [0, x] c [0, 2] in which f(t) = sin t increase for t 
2-|x-2|+11<|x-2|<4 e [0, m/2] and sin decrease for ¢ € [x/2, 7] 
bien anes f(s)=sin; xe} 04) 
3-x4+2:3<x<6 5—x 33<x<6 2 

— |xtl;-2<xs1 | |xt+15-2<x<l => g(x) = 41; ve] 

~ \2-x42-Ll<x<2 9 )3-x:1<x<2 2 
2+x-2-1;2<x<3 [x-13l<x<3 sin? sx>Z 

But x € [0, 4] : 


1 a 1 
x+1;0<x<l = SSS el So aa 


Be eee 
BU: 2 <x <3 => g(r) =1; gv) = 1=2) 
5-—x;3<x<4 cosxix (0,5 
Z 


Graph of fog (x) is as shown below. 7 
=> g(x)= 405;xe (=) 


x 
COS—;x > 
2 


f (a/2) = g'(m/2*) = 0, giv) = g'(a") = 0 
g(x) is continuous and differentiable V x € (0, ~) 


Yd 


1- 4x’; peee= 
2 


J1-4x?|;0<x<1 | 


22a Ax: Lee 
|x°-2x|;1<x<2 2 


11. f(x) = 


—x? +2x; 1<x<2 


eae 
2 


AL )=3;fC1)=1, fC) =1 and f(x) = 4 8x ; =<x< 


—2x+2;1<x<2 


fix) is non-differentiable at x = > and at x = 1 


—-1;-2<x<2 
—x+1;0<x<l 
x-l;l<x<2 


—-1;-2<x<0 

12. = = 

fe) Hacer 
Case (i): For —2 <x <0 
g(x) = |) (-I)dx=-(x +2) 
Case (ii): For0<x< 1 

0 x 
g(x) = [_,(Dax+ {, (—x +1) dx 
7 28 2 
=(-2)+ ey |S ee 
2 2 

Case (iii): For 1 <x <2 


2(x) = [ (lacs f (-x + Ide t "(x1 ae 


—x+2 for —2<x<0 


See 
g(x) = +> 2for0 <x <I 


2 
57x Mforls xs 2 


=> 20) ==2,2(0') ==2, 210) =-23 20 = =; gl )= 


—3 —3 
a op (a 
5 g (1) : 
—-1;-2<x<0 
=> g(x) = 5-x+10<x<l 


x-ljl<x<2 


13. fx) = 4x? —3x48 


Continuity and Differentiability < 2.185 


=> g(0)=—1, (0°) = 1; g'(1) = 9, g'(1) =0 
=> g(x) Is continuous in (2, 2), but non-differentiable at x = 0 


: 2 
SIN|X [7 
Le +ax°+b:0<x<l 


2cosax+tan'x;l<x<2 
fax’ +b;0<x<lasx’ —3x+8>0V xe[0, 1] 
> fx)= 


2cosax+ tan 'x;l<x<2 


> fl )=a+bf')= 7-25 a4b=7-2 (i) 


3ax? :0<x<1 


= J 0) = 
It —27 sin azx+ tee? 
l+x 
2 Y ] l as 
=< a eee .. (il) 
eee aes = ds l a 1. 
For differentiability in [0, 2],a= —,b=—-2-—-14¢.,a 
slpoe_ 2 a 
6 4 6 


14. f(x) =x — 9x* + 15x + 6 


=> f(x) =3x*— 18x + 15 = 30 — 6x + 5) = 3(«—- 1)(x—-5) 
=> f(x)= 0 for x € -«, 1] VU [5, «) and f(x) < 0 for x € 
(1, 5) 

f(0)for0<x<1 

F(x) forl< x <5 

f(x) fors<x<6 

x-18 for x>6 


=> g(x)= 


6 for O< x <1 

x -9x7 +15x+6;1<x<5 
-19for5<x<6 
x-—18 for x >6 


gl ) = 6; f(1") = 13; AS ) =f(5") = -19; (6 ) = 19; f(6") 
=—]2 
= g(x) is discontinuous and non-differentiable at x = 1 and 
x=6 


y 


0;0<x<l 

3x* -18x+153;1<x<5 
0 for 5<x<6 

1 for x >6 


=> gi(x)= 


=> g(x) is non-differentiable at x = 1 and atx =6 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


. (b) f(x) = sin’ (sin x);x e R 


—71 a 
x for —<x<— 
= and so on. 
A I 
—x+z for—<x<— 
2 2 


= f(x) 1s non-differentiable at x = (2n + 1) > x € Zand 
continuous V x € R. 


2.186 > Continuity and Differentiability 


2. (b) f(x) = max. {x’, (x — 1), 2x(1—x)}; O<x< 1 
The graph of y = f(x) is as shown below. 


Y 
A ysx? 


/y=x-1 


y=2x(1 —x) 


= f(x) is non-differentiable only at A 
= option (b) is correct. 


3. (a) (a) f(x) =x"? is continuous V x € R and f(x) = > 28 


= f(x) has vertical tangent at x = 0 
= f(x) is non-differentiable at x = 0 
1 forx >0 
(b) fx) = ale —1 for x <0 
. not defined at x = 0 
= f(x) 1s discontinuous and hence non-differentiable at x = 
0 
(c) f(x) = e*, which is continuous V x € R. 
f(x) =— e& which is also continuous V x ER. 
(d) f(x) = tan x is discontinuous at x = (2n + 1) = nel 
and hence non-differentiable there at 


4. (c) f(x) = |x —0.5| + |x —1| + tan x 


—2x+1.5+tanxforx < 0.5 
0.5+ tanxfor0.5<x<l 


=> fx)= 
2x —1.5+ tan xforl< x <2;x a 


=> f(0.5-) = 0.5 + tan (0.5), 
A0.5-) = 0.5 + tan(0.5) = 0.5); 
fl-) = 0.5 + tan 1; 
fll*) = 0.5 + tan 1 = f(1) 
= f(x) is a continuous function V x € (0, 2) - A 
~2+sec* x;x <0.5 


sec’ x :0.5<x<] 


f(x) = 
24+sec’x;x>1 
=> f(0.5-) =—2 + sec? (0.5); 
=> f(0.5*) = sec? (0.5); 
f() = sec? 1; 
f(l*) =2 + sec? 1 
=> f(x) is non-differentiable at x =0.5 atx =1 and atx= 5 
5. (d) *. fis differentiable in (a, b) 
= fis continuous in (a, b) but need not in [a, b]. Also f 


need be bounded e.g., tan x in (0, 1/2). 
” fla,).f(b,) < 0 and fis continuous in [a, b] > [a,, 5,] 


= f(c) = 0 for some c € (a, b,) (By intermediate value 


theorem). 
2x+1;xeQ 
6. (d) Kx) = 2 
x —-2x+5;x¢Q 


At the point of continuity x? — 2x + 5 > 2x +1 
=> xr-4%+4 50 
> (x-2yY>0 —> x-—2 and f(2)=5. 
=> f(x) 1s continuous at x = 2 

f(x) does not Exist at x « R— {2}, 

f(2)= ig ACE seg eS? 


h>0* —h 


=> f(2)= lim 202 tS 


hoot — 


sheQ 
=i" 29 and f(2) 
h>0* —h 


(2—h) = 2(2-A)+5-5. og 


(2+h) -2(2+h)+5-5 = 


f'(2°) = lim sheQ 
h>0* 


h—->0* h 
Thus f(x) is continuous and differentiable at only one 
point x = 2 and discontinuous everywhere 
7. (d) f(x) =2x[x] V-1<x<3 
—-x V-lsx<0 
OVO0<x<l 
= <x Vil<x<2 
2x V2S%¢<3 
9 atx=3 
=> f(0) = 0, f0") = 0 =f(9) ; 
SV) = 0; (0) = GAZ) = 2, (2) = 4, 13-7) = 6, f(3) = 9 
= f(x) is discontinuous at x = 1, 2, and 3 
-1V-l1<x<0 
0 V0<x<l 
1LV1l<x<2 
2V2<x<3 
=> f(x) is non-differentiable at x =0,x=1,x=2,x=3 
8. (c) f(x) = [x] [sin mx]; x € C1, 1) 
—[sin zx];-l<x<0 
( ;0<x<l 
=> (sin rx) € [-1, 0) 


=> f= 


for x € (—1, 0), mx € (-n, 0) 


=> [sin mx] =-1l => -{sin x]=1 
1;xe€(-1,0 
fix) = me 
0; xe;[0,1) 
=> f(x) 1s discontinuous and non-differentiable at x = 0 
_*_.y = 0 
9. (a) Ax)= —— = 114% 
I+ iF | x 
—;x<0 
l-x 


=> KO) =f") = (0) = 0 


=> f(x) is continuous V x € R 
oar 
and f(x) = . 
(lx)? 
=> f(0)=1; 0") =1 
=> f(x) is differentiable on (—, 00) 
10. (a), (c) fx) = min. {1, x’, x} 
The graph of f(x) is as shown below. 


x<0 


x*3- 
Clearly f(x) -| 
Xx3x2> 
3x*;-wo<x<] 


= fl) =f) = A= Land 9 = | aS 


=> f)=3,f0)= 1 
= f(x) is non-differentiable at x = 1 
11. (a) f(x) = min. {x? — 1,-—x + 1, sgn (-x)} 
The graph of f(x) is as shown below. 


y=x"-1 | y=-x+1 


x -1l;-w<x<0 
Clearly f(x) = 4-1;0<x<2 
—x+l1l35x>2 


=> f(x) is a continuous function V x € R and f(x) = 


3x7;-00< x <0 
05<x<2 
—-l;x>2 


= f(x) is non-differentiable at x = 2 


Continuity and Differentiability < 2.187 


12. (a) f(x) = max. {| tan x |, cos |x|} 
The graph of f(x) is as shown below. 


= Y 
y tar) A x 
| 
hd a - \ 
Fd | x > 
=o = = x, Oo = = = m 2K 
| y=cos|x|_ 
, —1 es 
fix) is non-differentiable at x = aga es at 4 
points. 


13. (a), (b), (d) f(x) = 1 + |sin x| being sum of two continuous 
function is continuous V x € R and |sin x| is non-differen- 
tiable atx =nn;n € Z 


14. (b) fix) = f {1+ |1-t|}dt;x>2 


5x-7 3x2 
1 x x? 
[,(2-t)ae+ [tdtsx>2_ Jl+—;x>2 

= < Jo 1 = 9) 
5x-7 3x2 5x-73;x<2 

= f(x) is continuous at x = 2 
15. (a), (b), (€), (d) 
oz ela -R 

0 for x <0 x for x <0 

= and g(x) = 
xfor x>0 x’ for x>0, 


gofxy={P VxE R 


0 for g(x) <0 0 for x <0 
And fog (x) = Se 
g(x) for g(x)20 = |x* forx2>0 


= gof(x) is continuous V x € R and also so is fog(x). 


16. (a) f: [0, 1] > [0, 1] 
Consider g(x) = f(x) —x 
Clearly f(x), x is continuous on [0, 1]. 
= g(x) is continuous on [0, 1] 
Now g2(0) = (0) = 0 and g(1) = ft1) -1<90 
2(0).g(1) < 0, hence by intermediate theorem, g(x) = 0 
has at least one root in[0, 1] 
Further, if h(x) = f(x) + x; x € [0, 1] 
Clearly h(x) = as f(x), x are non- negative. 
h(x) = 0 if (0) = 0 e., fx) + x = 0 has root x = 0 pro- 
vided f(0) = 0 
17. (a), (b), (c), (d) f(x) = [x sin nx] for x € (-1, 1); sin mx € [-1, 1] 
=> xsinzx € (1, 1) 
=> [xsin mx] e€ {-l, 0} 
=> fx)=0 forx e [-1, 1] 
= f(x) 1s a continuous and differentiable function V x € 


[al 1] 


2.188 > Continuity and Differentiability 


18. (c) f(x) = |sin x| + [cos x]; x € [0, 27] 
lat x=0 


sin x for xe (0.5 
2 
sin x —1 forxe (=. 
; ( “2 
—sinx for x€ ars 


—sinx for xE€ 20) 


lat x=27 


ba! igs a 3a 
=> f(x) 1s discontinuous at x = 0, —,—,2z and f(x) 


cosxforx € (0,5) 


t 
cos xfor xé =.) 


Ga 
—cosx for x €} z,— 

Z 
—cosx for x€ (= 20 


= f(x) is non-differentiable at x = 0, Gee and 27 1.e., 
5 points 2 2 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


2x’ sinazx;x <1 
1. fix)= 4 , ' 
x +ax°+b;x>1 
fl) =0; fl) =1+atb 
> at+b=-l neetall 
2x°mcosmx+4xsinzx;x <1 
and f(x) = 
3x? + 2ax;x>I] 
f(.) =-2n; f(1") = 3 + 2a for f(x) to be differentiable, 
3+2a=—-20 


> a= Se ap 
2 ae 


=S1F a0 Sey 
2 2 


2x°mcosax+4xsinzx;x <1 
3x’ +(-24 -3)x;x>1 


= ro} 


= f"(x)= Pe sin 7x + 4axcosmx + 4axcosax + 4sin2x;x <1 
6x -—227-3;x>1 

=> f'( )=-8n;x<landf'"(1)=3-22 

= f'(1) does not exist 

= f(x) 1s twice differentiable V x expect at x = 1 


; —x’ forx <0 i 
2. (a) fxyqx' l= 4, => f(O) = f(0") = (9) = 0 
x for x20 
. —3x° for x <0 
= f(x) is continuous at x = 0 and f(x) = : 
3x° for x >0 


=> f(0)=f(0')=0 
=> f(x) 1s differentiable and /’(x) = 
=> f"0)=f")=0 
= f(x) 1s differentiable 
= f(x) is twice differentiable . 
(b) f ROR 
f=’ +x +2=-(~-2)(x + 1) 
f') = -2x + I 
= f(x) has a point of local minima at x =—1 and a point of 
local maxima at x = 2. 


—6x forx <0 
6x for x >0 


\ oo ™~ 


If f(x) has two roots in [0, 1], then f(x) has a point of local 
maxima in [0, 1] which is not true. 
Hence f(x) has only one root in [0, 1] 


(c) *.” lim (4x* — 11) = 5 and f is continuous at x = 5, 
We have lim f(4x?- 11) =f (lim (42° -11)] 
= f(5) = 2 

(d) If lim[ f(x) + g(x)]=2 and lim[ f(x) - g(a)]=1 


3. (a) f'(x) > 0 Vx € (a, dD) 

= f(x) 1s an increasing function V x € (a, b) 

=> f(x)=0can hold at most one point in (a, bd) . 
(a) > (7) 

(b) f'(a).f'(6) < 0 

=> f(a) and /(d) are of opposite sign and f(x) being dif- 
ferentiable is continuous in (a, b) 

= 4datatleast onec é€ (a, b) such that f(c)=0 -. (6) > (—p) 


4. f(3)=2 od) 
im Lott )- (3-27) 
h—>0 Dh? 


a ee (3+4°)- (3-77) =a ae 
-(1+x7);x<0 
5. y=(1 +x’) sgnx= 50 ;x=0 
(1+x7);x>0 


Graphically shown below 


Clearly f(x) is discontinuous at x = 0 
y =f'(x) will be as shown below. 


A 


=\-T 


ae 


_ se 
—x—1 


y=‘ ee 


Clerkly, f! is continuous for x <—1, x > 1 and at x = 0, the 
isolated point continuity. 


TEXTUAL EXERCISE- 6: (OBJECTIVE) 


- (b), (©) 


(a) tan x 1s discontinuous at x = 7/2. 
r.. (1 

(b) | sin( 
‘ t 


mone . 
tsin 8 is continuous in (0, 7) 
f 
So its integral is continuous. 


hose 


(c) fx) = ee 
2sin( 2*) 2 <xX<7 
9) 4 


32 
Also f| — |=1 
(7) 
=> f(x) is continuous in (0, 7). 


xsinx,0<x < 
(d) fx) = 


eo, a 
a ca me X<2 


‘. f(x) is discontinuous in (0, 7) 


2. fx) =fly) =f (xyl-y? + vi-2?] VxyeL-L 1 
put y=1 
=> fx) +f)= f(Vvi-2 | 


putx=y=0 


=> 2f(0) =f(0) 


4. (b) 


Continuity and Differentiability < 2.189 


=> /0)=0 
Putx=y=1 


=> 2f(01)=f0)=0> fl) =0 
=> fix) =f (vi-2} 


3. (c) f(x) =sin x + sin 4x.cos x 


f(2 +3) at x = iz 
f {2 +3) = derivates of f [29 4) = flg(x)): 


g(x) = 28+ > 


> f {2° +3 = f'(g(x)).2'@) 


= [sin (g(x)) + sin 4. g(x).cos (g(x))].g"(x) 


= sin( 2 +3) r sind{ 20 +) cos( 20 +3) lan 
2 2 2 

Atx= iz : 

2 
p(2x + 4 = sin (=) + sin 6n.cos{ >) (23a 
= -2V20 

4(1+n7))|-| (4 

PAG) PAG) 
h—->0 Dh? 


| | f(4+4n")|-| f(A) 
= 2 lim _— 
h—>0 Ly 


RACED 
=9 (AA) = 32| 
(f4))) [Slr 


IFC 1) pr 
= ea 
(ee Jr 


= 2(1),f'(4) if f4) > 0 
= 2(5) = 10 if (4) > 0 


5. (b) Since f(x) is twice differentiable 


= f(x) 1s differentiable 

= f(x) is continuous and if we suppose a , B are roots of 
f(x) = 0 

=> f(a) =/(B) = 0 and f(x) 1s continuous on [a, B] and 
differentiable on (a, B) 

= By Rolle’s theorem /’(x) = 0 has at least one root in (a, B). 
Also either there is no root of f(x) = 0 in (a, B). 


2.190 > Continuity and Differentiability 


OR if there is a root of f(x) = 0, then it is impossible to 
have second root in (a, B). 


6. (b) Let fx) =ax’? +bx+c>0VxeR;a>0,b-4ac<0 


B(x) = fx) + £1) +f") 

=ax’+ bx +c+2ax+b+2a 

=ax’+ (b+ 2a)x + (c + b + 2a) 

Disc. of g(x) = (6 + 2ay — 4a (c + b + 2a) 

= b? + 4a’ + 4ab — 4ac — 4ab — 8a’ 

= (b? — 4ac) — 4a’ < 0 (as b? — 4ac < 0, — 4a’ < 0) 
=> g(x)>0VxeER 


7. (ce) . f'(0) =4 


f'(x)- f'(0) | 
4 (i) 


=> lm 


x0 


Now, lim 
x72 x 


= gL DEF AP) (a 
x0 ax 0 


= fi 2S OD = 12F 2x) +16 F (4X) 


x0 2 


2 


2f(x)-3/ (2x) + f(x) ( 0 form) 
0 


7 > [2f” (0) — 12/7(0) + 16f"(0)] 


=3f("O)=3 A= 12 


TEXTUAL EXERCISE—7: (SUBJECTIVE) 


1. Given functional equation is 


f+ SO) =F (x= + yvi-2"] Vx,ye[-Ll] ...(1) 


Put y =x in (1), we get 2f(x) = f (2xVi-2) 60) 
Put y=2xVl- x’ in (1), we get fa)+ f(2xv1-» ] 


= f| (xVi-4x +42") +2x(1-2°) 


=> feay+2foy= 4] (2x°=1) +2x(1-»*) 
> 3f(x)= f| x|2x? -1|+2x(1-x?) 


Now, 2x*— 120 => gee 


2 
| ] 
=> * e{-2.-5 |U| 4. | and 2x? — 1 < 0 for 


BI 
vel + 
V2 <2 
> 3y09= [-a(00 -1)e25-29)] tor xe] 
or 3fe)=F(bx-4) forxe] EE]. 


Thus equations (2) and (3) proves the part (ii) and (1) 

respectively. Now, it remains to find the function f(x). 

In original equation, put x = sin@, y = sind ; x, y ¢ [—l, 1] 
=> f(sin@) + f(sino) = f{(sin® cosd + cos@ sing) 


=> f(sin®) + fsino) = fsin(6 + 0) 
Consider, f (sin8) = g(8) 
= g(8) + g(o)=3(9 + 0) 
=> g(x)=kx;keER; 
=> f(sinx) =k 
Put sinx = Z, z € [-1,1] 
=> f(z)=ksin'z;z © [-1, 1] ...(4) is the required solu- 
tion. 
Now, from (1), 2/(0) = (0) 
=> f(0)=90 
". From (2), 2f(1) = (0) = 0 
=> fU)=90 
. From (1), 0= sin' (1) 
2 
=: ka=— 
1s 
ee ) ae , 
f(z)=—sin“(z) or f(x)=—sin (x); x ¢ [-1, 1] 1s 
V4 1 


the required solution. 


. Given functional equation is f(x.y)= f(x)+ f(y);x, y > 90 
me | 


Putting y = x in (1) 

=> f(x)=2F(x) me) 

Putting, y = x? in (1), we get f(x°)= f(x)+ f(x’) 

=> fe )=f(~)+2f() 

=> f(x’)=3f(x) And so on, 

=> f(x) nf) ..-(3) 

Put x” =z or log, z—n;x #1 

=> f(z)=(log,z).f(x);x¥1 
AC ree’ te LY) 
f(x) F(x) 
Also from (1), put x = 1, 

=> fY=fM+fO) 

=> fi)=0 ...(5) 

ty) 

f(x) 


— =log. y;x #1 (4) 


‘. From (4) and (5), we get 


=log. y;3x,y>0,x41 


. Given that f(x) is a polynomial function such that 


ry+4(4)=s09.4(2)re R10 


~ fi)= F094 )J-7(4] 


- 
x 


> fx) =(F0)-1) (2) 


x 


~ i i)__f@ 0 
j es (F(@)-1) " 
(4) 
and f(x)=~—“4~— ..(2) 
(2-1 
4 


Multiplying (1) and (2), we get 


yy feos) 
X 
ro.s( =) = —_¥ #45 7h 
(f(x) -0(4() -1| 
=> f(x)f (+ = 0 identically or (f(x) - H( s(+) = 7 4 
is x 
=> fix) = 0 identically or (f(x)- i 7(] = ) = 
X 


But f(x) is a polynomial function such that f(5) = 126. 
=> f(x) is not identically zero. 


> (ron s(2)-1]=1 
=> goe(+) =1;xeR-{0} 
x 


0) 


g(x) must be a monomial 


y 


2(x)= Vx € R-{0} 


g(x) = ax";n € Wand oa(+) = ax". = a’ =1 
7 aad . . 

g(x) =+x" 

fx) =U +x"); n € W 
126=1+(5)" 

(5) = 126 

n = 3, f(x)= x? + 1 and f(3) = 28 


. Given functional equation is 2 f(sin x) + f{(cosx)=x ...(1) 
Let f(sin x) = A, f(cos x) =B 
=> 2A+B=x ...(2) 


Replacing x by = x in (1), 


=>- fx laix 


YUU J 


= SS 25): 


Ti 


=> 2f{cos x) + ffsin x) =5-% ..B) 

=> 2B+A =o x (4) 
Equation (2) + (4) gives, 34 + 3B =F 

= B=—-A ..) 


.. From (2) and (5), we get 2A+—-A=x 
=> Asx-7 > f(sinx)=x-7 


=> f(2)=sin"'2— = > f(x) = sin x-— 


=> Domain of f(x) =[-1, 1] and Range of f(x) = A= 


5. f(x) is a polynomial function satisfying the functional equa- 


tion 2 + f(x). fly) =fAx) + fly) + fey), Vx,v ER ...(1) 


Replacing y by x in (1), we get2+[ f(x) =2f(x) + f(x’) 


Continuity and Differentiability < 2.191 


Putting x = 1, we get2+(f()) -2f()+ 4) 
=> (f@)-3f()+2=0 


=> (f()-1)-(f0)-2)=0 

=> fU)=lorftl)=2 

Case-(i): If f(1) = 2; From (1) replacing y bi , we get 
x 


2+ Foo J-reo+4( ero 


z= . 
x x 


l l 
x x 
=> fix)=1+x" but fl) =2 
= 22) 
=> fx=1ltx 
Also f(2) = 5 
=> f2)=5=1+(2) 
=> naz 
> f(x)=14+2 
=> f(f@))=fG6)=1425 =26 
Case-(ii): (1) = 1; 
Replacing y by 1 in (1), we get 
2+ f(x). fM= f+ f+ 
> 24+f()=2/0)+f0 [- fM=l] 
=> 2=f(x)+1 
=> fix) = 1 1e., ffx) is a constant function, but f(2) = 5 
given. 
=> fijezl. 
. By case (i), (x) =x’ + land f(f(2))=26 


Se r0).4( = rer+4 fe f0)=2] 


. Given functional equation is f(x + y) = f(x) + fly) - xy - 1; 


x,yveR exc) 
Putting y = 0, x = 1, we get f(1) = (1) + f(0) - 1 
=> f(0)=1 


Now, f'(x)= jm AE) 
= fiml +S @M— AANA FOO _ jin as 


h>0 h h>0 


=| imZO= £0, = f'(0)-x=k-x: 


where f'(0) =k (say) 

. f@=k-x ; 

=> F(x) = ke -5-+ C but f(0) = 1 

=> 1=C = f@)=be-—41 
Also f(1) = 1 (given) 


=> [=k-=+1 => k= 
= Ae esi => f(x) =-+(x?-x-2) 
2. 2 Z 


=> f= LOe-Hoe+) gAlZ) 


2.192 >» Continuity and Differentiability 


=> x=-1isaroot of fx) =0 => 2|M||g(v)| <M] +|M| 
Function (2) eee a cowawites parabola, which waule = Mle (y) <2M (-:M>0) 
intersect every horizontal line y = — n; n& N at exactly 2 dif- 


ferent points. Hence f(x) =—n, n € N has exactly 2 solutions. = lg (y ) <1 VyeRor lg (x)| <1VxeR 


7. Given f(x)=x —2x; xeRor f(x)=x(x-2);xeR 10. Given equation Vx, ye R is 
e(x) = f(F)-1)+£(5-F)) S(xFO))=27. 7" i PagEN 
=(F()-1)(F0)-3)+(5- F09)(3-F09) Let f(y)=—, for eR, xR 
=(f(x)-1)( f() -3) +(F(~) -3)(F@)-5) \ iY 
- i(x4)-()) yi 
=(f(x)-3)(2f(x)-6) x} \ fp) 
=2(f(x)-3) =2(x?-2x-3) 20 VxeR 
=> fil y=— 20 
8. By condition (ii), .. 1900 < (1990) < 2000 (fF () 
_, 1900 _ £(1990) _ 2000 i oro 
90 90 90 j - 
190 _f(1990) _ 200 
= a oy, > f00-7iym | 
> 21.1< 2) 293 => f(%)=K%)": k= Toy? = Constant 


f (x(F())) = x? v4 Given) 
=> f(xf(%))=x?.Yo" 
F(eky)” ax" ¥3 


= k(x. k(y, yin? x? y)? 


=> Lo) {21,22} 
90 


u 


Case-(i): | = 21, by condition (1), put x = 1990 


= 1990- f(1990) = 19) 22° | soca id 
19 — f. Ke x? yA Po=y ae 
=> 1990 — f{1990) = 19 (104) — 1890 ; 
=> (1990) = 1990 + 1890 — 1976 > k=lLt=p tq 
—> (1990) = 1890 + 14 = 1904 os 
=> q=p 
Case-(ii): LEO | = 22 , By condition (1), put x = 1990 ; 
HW. f(t yt) =(VI@)+VI0)) sf@=1¥xyER 
= 1990-1990) = 19 | - 90 (22) Putx=y=0 
2 
= 1990 — 1990) = 19 (104) — 1980 = f0=(VFO +/f(0)) 
—> (1990) = 1990 + 1980 — 1976 ; 
= (1990) = 1994 = f=(2V70) 
1904, 1994 => fll) =4f0) =4. 
9. Given |f(x)|<1 VxeR Put x =0, y= 1; 
: ‘ 2 
= f(x) is a bounded function. > f(Q2)= ( [F(0) +4/ fF) 


Let M be its least upper bound. 


=> |f(@d|<MvxeR => fl2)=(1+2P= GY 


Parallely, put x = 1, y= 1, 

Let x, € R such that f(x,) = M> 0 ~ 10)=(\7@+V70) 
Now, 2 f(x).g(v) =x + y) +flx —y) Vx,yeR _ gpa 

=> 2 fix,) . gv) =Ax, + ¥) + fx, — ¥) Vy eR and fixed = jae ae fn) ve ee 


number . i 
> 2f().80|=|fO4 +9)+f%-y) Peele oT ae TS 
12. fxt+y)=/%) f/f) Vx,yEeR, f(0) 40 
=> ALO) slf+yI|+//% —y)| By triangle in ae 


equality) =k Fig) = f OF 


13. 


14. 


=> f(0) #90 or 1 but f(0) # 0 (given) 
=> f0)#0 «e(2) 
Now replacing : by —x in (1), we get f(0) = 0 f(x). f-x) 


= y= [- f(0)=1] 


f(x) 
Now, F (on ee ae eed : 
1+( f(-x)) 
1 
i Nea =F 
c 1 ] (f(x) + 
(f(x) 


= F(x) is an even function 


Given functional equation is f(x + y) = g(x) + A(y). 


Put y=0 

=> f(x) =2(x) + A(0) see) 

Let h(0) =a 

=> fix)=e(x)+a 

=> f(x)=2(x)-a 2i(2) 

Put x =0 

=> flv) = (0) + AW) or fx) = g(0) + A) ...(3) 

Let 2(0) =b 

=> hx)=fx)-5b ...(4) 
fix +y) a ...(5) 

Let F(x) = f(x) -a - ..(6) 


=> Faxt+y)=fxt+ : —a—b=f(x)+ fly) -2a-2b Con (5)) 
=[f(x)-4a-b]+[fQ)-4-b] = F(x) + F(y) 
=> F(x+y)=F(x) + FQ) which is a cauchy’s I* equation. 
=> F(x) =mx 
'. From (6), mx = f(x) a—b 
=> fix)=mx+at+b 
g(x) = f(x) -— a (From (2)) 
=> g(x)=mx+ band h(x) =fx) -b=mx+a 
f(x) =mxt+atb 
Thus, g(x)=mx+b, 
h(x)=mx+a 
p(x + 1) = p(x) + 2x + 1 
=> p(x4+1l)=p'(x)+2 
=> p'(x+1)=p"@) VxeR ...(1) 
=> p'(xt+1l=p"(e4 1) =p"(e 42) =p" +3) + oe. 
=> p"(x) = constant = k (say). 
=> pxaktk, 


2 
a care re 


> pee +1) = Ke” 


PGS A) AK ...(2) 

But p(x + 1) = p(x) + 2x + 1 
kx’ ke? 

=> Sa gr oie ...(3) 
Comparing (2) and (3), we have,k +k, =k, +2 and = 
+k +k,=k,+1 

=> k=2,k,=0 


15. 


16. 


17. 


18. 
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=> p(x)=x’ +k, or p(x) =x’ + Care all positive solutions. 

Given functional equation is f(x). fv) =f(x —y) Vx,yeR 

Putx=y=0 

= (f@) =f cD 

Also putting x = y=0 

=> (f@) -f()=0 

> (F@)(F@-1)=0 

=> f(0)=0or f(O)=1 a2) 

0 if f(0)=0 

. From (1) and (2), we get (f (x))’ = ' 


1 if f(0)=1 
0 if f(0)=0 


+1 if f(0)=1 
But given that f(x) is not identically zero 
=> fix)=11 
Given functional equation is f(xy) = xfly) + y Ax) 
_, £69) _f0) , £@) 
xy y x 

f(x) 

x 


= ree] 


(1) 


Let g(x)= 


. From (1), g(xy) = g(x) + g0) ...(2) 
‘. It is couchy’s 3” equation. 

=> g(x)=clogx 

=> fix)=cx logx 


Given functional equation is f(x+ y)= ae 
=> f(xty)= 
Ee tare 
= 2s 7+ ...(2) 
rn f(x) fO) 
L a oe 
# 80)= 55 


=> g(x+y)= g(x) + g(), but it is cauchy’s Ist equation. 
| 
=> g(x)=k = x)=— 
g(x) LOV= 


Given functional equation is f(x) = f(x + y) f(x — y) 
Taking log both sides, 2 log f(x) = log f(x + y) + log fix - y) 


=> log fix) = 5 log f(x + y) + = log fx —) 


ae X—y 


=> logf [A424 5 
Putx+y=u,x-y=v 
= tog f[“*) = F108 £0 +5108 50 
Put log fix) = g(x) 


ut+yv l 1 
=> e( = )-52+F20) 


2oP) = tog f+ y)+ 5108 F-y) 
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Es (“*) _ g(u)+g() 
2 2 
tion 
=> g(x)=mxt+ec 
=> fx) a=a Sa. a 
=> fx) =k.a™ = k(a"y¥ or f(x) = kK(ay; a > 0 


19. Given functional equation is 


faye s( =x x#0,1 


=> log flx)=mx+c 


Replacing x by — , we get 
—x 


= f(=}+209=6-0 


or ((224)+109- We) 
x 


x 


(1) + (3) — (2) gives, 
_ (x 1) 1 is iE 1 
Mae ize ~ ax) 
| 1 l 
—> foy=Yien-t-—1 | 


20. Given functional equation is 
Sx + y) + flx—y) = 2 fx) + fO)] 
Differentiating (1) partially w.r.t. x, 
we get f(xt+y) + f(x —y) =2f(%) 
Differentiating (2) partially w.rt. x, 
we get f(x + y)— fx —y) =2 f@) 
Equation (2) + (3) gives, 
2f (x+y) =2F(%) +f0)] or f@ + y) =f) +/0) 
Let f(x) = g(x) 


=> g(x+y) =g2(x) + g(), It is cauchy’s first equation. 


> gx)=k > f@=k 
= f= +k 


From (1), Putting x = y, we get f(2x) + f(0) = 4f(x) 


, It is jensen’s functional equa- 


(1) 


...3) 


Brey. 
i) 
-..(3) 


(4) 


5) 


21. 


22. 


23. 


24. 


Putting x = 0, we get 2/(0) = 4f(0) 
=> f(0)=2 

From (5), k, = 0 
=> f(x) =axr 


Given functional equation is 

Kx + y) —flx — y) = 2 fly) ..-(1) 
Differentiating (1), partially w.r.t. x, 

we get f(x + y) -f(x-y) =90 pel2) 
Differentiating (1), partially w.r.t. x, 

we get f(x + y)-f—y)=2f() .--3) 


Equation (2) + (3) gives, 2/(x + y) =2 f(y) 
=> fxty)=2f%) VxoyeR 
In particular, f(x) = f(0) VxeR 
=> f(x)=k; where /(0) =k 
=> fix)=kxt+k, Vx,yeR ...(4) 
From (1), x =y=0 
=> f(0)—f(0)=2f0) = f0)=0 
'. From (4), we get k, = 0 
> fx=k; xER 
Given functional equation is fx + y)—flx-—y)=2 f(x) ...(1) 
Differentiating (1) partially w.r.t. x, 


we get f(x + y) —f'(x — y) = 2f (x) .--(2) 
Differentiating (1) partially w.r.t. y, 
we get f(x+y)-f(x—y) =0 ...(3) 


Adding (2) and (3), we get 2/'(x + y) = 2/(x) 
=> f(ixty)=f/(%) Vx,veR 

=> fy) =f) VyeR 
=> fix)=a VxeR 


Given f(x+y).f(x-y)=[FO.SO] eo) 
Without loss of generality let us assume that f(x) >0 VxeR. 
Put y=0 


=> [fo] =[fmsOl => (FY j1-( FO) | = 
=> f(x) =0 VxeR or (f(0)) =| 


=> f(x)=(ax+b) VxeR 


=> f(0)=+1 

=> f0)=1 wa(Z) 
Taking log both sides of (1), we get 
In f(x + y) + In f(x — y) = 2[In f(x) + In fy)] xe(3) 
Let In f(x) = g(x) 

=> g(x +y)t+ gx —y) = 2g(x) + 280) ...(4) 


Putting y = x, we get g(2x) + g(0) = 2g(x) + 2g(x) 


* g(0)=In f(0) 
=> 9(2x)=42e 
(2x) = 4g(x) near 
g(x) = ax" VyeR 
=> In f(x) = ar’ => f(x)= a 
Clearly if y = f(x) 1s a solution, then y = —/(x) 1s also a 
solution. 


y 


f(xs=t e* is the require solution. 


Given functional equation is 


x fly) + yf) = (& + y). FO). SY) --(1) 


Put y= 0 
=> xf0)+0=x fx) f(0) 
=> x(x) - 1) f0)=0 VxeR 
=> f(x)=1 VxeER orf(x)=0 ...(2) 
From (1), for x = y, 2x f(x) = 2x fy’ VxeR 
=> 2x fx)=[fx%)-1]=0 VxeR 
Labia, 
=> 
or f(x)=1VxeER 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


1. (i) (a), (©) 
The functional equation f(x + y) = f(x) + ftv) is Cauchy’s 
first equation having its solution, f(x) = kx; k = constant 
Now /f(1) = k = 2 (given) 
=> fix) =2x => f(5)=10 
(ii) (b), (c) f(x + vy) = f(x) . fy) is cauchy’s second equation 
having solution, f(x) = a*; a = constant > 0 


Now f(2) = 25 
=: 2 =25 =>: @=5 
=> fx)=9 => f(3)=125 


(iii) (b), (c) f(xy) = f(x) + fly) is cauchy’s third equation hav- 
ing solution, f(x) =k log x ; 
Now, (25) = 2 => 2=klog, 25 
= ar] O5;=6O)- = iS" 
Axyak mee 
5 


=> f(625)=k log,,,625= kx log, 625 = log, 625 = 4 


(5) 
2. (b), (0) f(x=xt4; f(4}-4+x=700 
XxX Xx XxX 
es eee pee ee Oe ere 
(f(x)) r3=(x44) re + 5a3{xel) +3 
= f()+3f@)+2 =f) +3/@)+ FQ) 


=reey+3¢(2}+ (5) 
x 2 
3. (b), (0) @) 


3* +3 * 
f(x)= sf (-x) = f(x) 
cea aed (ic aaege ss 
=S. . Jeary e=y) =) —— | = 
2 2 
Jo to eo aos 8 ae Fi 377 43°” 


4 4 4 
=> f (2x) “5 f(2y) =< (2x)+ f(2y)| 


= al f (2x)+ f(-2y)] = =| f(-2x) + f(2y)| 
(- £(-x) = £@)) 


- (a) fQ@)= 
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4. (a) fis an even function on (—5, 5), Such that 


fo)=s(=45) 
x+ 


x+1 x+1 x+1 
= ae or -x= 
x+2 x+2 x+2 

> x*4+x-1=O0orx?+3x+1=0 


ee cltvl+4 % -3+/9-4 
2 3 
a5: - ans 
x =————_ or —— 


2 2 
All above values € (—S, 5) 


=> 


x-1 
x+2 
Clearly D.= R— {-1} 

f~)+f(f@)=0 > f(x)+ 
=> [fd] +2f(@)-1=0 

Fri he a 

x+1 x+2 


=> 
=> (x-1%+@@’-1)-(@4+1¥=0 
=> 
=—> 


(1) 


f@)-1_, 
f(x)+1 


[x? — 2x + 1] + [2x -2-x?-1-2x]=0 


2x? —-4x -2=0 = x-2x-1=0 
+ 
pa2tE 8 peta ien, 


. (a), (b) fxt+y)4+fx-y)=0 Vx,yeR 


Put y=0 

=> fix)=0 VxeR 
= f(x) is identically zero function. 

= f(x) is even as well as odd function. 


=> 2f(x)=0 


- (a), (b), (©), (d) 


Given functional equation is f(x + y) = f(x) + fly) Vx,yeR 
It is couchy’s first equation having its solution, f(x) = kx; k 
= constant 

If k = 0, then f(x) = 0 which is continuous and differentiable 
and both even as well as odd. 

If k = 1, then f(x) = x, which is an odd function. 

Clearly f(x) = kx can be periodic for k = 0 1.e., ffx) = 01s a 
periodic function with no fundamental period. 

Le., f(x+ T)=f{fx)=0 VxeR 


. (d) Given functional equation is f(x.y) = f(x) + fo) 


Vx, ye R* 

It is cauchy’s 3” equation, having its solution, f(x) = k log, 
x,a>0,#1lorf(tl)=0 Vx,yeR’ 

=> fi)=0 


. (b) Given functional equation is fx + y) = fx) . fly) 


Vx,yveER 
It is cauchy’s 2” equation, having its solution f(x) = 0 
Vx e Ror f(x) =a; a>0 


Given f(2) =9 
= Jo q' => a=3 
=> f(x) = 3" > f4=G6y=81 
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10. (c) Given functional equation is fix + y) = ffx) . fO) 


11. 


Vx,veR 
=> fx) =a-0>0 fix) + fi) = 2 
=> a@at+a*=2 > &= 
> x=0 
F(x).FY) 


(b) Given functional equation is f(x+ y)= 


f®)+f0) 
=> f(x+y)==—— 
0) 
1 1 1 
— i aeescleee (1) 
iia t(x) fY) 
L _ 
et a3 = g(x) 


=> gxty)=a(x) +s) Vx,yeR 
But it is cauchy’s first equation, having its solution, g(x) = 
kx; k = constant. 


] l 
f@) eS 
But f(1) = 32 (given) 
= 22> £ = (= = 
k x 


> f(8)= = =4 
SECTION-III: (SINGLE CORRECT ANSWER) 


cos(sin x) — cos x 


1. (a) Kx) = 2 
x 
lim f(x) = #0) =a 
= im] Sosa) — 28) 
x0 x 
_ (sinx+x). fsmx-x 
—2 sin} ————— |sin| ————— 
_| sn Sn ( =) 
=> lim le 
x70 x 
n( sin( 5° )sin( S=* *) 
sin 
sinx+x \f sinx-—x 
ag (RE) | 
amas amas 1 
Q—— —_— 
2 2 x? 
=> -2(1). OE (+1)5-1))- 
=> a=0 
2. 


SO+e0) 1F@)-20)1 0 yin 
2 2 
ff g} = fore) 8) i.e., F(x) 4 G(x); 


(d) 
(a) Max {f, g} = 


. (d) fx) = asinx +bfor—< x <> 


- (c) fix) = 


where F(x) = fore) G(x) - LO ee are 


continuous functions. 

=> Max. {f g}and Min {f, g} are also continuous . Thus (a) 
is true 

(b) Let fis continuous and g is discontinuous at 


x=a, then lim f(x) = &(say)= lim f(x)= f(a) and 
lim f(x)=£,, lim =2, 
=> lim (/(x)+ g(x) = 2+ 4, and 


lim (f (x)+ g(x) =£+2,) 


=> f(x) + g(x) is discontinuous as f,# £, implies f+ £, 

= (b) is true. 

(c) A continuous function if periodic in [a, b] will be 
bounded as if it is unbounded i.e., goes to infinitely, 
then it is impossible to repeat the previous values. Thus 
(c) is true. 

(d) f(x) = tan x is discontinuous and periodic and its period 
is tm which is same as the period of discontinuity . 
Hence the statement (d) is false. 


—1 
—2sinx for -—z<x =e 


a 


a 
cosx er 


For continuity in [—7, 2], (x) must be continuous at x = 


7 and atx= — 

2 2 

=> hm (2sinx)=-a+band lm (asinx + b)=0 
:>(=} s-+(4] 

—> 2=-at+tbanda+b=0 

=> a=-l,b=1 => (a, b)=(€1, 1) 


» (©) gx) =x— [x] = ty}, 


f(x) is continuous with f(0) = (1), AC) = fle(x)) =A {x}) 
=> h(xye {f(x): x € [0, 1]} and h(0) = hh) = hh) ...... 
= h(x) is a continuous function on R 


[sin x + cos x]; x € (0, 27) 
(sin x + cos x) € | -V2,v2 | 
=> [sin x + cos x] has discontinuity at integer point in 


—/2,V2 
| a 3x 32a 72 


1e.,— 1, 0 and 1 1.e., atx = —,—,2z,—,—, points of 
2 4 2 4 


discontinuity 1.e., at 5 points 


. (b) fs) =e* + e&-ex € [0, 1] 


=> f(x)= 2e%>+e>0Vxe [0, 1] 
Also f(x) is continuous and f(0) = 2 —e <0, fl) =e? >0 
=> fx) =0 has exactly one root is [0, 1] 


10. 


11. 


12. 


(a) |L.H.L — R.H.L| = Jump of discontinuity . 


= | lim art 2) lim (x +2) 


= = 1-1 /=2 
x>-2 tan” (x+2) >? tan” (x+ 2) 


(a) Clearly f(x) is a continuous function. Let f(x) = g(x) — asin 


3 
mx; Z(X) =743 for x € [-, 4]; g(x) € [-13, 19] and 


for x € [-4, 4]; a € (0, 1); sinmx € [-1, 1], a € (0, 1) 
=> asinx € (-l, 1) => -asinnx € (1, 1) 


f(x) = g(x) — asinnx for x © [-4, 4] attains all values in 


999 


l 
(—12, 18) which contains 


Thus f(x) attains at least once in [-4, 4] 


= The given statement is true. 
2, 
(a) fix) = ‘i has 
—x°;x€Q 
6 PO? => 
=> x>0=/f(0) 
Thus f(x) is continuous at x = 0 


l, x>1 
(b) f(x) = [x] and g(x) = 


2, x<l 


2x* > 0 


=> 2(f(x)) = ' f(x) >1 = . [x] >1 1.e.,[x]= 2 


2, f(x)<2. 2, [x] <1 


a Lee 
2, x<2 
=> g(f(x)) is discontinuous at x = 2 
x+2;x<0 
—x’ —2; 0<x<], 
xj;x21 
—(x +2) 3;x<-2 
(x+2);-2<x<0 
x°+2;:0<x<1 


xe x21 


(a) f(x) = 


=> |fx)| = 


= |f{x)| can be discontinuous at x = —2 or x = 0 orx = 1 


At x =—2: L.H.L = 0 = R.H.L = |f-2)| 
At x =0: L.H.L = 2 = R.H.L = f(0) 
Atx=1: LHL=324R.H.L= 1 
\f(x)| 1s discontinuous only at 1 point 1.e., at x = 1 
x;xEeQ 
c) fx) = 

(c) fx) {* 0 
At the point of continuity, x > — x 

> 2x->0 > x->0 


Thus f(x) is continuous at x = 0 


f(x) oscillates about 0 but oscillations are not periodic . 


= f(x) is not a periodic function. 

Ifx € Q, then fx) =x and-—x ~ Q 
=> f-x)=—~ 
=> fx) =—fix) 


= f(x) 1s an odd function. 
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I sin x 2sin x 


13. (a) f(x) = lin ————_ = lim 


=> 


=> 


14. (c) 


15. (c) 


16. (a) 


17. (c) 


ae eae (2cos i re 3" + (4cos? x), 


kim 2sin x 
fix) = n—>00 3" +4" (cos’ x)" = (0 for x € R 


fix) has no point of discontinuity . 
tim LW8CO-S@O)sO-FO+EO t form) 
Err g(x) — f(x) 0 
BY LH. Rule = lim JO @)- S80 
ot g(x)— f') 
= tim 2) M=-FO) _5 
sol” “(8'(X) - f°) 


fg oi F | 


3 x- 3 x33 


x-3 


x33 


= lim $9 (By L.H Rule) 
=6-3 f(3) =6-3(2)=0 


. sinvxt+h -sinvx 
Lio —@- — 
h>0 h 

ae [sek 
2cos —— sin = 


= lim 
h>0 h 


Vx+h-vx\1 
2 h 


wo A) 


2 


2cosVx lim in 
h-0 


2cosVx lim 


h-90 of SHAE) (ee 


COs Vx 
2Vx 


f(x) = max {x’, (x — 1)?, 2x 1 —x)},O<x<1 


Graph of f(x) is as shown below 


Y 
& 


y=x? 
1 \y=(x-1) } 
‘. y 
| ee 


fix) is differentiable for all x expect at two points 1.e., x 


= ade é 
3 3 
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18. 


19. 


20. 


21. 


22. 


(c) h(x) = Max. {f{x), g(x)} 
Clearly, if at x = x,, flx,) = g(x,) and h(x) has a sharp 
point, then f(x) is non-differentiable at x = x,. 
If lx.) > g(x,) or flx,) < g%,)), then h(x) = flr,) = flx,) 
or h(x) = g(x)) => h(x) is differentiable at x = x, 
However if f(x) = g(x) for x € (x, —h, x, + h);h > 0, 
then h(x) = f(x) or g(x) for x € (x, —A, x, + h) 

=> h(x) 1s differentiable at x = x, 


(a) fix) = |x| and g(x) = [x"| 


x;x20 
f(x) = 
—-x;x<0 
£0) 1;x>0 
=> — 
—-1;x<0 
= f(x) is non-differentiable at x = 0 
x sx 0 
Also g(x) = ; 
—-x3;x<0 
(x) 3x7 -x>0 
=> gi(x)= 
—3x7?-x<0 


=> g'(x) is differentiable at x = 0 


(b) If a, B are two roots of f(x) = 0, then either there is no 
root of f(x) = 0 between « and fB or exactly one root of 
f(x) = 0 as shown below. 


1.e., at most one root of f(x) = 0 


(a) flx) = ie ce 
l;xeQ 

: 1;xeQ 

[fix)] = a 


> [i] =H1VxeEeR DZD O@=H=1VxER 
=> (x) is continuous V x and differentiable V x « R 


(c) Clearly, f(x) = min {tan x, cot x}; x € (0, 27). The graph 
of f(x) will be as shown below. 


a 32 52 
Clearly Qa, 4” = 4° = qo = a are four 
sharp points 


= Minimum number of heat attacks = 4 


V3 3 V3 


—cosh+ —sinh——cosh+ i sinh 
2 2 2 


3h (V3 cosh — sinh) 


Asinh 4 


=e ee 
hoo 13, n(/3 cosh— sinh | 3 


| 
23. (d) lim 


24. (0) fx)= —e 
x, x<l 
f(x) is differentiable at x = 1 
> LHL=R.HLatx=1 2M a+t+sin'(1+b)=1 
=> sin '(1+b)=(1 -a) ...(1) 
Also L.H.D = R.H.D at x = 1 


=> eee =1 => 1-(1+by=1 
Vl—(1+ 5) 

> 1-(1+by=1 => b=-1 vieg(2) 
Using b=-—1 in (1), sin' (1+ b)=1-a 

=> sin'0=1-a > a=!1 


25. (c) f(x) =a sin |x| + db e* 
fix) is differentiable at x = 0 
=> L.H.L=R.H.L at x = 0, which is true as f(x) is continu- 
ous VxeR 
Also L.H.D = R.H.D at x = 0 


=> -a-b=a+b => at+b=0 
26. (ec) fxs) =xr-vr txt] (1) 
max t)O<t<x};0<x<l 
And g¢y = [DEO 
3-x+x°;1<x<2 


f(x) = 3x°-2x+1>0VxeER 
=> f(x) is an increasing function Vx e R 


f(x) ;0sx<1 
> “=| 


3-x4+x7sl<x<2 
(x) xx? 4+x41;0<5x<1 d o'(x) 
g(x) = and g(x 
x -x4+3;1<x<2 
_ 3x* —2x+1;0<x<]l 
2x -1; l<x<2 
Atx =1, 
L.H.L = 2, R.H.L= 3 
=> g(x) is discontinuous at x =1 and hence non-differentia- 
ble atx=1. 
27. (b) H'() = 1, g'(1) = 2; A(1) = 1, g() = 2, 
lim Fo0- 220 form) 
x] sin(x — 1) 0 
~ fmt? )-8O = 8) +10) 
xl cos(x — 1) 
= H'(1).g() — g’)-A(1) = 0 


(By L. H. Rule) 


28. (a) fx) = max. (|tan x], |cos x) 
The graph of f(x) is as shown below. 


= Y 
y [tarnx| A 
j \ 


[| \ 
\ 
‘, 
it a t. is 
=n en & Se 
: : y=cos|x|, 
Clearly f(x) is discontinuous at x = 7 and 1/2 and has 


sharp points at x = a and B 
=> f(x) has 4 points of non-differentiability . 
29. (a) f(x) = maximum x(2—x),2- x| 
The graph of f(x) is as shown below. 


Clearly, f(x) is non-differentiable at x = 1 


30. (d) f(x) = 15-|x-— 10] 
a(x) = f(x)) = 15 — fF (x) — 10| 
= 15—|(15 —|x— 10}) — 10 
=15-|5—|x—10| 
— (10+|x-10| for 5>|x-10| 
7 ae tein 


xfor x 210 ;5>|x-10| 

20 — xforx <10;5>|x-10| 
30-—x for x210;5<|x-10| 
10+x for x<10;5<|x-10| 


x;10<x<15 1;10<x<15 

20-x;5<x<10 -1;5<x<10 
= g'(x) = 

30-—x;x>15 —l;x>15 

10+x3;x<5 Il; x<5$ 


Clearly, g(x) is continuous every where but derivate 
function has discontinuity at x = 5, x = 10, x = 15, thus 
non-differentiable at 3 points. 


31. (a) f(x) =x[1 + (1/3) sin (€n x’)], x = 0, (0) = 0 


=> €nx’ &€ (0,0) 


=> [1+ Zsin( én?) e {0,1} 


32. 


33. 


34. 


Continuity and Differentiability < 2.199 


= fix) © {0,x} and f(x) takes value 0 for sin (£n x?) € [-1, 
0) and takes value x for sin (€n x?) € [0, 1] 

= f(x) is non-monotomic . Also for x € (0, h); h > 0°, €n 
(x2) > a0 

= sin (€n x* ) oscillates between —1 and 1 

=> f(x)> 0orx 
As x + 0, f(x) > 0 and f(0) = 0 

=> f(x) is continuous at x = 0 
Also R.H.D at x = 0 


im LM=FO)_ tim SM = 0 oF tim? = Or I 
h hoo of ho" fh 


= lim 


=> f(0) is not unique 

=> f(x) is non-differentiable at x = 0 

(d) f(x) = 3(2x + 3)? + 2x + 3, when x > 2 

=> 2y o> 0 2 

“ fx) = g(h) = 3(hy? +h, when x > 0,h-> 0 
g(h) is continuous at h = 0 

= f(x) is continuous at x = 0 


> f(x) =3 (= (2) (2x +3) 842 


=> f(x)= a + 2 which is discontinuous at x = —3/2 
(2x +3) 


= f(x) is continuous, but non-differentiable at x = —3/2 
Also f(x) is continuous and differentiable at x = 0 


(c) sin! x — |y| = 2y 
= sin'x=yfory>0Oand sin! x= 3y fory <0 


sin’ x ;for f(x)>0 


=> fx)= 
Ke sin" x for f(x)<0 
sin’ x for x <[0,1] 
=> f{x)= 
fe) sin" for x e[-1,0) 
for x € (0,1) 
_ l-x* 
=> f(x)= 


| 
—_—— for xe (-1,0) 
3V1- x? 
= f(x) 1s discontinuous at x = 0 but f(x) is continuous at x = 0 
= f(x) 1s non-differentiable at x = 0 


(d) 
(a) fix) = cos (|x|) + [x] = | 


=> f(x) 1s continuous at x = 0 


cosx+x;x20 


cosx—x3;x <0 


which is discontinuous at x = 0 


fo) —sinx+1;x>0 
=> f(x)= 
—sinx—1;x <0 


= f(x) 1s non-differentiable at x = 0 


cosx—x;x20 
(b) g(x) =cos (x|)—|x] > g(x) = 

cosx+x3x<0 
on 


=> g(x) is continuous at x = 0 and g’(x) = 
—sinx+1;x <0 


which is discontinuous at x = 0 
=> g(x) is non-differentiable at x = 0 


2.200 > Continuity and Differentiability 


(c) A(x) = sin ([x]) + |x| 


. cosx+1;x>0 
= h(x) is continuous at x =0 and h’(x) = 
—cosx-1x<0 


= h(x) is non-differentiable at x = 0 


(d) A(x) = sin (|x|) — |x| = 


sinx-—x;x20 
—sinx+x;x<0 
cosx—1;x>0 


= k(x)1is continuous atx=0Oand k(x) = 
—cosx+1;x<0 


=> k’(x)1s differentiable at x = 0 


tan’ x;-l<x<l 

tan’ x ;|x|<1 

35. (d) f(x) = = 
=(Ix1-1s)xb 1 


] 
——(x+1);x<-l 
5 | ) 


1 
—(x-1);x>1 
7a ) 


=> f(x) is discontinuous at x = —1 and x = 1 and f(x) = 


ree 
2 
; s-l<x<l 
l+x 
Lee, 
2 


Which 1s discontinuous at x =—1 but continuous at x = 1 
=> f(x) is non-differentiable at x =—1, 1 
= Domain of derivate of function = R — {-1, 1} 


36. (c) f R > R; f1) =3 and f(1) = 6, im{ 2022} 


f() 
Let L = im{ 202 , 
a0 FY) 


=> tnL= im n{ L022) = fm iS +) — of) 
tee fF () x0 x 
_ jj én| f+ x)|- nlf (] 
= 
x0 x 
= a == 2h. ' 
ie [En(fx))], _, Fay va | 
Pe ne 
fQ) 3 
> L=2 


37. (c) |fix,) —fx,)|<@,-x, Vx, x, € R, 


Equation of tangent to the curve y = f(x) at point 
(1, 2) is given by (y — 2) = f(1) =(«- 1) (1) 
_ yn SO+A)— fF) 
fe) ra (x+h)-x 
f(x+h)— f(@) 
(x+h)-x 


given condition) = lim|/ |=0 
h-0 


—[@+h)- x] = 


=> [f(~)|= lim are 


h-0 


=> |fx|<0VxeER 
=> f(x)=0VxeER 
= f(x) is a constant function Vx e R 
=> y=2 is the function. 
=> y=2 1s tangent at (1, 2) 
38. (a) fx) = (1 + x) (2+ x) + el)” 


(1+x)(2+x)'7(3+2°) 5x20 


(1+x)(2+x)?(3-2°)";-2<x<0 


Clearly f(x) is continuous and differential V —2 <x <0 


= fO)=FO1L=-1 
= fey 21) ery = 4) 


39. (b) Without loss of generality let a <b 
f(x) = |x — al + |x — 5 
—2xt+at+b:x<a 
= <b-a 3;a<sx<b 
2x-a-—b ;x2>b 


= f(x) is continuous Vx Ee R 


—2 ;x<a 
=> f(x%)= 30 5sa<x<b 
2 ;x>b 
= f(x) is discontinuous at x =a and atx =b 
=> f(x) is non-differentiable at x =a, b 
40. (a) If f(x) = [, i¢| dt, x >—1 


fx = 5 (P+ px 2-1 


=> fx=x,x>-1 
= f(x) and f(x) are continuous V x > -1 


41. (d) y=|[x-—1/-1]+1 
(d) y= | p= x-lfor x21;|x-1|21 


_ |[x-l|for|x-1j21  — |-x+1 for x<1;|x-1/21 
2—|x—-1|for|x-1|<1 |3-x for x21 ;|/x-1|<l 


+1 fe <1;|x-ll<l 
x—-1 for x =2; . vee perl 


—x+1 for x <0 
3-—x for x<0 
x+1 for 0<x<1 
=> Clearly f(x) is continuous V x € R and f(x) = 
—1 for x<0 
1 for 0<x<l 
—1 forl<x<2 
1 forx>2 


=> f(x) is non-differentiable at x = 0, 1 and 2 


42. 


43. 


44. 


45. 


46. 


47. 


(c) f(x) = sin |x| — e*' 


sinx-—e ;x20 


cosx —e* 3x >0 


—sinx-—e* ;x<0 
= f(x) iscontinuous atx=0 and /f'(x)= 


—cosxt+e*;x<0 


=> f(x) is differentiable at x =0 


(a) L.H.D = lim IMEI MO sng 


hot —h 


=e [k —h]sin z(k — h) —[k]sin zk 


h>0* —h 

Be ts (k —1)(-1)*" sin zh — k(0) 
ht —h 

~ jg HUD (sna 
h>0" (-1) th 

= (-1) (k-1)a 


(a) |x) —fy)| Sk —yPx +15 @ € N) 


- yy |(2ntl) 
h>0* h h>0* | A | 

=> If) < lim |AP"=0 

=> f(x) =0 


=> f(x) is a costant function. 


(b) f(x) = || x— 1] -1] -]| 


Graph of f (x) is as shown below. 


= f(x) has points of non-differentiability in set {—1, 0, 1, 2, 3} 


l1-x;x20 


l+x ;x<0 


(d) fix) = 1—[xl= 


1— f(x); f(x) 20 
1+ f(x); f(x) <0 


1-(l-x);(l-x)20;x20 
1-(1+ x);(1+ x)20;x <0 _ 
1+(1-x);(l-x) <0;x20- 
1+(+x);0+x)<0;x <0 


=> fx) = 


x ;0<x<l 
—x;-l<x<0 
2-x;x>l1 
24+x;x<-l 


=> /(f{(x)) is continuous V x e R 


1;0<x<l 
=> Ud] = 4-lL-1l<x<0 
l;x<-l 
=> fUf(x)) has non-differentiable at x = 0, x =—1 1.e., at 3 
points 
|x| —x(3! +1) 


(€) fe) = 


x #0,/(0) = 0 


48. 


49. 


Continuity and Differentiability < 2.201 


1 
= ah *x>0 
3*-] 
=> fx)= | 
adm E x< 0 
3* -1 F 
i 1 -s(2+3"| 
Now, lim (x)= lim gee lim —~ 
x07 x07 _ x3 07 ie 
FI (3 -1 
1 
2s GS) 20nd lia 
(0-1) x0" x30* = 


3* —] 


= Oand f (0) =0 


— 1 | 
x07 
ae 


= f(x) is continuous at x = 0 


=k == — x0 
Also, f(x) = ae 
—3x 
—x;x<0 
3* -] 
i 
G (1- a) 
—|- = ee A 
> f= 
i 
3*(1—xen3 
— ( xtn3) 1;x <0 


> RHL= lim f(x) =—-1 andL.H.2= hm f(x) =-1 
x0 x0" 
= f(x) 1s differentiable at x = 0 


(b) f(x) = [tan’ x] 
"” [tan? x] =0 forx e Ch, h);h>0 
=> lim f(x) = 0 = f(0) and f(x) = 0 V x € (Ch, h),h > 0 


= f(x) is differentiable at x = 0 


3 2 
x 3x <1 
(b) fxy= 4 
xix ol 
x s-l<x<l 
=> fx)= 
fe) ene 
= f(x) is continuous V x e R 
3x7;-1l<x<l 
=> f= 


1 ;x<-lorx>l 
=> f(x) is non-differentiable at x =—1 and x = 1 


2.202 > Continuity and Differentiability 


= Domain of f(x) Le., set in which f{x) is differentiable = 
R — 1-1, 1} 
50. (d) f(x) = max {2 sin x, 1 —cos x} V x € (0, 7) 
Graph of f(x) is as shown below. 
Y 


> y=2sinx 


io aN =|1-cosx 
he 1 


a 
PS srs, 


=> fx) = 


l-—cosx;a<x<az 

a 

2cosx;0<x<a;a>— 

=> f(x)= 2 
SINX;A<x<Z 


> f(x) =O atx= > 


51. (d) f(x) = max. {sin x, cos x, 1 — cos x} 
The graph of f(x)is as shown below. 


EAB” 


vi ace 


a 


Derivate of f(x) does not exist at x = A, B and D Le., x 
a u SH 

= —,x=—andx= —. 
4 2 3 

Derivate of f(x) = 0 atx =F, Cand F 


= There are 6 critical points. 


1 1 
52. (d) fix) = 4xe Sa a0 
a -x=0 
ae 
xe*;x>0 
a-x=0 


=> flx)= 


x;x<0 


For f(x) to be continuous L.H.L = R.H.L= (0) =a atx =0 


=> a=0 
2 2 
pas 2 = 
e *|— /+e *;x>0 
f(x) = e 
1;x<0 
2 
-=(2 
e*|—4+1|;x>0 
=> f(x)= c 
1;x<0 


2 
bss Ye : (142 )}.x>0 
x 


=> f= xe’ =2 0°" 
1 ;x<0 1 ;x<0 
; ; i _ {ltt 
lim f'(x)= lim | —= |= lim| —— |= lim— = 0 and 
x>0* x07 e tool e to @ 


lim f(@x=1 
= f(x) is not differentiable at x = 0 
53. (b) f(x) = tim FED LE) fim £OS ot (A) _ 


h>0* 


if a 1] 


lim f(x) (1) 


Also f(x + y) a VxyvyeR 
=> f(0) = (KO) 
=> (0) =0 or f(0) = 1 but range is R* 
=> f(0)=1 


From (1), we get f(x) = lim 


S(O) = 2fix) 
=> f(x) = 2flx) 
54. (a) Let lim f(n)=k 


oe = ae 


3, but f(x) > 0 VEN 


Yd 
s 
T 


SECTION-IV: (MORE THAN ONE ARE CORRECT) 


1. (a), (b), (c) 
Clearly, standard (a) is true as contains standard results. 
For (b), if we let {x) =0 V x € R and g(x) = {x} Vxe R 
Clearly f(x) is continuous and g(x) is discontinuous 
function. 
Here (x) = f(x).g(x) =O VxeER 

=> (x) is a continuous function. 

For (c), let lim f(a) = £ and iim fix) = £, and f(a) = £, 
(say), xa” 

lim g(x) = £,, lim g(x)= ¢, and g(a) = £ 
fix).2(x) = £ £, and f (x).g(x) = £ £, 
Clearly o(x) is continuous at x =a 

2. (a), (c), (d) 
1 ;|x|21 
= 51 1 
n>” 


, then lim 


xa 


—<|x|< : ak a ee 


l ;x<-lorx2l 


1 —] -1 1 
a hers : <x<—or—<x< 
n n—-l n n n—- 


0 >; n=0 


Clearly f(x) if discontinuous, then the 


continuities lies at oe +t—;neN, then 


al 


oF 4 


jim f(~=1, iim, f(x)= 


Also f(-1) = 1 
= f(x) is discontinuous at x = 1 


Now, lim f(x) oe = ie as xe (+1) 
x1 (2) 4 2 
lim f(x)=1 
x->1* 


= f(x) is discontinuous at x = 1 


pees. then x > (= ox=-2- h-> 
n n 


0- -( = A) and x» (=) ee aes 


(n- 1) n 


vy 
n n+l 


> lim f(@)=-—5, lim f@=— | 
(2) n tid of ) (n +1) 


n 


‘ ® : —] 
=> f(x) is discontinuous t x = — 
n 


Let x = Le eee (=| Sept ph A: 
n n 


(sara) (5) 
> xe ,- jandx > |— 
n+iln n 


> x=- ;ho0 


Sac I 
= f(x) is discontinuous at x = —, 


= 


Also x > 0 


] 
— I> Tp 


=> f(x) is continuous at x = 0 


fix) is discontinuous at x = = ;ne Z— {0} 
n 


= 2, Saxe 
l 


Continuity and Differentiability < 2.203 


- (b), (d) 


(a) lim f(x) = lim = lim — = —oo and 
xolr on | x | xl £nx 


lim f(x)= lim eee 
xl fn|x| xl &nx 


= f(x) has infinite discontinuity at x = 1 


. (x -1 , (x +1) 2 
b) lim f(x)=lhm| —— |= lim-—-+———- = — ; f{l1) 1s 
( ) x21 I ) in m1 (x? +x41) 3 K ) 
not defined 
= f(x) has a removable discontinuity at x = 1. 
tel aoa? 1 
(c) him f(x= im 1(2)” = lim alin 0 and 
x17 Tox 
(2)’ 
ee ee | 
lim f(x)=lim(2) = lim =a =] 
x1" x->1* x lt x. 
(2) 


=> f(x) has a jump discontinuity at x = 1 


Vx+1—VJ2x 
x -x 


(d) lim f ais 


aN, 


l 
= ————__—_ x ————__—. = —— ;/(l) is not 
mG a x) Vx+l+J2x 22 oe 
defined 
= f(x) has a removable discontinuity at x = 1 


- (b), (c) 


. “ “ via 
(a) tan x is discontinuous at x = zs 


(b) Clearly tsin= is continuous on (0, 71) 
If f(x) is continuous on (a, b) and | Ff (x)dx = G(x) 
=> [, f (x)dx= G(x) 
2% 
(c) lim f(x)=h lim f(x)= lim 2sin{ ; )- 2 sin 


x 
x—>| — x] — x 
(F A) 7 


= f(x) is continuous atx = 37/4. 


(4) lim f(x) = qe and 


8 


lim f(x)= hm 7 sin(z +x) =— lim sinx 
(5) (3) (5) 
_-# 
3 


- (a), (c) f(x) = +t] ;x #0, f(0) = 0, 


lim f(x)= lim Bal = lim E (- D| 
x0" x0 | xX x0 | xX 


2.204 > Continuity and Differentiability 


lim f(x) = lim Bal = 0 
x0* x>0°| x 
= f(x) 1s discontinuous at x = 0 


Also, lim (x)= lim +t]- fini (02 0.and 
xl x>l | Xx xl 
_ [1 
lim f(x) = lim +t] = 0 
x1" x07] x 


= lim A = lim | = Oand f(1) = 1 
xo! x x01 1+h 
= f(x) is discontinuous at x = 1 


. (a), (d) As fx) =0 for x < 0 and f(x) is differentiable at x = 0 
= f(x) is continuous at x = 0 
=> f(0)=0as f(0-) = 0, and f(x) = 0 for x < 0 


=> f(0)=0 => f(x) =x or -x*” 
. (a), (b) flx) = (n—x) > xen 
| sin x | 


fw) = lim f(x)= lim f(a h) = tim ALOE 
x(a) h>0* h->0* | sin(z — h)| 


a Feel i i }.cosi) 
ho" | sink | h>0*\ sinh 
=(-1)(1)=-landf{x")= lim f(x)= lim f(z +h) 
xa" h-0* 
2 _, cos(at+h) _ hcosh = 
ro = | sin( +h)| 40 sinh 


=> f(x) is discontinuous at x = 1 
= f(x) is non-differentiable at x = 2 


- (a), (b), (c), (d), (e) 

Options (a) contain standard result and hence stand true. 
Let f(x) = 0 and g(x) = |x|, then f(x) 1s differentiable at x = 1 
and g(x) is non-different table at x = 1 

But f(x).g(~7) =O VxeR 

=> fx).g(x) = F(x) is differentiable at x = 1 

= options (b) 1s correct. 

For (c) Let f(x) = |x — 1| and g(x) = —|x — 1], then f(x) and g 
(x) are non-differentiable at x = 1, but f(x).g(x) = {x - 1) 
i.e., y =—(x — 1)? which is differentiable. 

For (d) if f(x) = [x] and g(x) = {x} 

=> F(x)=[x]+ {x} =x 

= F(x) is derivable 

= Option (d) correct 

Clearly if f(x) is derivable at x = a, then 

L.H.D= lim f’(x)=R.H.D= lim f"(x)= f'(a) 

= f(x) is continuous at x =a 

= (d) 1s correct 


. (a), (b) Clearly by definition of derivate at x = a, 
Option (a) is correct. Also option (b) is correct. 


10. 


11. 


Option (c) is incorrect, as it should be f(a) = 


im fat 2) - flat) 
t>0 t 


Option (d) is incorrect, as it should be 
Figs lim 2“ =a fatty) 


= Options (a) and (b) are correct 
(a), (d) f(x) = cos x and A(x) 
min.{f():0<t<x},0<x<— 
* — x:for™ < x <3 
2 2 


In [0, 2/2], f(x) is a decreasing function. 


v(m 
FOES 


=> A(x)= 
Ege x<3 
2 
f'(x)0<x<4 
> H(x)= ' 


—| se <x<3 
lim H(x)= lim f(x)= lim cosx=0and 
x 4 (2) (3) 
: 1 
lim H(x)= im (2 —] =0 
2 2 
x—> ol 
Also H(n/2) = f(n/2) = cos 1/2 = 0 
Thus A(x) is continuous at x € [0, 3] 
Also H'(n/2-) = f'(n/2-) = (1) and H’(n/2*) =-1 
= H(x) 1s differentiable for x €[0, 3] 
Clearly H(x) is a decreasing function in [0, 3] 
Maximum value of A(x) in [0, 3] = H(0) = 0) = cos 0= 1 
(a), (c) Ax) = |[x] x]; -1 Sx <2, 
lim f(x) = lim |[-A](-A)| = lim | h|=0 
x30" h->0* h->0* 
lim f(x)= lim |[h]h |=0 and /(0) = 0 
x>0* h->0* 


=> f(x) 1s continuous at x = 0 
lim f(x) = lim |[x]x |= lim |1.x |= 2 and f(2) = |[2]2| 
x>(2)° x27 x2 


=4 
= f(x) is discontinuous at x = 2 
= non-differentiable at x = 2 


XENCOSX 


12. (b), (d) fe) = {n+ 2)" 


0; x=0 


lim f (x)= im COS (form 
90 x0 (n(1+ x) \0 


x0 ( 1 ae 
l+x 
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—xsec’ x —tanx+ (- tan x) => f(x) is differentiable for x < 1 


= lim nie STE 
x0 : (1+x?)()-x(2x) fa) = ea 
(14°) Al) = lim 1 +h—3|[1 +h] = lim (2—h) (1)=2 
_ 25. = f(x) is discontinuous and hence non-differentiable at x = 1 
= jim ~*8°°% 2tanx ~ 0 and f(0) = 0 
x0 1-x? ca : 3 3 
y) => fl |= lm|——-h—3| |—-—A 
3 \2 2 h>0*|2 2 
(1+x ) 
3 
=> f(x) 1s continuous at x = 0. Also = lim 3 faa = lim G Jo — 
eases ) 
2 2 
f(x) = én(1+x )[-xtanx + fncosx] (1+ x") farses cu ale 2 
[ én(+ x?) | [en +x] ee De eee a oe 
; eX a Su oe ae 
lim f'(x) = 0 = lim|—+hA| |—+A|= lim| —-A|(Q==— 
x0 hoor} 2 x>0°\ 2 
- (a), (b), (©), (d) fd = [x sin 1x] = f(x) is continuous at x = 3/2 
—] —1 
Forx € [1 3 axe(-a = 3 3 
> 3 3 2 if — Puy 
| 7 ; Vege ‘ a 
=> sin nm e€ (-l, 0) => Ff a = lim 7 —* 
=> x sin x = |x sin 7x| = [x||sin mx] € (0, 1) 
1 3 3 3 | 
Poe ——h-3| |—-h|-|—-3] |= 
oe 7 ; IE | 2 IF 
= hm 
0 <|sinz |<1 h0" —h 
=> [x sin xx] =0 forx (1. ed (1) - B) (1) 
a 2 _ 2 De 
At x =—, sin mx =-1 = hm ~——————_ = - 1 
hor —h 


=> [x sin rx] = Ae 


Forx € [<*.0} 2s E (=.0] 
2 2 


=> sin nx e€ (—l, 0) 
= [x sin mx] =0 = liq —#—_! —"_- —- *  =-] 
At x =0, (0) =0 h0" h 
Forx € (0,5) E (0,5) 15. (a), (b), (c), (d) 
> sin xx € (0,1) Fa e052) 
1 {x 41? 
=> xsintme (0,5) , 
a ;x €[0,1) 
=> [x sin nx] =0 Xl 
Apeee [x sin nx] = 0 =a ;x €[1,2) 
7 x 
Atxe€ c i}:axe( 2 n) l xe] 2.3 
7’ ’ 2” A 
=> sin mx e€ (0, 1) => [x sin mx] =0 —] 0,1 
Thus [x sin mx] =0 V x € Cl, 1) (x ap ) 


- (a), (b) (0) = f(0") = AO) = 0 


=> f(x) is continuous at x = 0 


=> f(x)= * cos{ = 5 :) and f(x) = sin( 2 . :) for x <1 = xe(23| 


> f= =F 3x€042) 
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= f(x) is discontinuous at x = 1, 2 and f(x) < 0 for x e€ (0, 
1), C1, 2) and (2, 5/2) 


Y 


l 
=> fl)= . fl") = 2 =f) 
=> fl2)= 1, f(2') = 3, A{2) = 3, (0) = 1, f5/2) = 2 
Clearly f(x) is decreasing and injective and having 
range = (+3 and hence subjective and being discon- 


tinuous, its non-differentiable. 


max.{x,x7};x>0 


min.{2x,x° —1};x <0 


16. (a), (b) f(x) = 


The graph of f (x) is as shown below. 


f(x) is discontinuous at x = 0 and non-differentiable at x 


=1~ /2,x=0,x=1 


el’* 


x" ——_;x#0 
17. (b), (c) fix) = 1+e" 
0 ;x=0 
u 
For n= 0: f(x) = , for x #0 
l+e* 


1 1 


. e* ex 
lim f(x) = lim ——- =0and lim ——~ 
x70" x70" = x07 a 

1+e* 1+e* 


= f(x) is discontinuous at x = 0 
1 


Forn=1,f(@)= a forx #0 
l+e* 

lim f(x)=0; lim f(x) =0; f(0) =0 

x0" x—0* 


=> f(x) is continuous at x = 0 


lim Pie 63 
18. (c), (d) f(x)=[sin x].cos x 


0 for x <[ 2nz,(2n+1)z | 
= {-] for xe ((2n +1)z,(2n+ )z) 


0 for = [2n+5 x 


f(x) is discontinuous at x = (2n + 1)rx, (2n + >) m; 2nt; 
ned 2 


19. (a), (d) f(x) = {x} sin 1x 
Let x =k &€Z, then f(A) = {k} sin kx = 0 
lim F(x)= lim {k —h}sinn (k — h) 


= lim {k—h}(-1}*'' sin th =0 
x—0* 
= lim ((A-—h)-(k-1)) sin th =0 


x—>0* 

= lim =lim {k +h} sinn (kK +h) 
xk" h>0* 

= lim ((k+h)—4 (1) sin th =0 =f) 
h>0* 


Also{x} and sin mx being continuous of non-integral 
points, f(x) being their product is also continuous V x € R 


Let x= k eZ, then f(e) = lim me 


= {k —h}sina(k —h)-0 


h—-0* —h 
2 ge (ESD AUER 1))(-1)*" sin zh 
h>0* -h 
lim CAA DCD sinah = (-1) n(1) = (1 x. 
i yea Oe DT) 
oe ae 


ae {k+h}sinaz(k +h)-0 


h—>0* h 


20. 


21. 


k 
7 ((k+h)-k)(-)‘ sinh _ 
h>0* h 
th = 0 
=> f(x) is non-differentiable atx =k € Z 
(b), (c), (d) f(x) = cos x, 
min.{ f(t);0<t< x};x €[0,z] 
B(x) = 


sinx-l;x>az 


= lim (—1)* sin 


for x € [0, =] , f(x) = cos x is a decreasing function. 
f(x); x €[0,7] cosx ;x €[0,z] 
BX)= 4. is 
sinx-—l;x>z sinx ;x €[0,z] 
a(n) =—1; g(x") = -1; g(a) =-1 
=> g(x) is a continuous function V x é€ [0, oo) 
—sinx;0<x<z 
=> g(x)= 
COSX 5X > 
=> g(m)=-sin 7, g'(n’) = cos nm =-1 
=> g(x) 1s non-differentiable at x = a and differentiable at 
any other points. 
Also for x > 1, g’(x) = cos x 


=> g'(x)=0 forx (2n + 1)—;n EN 
=> Critical points belong to set \* (2n+ oan E n} 


(a), (c), (d) flix + y)=f\x) + fly) txy (x+y) Vxeye R 


Putx=y=0 
=> f(0) = 2f0) => f(0)=0 
> f(a) = hin LE*D=LO) — ti oe 
= al £2 eer ee lim meer” Oe 
=f(O)+x=x-1 
f@)=2-1 
> fe) =f? - I) de= x46 
Also f(0) = 0 
> 0=c => toy- 2a 


S'(x) = 2x and f(3) = GB) -— 1= 8 


SECTION-V: (ASSERTION AND REASON) 


. (a) fx) = sin! x + cosec! x 


Domain of sin! x = [—1, 1] and Domain of cosec™! x = (-c, 
—1] U [1, «) 

= Domain of f(x) = {-1, 1} 

= f(x) is discontinuous function 

= Assertion is correct . 

Clearly Reason is correct as for the continuity to be defined 
at x =a, 

(x) should be defined in neighborhood of ‘ 
which contains infinitely many points. 


a’1e.,(a—h,a+h) 


2. (a) fx) =x(x- 


3. (c) fix) = |x| = 


- (a) fe) = 


« (a) f(x) = |@— a - 5) = 
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1) and g(x) = sgn (x), goflx) = sgn [f(~)] 
—1 for f(x)<0  [-1 for x € (0,1) 

= <0 for f(x) =0 = 40 for x=0,1 
1 for f(x)>0 


gof(0) = 1; gof(0") =—-1; goft1) =—-1; gof(1") = 1 
=> gof(x) is discontinuous at x = 0 and x= 
differentiable at these points too. 


gof (x) = 0 for x €« R — {0, 1} 
Also reason 1s correct and correctly explains the assertion 


1 for x<Oorx>1 


land hence non- 


x :x>0 
-x> :x<0 
Clearly it is continuous and f(x) = 
=> f(0)=0; (0°) =0 
= f(x) is continuous and differentiable function V x « R 
= Assertion is correct, but reason is incorrect as for 
instance, f(x) = (x — 1) 1s differentiable at x = 1, 
However |f(x)| = |x — 1| is non-differentiable at x = 1 


3x? :x>0 


—3x’ :x<0 


Ix|.sin x = x sin x for x € (—-7, 7) 

=> f(x) =x cos x + sin x which begin continuous on (-17, 
mt) implies f(x) is differentiable in (—1, 7) . 
Thus f(x) is differentiable at x = 0. Also reason is stan- 
dard result. 


(x-—a)(x-b);xSaorx2b 
—(x-a)(x-b);a<x<b 


2x—-(at+b);x<aorx>b 
—2x+(at+b);a<x<b 


= r)= | 


=> f(a)=a-b, fla’) = 


=> f(a) + f(a) = f(b) =f(G") = 0 
= Reasons is correct and explain the assertion. 
d) °.” f(x) 1s differentiable 
=> f(x) as well as f(x) are continuous, f(x) # 0 
f(x) 
f(x) 
=> g(x) is continuous. 
f'())° - £0). fC) 
[Poor 
=> Iffx)<0andf"(x) = 0, f(x) #0 or f(x) = 0, f(x) <0, 
f(x) # 0, for x €(a, b) ,then g(x) is increasing in (a, b) 
= Reason is correct. 
F) 
e|—,z 
2 


sinx f(x). 
Clearly f(x) sin x > 0, f (x) = cos x < 0 in (=x 


b—aand f(b) =a—-5), f(b’) = 


Let g(x) = 


=> gix)= 


Let tan x = 


= ; He. 
cosx f(x) 
cos’ x +sin’ x 
tan x = ——————_ > 0 


=f BS) cos’ x 


g(x) is increasing 
Assertion incorrect and reason correct 


yy 
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SECTION-VI: (PASSAGE) 


PASSAGE A: 


1. (c) fX)YP HXr’VxeER 
=> f(x) =+|x|12., |x| or — |x| or f(x) = +x 1¢.,, y=x ory=—x 
= There are 4 such continuous functions 


2. (d) *. f(1/2) = 1 and f is continuous on [0, 1] and f assumes 
only rational values, 


=> f(x)=1V xe [0, 1] 


3. (a) D,=[(-1, 1, Afr te=lo>y=l-x% 
=> y= 4V1-x’ ; which is defined V x € [-1, 1] 
x;x #0 
4. (d) fx) = 
1;x=0 


= f(x) is discontinuous function having only x = 0 as the 
point of discontinuity ; 
| ae IR — {0} which is not an interval 


PASSAGE B: 
5. (c) LHL= lim 2[2—A] =2 
h>0* 
R.HL= lim 2 [2+h]= 
h>0* 


=> Jump =|2-4|= 
6. (a) fl) =33; A 1°) =7 
=> Jump =|3-7|= 


7. (a) h(x) =f).2(00) x’ sinx for x <0 
: x) = f(x). = 
2x’ (x +1) for x >0 


h(0-) = 0; h(0*)=0 = A(x) is continuous V x € R. 
= There is no jump discontinuity. 


PASSAGE C: 
[x] 3-25.05 
8. (b) fix) = 2% 
Ie Hl <x = 2 
2 
—2 ;-2<x<-l 
=> fix)= “Aj-1sx5> 


ee eee) 
2 


=> f-1)=-2,f-1')=-1 


fe) 48)-3 


. g . —| 
=> f(x) is discontinuous at x = —1 and at x = > 


No 


9. (c) *.” f(x) is discontinuous at x = —1 and at x = = 
=> f(x-1) is discontinuous at x — 1 =—1l and atx—1= = 


=> x=Oandx= ie 
2 


2;-2<x<-l 
l eee 
2 


10. (c) g(x) = |Ax)| = 


[2x -1|;—<xs2 


23 2er5=1 2;-2<x<-l 
Pian ee 
Z 2 
12x? -1 ee las eee ~2x* +1 eye 
V2 J2 2 V2 
-1 1 1 
~2x? +1;xe] —,—— Dy ale yD 
= 7] V2 
l-1)| = 2; FCT) = 1; 
—l° -1* ] 
— f=1)/f]}— |=— 
1 1° 
ots = 0; —— =0 
Ue ATE, 
=> {|f{x)| is discontinuous at x = —l, at x = ie, non- 
differentiable at x = — 1, + 
0;-2<x<-l 
0 =e 
2 
Al = — 
so) —4x ee ae 
2 V2 
1 
4x ;—=<x<2 
J2 


> f (J, |-~(3)---2 and 


rch} 


= {|f{x)| is non-differentiable at x = —1, ae Le., at 3 
points 2° V2 
PASSAGE D: 


Let F(x) = f(x).2(x) 
=> F(x) Py g'(x) + g(x) f (>) = x.g'(x) + g(x).G2x’) 
_ Ff dg 


re =~ (given) 


= 3x’. a = 3x’.9'(x) 


(x3 — 3x’) g’(x) = —3x’. g(x) 
OO) 4, = 

g(x) 
=> £n|e(x)| =-3fn |x-—3) + €nC 


=> £n |e(x).(x-3)|=!nC 
=> g(x).x—-3y =C => g(x)= @-3 
Given 2(0) = ; => ; = ~ 
= iy, =e 
> C=-9 => g(x) G3 
11. (c) From above g(x) = 3 
12. (a) Let G(x) = f(x — 3).g(x) = (x - 3). [ zs 3 =-9 
(x —3) 
“. G(x) =-9 => G'(x)=0 
=> G‘(100)=0 
(3: aye da is sa 
x0 x(1 + g(x)) x0 eC: “ 3)? (1 _ 9 : 
(x —3) 
—9x? 


7 [a3 9] 


PASSAGE E: 
14. (a) RHD=f(-a) 


tim Lat) -fC# _ |, ~f@-W+I@ 
ho h hot h 
~ km LE-A-L@ 
hor —h 
15. (c) *. fis even 
= f is odd f(a’) 
= im LOD ASCO) «pg PCO“ W SCO 
= lim —f'(-a)+ f'(-a —h) 
hA>0* —h 
16. (b) lim oa jim OLE”) Given) 


h-0 —_ 


= tim L2+D=L) 


=> fexX=—() => f(x) 1s odd 
=> f(x) is an even function 

PASSAGE F: 

f. [-a, x] > R, g: [-2, r] 9 R 

fix) = min. {sin x, cos 2x}; 

g(x) = max. {sin x, cos 2x} 

The graph of f(x) and g(x) are as shown below. 


(.” fis odd) 
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17. (a) Clearly, fx) is continuous and non-differentiable at x = 
ya ey aaa ; 
—,x =— 1.€., at two points. 
6 6 


18. (c) The graph of |g(x)| is as shown below. 


1 -¥= 1900) 

\ ie 

-% Sn = |O2 5m nz 
i 06UCUC A | 6 


19. (b) From graph it is clear that 
fix) € 1.5 = Range of f(x) 


20. (c) From graph it 1s clear that 
B(x) © [1,1] = page Of B(x) 


21. (b), (c) Clearly f(x) increase in the intervals 


22. (a), (b), (c) Clearly g(x) decrease in the intervals 


PASSAGE G: 

(i) f(x) is continuous on R — {3} and f(x) has a sharp turning 
point at x =— 2. 

(ii) f(x) increase on (—c, —2) and on (3, «) , decrease on (—2, 3) 

(iii) (x) does not exist at x = —2, but f(x) is continuous at x = —2, 
f(x) does not exist at x = 3 due to infinite discontinuity , 

(iv) f(x) is con cave upwards on (—co,—2) and on (-2, 0), concave 
downwards on (0, 3) and on (3, «) 

(v) f(x) has a point of inflexion at x = 0 and f(0) = 0. 

(vi) f(x) has x =3 and x = 0 as two horizontal asymptotes. 


From above conclusions, we can draw the rough Sketch 
of y = f(x) as shown below. 


23. (c) Clearly f(x) = |x| 1.¢., y = f(x) and y = |x| can intersect at 
maximum points, 
Once at branch AB and secondly at branch BO (not at 
0) and finally at origin O i.e., at maximum 3 points. 
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24. (b) Graph of y = f(-|x|) is as shown below. 
8 


If (0) = 0, then f(x) is not differentiable at x =—2 and x 


= 2 but continuous on R. 


25. (d) fx) +3x=0 => flix) =-3x 
=> y=fx) and y =-3x 


Clearly y = f(x) and y = —3x can intersect at maximum 
five points i.e., at branch AB at branch BO, at origin, at 


branch OC, at branch DE. 


If f(i-2) > 6, f(0) > -3 Le., tangent at origin to f(x) 


should be below line y = —3x 
SECTION VII (COLUMN — MATCHING TYPE) 


1. ()—>(b), (c), (d)sG) >(€);Gil) >(b), (d)5Giv) (a), (©) 
(i) f(x) = {sin (xx)} 


Clearly, f(x) is discontinuous whenever sin (7x) is an 


integer 1.e., sin (7x) € {-l, 0, 1} 


a a = {Zineal 
2 


(ii) 


Clearly ~*~ < 1 vx #0 and |sin x| < |x| Vx #0 
Xx 


sin x 
> 0< <1Vx#0 
x 
sin x : 
=> can take only integer value 0 atx=nn;neZ 
% 


=> g(x) is discontinuous for x € {0} 


1 
(iii) From above, g(x) is continuous for x € {1, 2}, ‘3 


(iv) u(x) = =| is discontinuous on set [0, 1) and {0} as 
x 


both contain the point of discontinuity 0 


2. ()—>(a), (b), (©); Gi) >(€);Gil) >(e); (iv) >(d)5(v) >(a) 
Gi) [x] [1 +x] 


=> lim [x] [1 +x] =(€1) (0) =0 and iim [x] [1 +x] =(0) 


(1) = 0, F(0) = 0 


= f(x) is continuous at x = 0 
(ii) [x], [1 — x] 
=> lim [x] [1-x] = (1) (1) =-1 and lim [x] [1 —x] =(0) 


(0) =0, (0) = 0 
=> Right continuous and left discontinuous at x = 0 
(iii) Ax) = [sgn x] [2 — x] [1 + hl] 

him fix) = CD) (2) () =— 2, 

lim = (1) (1) (1) = I and f(0) = (@) (2) (1) = 0 


= f(x) is neither left continuous nor right continuous at x 
(iv) Fs = [cos x] 
lim fx) =0; lim fox) = 0;,0) = | 
= lim fix) =04f(0) = 1 
= Limit exists but discontinuous at x = 0 
(v) Ax) = [4] [1 +2] 
lim f(x) = (0) (0) = 0 
lim fx) = (-)(1) = -1; 0) = 0 
=> Left continuous, right discontinuous 


3. (i>), (b);(il) >(b), (c), (d); (ali) (b), (€), (d)3(iv) >a), 
(b), (c), (d) 


Oe 
eee a 
=> ys discontinuous at ¢ =—1, t= 2 1.e., where a =-—] 
x+l1 
1. —] 
or2ie,x +1=—-l OTE eee eS 
(ii) eae Ofor xeZ 
ii) y=[x] + [x] = 
‘ —1 for x¢Z 


=> fk)=-1=fF); fi‘ =0 fork e Z 
= f(x) is discontinuous at each integer 
(iii) y = [sin (w)] 
y will be non-differentiable where it is discontinuous 
1.e., where sin(zx) takes integer values, except —1 
=> sinax=Oorl 
=> x=-2,-1, 4all are possible 
(iv) f(x) =|2x + 1] + |x + 2] -—|x + 1|- |x — 4 possible points 


of non-differentiable are x = -5 , 2, -1, 4 


—x —6for x < —2 
x-—2 for -2<x<-l 


fix) = 4-x-4 for -1<x<— 


3x-2 for —<x<d 


x+6 forx>4 


—l for x <—2 
1 for -2<x<-l 


=> f(x)= =I for =1<x< > 


3 fp eA 
2 


1 forx>4 


4 


= 


= f(x) is non-differentiable at x = —2, -1, 


- (i) (b);(i) >(€);(iil) (4), (€);Giv) (a), (e) 
(i) f: [0,2] — [0, 8] 


fix) - 7° =0 > fx=x .. (i) 
Let y = f(x) and y = g(x) 
(i) 

= Number of points of intersection of y = f(x) and y = g(x) 
for x € [0, 2] 


In [0, 2] range of f(x) as well as that of g(x) = x? ie., [0, 
8] and both are continuous function, 
Thus at least once f(x) has to meet with the curve of g(x) 
i.e., f(x) —x* = 0 has at least one root. 

(ii) Two consecutive roots of g(x) means between two con- 
secutive turning points, there can be at most one root of 


K(x) = 0 


bei |2-—(x-2)|forx = 2 
(iii) f(x) = |2 — |x — 2|| = 

|2+(x-2)|for x <2 
4—xfor2<x<4 
x-4forx>4 
x for O<x<2 


—x forx<0 


—1 for x <0 
_ |i for0<x<2 
Se IY aha aye 
1 for x >4 


=> f(x) is non-differentiable at x = 0, 2 and 4 1.e., at exactly 
3 points. 
2 * 
: x if xeQ 
(iv) f(x) = 
5x-6 if x€Q 
At the point of continuity, x? > 5x — 6 
=> x—-5x+650 
> x720rx>3 


- G)>(b), (d);Gi) >(©), (d), (©); (ill) >(€)s(iv) (a), (©) 
: ] l 
(i) flu) = 


u>+2u-—3 xt+1l (ut+3)\u-I) 


= flu) is discontinuous at u =-—3, u= 1 
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] 


Baa ae ae ea 
fat) sa7} 


=> f(x) is also not continuous at x= —1 
(ii) f(x) = sgn (x — 1) (4-~°), 

f(x) is discontinuous where (x — 1) (4— x’) =0 
=> x=1,-2,2 


(iii) lim LY af? form as f(0)=0] 


x 
= lim f'@) 
f(0) =k (as lim 


f(x) is derivable at x = 0 
= f(x) is continuous at x = 0 


(By L.H.Rule) 


F(x) 
x 


exists given) 


_ sgnx 
(iv) f(x) = lim (EN) aie en ee 
noo 2 7) n->o a 1 


= f(x) is a continuous function. 


- Ga), (b);Gi) (a), (b), (©), (d);Gilil) (a), (@), (€)5Giv) 


—> (a), (b), (€), (d), (e) 
(i) fl) =? + (A= 1) el -A) 
x? +(A-— 1) |x] -A=0 
=> |xj=lor-A(>A<0) 
=> fll) =90, f-1) =0 and f(0) = |A| 
= Graph of f(x) will be of the from as shown below. 


i 
4 
\ f / 
\ /\ / 
Need aed, 
a or (3 x 


=> f(x) is non-differentiable at five points for A < 0 


. min,(|x|;vI=x");-1<x<1 
(ii) f(x) = 
[|x |]51<|x|<2 
The graph of f(x) is as shown below. 
¥ 
A 
O GO O € 
“INI sy 
-2 -x,% % 2 
—| 
Clearly f(x) is non-differentiable at x = —1, x ; 
yf ) 1 0 
0, x es! Jl 


(iii) f(x) = [x + 1] (| + fx — I) 
(x +1)(2x —1)for x < -1, 
—(x +1) (2x-1) for-l<x<0 
(x+1)for0<x<1 
(x +1) (2x-1) for x 21 


=> Nx) = 
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4x+1 forx<-l 
—4x -1 for -l<x<0 
=> f(x) = 


1 for 0<x<1l 
4x+1 for x>1 


= f(x) is non-differentiable at x =—1,x=0Oandx=1 


es s(*2)- £0)+ ys, yeR 


ae partially w.r.t x, we get 


of [As *4y =f @vx,yER 


y 


(2) =f(@=VxyeR 


> r(2| =f(0)=-l1VyeR 

> fwM=-1VxeR Z@ fx)=-x*+k but f0)=1 
= k=] => fx=aF 1 

as 1 1 


40) S412] 01 


V2" V2’ 
SECTION-VIII: (INTEGER TYPE) 


1. f(x) =cos x + |cos x| 


2cosxfor 0<x<— 
Particularly, f(x) = 2 
n 
0 for i <X< 


—2sin x for 0<x< > 
=> f(x)= 


0 for—<x<z 
2 


hina 


“Hebe 

p) 
2. f(x) =cos x; 

f(x) ,0Sx57 
g(x) = 

as 5 <4S3 

COS X; 0Sx5— 
=> g(x)= 


S {4 2 yu} wl? 


=> g(x) is continuous on [0, 3] 


; a 
—sinx;0<x<— 
haces pes 2 
=> g(x)= 

1 
-1;—<x<3 
2 


=> (é |=-ne4 Js 


= g(x) is differentiable on [0, 3] 
= Ans:4 


= | 
x? sin| — |;x #0 
» fix) = “) 


0 if x=0 
For continuity at x = 0: 
lim f(x)= lim f(x)= (0) =0 
x0" x>0° 
= ‘m’ must be an even integer 


> m22 
For differentiability at x = 0: 


f(x) = foo" (= = Joos +sin{ 2 3 ns: ' for x #0 
x 
For differentiability at x = 0 
lim f(x) = lim f’(x)= lim af ‘(x) = finite real. 
x30" x0" x> 


x 


lim f'(x) = lim [33 cos— + Za)? sin 
x30" x0" 


=> ™_2>0;"-120 
2 2 


> m24;m22 
‘. For continuity and differentiability m > 4 
= Greatest value of m for which f(x) 1s continuous but 
non-differentiable is 2. 
4. 
fx t+h)—-flx)< 2h Vh,x eR 
=> fixth)-fx)<0Vx,he R 
=> fxth<fovxhe R 
=> fxth<fs)<fe-hVxhe R 
= fx) must be a constant function 
=> f7)=7 as f(2) =7 (given) 


1 1 
u) = ;u = — 
Ku) ue+u—2 x- 
=> f(x) is not defined at x = 1 
l | 
o> = = - 
uotu-2 (u+2)u-l) 
=> flu) is not defined at u = —2, 1 1.e., oe 2 
x-1 x+1 


—| 
> x-l=—,x-l=l 
2 
1 
=> x=-—,x=2 
2 


; ae l 
Points of discontinuity are 1, 2, a 


=> 2Q2y rx, 1 x,|= 21426 =|= (2) =1 
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2 ->y> n 
6. f(x) =x* —2 |x| = ae a 9. ga)= OW ge yer 
x°+2x3;x<0 éncos” (x -1) 
2x+2 ;x<0 —1)" 
> faire => lim g(x)= lim _ 
2x-2;x>0 x1" £ncos” (x -1) 
=> f(x) is non-differentiable but continuous at x = 0 hy’ 0 
=> f(x) \ for x € (-«, -1), (0, 1) and fx) for x € (-1, 0), = lim Paes form) 
(i, 00) ho" fn cos” (h) 0 
min.{ f(t);-2 <t<x};-2<x<0 = 
(x) = | aie n(hy" 
max.{f(t);0<t<x};0<x<3 ae 
—— mcos” ' h(—sinh) 
f(x); -2<x<-l cos” (h) 
_ |f(-1);-1<x<0 tay 
f(0);0sx<2 = lim et # = p (given) and p = L.H.D 
ho (-m) 1 (sinh 
f(x) 32<5x3 
of |x-— 1] atx=1 
YIN Sal _ 
eee re oe ae 
SHOT coe ps + fin ( PE2S*) FA) 
0 ;0<x<2 i0°\ —m ) 1 | sinh 
ae ee iS 
‘ at ee > n=2,m=2 
=> g(x) Is discontinuous at x = 0 = (my'=4 
2x+2 ;-2<x<-l 
es 0 ;-l<x<0 a|x*—x- el ee 
XxX — 
4 0;0<x<2 24+x-x 
2x-2 ;2<x<3 eo a 
= g’(x) is discontinuous at x = 2 = Ele oe, 
= g(x) Is non-differentiable at x = 0, 2 x-2° 
> m=l1,n=2 
=> (m+n)=3 ime COO le neaoyes 


7. According to question /'(e) (+0) exists finitely and fe’) = 0. ror xor —(x— 2x41) 


én(1+9f(x))— tan(f(x)) —[x x] _ x-2 
lim HG lim F(x)= lim —— = lim -—> mar =1 
=> a=b=]1 


Aa (9S) — 8e0° (FO) S') 


re a )) => (l-ay’+(1-by= 
eae: 2 f"(x) x+1] 
02) f"(¢4 Aer) ) 4 16 
= lim IF (e)-F(eE) _g Ce f(e*) #0, 00) cates ay ie 
xe" 2 f'(e’) 11. Kix) = 4° -16 
‘ 1 —cos(x — 2) = 
8. fx) = eS x° —bx +25 | ace (x —2)tan(x —2)’ 
x°-7x+10 (x-2)(x- 5)’ 
Also f(x) is given to be continuous at x = 5, x2) 
_ (4 16 
A — bx +5) ag ae £O)- ae 4* -16 
=> f(5) =lim ———— and for continuity limit must . : 7 
) (E-DEA5) a 
exist (4) 2 -16 4(2" -4) 
=> (x—5) must be a factor of x? — bx + 5 = eae 4° 16 
> (52—5(b)+25=0 > b=10 (SES16) 
ie ma -10x + 25) lim —_—-=1 
=> —_—_—_———— - (9x a 
ra (x —2)(x—-5) x2 (2 +4) 2 
5 fie 5)" eae) = lim f(x)= lim pet ee) ae 
x95 (x—2)(x-5) *95(x—-2) ase x2" (x— 2) tan(x — 2) 
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>\7P 14. f(x) = max.{a—x,a+x,b}; -~-<x<0,0<a<b 
sin( * The graph of f(x) is as shown below. 
ms Y 
.9(x-2 x- = A 
28in" | —— y=a-x y=a+x 
, 2 a. s . 
lim. ———_——_- = — lim I ra 
x2" (x—2)? tan(x — 2) Axo er 2) K.| 75 
| 1 (2) (x—2) aK 
a | es 4 
For the function f(x) to be continuous at x = 2, 5 ge FI . 
=> a=1 “i 
5 
(—4x+5)forl<x< 4 “. f(x) can’t be differentiable at points A and B i.e., at 2 points. 
|4x-—5|[x] for x >1 5 (5 }3 _ 5-h 
12. f(x)= = 4(4x-5)[x] for x =>— _ S(t f( 
fe) ter mx] forx <1 ( ea 4 15. lim he 


[coszx] for x<1 


f (5+ )-f(h)+ f()-F(5-2) 


For x € [0, 2], = lim WP 
lat x=0 
f(5+W)- F(R) S(S-#)- SF) 
0 for 0< gh = lim + lim ——_———— 
0 XS h—>0 he h—>0 Ih? 
l I I 
—1 for Fe “Bl a ae lO 
fx) = : 
(—4x + 5) for amar (cosx—sinx)”"*; = <¥<0 
(4x-5)for><x<2 16. fx)=4a ;x=0; 
I/x 2/x 3/x 
2(4x—S)atx =2 i a 
+ be” Z 
= f(x) is discontinuous at x = ” ,x=1,x=Oandx=2 lim f(x)= lim [1+(cosx—sinx-1)|"~ 
> m= 4 2 x 0° x0" 
1 = om cosec x(cos x—sin x—1) 
0 for 0<x<— =e 
2 lim (cot x-l—-cosec x) 
l — erro” 
0 for —<x<l x 
> fey 2 ante) 
—4 forl<x<l 
5 14 ga 
4 for —<x<2 ; Sie ae 1 
4 Also lim +~—————+ = — =(f(0)=a 
3 . ‘ 1 5 od b+ a b 
= f(x) is non-differentiable at x = 0, —,1,—,2 ole 
— WS) 24 
(m+ n)=9 .. For continuous, a = = e) 
x+0+xif xeZ cons 
13. f(x) =x + {x} + [x] = => a=e';b=e 
x+1—{xj} +e] if xeZ => (€nb-—fna)—(lne-fne")=2 
_ [2x if xeZ ioe 
142[x] if x¢Z 17.) = 20 
1—sin x —cosx 
Letx=k € Z, then fk) = 1+ 2(k-1) = 2k- 1, (kK) =1+ 
55 nk. X 
2(k) = 2k + 1, 2sin Pear aa 
= fx) 1s discontinuous and non-differentiable at each lim f (x)= lim : a ee - ae 
integer point 2sin’ a 2 ses au 
Leta e (kK-1,h);k € Z, fla) =1+2(k-1)=2k-1, 
fla')=2k-1, fla) =2k-1 ee eke 
=> f(x) is continuous at non-integer points. — lim Pe ee 
Thus f(x) is discontinuous and non-differentiable in [-2, el ena er 


2| atx =-2,-1, 0, 1, 2 1.¢e., at 5 points. 


18. °. 


19. f(x) = lim 


20. *. 


= f(0) for continuity at x= 0 
=> [f(0)|=1 
f(x) 1s continuous and takes only irrational values which 
is possible only when f(x) is a constant function and /(1) 
= 2 
=> fix)= V2 Vx [0,3] 
=> fll. 5)f2. 5) = (V2)(v2)=2 


ax’? +bx+c+e™ 


1+ ce” 


2 nx 
. ax tbx+cte 
For x < 0, f(x) = lim ——W—-= ax’ + bx + ¢ 


no 


1+ ce” 


ax’ bx ec 


4 e”” e 
For x > 0, f(x) = lim 
n>0 


f. - ™ 
Sf 
+ 
Q 
NN” 

co) 


At x =0, fx) =1 


ax’ +bx+c;x<0 


fx) = 445 x=0 
Z for x >0 
Cc 


f(x) will be continuous V x « R 


If lim fx) =c=1= 
x0 


CO | — 


| 
f(x) 1s continuous on [2, 10] and takes only rational 


values, 
=> f(x) must be a constant function V x € [2, 10] and /'(4) 


=> f(x)=3 Vxe [2, 10] 
=> f(x) =3xt+cVxe [2, 10] 
=> f(5)—f4) = 35) — 3(4) = 3 


21. f(x) is differentiable on [7, 10] 


22. f(x) = 


=> f(x) is continuous on [7, 10] and f(x) takes only irratio- 
nal values and f(8) = V3 


=> fix)= V3Vxe [7, 10] 
[17 =T(v3)=(s3)' =9 


l 
én[x? —3x 43] 


f(x) is discontinuous where £n [x? — 3x + 3] equals zero. 
Clearly, x?- 3x +3 >0V x € Ras Disc <0 
Now denominator vanishes where x? — 3x + 3 = 1 

=> x-3x+2=0 

> (x-1)@-2)=0 

== 12 

.. f(x) is discontinuous at exactly 2 points . 


23. 


24. 
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lim g(x) = lim etre fom 
x30" xX” .a 


x07 


—a’ fna+ éna(xa*tna + a) 


= lim By L.H. Rule 
x30" x’a* na + a* (2x) ey 
= e 2 e 2 0 2 
Sin a) cic) cid 
x20 x a*lnat+ 2xa* x30 xflna+2 Z 


ete in aa = 
x>0* x>0* 


Ts i al (By L.H. Rule) 


x0* 2x 
3 2 2 
Shes (2a)* (£n2a) _ (én2a) 
x30" 2 p2 


For continuity at x = 0, 


(éna)" (¢n2a) 


= fna=+4tn2a 


2 2 
= a=0 (impossible), £n 2a? = 0 


y 
~~) 
Q 
i) 
| 
— 


>Sa= as a > 0 and g(0) 


l 
V2 
2 
(¢nv2) l 5 
= ——— =—_(én2 
y) (2) ( Mf ) 
By comparison, p = 2 


sin3z(1+h)+ AsinSz(1+h)+ Bsinz(1+h) 


lim h 
. -sin3zh—Asind5zh—Bsinzh 
=. 00 <A i 
h>0 h° 
. —3acos3zh—S5xzAcossazh— Brcosazh 
SE ee 
h—>0 5h’ 
=> -3n-—5nA—-Br=0 
=> 544+ 8==-3 (1) 
=e On’ sin3azh+ 25x’ Asin5zh+ Ba’ sinzh 
h—>0 20h° 
J 272° cos3ah +1252? Acoss5ah+ Br’ coszh 
h—0 60h7 
=> 2773+ 12577A + Bre=0 
> 1254+ B=-27 ...(2) 
Solving (1) and (2), we get, 120 A =—24 
=> A= — 
: —| 
=. BH==3 = 54 =53 5 (=*]--2 
B=-2 
544 —817" sin3zh —6252° Asin5z — Br’ sinzh 
h-0 120h 
aes —2432° cos3zh — 31252’ Acos5ah— Bn’ cosxh 
h->0 120 
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_ -2432° -31252°A- Br° 


120 
_ ~243° + 6252° + 27° = 3482° = f(l) = pT 
120 120 (p + 1) 
>p=4 
pies bl Pear 


x 
25; fix) =< 2-54 =0 


sinx—X 
ps] SOE | x <0 
x 


lim f(x) lim [++] ===) 
x30" x30" x 


( —sin *) =| 

= lim =— 

x07 6x 6 
sin[ x] 


lim f(x)=b—1and lim f(x)= lim C ‘ Sal} 
x0" x 0* x70" x 


For continuity at x = 0, b-— l=a=/f(0) =2 
a=2,b=3 
b-a=1 


> k=1 (. b—a=k (given)) 


Method of Differentiation 


m@ INTRODUCTIONS 


In the history of mathematics two names are prominent 
to share the credit for inventing calculus, Issac Newton 
(1642-1727) and G.W. Leibntiz (1646-1717). Both 
of them independently invented calculus around 
the seventeenth century. 

One of the most important problem in mathematics was 
to find the equation of tangent to a curve at a given point. 
Now finding the equation of tangent for a circle or even for 
any conic was easy, even without the help of differentiation 
but unfortunately the same cannot be said for any arbitrary 
curve. And the second problem was the Kepler's conclusion 
that the orbits of planets around the sun are elliptical, but he 
was unable to provide a logical explanation for his claim. 
Although any one familiar with the calculus can provide the 
answer to the above two problems now. 

It was Leibnitz who solved the problem of tangents 
and Newton settled the Kepler's problem mathematically. 
And during their efforts both of them invented 
Differential Calculus independently. Leibnitz applied the 
geometrical approach while Newton used the physical 
approach. 

Normally a dependent variable is expressed in terms of 
independent variable by means of an equation. Now when 
we find the differential coefficient of the dependent variable 
with respect to the independent variable, what we are doing 
is to try to find out another equation by which the change 
in the dependent variable (for any infinitesimal change in 


NOTE: 


CHAPTER 


independent variable) is related to the independent variable, 
whatever be the value of the independent variable. 


Derivatives Using First Principle (Ab-initio) 
Method 


Derivative function or slope function of a given function 
f(x) is defined as a function whose value generates the slope 
of f(x) wherever it is defined and f(x) 1s differentiable. There 
is a variety of notations for the differential coefficient or 


a 2), a DAOLOSL, fv 3, 
df F(a) 
dx 


derivatives, such as, 


y,. Out of all these ,f'(x), y' and y, are the most 


prominent. 
Also known as differential co-efficient of function, 
there can be considered as co-efficient of differential (dx). 
e.g.,y=f(x) =x 
=> yt Ay=fx + Ax)=(« + Axy’ 
Ay = flix + Ax) — f(x) = 2x Ax + (Ax) 
Ay _ f(@@t+An-f@) 
Ax Ax 
Ay 


lim — = 2x called go” for y=x° 
Ax0 Ax dx 


=> 


=> =2x+Ax 


So derivative of f(x) 1s obtained as 


ml er I(x) 4 FS O-A)- FO) 


rae) —h 


I'@)= 


The function f(x) is known as the derivative of 'f(x)' because it has been derived from 'f(x)' by using the limits. 
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Algorithm to Differentiate One 
variable w.r.t. Another 


Stepi: Let y = f(x) be a function 
And by substituting x by x + Ax in f(x); we will try to 
calculate y + Ay 1.e., f(x + Ax). 


Step Il: Subtract y from 'y + Ay’; thus obtaining Ay in 
terms of x and Ax 
Ay = fix + Ax) — f(x) 


Step Ill: Divide Ay by Ax, thus obtaining the value of = 


Step IV: Find lim ay. and this is called the value 
Ax>0 Ax 


of wy or f(x) 
dx 


Caution: 


If f(x) is not defined on x = c, then it is wrong to conclude 
that f(x) has no derivative at x =c 


e.g. Let f(x) = x*8 tanx at x = 0 


tanx 


f(x) = x°8 sec2x + a 18 


Clearly f’ (x) seems to undefined at x = 0. But before 
coming to the conclusion, let us try to find the left hand and 
the right hand derivative. 


LHD: f (0")= lim Pere Sts} 


= lim 
hoo" —h 
2 
y sec 
— lim = = 0 and 
hoo" h 


f (x+h)- f(x) 
0 h 


and since, both LHD and RHD = 0 
.. f(x) has a derivative at x = 0 


Method of Differentiation 


m(Ax) 
=> AY owen OI) 
Ax (Ax) 
m(Ax) 
e —] 
Taking lim ;we get lim wv aem x lim oe 
>0 om 
dy — 
=> ae m(e ) 


(c) y = log (ax + db) 
=> Ay = fx + Ax) -— f(x) 
= Ay = log (ax + a(Ax) + b)—- log (ax + Db) 


mere)) - Ay 
ax+b 


Q 


Taking lim ;weget lim BY Oa i 
Ax>0 Ax>0 Ax dx axt+b agx+h 
a 


tan(x + Ax)—tan x 
Ax 


— lim 1 | sin@+Ax)_ sinx 
Ax 0 Ax} cos(x+Ax) cosx 
sin(x + Ax)cosx —cos(x+Ax)sinx | _ lim sin(x + Ax —x) 
Axcos(x + Ax)cos x Ax>0| Axcos(x + Ax)cosx 


. (sinAx).,. 1 1 P 
lim lim —_—_—_— =1.—,— =sec’ x 
Ax0\ Ax } 40 cos(x + Ax) cosx cos’ x 


(d) Let f(x)=tanx then f'(x)= lim 


lim 


Thus iO anymee s 
dx 
e) Let f(x) =secx then ‘(x)= lim —| —_—____— —_ 
©) fe) I) Ax—0 Ax Ax0 Ax| cos(x+Ax) cosx 
._| cosx—cos(x + Ax) aie 2sin(x + Ax /2)sin Ax /2 
x01 Axcos(x+Ax)cosx | 4° Axcos(x+Ax)cosx 


sin(x+Ax/2) ,. sinAx/2 _ sinx . sind 
— —————_ lim ———_ =—.—.]1 [since lim =1 ] 
Ax cos(x + Ax)cosx 49 Ax/2 cos’ x a0 @ 


sec(x + Ax)—secx agi l l 1 | 


= tanx sec x. Thus < (sec x) =secxtan x 
(f) y =f{Xx) = x’ cos x 

Ay = fix + Ax) — fix) 

= (x+Ax) cos(x+Ax)—x’ cos x 
= Ay =x*(cos (x + Ax) —cosx) + 2x Ax cos (x + Ax) + (Ax)? cos (x + Ax) 
is x’ x (-2sin( 4") sn(7**4")) +2x(Ax)cos(x+Ax)+ (Ax) cos(x + Ax) 
pa NN Re ___ 
Ax Ax 


Taking lim ; we get lim AY _ (—sinx)+2x cosx= ay 
Ax 0 Ax>0 Ax ax 


< 3.3 
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(g) y =flx) = tan 2x? -3 
=> Ay =f{x + Ax) -fix) 


=> Ay= (tan [2(x+ Ax)’ -3}—(tan 2x3] 
; sin( J2(x+Ax)° —V/2x*—3 
cos,/2(x+ Ax)’ —3.cosV/2x° -3 
sy ae sin(2 2(x+ Ax)’ -3—V2x" 3} ee 
Ax 


=> Ay 


=> 
Ax cos’ ¥2x* -3 2(x+Ax) —3-V2x? -3 
hs sin(2 2(x+ Ax)’ -3—V2x* 3} 
> —_= ea 


Ax cos? V2x'-3 2(x+ Ax) -3-V2x° 3 
Taking lim ; we get 
2(x+Ax) —3)-(2x? -3 
> lim © = jim seo? V2x° —3 x 1x __ (2 +4x)'-3)-(20°-3) 


(Ax)| [2(x+ Ax)’ —3 +v2x°=3 | 


3 2 2 
=> fin” Steet 2(Ax) —6x*(Ax)+6(Ax) x 
Ax30 Ax  Ax0 (Ax)x2/ 2x33 


2 
=> tim *Y = tim sec? 2x" —3 x 6x 


ae Ax 2( 2x? -3 


(h) y = f(x) = cos’ Jy 
=> Ay =fix + Ax)-f(x)= cos? Vx+ Ax —cos? Vx 
= Ay =sin (Vx-+ Ax +Vx} sin (Vx+ Ax - Vx] 


— > - sin(2Vx )xsin(Vx-+ Ax —Vx) 


Taking lim ; we get 


_ Ay sin( x+Ax—Vx) I+ Ax —Vx 
=> lim — = lim sin(2¥ > x 

alae (Vx+Axr—Vx) Ax 

ee: \\ ae ae Vx+Ax—Vx  Vx+Axrtvx 
=> lim = lim sin(2/x )x*=——-—** x SANE 

Ax30 Ax  Ax90 Ax xt+Axt+Vx 

ac \ 2 eee l 
=> tim (2) — jim sin 2/7) 


dy sinvx xcosv/x 


dx Vx 
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(i) y = fx) = ef 
=> Ay =f (x + Ax) — fx) = ef _ etm 
=> Ay = eins (eee esi) 


sin x+Ax—sin Vx 
—] 
=> Ay= eiinve Fie LRN x (sin x + Ax —sin Vx 

4 Rea ( ) 


Taking lim ; we get 


Sons. deaadle vx+Ax—Vx Vx+Ax+Vx 
lim e x1x2sin x cos| ——____ 
: Ay Ax >0 2 2 
=> lm—= 
Ax>0 Ax Ax 
vol PANE A PE ee 
2 
= lim (le x 2 cos Vx 
Wage ae Ax ( 
2 
= pm Det yc] ye METAR IN ( Vx t Ax t vx 
= lim 2e xcosv/x 
Ax0 2Ax 2 are ee — 


fom em vx y Vx 
= x COS 
Fr 


G) y =x) = log (cosx) 
Ay = fix + Ax) — fix) 
= Ay = log(cos (x + Ax)) — log (cosx) 


- Me Tek 
cosx 
= log ( SeSeose—sn en ed 
=> 
cosx 
=> Ay = log (1+(( cos Ax —1) )- tan xsin(Ax))) 
log| 1+ (-2 tan Ax 
= me ( = (F)}- Cel a 
—2sin’ (Ax /2)—tansin(Ax) Ax 
Taking lim ; we get ng SS tans 
Ax-0 k-0 Ax dx 
3x-—2 
k — — 
I oat So) ar a 
rae _ 3(x+Ax)-2 3x-2 


A4(x+Ax)+5 4x+5 


_ [12(x? +.xAx)—8x+15(x+ Ax)—10 |-[12(x? + xAx)+15(x)—-8(x+Ax)—10 | 


(4x+5)(4(x+Ax)+5) 


< 3.5 


3.6 > Method of Differentiation 


- 23(Ax) 
~ (4x45)(4(x+ Ax) +5) 
Ay _ 23 

“Ax (4045)(4(x+ Ax) +5) 


Taking lim ; ; we get lim —— ve ay fe 
ar Ax dx (4x45) 


(1) y =f) = tan x 


Let tan’x = 0;0€ (-=,5) 
2 2 

=> x =tand 

and tan (x + Ax) = 8 + Ad (1) 
=> x + Ax = tan (0 + AO) ...(2) 

Ay f(xt+Ax)-—f(x) _ tan (x+Ax)-tan™ x 

Ax Ax 7 x+Ax-x 

(0+A0)-(@) — A@xcos(@+A@)cosé 
~ tan(0+A@)—tand — sin(A@) 


Taking lm. on RHS; we get 


RHS = im ( Be )xcos? 
Ag>0* \ sin AG 
= cova = —1_ — = -2 
sec @ l+tan°@ 1l+x c& 


(m)y = sec!x 


Let sec'x =8 V@e [0, z] ~ i 


=> x =secO and sec! (x + Ax) = (6 + A®) 
=> x + Ax =sec (6 + AO) 
Ay _ f(x+Ax)-f (x) _ f(x+Ax)- F(x) 
Ax Ax (x+Ax)—(x) 
= (0+A@)-(8) _ Adcosé cos(0+A@) _ A@ cos@ cos(O+ A) 
sec(9+A0)-secO cosO—cos(A+A@) bas eae) (=34) 
—ZSin a Sin oe 


Taking lim on RHS; we get 
dy _.. cos @(-A@/2) _ cos’@ 1 


a ATA EA 

dx 46>0(sin@)sin(-A@/2) sin@  sec@tand 

Casel: When 8 = 0; sec'x =0>x=1 

But slope of sec"!x at x = 1 is infinite, therefore the function sec” x is non-differentiable at x = 0 


Now, for 0 € (0, 1/2) i.e., x € (1, 0) tan@ is positive and secO is positive and tan0 =~/sec? 0-1 


+ pus-—_! _.-_! (1) 


sec @ tan @ ge 


Method of Differentiation < 3.7 


Case Il: When 9 = x; sec! x = x; x = —1. But slope of sec! x at x = —1 is infinite, there- 
fore the function sec"! x is non-differentiable at x = nm. Now, for 0 © (1/2, 2) i.e., x € (00, —1) 


tan 0 is negative and therefore tanO = - sec? 0-1 


=> tanOd = —/x?-1 
1 | 
RHS = ——— = ———— (2 
sec @ tan @ an ee | @) 
‘. Form (1) and (2) dy/dx = : 
|x|vx?-1 
Aliter: 


af]  ifx21 
Proof: Let f(x) = sec x. Then, f(x) = i a, 


m—tan!x?-1, ifxs—l 
Casel: Whenx> 1, We have, f(x)=tan'¥x’-1 and f(x + Ax) =tan™/(x+ Ax)? -1 


4 (9(0))= jim LE+ = $09 


= es tim we Pte VPI 


d 1 (x+ Axy -1- l 
— lim —t 
=> BU Os lim an” | eet fer aS ee 


Ax—>0 eee —l-¥x’ Vx? =1 eee -~1xvx’?-1} 


Jct Ax)? -1 xx? -1 


aaa ee Vi -1 
4 (f¢9)= fim 1+ — lee ae Ixyx?-1 — @+An?-1-V?-1 ~1-Vx?-1 


d (x+Axy’ —l- (x? a 
— =] 
= a = JGe+ Axy -1 —1x Zh SF er PR —14 x? -1 


= 4 (4) = tim ESS 
dx lm mn ~1xv¥x?-1] (e+ Ax)?-1 pores eet -1 
d 


d — 
> Bl = ES 


Case ll: When x <-1l. 


Proceeding as in Case I, we have (eee x)=- 


d l 
Hence, —(sec x) =——_——— 
dx |x|vx?-1 


3.8 > Method of Differentiation 


TRY YOURSELF 
Differentiate the following functions w.r.t x using the first principle of differentiation 
(i) e* (ii) e (iii) e* (iv) e™* (v) log sinx 
(vi) xtan'x (vil) xe* (vill) cos’ (ax + b) (ix) logsecx (x) x’e 
ANSWER KEYS 
vx 
(i) 2e (ii) — (iii) 2xe” (iv) e*"* .cosx (v) cot x 
2x 
: x :: a —a : 
(vi) +tan'x (vii) «+ Det Wii) —————— (ix) tan x (x) (2x + x)e* 
L+x° yl-(ax+by 
Derivatives of Some Standard Functions d ( 3) 3(x)" —3 
—l!x —=—3(x aoe fl 
The following formulas can be derived by using the d( d ‘ 
Ab-initio method, similar to the example in Illustration 1. 4(=) = —(x°?) =—pxx?l= sae 
dx\ x? } dx a 
Algebraic functions a (x°) =0xx!=0 -. (constant) =0 
x 


1. £(x")=nx" *neR 


cL pater) obyem aol 


dx dx 


Method of Differentiation < 3.9 


Logarithmic and exponential functions: d 1 
3. — (log. |x|) =— 


d 
1. —(e"*)=e& 
Are 


d 1 
4. —(log |x|)= sa>0,a#l 
rm g, |x|) iG 


€ 


Zé a =a‘ loga;a>0 
dx 


Trigonometric functions d ; 
4. ae = —cosec’x 


Ge 
1. —(sinx)=cosx 
dx d 
5. —(secx) =secxtanx 
d dx 
2. —(cosx)=-sinx 
dx d 
d 6. —(cosecx) =—cosecxcotx 
3. —(tanx)=sec’ x 
dx 


3.10 > Method of Differentiation 


SOLUTION: (a) y=atanx—bsecx+x 


a 
= = asec’ x—b secxtanx+3x’ 


(b) y = 7x°— cosec x + sin x 
d 
&Y = 21x? + cosecx cotx+cosx 
(ec) y=3cotx—Stanx 
d 2 2 
— =—3cosec’ x —5sec* x 
dx 
fai eeeeset (tan x +secx)—(sec” x— tan? x) 


(d) y 


tan x —secx+1 tanx—secx+l 


_ (tanx+secx)—(secx—tanx)(secx+tanx) _ (secx+tanx)(1+ tan x—secx) 
tanx—secx+1l 1+tan x—secx 
= secx + tan x 


a 
Y= sec x tanx + sec?x 


(e) y =(1 + cotx — cosecx) x (1 + tanx + secx) 


Se 1 4 208% 1 . 14. 50x, 1 
sinx sinx COSxX cCOSx 


sMemer eee encore |) 


=> 
4 sin x COS x 
_, y—(sinx+00sx)' -1 _ sin’ x+cos’ x+2sinxcosx—l 
s sin x COS X sin x COS X 
=> ye 2 
2 
_, &_4Q)_, 
dx ax 
(0 Atan(x/4)—4tan*(x/4) 1-cot’(x/2) 


» 1 —6tan?(x/4)+tan‘(x/4) 2cot(x/2) 
= tan(4(x/4))—cot(2(x/2)) = tan x —cotx 


ad 
&Y = sec? x + cosec?x 
ax 


(g) y = 1 + tanx. tanx/2 


sinx sinx/2 
cosx cos x/2 


_ cos(x—x/2)  — cosx/2 


= S&C x 


cosxcosx/2 cosxcosx/2 cosx 


= sec x tan x 


|S 


Method of Differentiation < 3.11 


Inverse circular functions 


: ~ (sin x)= 


-1 <x<lor a <1 


g 7 eos x)= 
|x|>1 or xe R-{-1, 1] 


—-1<x<lor <] = 
* —(cosec 'x) = 


—| 
. ce x)= |x|vx°-1 
dx 1+x° Ix|>1 or xe R-{-1, 1] 
-o<x<oorxeR 


3.12 > Method of Differentiation 


Algebra of Differentiation 


Rule 1: The differential coefficient or derivative of a 
d(constant 
constant 1s equal to zero; 1.e., — = 0 
x 


Proof: Let y =/f(x) = Cbea function, where C is a constant. 
Now, we increase the variables x and y by Ax and Ay 
respectively. Since, the function y retains the value C for all 

values of x, we have y + Ay=f(x + Ax) =C 
. Ay = f(x + Ax) — f(x) = 0, the ratio of the increment 


of the function to the increment of argument ~ =0 


Now, let us observe the geometrical interpretation. The 
graph of the function y = C is the straight line parallel to the 
x-axis. Obviously, the tangent to the graph at any one of its 
points coincides with this straight line and hence, forms a 
zero angle with the x-axis which means that slope 1s zero. 


Addition and Subtraction Rule 


Derivative of sum of two functions is equal to sum of their 
derivatives as: cS [u(x) + ux)] = ss u(x) + Ha Vx) 
dx dx dx 


The d.c. of the sum of a finite number of differentiable 
functions is equal to the corresponding sum of the 
derivatives of those functions 1.e., if we have y = u (x) + 


v(x) + w(x) then < =U '(x) + v'(x) + w'(x) 
x 


Proof: For the increment of the argument x by Ax we 
have, y + Ay = (u + Au) + (v + Av) + (w + Aw) 
Where Au, Av, Aw and Ay are the corresponding 
increments of the function u, v, w and y 
Ay Au Av Aw 


Hence, — =——+ — 
Ax Ax Ax Ax 


lim = im | 


Ax>0 Ax Axr>0] Ax Ax ee. 


d 
i.e., aa (x)+v'(x)+w'(x) 


Rule 2: Acconstant factor may be taken outside the deriva- 
tive sign, i.e., ify = k(x) [K = constant], then = = K. f'(x) 
x 

Proof: Using the reasoning as in the proof of Rule 1, we 
have y = K,f(x) 

y + Ay =Kf(x + Ax) 

Ay = Kf (x + Ax)— K(x) = K[fx + Ax) — flx)] 

_ Ay _ pf f(e+ax)- F(x) 
Ax Ax 
f (x + Ax) —f (x) 
Ax 


Ax>0 Ax Ax0 


lin = lim K| | = K f(x) 


; dy 
e., —=K.f' 
1.e., = f'(x) 


Product Rule 


If y = u.v where u and v are two differentiable functions 
of x. Then y+Ay=(u+Au)(v+ Ay) 


Therefore 
Ay = (u+ Au)(v + Av) -—u.v = uAu + vAu + AuAv 
Thus wy lim Ay 
ax Ax>0 Ax 
a +vAu + a) 
= Lim | ——_ 
Ax—>0 Ax 
= lim ue v taal * a | 
Ax—>0 Ax 
= lim je + lim v.— + lim ala 
Ax—> Ax >0 Ax 0 Ax 
dy du du 
= u—+yv.— +— 
dx dx ax 
Hence —(uw.v)= yee + yee 
x dx d. 


or (uv) =u’ +vu' 


ILLUSTRATION 6: Find /(x) where f(x) is defined as 


Method of Differentiation < 3.13 
It can be remembered as " Derivative of the product 

of two functions = first function x derivative of second 

function + second function x derivative of first function. 
In case of the product of three functions. 1.e., y =u. v. w 


Then, - =u' (v.w) + u.v'.w + (u.v).w' 
a 


In this way we obtain a similar formula for the deriva- 
tive of the product of any finite number of function 
For example if y = u,u,.....u,, then 


. ' ' 
Y =U,U,...uU,, Ui ruU Uj ut ...TuUU,.u, u 


i area 1 2. n-1 n 


Quotient Rule 


u df(u 
If y =—, where wu and v are two functions then <(4| 
4 x\v 


V.—u—Uu.—V 
__ ax dx 

y- 
Proof: Let y =u/v, where u, v are differentiable functions 


at all points in its domain and v (x) 4 0. 


Therefore eee or ie a! 
v+Av v+Av yv 
: vAu —uAv 
v(v + Ay) 


. Au . Av 
v lim — —u lim — 


Gia Ay _ Aro Ax Ax>0 Ax 
Ax>0 Ax v lim(v+ Ay) 
Ax—0 
du dv 
fe, Mig Mee 
fei dx ax 
dx v 

du dy 

d(u oe. se 

Thus <(4| =o ; zs 
dx\v Vv 


(i) 5V¥x +743x77 +.4tanx+S5cosec'x 


x 


e -Xx 
tan x 


x 


x’ tanx+ 
1+ tan x 


sin x 
log x 


log, x 
a* +secx 
tanx+x" 
Oe — 7x" 449-41 
Ax” —3x-1 
sin 8x +3sin6x+4sin 4x —3sin 2x 
cos 7x+4cos5x+8cos3x+5Scosx 


3.14 > Method of Differentiation 


SOLUTION: (i) y=5Vx+7+3x? +4 tanx+5cosec"x 
dy _S4(Vz) a(7), 4(e”) | a (tanx) | d (cosec x) 
dx ax ax dx dx dx 
1 


I (+ 1 ; “4 
= §5x| —x—= |+04+3x| —x—— |+4xsec* x+5 x —____——— 
E +] 3 x3 x a 


5 1 ; 
= eee a 
2Vx x” 


x" 


5 
|x|vx°-1 
log, _ log, , 108.8 _ jog g 

log,x log,5 log,x 
_ dy _ a(log,8) 

dx dx 


(i) y= 


=0 


ere e-x 
(111) y= — 
tan x 


dy _ (2 (e -x)|(tanx)-( 4 (tans) le -x) 
a —t~«S tam 


dx tan” x 


o (tanx+x") 


: 1S 2 n-1\{__x 
a (tan x + x") 


x 


(v) y= x’ tanx+ 


1+ tan x 


® « ACT ans ( Les) (gle) oma) (Scan) Je 


. = (1+tanx) 


e* +e* tanx—e* sec’ x 
et COE” 
(1+ tan x) 


= 2x tanx + x’ sec? x + 


Beis Sees) 
4x’ -3x-1 
- (x-1)(4x+1) 4x41 


(vi) y= 


Method of Differentiation 


ie (4 (2x ~5x-1) |(ax+t)-(-4 (4x41) }x(20 -5x-1) 
= 


(4x+1) 
(4x-5)(4x+1)-4(2x7-5x-1) (16x? -20x+4x-5)+(-8x? +20x+4) 
- (4x +1) - (4x +1) 
_ 8x? +4x-1 


2 
(4x +1) 
‘ sinx+cosx secx—tanx 
vi) ye Ta 
cosx-—sinx secx+tanx 


@ _d(sinztcoss ), oy seea—tane) 
dx dx\cosx—sinx) dx\secx—tanx 


(<. (sin x + cos ‘) x (cos x —sin x) — (4 (os —sin *) x (sinx+ cos x) 


(cos x —sin x)’ 


(4 (sec tan) }x (see tans) —(-2 (see tans) }x(see tans) 


(sec x+tan x) 


+ 


7 (cosx—sinx) —(-sin x —cosx)(sinx +cosx) 
(cosx—sinx) 
. (secxtanx —sec” x)(secx + tan x)— (secxtan x +sec” x)(secx — tan x) 
(secx + tanx) 


(cos x—sin x) (sec.x + tan x) 
,) 2 sec x(sec”— tan? x) a) iene 
ee ee ee ——_————————{— + oe mm 
(cosx—sinx) (secx +tanx) (cosx—sinx) (secx + tanx) 
(vill) y=xe*— = 
log x 
lo ge tan — sine (16 x) 
dy (4. s)eers(4e) ore de 
— =| — x |xe* +| —e* |x—| > ]_—+]__+ 
dx \dx dx (log x) 
sin x 
cos x log x -—— 
= (e* +.xe" _ + 
(log x) 
(ix) _ sin8x+3sin6x +4sin 4x —3sin2x 
cos 7x + 4cos5x +8cos3x+5cosx 
N’ 
y= 


D 


< 3.15 


3.16 >» Method of Differentiation 


ILLUSTRATION 7: 


SOLUTION: 


ILLUSTRATION 8: 


SOLUTION: 


ILLUSTRATION 9: 


Considering N* 

N = sin8x + 3sin6x + 4 sin 4x — 3sin2x 
= (sin8x — sin6x) + (4 sin6x — 4 sin4x) + (8sin4x — 8sin2x) + 5sin2x 
= 2 sinx cos7x + 4 x 2sinx x cos5x + 8 x 2sinx cos3x + 5 x 2 sinx cosx 
= 2sinx [cos7x + 4cos5x + 8 cos3x + 5 cosx] 


y= al =2sinx, La eee 
Db’ dx 


Criticize the following proof that 4 = 3 

We can write x4 = x. 2° = x3 + x +.......x° (x summands) 
Differentiate to obtain 4x? = 3x* + 3x? +.....3x? (« summands) 
=> 4°= 3x" x = 3x and therefore, we get 4 = 3 


We can write x4 = x28 = x +x H...... xonly forx e N 
Therefore the above equation is not an identity of R 
The LHS and RHS functions are not identical functions 
Consequently, their derivatives cannot be identically equal 


Consider an equation x? + x-12=0.> x -1l=11-—% 

Differentiating both sides, we get 

2x =-1. Again differentiating, we get 2 = 0. Find the fallacy in the procedure. 
The roots of the equation x* + x-— 12 =0 are x = 3 and x =—-4 


When we have x? — 1 = 11 — x; we can clearly see that the above equation is not an identity and 
is only valid for x = 3 and x = -4. Let f(x) = x*-1 and g(x)= 11-x 


Now, since the functions f(x) and g(x) are not identical, consequently the derivatives of the two 
functions are not identical. 


d 
Slope of tangent on f(x) at x = 3 1s 470) =2x| _, =6 
x=3 
d 
Slope of tangent on g(x) at x = 3 is Aste) =—] 
x=3 


Similarly slope of tangent at x = —4 on f(x) = —8 and on g(x) 
=—]. Also; f(x) = 2’ x) 
=> 2x=-1>x=-1/2 FIGURE 3.1 


At x = —1/2; the derivatives of f(x) and g(x) are same but 
clearly f(x) = g(x) is not satisfied for x = —1/2 


If f and g are functions whose graphs are shown, 


let u(x) = f(x).g(x) and v(x) = F(x) Then find 
g(x) 

(i) u(2) 

(ii) v' (6) 


FIGURE 3.2 


ILLUSTRATION 10: 


SOLUTION: y = (log 


Method of Differentiation 


—+4+— -x<l ul *x<l 
2 2 2 
19 4 
g(x)= “ae sxe[l4); g'(x)= a 5x e[1,4) 
x-3 3x €[4,8) 1 ;xe[4,8) 
5 5x>8 0 >x>8 
Blige sx<3 3 <3 
_ 2 2 oa y) z 
PE a ai ; f'(x)= 
tz 3x23 a x23 
5 5 5 : 


(i) u(x) =f). g) 
=> u' (x) = fix).g' @) + s@S @) 
=> u' (2) = f2). g (2) + a2). f' (2) 


-Seel{ $Y faedh()-Bes}(ina} 

f(z) 

g(x) 

(F'(x))8((x))-(8'(=))xF(2) 
(e(x)) 


(ii) v(x) = 


Find the derivative with respect to x of the function: 
a 


x 
5 atx = 
x 4 


(log, .. Sinx) (log, cosx)' + are sin =. 


= ; 
sinx) (log, cosx)’ + arc sin ax 


cosy 


énsinx 


_ énsinx { éncosx 
£ncosx 


a 
+ 2tan™' x 


= — 


2 
+2tan'x 
lncosx 


cosx sin x 
——+(énsin x) — 7 

sin x COSX 

(éncos x) 


dy _ 


énsin x (2nc08x) 
9) (pia tanec 
( éncos :) 


2x2 2 8 32 
_ ie : 
fln2 164+27 


(ma) “GJ Ge (J 
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3.18 > Method of Differentiation 


ILLUSTRATION 11: 


SOLUTION: 


ILLUSTRATION 12: 


SOLUTION: 


ILLUSTRATION 13: 


SOLUTION: 


ILLUSTRATION 14: 


Let P(x) be a polynomial of degree 4 such that P(1) = P(3) = P(S) = P'(7) = 0. If the real 
number x # 1, 3, 5 is such that P(x) = 0 can be expressed as x = p/g where 'p' and 'g' are relatively 
prime, then (p + g) equals 

P(x) = a (x- 1) @-3) @—-5) (x - Bb) 
Pw=al[@e-3@-5HNG@-H+t+@-YNO@-5N@-HD+E6@-)NHC@-3@-5t 
(x — 1) @-3) @-4)] 

P(7) =a[4x2(7-—b)+6x2x(7-b)+6x4x (7-5) +6 4x2] 

=> (7-5) (8+ 12+ 24) + 48 =0 

=> (7-)b) (44) =- 48 


=> a eras 
44 
=> b=7+ a2 ( eselam where p = 89 and g = 11 
44 11 11 gq 
. pt+q=89+11=100 
Find ay for the following functions y= cos” 2eeexeoems 
dx 13 


pone 222s: +3 = 
V13 
2 3. (C«, 2 3 
= cos'| 7 cos x + —— sin x | Let ——=cos @ and —— =sin®9 
V13 V13 V13 V13 


“.y = cos” [cos @ cos x + sin 6 sin x] 


= cos’ [cos (x—9)] 


y=x-0 : @isaconstant w.r.t. 'x' 
La Bar| 
dx 


Let f(x) be a polynomial function of second degree. If f(1)= f(-1) and a,, a,, a, are in A.P. 
Then show f'(a,), f'(a,), f(a) are in A.P. 


Let f(x)=Ax’ + uxt+v. Then f'(x)=2Axt+yu also f()= f(-l 

=> At+Ut+VH=A-Ut+V 

> p=0  f' (x)= 2x 
f'(a,)=2Aa,, f'(a,)=2Aa,, f'(a,)=2Aa,as a,, a,, a, are in A.P. 
F'(@,), F'(4 2), f(A) are in AP. 

Differentiate the following functions 

(i) sin” (sin x) (ii) sin(sin” x) 
(iii) cos’ (cos x) (iv) cos(cos” x) 
(v) tan‘ (tan x) (vi) tan(tan” x) 


Method of Differentiation < 3.19 


(11) As we know 
y = sin (sin x) is defined for x € [—1, 1] and y € [-1, 1] 
for all x e€ [-1, 1] 


for all x € [-1, 1] 


(iii) As we know, 


—x, —-27<x<0 
y = cos (cosx)=4 x O<x<a 
2a —-Xx RSXS20 


and so on Shown as; Thus, 
dy -| 1, xe(2nz,(2n+1)z) 
-1, xe((2n+1)z,(2n+2)z) 
(iv) y=cos(cos’ x)=x 
for all x € [-1, 1] 
Shown as; 
dy 


=> —=1 for all x € [-1, 1] 
dx 


FIGURE 3.6 


3.20 > Method of Differentiation 


32 a 
—H+X, —-—<x<-— 
2 2 
(v) Here, y = tan ‘(tan x) = A a “3 <x<t and so on 
Va 3x 
H+X —<x<— 
2 2 


shown as 


FIGURE 3.7 


Thus, yy 
dx 


for all x € R-{an+1)5} 


(vi) Here y= tan(tan™ x)= x for allx e R shown as 


FIGURE 3.8 


=> ® 1 for all x ER 
dx 


Method of Differentiation < 3.21 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Find a and 6d if given 
log va * 
= ia sce S&L a = 2ax = b 
4grerwr* _—y—] dx 
2. Prove that derivative of y = e* f(x) is e*(f(x) + f(x)) and 
thus evaluate the derivative of the following: 


(i) y=e’ (tog, x-+ | 
X 


(ii) y = e* (tan x + cosx) 
(iii) y= e (? + sin x) 


> Q!08129(x+1)° 


3. A student made the mistake in_ writing 
quotient rule of differentiation and _ writes 


2 £0) f(x).g'(~)- g@0f'@) 


Answer Keys 
la=1,b5=-1 
2. (i) y'=e& (tog, x + | 
Xx 


(iii) y' = & @& + 3x’ + sin x + cos x) 
4.x € (oo, -1) UCI, &) 5. 44 


correct answer. Let F(n)= ,neéN then prove 


f(n) 
( 
that 


(a) F(n) = F(n +1) 
(b) F(n) = F(n + 2) 


(c) DF (n) = DF (2n ~1) 


(d) F(1), F(2), F(3).... From a G.P. 


. Find the values of 'x' for which the rate of change of 


xe 


5 
—-+—-yx is more than that of oe : 
7 3 7 


. If f(x) = x°g(x) where g(2) = 3 and g'(2) = 1. Find f(2) 


(ii) y' = e* (tan x + sec*x + cos x — sin x) 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. Ify =(1 —2 tan x) (5 + 4sin x) then 2 1S 
x 
(a) 4 cosx (1 — 2 tanx) — 2sec*x (5 + 4sinx) 


(b) 4 sinx (1 — 2 tanx) + 2sec’x (5 + 4sinx) 
(c) 4 sinx - 8 sin*x secx + 10 sec*x + 8 sinx sec*x 
(d) None of these 


2. Ify aoe , then ay is equal to 
1+tanx dx 
cosx cosx—tan’ x 
aC (b) ———_- 
(1+ tan x) (1+ tan x) 


COSXx 1—tan° x] cos x — tan’ x 


(1+ tan x)’ (1+tanx) 


3. If f (x) = cos x. cos 2 x.cos4x.cos 8x. cosl6x, then 
F'(n/A) is 
l 
a) ¥2 b) — 
(a) (b) a7 


(c) 1 (d) None of these 


I 1 


- fy = ———_ + —_______ + 
Loe ee abe ae 
—— then dy/dx is equal to 
Lax P 4x"? 
(a) 1 
(b) 0 
(c)m+n+p 
(d) m—n +p 
4 
.Ify eee then x is: 
X —2x+2 dx ee) 
(a) 3 (b) -1 
(c) 4 (d) None of these 
| 2 
. Ify=tan”’ ee then 
x 
(a) y\(0)=1 (b) yO) = 1/2 


(c) y(0) =0 (d) None of these 


3.22 > Method of Differentiation 


cos6x +6cos4x +15cos2x +10 anen dy _ 
cos5x+5cos3x+10cosx dx 
(b) —2sinx 


(d) sin2x 


7. If y= 


(a) 2sinx + cosx 
(c) cos 2x 


8. Differential coefficient of 


1 1 1 
f+m \y-g (mtn \e-m ntl \m-n 
Gm ere ae a w.r.t. x 1S 


(b) 0 
(d) Xz" 


jj 2Vx—- 
9. Let ae 1 


a 


-* then: 


Answer Keys 


1. (a) 2. (c) 
11. (a) 


3. (a) 4. (b) 5. (a) 


m@ CHAIN RULE 


If 'y' is a function of 'u' and 'w' is a function of 'x' 1.e., let us 


say y = flu) and u = g(x) Le., y = fig(x)) 


then no. - a. fwxe'(x) =f(e@)) x g'@) 
Proof: We have @ =h ci 


REMARK: 


(a) f(10) = 1 

(b) f(G/2) =-1 

(c) domain of f(x) is x > 1 
(d) None of these 


10. If f(x) = (= {=| { a , then f(x) is equal 
i x x x 
(a) 1 (b) 0 
(Cheer (d) None of these 

11. Ify=( +x) +2) (1 +24)... (1+x"), then isd 
atx = Oils: dx 
(a) 1 (b) —1 
(c) 0 (d) None of these 

6. (b) 7. (b) 8. (b) 9. (a,b,c) 10. (b) 


= fm SOTO VUODS Ut hA)—U) _ dy du 
0 u(x+h)—-u(x) h di ae 


The above method is called chain rule of differentiation. 
The chain rule can also be generalized to some extent as 


FEC) - f (g(AG(x)))x g(a) 
xh'$(x)) x 6'(x) 


It is important to realize that the cancellation is valid because, the chain rule is incomplete in the sense that it does not 
say clearly, at what points to evaluate the derivatives. We can add this information by writing 


CCCs 
dx)... \dg g-a(h(a) AN } h(a) AX 


While applying chain rule we work from the outside to inside dx eaeracies 


m@ DIFFERENTIATION OF A FUNCTION WITH 
RESPECT TO ANOTHER FUNCTION 


So far we have discussed derivative of one variable, say, 
y with respect to other variable say, x. In this section, we 
still discuss derivative of a function with respect to another 
function 


5 anna 22) | gary (909) 


outter function evaluated at 
inner function 


(g (x )) 
—>-_-_— 
derivative of 
inner function 


evaluated at 
inner function 


Let u = f(x) and v = g (x) be two functions of x. Then, 


to find the derivative of f(x) w.r.t g(x) 1.e., to find “ we 
ry) 


use the following formula du _ dul dx 
dv doldx 


(Thus, to find the derivative of f(x) w.r.t g(x) we first 
differentiate both w.r.t x and then divide the derivative of 
fix) w.r.t x by the derivative of g(x) w.r.t. x). Following ex- 
ample will illustrate the procedure. 


ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


SOLUTION: 


ILLUSTRATION 18: 


SOLUTION: 


Method of Differentiation 


dy 
Ify =1 find — 
y = log(sin x) fin ie 


Given y = log(sin x) differentiating w.r. ae x. 
dy | d[log(sin 22) d “Gin eee 
dx d (sin x) 


Hence ey = cotx 
ax 


we get, X COS X 
In x 


ize da 
dex 
Given y = e™ »” differentiating w.r. to x. 
dfe™")}  d{(tan' x)’ } d(tan” x) 
. ~ d{(tan™ x)}  d(tan™ x) dx 
to 
1+x7- 


we ect 
dy (tan x)? -1 ,y2 
> —=em”* 3(tan x)’. 


Find the derivative of the following: 


(a) y =sin loge™ atx =Yz/2 (b) y = log sine atx = 7/4 
(c) y = sin(cos x) + cos(sinx) at 1/4 (d) y=logV1—x? atx =1/J2 


(a) y = sin loge = sin(3x) 


2/3 
= cos 3x°.9x7= 9 (5) cos{ 3 x (=) = 0 


(b) y= 2x cosx? = 2( 714)=Vn 
sin x 


(c) y' = cos (cos x) (— sin x ) + (—sin (sin x ). cosx ) 


voles v2 ing Bl cos in) 


(d) y'= —2x  _ -x _ x _UN2__ 5 
aa = x aE y 1-x x-1 -1/2 


Ify = log, (tan’ ¥1+ x’) find o 


Let y = log, (tan™ V1+ x’), differentiating w.r.t x, we get 
dy d[log, (tan V1+ x’ )] d(tan! V1+x?) d(V1l+x?) d(l+x’) 


de d(tanVitx?) — d(itx*) | a+") de 
1 


ee ee, 
(tan J1+x7) 14¢(J1l4+x°Y 2V14+2’ g 
(tan! J1+x7){1+ (Vl4+2°)P}V1422 (tan V¥14x?)(24:?) W142? 


< 3.23 


3.24 > Method of Differentiation 


ILLUSTRATION 19: Ify =cos"(cosx) then © fd aby ==3 


SOLUTION: Ist Method: Here x =5r/4>51<x<2n 
=> -2n<-x<-12>0<2n-—-«<n=>y=cos'cosx=2n-x 
On differentiating with respect to x, we get =—-l 
lind Method: Here y = cos"! (cosx) => y = cos" (cos2x — x) 
We know when x is around 57/4 1.e., in third quadrant 
= {cos (2x — x)} is in the second quadrant 


cos (cos(2m —x)) =2n-x>y=2n-x 


sod ad 
Hence, on differentiating with respect to x, we get - =— 


ILLUSTRATION 20: If the prime sign (’) represents differentiation w.r.t. x and /"(x) = sinx + sin 4x. cosx. 
Then find f’ (2x* + 1/2) 


SOLUTION: Here, f‘(x) = sinx + sin 4x. cosx 


2,4 2,% 
7 p (art 2) = Ale +0 12) (2s 5) 7 
G si a{ax*+7] a 


a2 ie =) a{ 28 " 
2 2 


a ee 2 {sin (20 + + sina{ 2x" +) cos{ 2x +) & ——___“4 
a{ 20 + =) : ‘ fi a 
2 


ft {22 +5) = {cos (2x’) + sin (8x’). (—sin (2x? ))}. 4x 


Here 


f'{2x? +=) = (eos(2e) — sin 8x sind 4x 


ILLUSTRATION 21: Ify =tan™ pS find 2 
x-l dx 


SOLUTION: Here tan” = , put x = secO0 > y = tan” feo , 
x-1 secO—-1 
= tant fo *e088 = tan” (cot@/2) “ y= tan’ tan Ze 
1—cosé 2 2 


jee oes ee 
2 22 


dx 2) x|Vx2-1 


ILLUSTRATION 22: Find the o for y = log, log, log,x 


SOLUTION: y = log, log, log,x = (log, log, log,x) (log,e) 


1 d 
‘=| —_——____ x —-(log, log, x) |xlog, e 
- ao rm 83 O84 ) 82 


Method of Differentiation 


log, € log, € 1083 € 


= ——_—+—_—__(lo log, lo a lo 
log, log, x dx 5A 8; e.(log, log, *) log, log, x “Tog, x «FI 84%) 
log, e.log, e a OTiog. sie. 5) = log, e.log, e.log, e 
(log, log, x)log, x "de (log, log, x)(log, x)(x) 
ILLUSTRATION 23: Find the differential coefficient of 'y' with respect to 'x' 
1 . 8” 
@) y= (i) 
og cos x x 
SOLUTION: (i) Given y=————_.. 
log cos x 
Let log cos x = p > ys Z (diffrentiating w.r.t. 11) 
dy 1 i 
—=-——;, pH = log cos x; Let cosx = ¢ 
dus 
ae Gl aOR ala 
dt t dx dt d& 
=> —(-sin x)=- sm x =—tanx 
OS 
dx dud u (log cos x ) 
(ii) y= ee Taking log on both sides, we get 
x 
log y = log 8* — log x* or log y = x log 8 — 8 log x 
Differentiating w.r.t. x, glare log 8 mis 
y ax xX 
dy = 8* 8 dy _ g* 
# _F | togs-5 or = =o [logs 8] 
logx ,. dy 
ILLUSTRATION 24: If y=—~—+e’sinx+log, x, find zk 
x 
SOLUTION: Given is y= gx +e* sinx +log, x 
x 
On differentiating we get 
dy _d{logx), d d 
=> +—(e’* sin x) +—(lo 
a -<( x re x) de 8s x) 


Hence wy -(= 1108 ) ein +0083)+ 
dx x 


Lae x)>.x—logx a 
fel ftel {4 sin] 4 
= So + i —* >. sin x + €* § — I X ¢ +-——_ 
x” dx dx xlog, 5 
lose 
x 


= a e’sinx+e’.cosx+ 
x xlog,5 


xlog, 5 


< 3.25 


3.26 >» Method of Differentiation 


2 
1 
ILLUSTRATION 25: If ya taux? +1 tint Vx? +1 prove that 2y = xy' + Iny’. Where (‘) denotes the 


derivative. 


2 
SOLUTION: y ~<a +14+Inyx+vx? +1 


1 < 
'=x+— eg aA + 
Rees | 


sare ae a a 
Vx? +1 wr? +1 +1 Wx? +1 
yi=xtvx' 41 
Also 2y =x? +xVx? +14 In(x4+-Vx? +1) 
= x(x+vVx? +1)4+In(x 4 Vx? +1) = xy' + Iny’ 

2 2 
Vite? +VI-¥ ek Jot 
V1+x? —V1-x’ 
Vltx? +V1-x? 


1 2x 
a | 
2(x+-vx? +1] Nonl 


= 12" + I 


ILLUSTRATION 26: Differentiate 


SOLUTION: vy = —————— 
V1+x? —V1-x 
x? = cos20 
1+cos26 + J1-—cos20 _ (cos@+sin@) . cos? +sind _ 1+sin20 
~ i-+c0s20 —Jl—cos2@  (cos@-sin@) cos0+sin@ cos 2@ 
_ 1+sin20 ey, | Ee 
cos20 
v = sec26 + tan20 u = V¥1—cos” 26 
a = 2sec20 tan20 + 2sec220 du = 2 cos 20 
dé d@ 
= 2 sec20 (tan 20 + sec 20) 
sin20 1 
dv _ 2sec2(tan20+sec2@) _ \cos20 cos20 
du 2cos20 cos* 20 
= (1+ sin 26) 7 1+V1-x* 
cos’ 20 x° 


ILLUSTRATION 27: Differentiate log sin x w.rt ,/cosx 


SOLUTION: Let u = log sin x and v = ,/cosx Then, 


ae = cot xand = - aud 
dx mn cos x 
cos x 
du du/dx sin x 
— = = _SIMX __ _J egg x. cot x.cosec x. 
dx dvidx __ sin 


2./cosx 


ILLUSTRATION 28: 


SOLUTION: 


ILLUSTRATION 29: 
SOLUTION: 


ILLUSTRATION 30: 


SOLUTION: 


Method of Differentiation 


1 
Differentiate tan-! t 


= = wrtv1+4x? 
x 


1+2 
Let u = tan! | =) and v= ¥1+4x" . Then, 


u = tan! 1 + tan”! 2x and v = : 


Son an <- —_$— x 8x = Je. 
dx 1+4x° oar V1+4x 
au 
du_ de _ 144 
dp dv 4% agin ay? 
dx 144% 


Differentiate x” with respect to x log x 


Let u = x*and v = x log x. Then, 

u=x* 

> Uu= els = e*s* du = g7 lex x“ (xlog x) 
dx dx 


> A = x'(1+log2) and, v = x logx > O = x~+1ogx=(1+l0g%) 


du _ dul de _x'(1+logz) _ 
dv dvidx  (1+logx) 


Aliter, we have u = x" 


x 
=> logu=xlogx=v>u=e& 


3 


If <x < differentiate tan”! [+ 5 aa with respect to tan™ (; ma ; 
—3x 


—Xx 
3x—x° 2x 
Let u = tan" | 73,2 | andu = tan" | 7_ 2 


Putting x = tan0, we have u = tan”! (tan 30) and v = tam (tan260) 
=> u=30andv=20 


1 | | 1 IK 1 
=> —-—= < tan? <=> -— <60<— 
BBB v3 («6 6 
>-7 639 <7Zand-2<20<7 
2 2 3 
=> u = 3tan'x and v = 2tan'!x => du _ 3 andy = 2 
4 : dx 1+x’ l+x 


du de _ j+x? _3 


dp dv 2 2 
dx 14x 


< 3.27 


3.28 > Method of Differentiation 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. Find the derivatives of the following functions w.r.t. 'x'. (vii) y = tan(a"*) 
() f= i) fx = NG" +4) Mt 
2x+3 ok eo 
(iti) fle) = sin’? (iv) fe) =x" | {(x-x7 
(v) fix) =(ax + by" (vi) fx) = x? cosx (ix) y =cos” & = | 


(vii) f(x)=Vsecx (viii) f(x) = cos(In x) aa a 
Ce eae —_— foe | 
5 


2. If y = cos! (8x* — 8x? + 1) then prove that 


dy 4 (xi) y= an" , wits 7 
—+t = (>. a’ —6x 
dx Vl—x° 
a 7. Find the derivative of the following functions: 
3. If y= ae +Inv1—x’ , then prove that (i) y = 5x23 — 3x52 + 2x3 
1—x* : sin x+cosx 
dy _ sin’ x wey sin x—cosx 
dx (l-x’j?- (iii) y = (x + 1) arc tan x; 
, e +sinx 
4. If fx) = |x|": then find s{-4) , ot ae. 


(v) y=sin’ ./1/(1—x) 
2 2 2 2 
5. If y= so a a ‘<=, show that (vi) y=Vsin’ x +1/cos’ x 
a’ +x? —Va?—x’ 
(vii) y=¥2e* +2* +14 Onx; 


dx a’ —x* (a - ax"): (viii) y=V¥xtVxt+vx 


6. Find ay in each of the following cases. 8. If y= ane , then show that wae “ 


dx l-e de (dey i-e” 


SS occ: LSU. gat es petted 
=m i= P= TRE CE) 9. Find the differential coefficient of the function 
4 : 2 : 2 \ log, x 
ai areas (c=) i) pH enenGineysy J (x) =log, sinx® +(sinx*)°" war.t.vx4+1. 
_ _,(atbcosx 10. Find differential co-efficient of 
(v) y=sin [oPecs2 
es tan” vita’ 1 eet ee A+x! if x 40 
(vi) y=ewn x 21+ x 
Answer Keys 
13 ‘ 6x Res , ; 
1. (i) (Qx+3) (11) Gx +4) (111) 2x sin (2x7) (iv) x* 1 (1+ énx’) 
(v) an(ax + by"! (vi) 2xcosx — x? sin x EE acerca 


2 


Method of Differentiation < 3.29 


V2 
—— ax 4 2 2a fn 
5a? tna cle __alelltsec’x a 
6. (1) secx DD ee RTT eT eee ee 
(i) (at) cot (a) 14 ath ae ere eres 2V1—e7%"™ (./tan x) 


5 cotx? —Vb? —a’ se 
es og oO 
nsin x° b+acosx sin x? ss 


(iv) or Lent Ent sin lay 


(vii) _——_e (viii) ae (ix) -— 
7. (i) yeas £5 (11) a eae (111) y' = 2x arc tan x + 1 


(vi) pte 22 t2'en2_ Slog x (iii) y'= l cl ie l 7 
3(2e" +27 +17 x ccd de|, Wee e 2x 
a 


—[ én" (x).(sin x7) (2x? £nx.cot x” + (sin x” )) + 2x7 £nx(cot x”) — én(sin x *) | 


10. 1 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. The differential coefficient of e?.sin3x is 


dy . 
be ‘ = + 2 
(a) e* [3 cos 3x + 2 sin 3x] 4. Ify = cosec(] + x*), then ce 1S 


i 
(b) e* [3 cos 3x — 2 sin 3x] (a) —2x. cosec (1 + x’). cot(1 + x’) 
(c) e* [3 cosx (4cos’x — 3) + 2sinx (3 + 4sin’x)] (b) 2x. cosec (1 + x’). cot(1 + x?) 
(d) None of these (c) 2x. cosec? (1 + x’). cot(1 + x’) 
dy (d) None of these 
2. Ify = log, {log,(x)}, then a is ; 
= 5. Ify = —————. then @ is 
2log, e 1 sin x — cos x dx 
—_—=-— (b) ——————_ eee 
xlog, x xlog, xlog, 2 aye (cos x+sin x) (b) - (cos x +sin x) 
1 (sin x —cos x)? 1—sin 2x 
C) —— (d) None of these 
log, (2x) p (cos x +sin x) (d) cosx+sinx 


(sin x —cosx) (1—sin 2x) 


3. If y = ecos’x sin’x, then wy 1S 
ae dx 6. The differential coefficient of cos (log x) is: 
(a) e cos*x.sin’x 


inx 1 
(b) e cos*x.sin’x [1 — 3 tanx + 2cotx] (a) —sin(log x) (b) sin x log x 
(c) e* sinx. cos’x [sinx cosx — 3 sin*x + 2cos’x ] peti x 
sin x (log x 
CP SONS OU INSE (c) ease ere! (d) None of these 


x 


3.30 > Method of Differentiation 


10. 


11. 


12. 


13. 


If f' (x) =V2x? -1 and y = f (x2), then “ atx = 1is 
xX 


(a) 2 (b) 1 
(c) —2 (d) None of these 


A differentiable function is defined ¥ x > 0 and 
satisfies f(x?) = x? Fx > 0, then f"(16) is equal to 

(a) 64 (b) 16 

(c) 32 (d) None of these 


If f(x) =tan™ ees = , then f' (x) equals: 


(a) -=— (b) —= 


1— x’ : 


Ly 
(c) a (d) Ji-x' 
—x 


If y=f Zn = and f(x) = sinx, oder 
x +1 dx 
l+x-x . (2x-1 
(a) Tag SN 5 
(1+ x*) x +1 
2(l+x—-x’) . (2x-1 
(b) cos tee 7 die 5 
(1 + x*) x +1 
l-x+x° . (2x-1 
(c) ———a7 Sin] — 
(1+ x*) x +1 


(d) None of these 


If f(x) =2 tan'x + sin" ( 4 , then f(x) = 0 in the 
+X 

interval: 

(a) x e[-l, 1] 

(b) xe (-l, 0) 


(c) xe [-0, -1) U (1, 0) 
(d) None of these 


If y=tan"' | aie then ca is equal to: 
x-l dx 


—] 


—] 
(a) —————= b) —== 
2|x|vx?-1 2xvV x? —] 
l 
(c) ————— (d) None of these 
2xvVx° -1 
If y = sec (tan x), then < at x = 1 is equal to: 
x 
(a) 1 (b) at 
V2 V2 


(c) 1 (d) None of these 


14. 


15, 


16. 


17. 


18. 


19. 


20. 


dy 


If yea = then — atx = Ois: 
Lo dx 

(a) 1 (b) 2 

(c) -— in? (d) None of these 


If y=2sin'Vl—x+sin'2/x(l-x), then for 


xe (0,5 a = 
2) ax 


2 l-x 
b eo 
(a) ice (b) , 
| 
(c) ee) (d) Zero 


The derivative of sec” (| wit. Vl—x’ at 
1. . 


x=— 1s 
2 

(a) 4 (b) 1/4 

(c) 1 (d) None of these 


The differential coefficient of f (log x) with respect to 
x where f (x) = (log ,x) is 


(a) (b) C8* 
log .x 
(c) (d) None of these 
x log.x 
Differential co-efficient of e™ * w.rt. e°'* is equal 
to 
(a) etl? (b) go 
(d) e” (d) None of these 
The differential coefficient of 
fh ae ee eee 
V1+¢° V1+?t? 
(a) -1Vt>0 (b) -l1Vt<0 
(c) 1VteR (d) None of these 
The derivative of the function f(x) = 


COS" |e (2cos x —3sin | +sin” |e (2cos x +3sin | 


V13 V13 


wrt. V1+x? at r= iS 
3 5 
= by. 

(a) 5 (b) 5 
10 

(c) = (d) 0 


21. What is the derivative of ‘ane! v1+x° -1 with 
x 


2 
respect to cot™! paalee as Vi+x' ig 
2V1+x° 


Answer Keys 
1. (a) 2. (b) 3. (b,c) 4. (a) 5. (a,b) 
11. (c) 12. (a) 13. (a) 14. (c) 15. (d) 
21. (c,d) 


m ORDER OF DERIVATIVE AND HIGHER DIF- 
FERENTIAL COEFFICIENT 


If f(x) is a function, then the derivative of f(x) w.r.t x; 1.e f(x) 
is also a function and because the derivative of a function is 
a function, the process of differentiation can be applied over 
and over, till the derivative becomes a non-differentiable 
function. 

To get the proper understanding of the higher order 


differential coefficients. We shall call o as the first order 
Xx 


om sha — d 
derivative of y with respect to x and the derivative of = 
x 


w.r.t x as the second order derivative of y w.r.t. x and will 


NOTE: 


" dx\ dx 


derivative of the derivative" 


d d 
2. — | —| canalso be represented as y.ory "or 
dx ( dx a 


3. Note that 


dx? dx 


dy 


Method of Differentiation < 3.31 


(a) 2/3 
(c) 1 forx >0 


(b) 1/4 
(d) -1 for x <0 


6. (a) 7. (a) 8. (d) 9. (a) 10. (b) 

16. (a) 17. (c) 18 (a) 19. (b) 20. (c) 
a? a? 

be denoted by “ Similarly the derivative of “” wrt 
dx’? dx 


x will be termed as the third order derivative of y w.r.t and 
3 

will be denoted by and so on. The n" order derivative 
x 


n-] n 


of = Y wart. x will be denoted by eo 


n-l a. 
For example, consider y = x cos x. Then y'= f(x) = — 


2 
sinx + cosx and y" = f"(x) = Ga = : zs 
x \ dx Xx 


=— xcos x — sinx — sinx = — x cosx — 2sinx 


te 


Similarly y’” = x sinx — cosx — 2 cosx 


= x sinx — 3cosx 


d 
d (*) does not mean multiplication of a and a . It means the second order derivative of y w.r.t x i.e., "the 
x 


or f "(x) (where y = f(x) 


2 2 
ay and (#) are two different things. Similarly F(x) and (f(x))? represent the second order derivative 


and the square of the first order derivative of y w.r.t x respectively. 


As we already know that 2 represents the rate of change 


x 
2 


d“y 


dx? 


of y w.r.t x and hence represents the rate of change of 


(#) 1.e the rate of change of the rate of change or we can 


x 
also say, that it is the rate of change of slope 

For example: If the position function of a car 
that moves in a straight line is given by s = s(t); then 


“ = s(t) = v(t) 1.e velocity as a function of (4). Similarly 


d’s _d(ds\ d_., a ag 
de = £(4)-2¢6 (t)) =S (2) 


-—(v(2)) =v'(t) = a(t) i.e., the acceleration as a func- 


oe =jkn 
eo Glatt oo 


as the jerk 1.e rate of change of acceleration w.r.t time 


3 2 
tion of '¢' and there by ose (+) a 


3.32 > Method of Differentiation 


Rules of Higher Order Derivative =u.v" + 2u'v' + vu" 
- d*y du dv d*u 
. a @ = ei aa ae @ 
1. Ifk is a constant then <a (k(s(x))) =k G(s (2) x x dx Xe 
d’ d({d PAO), EO AU ON ge a de 
Proof: LHS: —(k(F(x))) = =(“(r(a))| de dx? dx dx° dx dx° dx? 
dx dx \ dx er 
Where u,v are functions of 'x 
d d d{d 
See siel hey Bessel Say) ete ac 
al (= r(«))) <(Z(r)) Proof: LHS: <{2(<(w))] 
dx\ dx\ dx 
tages 
- ka (F(z) = £{S(us V.u )}- Sur 2u'v'+ vu") 
a” d’ d’ 4 d d 
. > aE = 5 oar " tot " 
dx? (f(x) g(x)) dx’ (f(x) dx’ (¢(x)) = ay ee” )+ 27 (u V )+— (va ) 
Proof: LHS = (2 (r() t8(x))| = (u'.v"+ uv")+2(u'v"+v'u")+(v'u"+ vu") 
x \ dx 
= uv"+3uv"+ 3vu"+ vu" = RHS 
did d 
En Ea) Ba ae an ae : 
a(4 (/(x))t— (2(+))) 5. If y Kw) and u g(x); then 
d*y d’y(du dy du 
= dq’ d’ dx’ ~ dw? dx ar dx? 
= Gat (x) #75 (8(z)) 
d ( dy d{dy_ du 
2 2 2 Proof: LHS = $(2)- 3/24) 
3. i where u, v are dx\ dx} dx\du dx 
dx dx dx dx ax 
function of 'x' = <(#) (4) + S.(#) eo 
dx \ du ax dx \ dx du 
d({d d ; 
Proof: LHS: £(£(us))- oy ev +v.u') _ 4 (a) (24) ‘: du. dy 
d a du\. du} dx ax dx’ du 
= —(u.v')+—(vu') ; 
dx dx _d’y (du\Y du Wy _puys 
=(u'v'tuv")+(v'u't+vu") 7 ae a ere Hay ee 


ILLUSTRATION 31: If f(x) =(cosx + 7 sinx) (cos 3x + 7 sin3x)....(cos(2n — 1)x + 7 sin(2n — 1)x) then /’(x) is equal to 
(a) n°fix) (b) —n'fix) 
(c) —n*flx) (d) nifx) 
SOLUTION: (b) We have, f (x) = cos(x + 3x + + (2n -1) x) 
=cosn*x +isinn’x 


= f'(x) =-n(sin n’x) + n’(i cos n? x) 


=> f"(x)=—-n* cos n’x — n*isinn’ x =—n’* f(x) 
ILLUSTRATION 32: If f: R > R is a function such that f(x) = x° + x f\(1) + xf"(2) + f'"(3) for all x € R then prove 
that f(2) = f(1) — f(0). 


SOLUTION: f(x) =2°+ x7) +xf"(2) +/'"C) 
f(x) = x° + ax’? + bx + c where f(1) =a, f(2) = 5 and f"(3) =c 


ILLUSTRATION 33: 


SOLUTION: 


ILLUSTRATION 34: 


SOLUTION: 


Method of Differentiation < 3.33 


=> f'(x) = 3x* + 2ax + b => f(lp=3+2at+b 

. a=3+2atb => at+b+3=0 (1) 
Now, f"(x) = 6x + 2a => f"(2)=12+2a 

. b-12=2a => 2a-b+12=0 ...(2) 
Again, f(x) = 6 = f"3)=6 

> c=6 


Simultaneously solving (1) and (2); we get a = —5 and b = 2 
Aix) = 2 -—5x°+ 2x +6 
Now, (0) = 6 
and f(1)=1-5+2+6=4 
and f(2)=8 -20+4+6=-2 
2. f2) =A) - f(0) 


The function f; R > R satisfies fx’). f"(x~) =f'(x). f'@’) for all real x. Given that f(1) = 1 and 
fC) = 8, compute the value of f"(1) + f"(1). 
Ax’). F"&) =F). FO) (1) 
=> WKY) + AC) =S'O)IO) + AOR) SR) (2) 
Putting x = 1 in equation (2), we get 
PUFA) + ADF CD =F") + FO) + FD 
=> PUA) + 1% 8 369M FM 
=> f'OF'"O=8 .(3) 
Putting x = 1 in (1), we get, f11) f"(1) = f(D £0) 
=> f"M=FOY 
=> fl). PMP=8 Sf) =2 Sf") =4> FD) +f") = 6 
If y ee an ( 2 an) , then show ie PELE 
a’ —b’ a+b 2 dx” (a+bcos) 
7 = x), 2 2.» _ a—b 
y =A tan (san); where A aia aa 
AB =——__2___ [4-9 _, yp? 
(a-b)(a+b) Vat+b a+b 
2x 1 
dy AB FD (a+) 


ae 1+B? tan’ 7+ (a+b)cos*> +(a—b)sin’ = 


d ] , 
aca (i) 
dx a+bcosx 
dy 5 sin x 


dx’ (a bcos x) 


3.34 > Method of Differentiation 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Find the second order derivatives of each of the fol- 
lowing functions 


(i) sin (log x) (11) log (log x) 


. If y = sin' x, show that 


2 
Xx 


y = ——_ 
dx’ (1x y" 


d‘y 6 . If y = A cos (log x) + B sin (log x), prove that 
2. Ify =x? log x, prove that —— =— 2 d 
dx" x : uf +x 4 y=0. 
; dx dx 
log x d°y 2logx-3 
3. Ify = , show that —— =——-——_ 
e dx? x° . If y = tan x + sec x, prove that 2M ey 
x (1 sin ) 
_,d’y x? 
4. Find ae where y = log (=) . Ify = tan x, prove that y, = 2yy, 
2 2 
x dy _( dy Y | 40. fe (x +1)=1, show that 7% =| 2 
5. Ify=xlo then show that x? 4 =| x - - Ife’ (x + 1)= 1, show that — >= 
ae Pree * Be ( dx ») dx dx 
Answer Keys 
.. —sin(log x)—coslog x .. —(+logx —2 
1. (i) (log ) g iy 8%) aia! 
x (xlog x) x 
TEXTUAL EXERCISE-3: (OBJECTIVE) 
] d?y . (a) 2 (b) 1 
1. Ify= aay , then ie atx =-—2 1s (c) 1 (d) -1 
a) — ) - Let f(x) be a quadratic expression whicn 1s positive 
a 38 (b) 38 ete pee ; hich | ag 
27 27 for all real x. If g(x) = f(x) + f(x) + f(x), then for any 
(c) 27 (d) None of these real x, which one is correct 
2 (a) g(x) <0 (b) g(x) >0 
2. Ify =x + e* then 7% is: (c) g(x) =0 (d) g(x) 20 
y x 2 
(a) e (b) cam . If xy + y’ = 2, then the value of Z at the point 
+e* x 
x 1, 1) 1s 
e ] qi, 
(CO) ae eee 7 
(I+e"y (l+e'y (@) -2 ) = 
3. Ify = ae™ + be™ then y, is equal to 5 
ax (by inp (c) 75 (d) None of these 
(c) m’y (d) my’ 


0 € 
fs a 342énx 


4 tan oe xe| We 
. ity =tan in(ex*) tan 16h da 


2 
, then ay equal to 
dx? 


. Let f(x) be a polynomial in x. Then the second 


derivative of f(e*) is: 

(a) fre"). & + fle’) 

(b) f"(e"). e* + fle’). e* 
(c) f'"(e*).e* 

(d) fe). e* + f(&).e 


Answer Keys 


1. (a) 2. (b) 3. (b) 4. (c) 5. (b) 


m LOGARITHMIC AND EXPONENTIAL 
DIFFERENTIATION 


Differentiation of function which are either product of a 
number of functions or are in the form (f(x))* is usually 
done by application of logarithms 


Casel: Differentiation of a function which is the product 
of a number of functions 

Let u, u,u,.... Where u, represent f, (x) then, taking 
log, on both sides. we get log y = (log (u,) + log, (u,) + 
log (u,)+...) 


Differentiating, both — sides 


1 dy / 1 Ay 1 du, 1 du, 
—x—— =| — +— Xx —*+ +— x — +... 
u, ie uy dx u, dx 


wrt x; we get 


y ax 


= < = p(s)[Hiata ets, 


Algorithm to Find Logarithmic Differentiation 


1. Take natural logarithms of both sides of the equation 
= f(x) 

2. Simplify the equation by using the laws of logarithm. 

3. Differentiate both sides with respect to x 


4. Solve the resulting equation for < 
IX 


If ffx) in not a positive valued function for all x 
belonging to the domain of f(x), then In(f(x)) 1s not defined 
through the domain of (/(x)). 

When f(x) > 0 then consider y = f(x) ...(1) 

And f(x) < 0 then consider —y = —(x) ...(2) 

Taking log on both sides of equation (1) we get, ino) 
= In f(x) 


Differentiating, we get as y= 


_ (£' 
id (22 


And similarly taking log, on both sides of equation (2), 
we get In(—y) = In(-f(x)) 


Differentiating, we get i x(-y')= 
2 


fac) 


Fn) x f(x) 


Fey) 


Method of Differentiation < 3.35 


6. (b) 7. (d) 


Now, instead of taking two cases, every time, we can 
simply take the modulus on both sides of equation (1) 
And there by after taking log., we get 


In [y| = In |f(x)| 
vhs _— I 


The above argument can be illustrated better, using the 
following example 


Example: Let y = f(x) =x’-5x-6 
Now f(x) = (x — 2) (x — 3) and 
Ax) > 0 Vx €(-0,2)U (3,0) 
fix) <0 Vxe [2,3] 
For x €[—00,2]U (3,0), consider y = f(x) 
=> y=x'-5x-6 
=> In(y) =1n(@’-5x-6) 


Differentiation, we get é y'= 


Pe a 
x° -5x-6 
=> y'2x-5 ...(1) 
Again for x € [2, 3] 
Consider —y = —f(x) > -y = {(x’- 5x - 6) 
=> In(-y) =In(-’+ 5x + 6) 
Differentiating, we get 
+ yy _x aves 
=y —x° +5x+6 
=> y=2x-5 sxalZ) 


From (1) and (2); we get y' = 2x —5 
Aithouch: all these efforts could have been saved, if we 


had instead taken the modulus on both sides in the very 
first step only. 


p= be 5x -6 
=> |yl=|x’?-5x-6 
=> In |y| = In |x? -5x-6] 
a —_— 
—> Beg gies _: [oe NE) 5-5 
ly| y |x°+5x+6| x°-—5x-6 
= yls— x 27-5 =2x-5 
x’ —5x-6 


3.36 > Method of Differentiation 


NOTE: 


Here, to explain the above procedure, we have considered a very simple example, which can be differentiated very 
easily, even without using logarithmic differentiation. It is however important to note that the above procedure can be 
used for complex functions as well. 


Case ll: Differentiation of function of the form (f (x))* F NALS ce 
So far we have discussed derivatives of the functions of a 26) eo) +log| f (x ) 0) 

the form [f(x)]", n™ and n”, where f(x) is a function of x and 2 J (x sf = 

nis a constant. In this section, we will be mainly discussing Alternatively, we many write 

derivatives of the function of form I f (x) where f(x) y= [ f ( ia — o8(*)-lo8i/(x)) 


and g(x) are function of x. To find the derivative of this type 
of functions we proceed as follow: 


Let y = t tf (x) .Taking logarithm of both the sides, = e8l*)losl/() z( 2 i) a +log| f(x)| a (x i 


de(,) = Safptayp?{ 2) LO sgt (0p. 2} 


Differentiating with respect to x, we get 


we have log y = g(x). log |f{x) | 

Differentiating w.r.t x, we get 

1 dy 1 df(x) 

<a oe 1 ———— 
(x) f(x) a 25 og | f(x)| 


y dx 7 dx 


Method of Differentiation < 3.37 


(c)y=(e)™ => log y =sinx log e 
=> sd = e* i (x cos x + sin x) 
dx 


ILLUSTRATION 37: Find the derivative of y = x*™. 
SOLUTION: Given y = x*“"* taking log on both side, log y = log (x*™) = sinx log x 
1 dy 


; es _ 1 
Differentiating w.r.t.x, we get —— =cosxlogx+sinx— 
yas x 


dy ” ant) 
=> =x"! cosxlog x +— 
dx x 


ILLUSTRATION 38: Differentiate y = [x* + (sin x)***] 
SOLUTION: Let u =x, v =(sinx)" >y=ut+yv 


By taking logarithms, we may show that “ =7- (se xlogx+ ms 


dv . cOSx : : 
=> a (sin x) [-sinxogsinx+ 


2 
cos | New dy du_ dv 


ILLUSTRATION 39: Find the derivative of x’ sinx. & 


SOLUTION: Taking log of both side we get, log y = 2logx +logsin x + loge” 


1H (2.25% 41| => ® (3 sinx. e*) (2 + cots 
ydx |x sinx dx x 


ILLUSTRATION 40: Find sd ofYv =y 


SOLUTION: x = y* taking logarithm, we get y log x =x log, y 


Differentiating w.r.t. x, we get, log, x ay + y. ae l.log, y+ xi. dy 
dx x y & 
lege |e iggy ge POE EE Or SORE 2 YER) 
dx x y dx x dx x ylog,x—x 
ILLUSTRATION 41: find se in each of the following cases 
(a) If y = (cos x)™ + (in xy (b) Ify = e +e" +x". 


SOLUTION: (a) y = (cos x)™ + (Inxy 
Let us take y=ut+v 
Where u = (cos x)°5* 


= log u = log x log (cos x) 


=> aoe ot log (cos x) + (log x) : (— sin x) and v = (log x¥ 
udx x COS Xx 
=> “ = (cos x) 286282) tan x tog sa(1) 
x 


3.38 >» Method of Differentiation 


=> log v = x log(log x) 


- = (log x)” [ase log log s ...(2) 


1 dv x 1 
=> ——=| log(logx)+—x— 

v ax ( Blog) Ln =) 

equation (1) + (2) then gives 


=> < = (cos x08 (tog 25% — tan xlog x (log x) ite + loglog 7 
og x 


ee 


ee x 
(b)y=e +e +x 
ee 

u= ov 


log u = x® 


y 


=> log logu =e log x 
1 ldu 


log v = x” 


1 ldy _ 


xe 


i (elogv+1) 


And w = x” 


log w= e° elogx 


log log w = log e* + log x 


= e + log log x 
1 idw 
logw wdx — xlog x 
x 
awe logx x e™ 
dx xlogx 


& | 


xe 
x é — 
YY =o x! e*(Iogxs ‘+ x* ae x l(elogx +1) + xe (etogs ++) 
x 


ILLUSTRATION 42: Ify = In (x“*’) find dy 


x x ¥ Pe 
SOLUTION: y=In(x"") = fn(x"*”) 


y =eae. y' lnx 


Method of Differentiation < 3.39 


log =x + yloga+xlog y+ én nx 


—— = dara + logy + La ae 


ya dx ydx in x 


(2 ~ tna} = 1+ logy + —Z 
y y jax xénx 
(l— yloga—x) dy 

— 
(l—yloga—x)dy _ (xtnx+xénx fny +1) 


1 
= 1+ logy + —— 
xlnx 


y ax xénx 
dy _ y (xlnx+xlnx fny+)) 
dx x lnx(l-yloga—x) 


ILLUSTRATION 43: If y=x@"”””” , then 2 is equal to 


Bs énx-t y Inx(Inx) 
(a) > (¢nx'™™ + 2énx tn( tnx) (b) ~ (ine )20n(Inx)+1) 
2 £ 
(c) = —((ine) +2In(Inx)] (d) rg In(In x)+1) 


SOLUTION: y=x%™" 
=> fny =(énx)””) tnx (i) 
=> &n(ény) = ln(Enx).£n( tnx) + én(énx) 

1 ld _ 2én(énx) 1 


ae LOE 2 Oy Ly (2én(énx) +1) 
ny yax tnx x xknx xénx dx x énx 
Substituting the value of y from (1), we get 
& 2 (nx) (2en(tnx)+1)=> B 
dy x 
ILLUSTRATION 44: If x + y= 2 then find % 
SOLUTION: Letu=xandv=y 

uty=2 

=> a =0 ...(4) 
dx dx 

=> fnu=y énxand énv=x ény 

=> EAL ara pd and Pei 
udx x dx v ax y a 

=> é-r(2 tnx) and raat 122) 


Now equation (i) becomes x” (2 +£n 2B) +y" en + 26) =0 
x y 


_y| ¥ |_ ye 
Pied eka 


3.40 > Method of Differentiation 


l x 
ILLUSTRATION 45: If y= 6 then find y"(1) 


SOLUTION: @ny=-x énxwhenx=l>y=1 
=> * = -(I+énr) => y=-y(1+I1nx) ..-(1) 

Again diff. w.r.t to x, 
y" =-y'(1 + Inx) — y ~ => y"=y(1 + Inxy- = (using (1i)) 

= y"=10+0)'-—=0 


ILLUSTRATION 46: Differentiate the following functions w.r.t x: 
(1) xo (ii) (sin xj 
SOLUTION: Lety = x°**, Then, y=e™ ™"* 


On differentiating both sides w.r.t x, we get - = gr log (cos x.log x) 


dy cos x d = d 
ee {logs-£ (co ' x)+0cos '--(logx)| 


=> 


dx V1—x? 7 xX 


(ii) Let y = (sinx)™ *. Then, y=e™ *?25™* 


On differentiating both sides w.r.t. x, we get 


dy _ ”~ —logx cos” ‘} 


dy cos! x logsin x d -l : 
ay —(cos x.logsin x 
Z| gsinx) 


dx 


dy : cos 'x = d ‘ is d = 
=> oe 7 (sin) {cos ‘x. -(logsin x) + logsin x (cos 's)p 


=> ® _(sinx)™” Gaara essa eiseciny = 
dx sin x [=x 


= Ld = (sin x) fos" x.cotx— 
dx 


ea 


V1—x? 


ILLUSTRATION 47: Differentiate the function w.r.t x where fix) = x” 
SOLUTION: Let y = x* .Then 


log y = log x . log x on differentiating both sides w.r.t x, we get # =e" .logx 4 (x* log x) 
dy eS a d xlogx 
=> re x pas : slog x) 


dy x* d xlogx xlogx d 
=> ee {log-£ ( " )+e si 4 (logx)} 


? d 1 
=x" log x.e"** —(xlogx rem 1 
g 7, (los) : 


dy 


x x x I 
—=X {log [xt +togs 4| 
dx x x 


=x" [» (i+ og) og+| 
x 


dy 
dx 


x x \( + log x).logx +4 
x 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Differentiate the following functions with respect to x 


oa seesussd0 
(a) y=vx 


x grt foe 
(c) y = er’ 


(b) y = (cos cae re tox 


+ 


dy 
2. Find —— of the following: 
dx 
(a) X +y=c (b) (cos xP = (sin yy 
(c) y=(x*y' (@) y=e 
(e) y=(1+1/x)* 


3. Find the derivative of the following functions: 


sin 3x 
_ sin x _— 3 SSS 
(a) y = (cos x) (b) y  peere 


—] 
Ce 
a(x+2) (x+3) 
Answer Keys 
: 2 
y y tanx 
EQ) Sn sige ee 
(a) 2x(1— ylog Vx) (0) [ vy log (cos x) -1] 
2. (a) a(yx”" + y" log y) (by Ses ey 
x” logx+xy™ log cos x— x cot y 


(d) x*.e* (Ine’) 


3. (a) (cos x)""* (cos xIncos x — tan x.sin x) (b) 


5. (a) (Lnx)~ Ge 


4. If x = e*”, then prove that — 
dx 


cos 3x 


hy, 4 (c) l 5 § 
ysin’ 3x(1— 3x) 3(x—1)2(x42)?(x43)? 
sin vtn( ons) (b) (xénx)"" 7 +1 +én (em + 2) 
x 


Method of Differentiation < 3.41 


dy y(l_ y) 


x 


5. Differentiate the given functions w.r.t. x 


(a) (£nx) (b) y= (xénx)™ 


6. Find dy/dx, if (tan'xy + yo" = 1;x>0 


7. Differentiate the given functions w.r.t x 


x +1 


1 x* cosx + 
) | 
(i1) (x cosx¥ + (x sinx)!* 
(iii) e™*+ (tan x) 


(iv) (cos x + (sin x)!” 


8. Differentiate y w.r.t x where y = x*™ + (sin x)* 


9. Differentiate y w.r.t x where y = (log x)* + x'°% 


l-y 


(c) x * log (ex) 


(e) (i++) 2xtog(l+1/2)--*| 
x 1+x 


5x°+x-24 


NX 


3.42 > Method of Differentiation 


(log y)cosec*x yi" — y (tan x yr (1 +x? ) 
(tan x) log (tan x)+ yl cot x 


1. yea {(l + log x)cos x—xlog xsin x} — ae 
x2 - 


(ii) (xcosx)* {1—xtan x +log(xcos x)} 


sinx 


(iii) e”’* cosx + (tan x)* {log tan x + xsec xcosecx} 


A 
(iv) (cosx)*(logcos x — x tan x) + (sin x)* (tog sin x + 
x 


nas sin x re 
g. x {cossrlogx + 2} + ina) {logsinx+ xcot x} 
x 


9. [s( 228) (og) log tgs) +—)] 


log x 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


1. If [x + y]7*? = x*. y’ then dy/dx = 


(a) yx (b) x/y 
y x 
©) a+x ) (b+y) 

2. If y = 4f[Inx + {nx + J (nxt cee oo)}], then is 
equal to 4 
(a) tf (b) Pa: 

x[2y-1] x[2y+1] 
x x 
ara ©) yal] 
3. Lety = Jxtafxt xt... oo then 2 is equal to 
x 
x 
(a) 2y-1 (0) x+2y 


(d) — 


1 
©) Jl + 4x 2x+y 
4. Let f(x) = (x* ) and g(x) = (x* ji then: 


(a) fC) = 1 and g' (1) = 2 
(b) f(1) = 2 and g' (1) = 1 


Answer Keys 
1. (a) 2. (a) 3. (a,c,d) 4. (d) 5. (c) 


1 
.  ~ {1+xcotx 
ree 


. Ify= 


2 
x 


cot x 
x 


—log(xsin x) 


(c) f(1) = 1 and g' (1) =0 
(d) fC) = 1 and g' (1) = 1 


3/2 
a+bx 

5/4 
x 


(a) V3 
(b) 2 
(c) V5 


dy 


(d) None of these 


6. (d) 


V2 
2 


4 2/2 
[a [a 


feels 


&— vanishes when x = 5, then 
dx 


. If f(x) = |x|""" then f'(17/4) equals 


| 


bad 
b 


Method of Differentiation < 3.43 


m@ DIFFERENTIATION OF INVERSE y=f"(x) or 
FUNCTIONS 


If f(x) 1s any one-one onto function, then its inverse function 
(say g'(x)) is also a differentiable function (except where 
its tangents are parallel to y-axis). 


y = fix) ox = gly). 
Differentiating both sides of f(x) w.r.t; x we get 
= S'(x) 


dx 
And differentiating both sides of x = g(y) w.rt; y’ 


we eee '(y) 
g dy §& \y 


FIGURE 3.9 
dy... Ay 
Oe es ack 
dx Meee Ax vessel) We need to prove that tan a = or tan a. tan B = 1 
= rane (." Ax > 0=> Ay > 0) or tan a tan | ~—a@ | = 1 or tana. cot a = 1 which is 
Ax>0 Ax ° y 2 
obviously true and hence tan a = 
tan B 
] 1 1 
Ay>0| Ax dx Ore = Or (x)= 
=} im(®) 4 ae TOG) 
\Y Ay>0 Ay py dy 
f'(x)= —_ (provided g(y) # 0) 
g'(y) 


This is more evident by taking differentiation of two 
composite functions. If g(x) = f'(x) 


=> fg) =A") =x 


Differentiation both sides w.r.t x; 
we get f(g(x)) x g(x) = 1 
l : 2 ue 
=> g(x) = ——, - ie. derivative of f7 at x = x 
f'(g(x)) 


is equal to reciprocal of the derivative of f(x) at 


=f! () 
Geometrical Interpretation 
If the tangent 7, (tangent to y = f(x) at x = (a, f(a)) makes SURES AG 
an angle of a with positive x-axis, then the line 7, (tangent ; 
to y =f'(x) or x = fly) at (f(a), a)) makes an angle a with 37 
positive y axis. “. tana. tanB = tana x tan & — a) = tana x cota = 1 
For 0<a< 1/2 2 
As is evident from the diagram: 'f', i.e., the tana = 7 
angle that the line 7, makes with positive x-axis is equal tan B 
to t/2-—a ] 


And hence, again, we get that f(x) = ———~ 
f(x) = tan a and gy) = tanB 8 8 I(x) g'(y) 


3.44 > Method of Differentiation 


ILLUSTRATION 48: If y = f(x) =x + x° + x and g is the inverse function of f then find g'(3) 


SOLUTION: 2 =]1+3x?+ 5x4 >0 


Therefore f(x) is an one-one function 


dx 1 | 
Now, f = — = 
sy) dy dy 143x*+5x"' 
dx 


When y = 3, then 3 =x +X +x%>x=1 


w@-#| -4) 2-2 
oe ale | (3x? + 5x") 
a ax |x=1 


aliter: g(f{x)) = x => g2'(f(x)) x f@) = 1 
Now when f(x) =3;x =1 
=> g'3)xf()=1 


i ee ee 
> 8" Gy i345 9 


2—x 


] ] 


ILLUSTRATION 49: If the function f(x) = Ze? +3x+5x’ and f(x) = g(x), then find the values of (7) 


2-x 


SOLUTION: y= zer +3x4+5x? 


Now y= when x = 2 


2-x 
DF! fs ex i0z 
dx 12 
dx 1 ] 
5) ade lat = 
dy dy -7 = 
x Dp +3+10x 


e(t)- 1 1 
oe ne) ee 2) nn 
Te =e? +3410x2 


dx 


x=2 


ee es 
7 434.20 269 269 
12 12 


ILLUSTRATION 50: (a) Let f(x) =x? — 4x —3,x>2 and let g be the inverse of f- Find the value of g' where fx) = 2. 
(b) Let f: R > R be defined as fx) = x° + 3x*+ 6x — 5 + 4e* and o(x) = f''(x), then find g'C1) 


SOLUTION: (a) fx) =x°-4x-3 =x*-4x + 4-7=(«-2)-7 


Now f(x) = 2 

=> (x-2¥-7=2 
=> @-2yY=9 
=> x-2=-3,3 
=> x=-1,5 


ILLUSTRATION 51: 


Method of Differentiation 


Given that x > 2 > x =-1 is not possible 
Hence, (x, y) is (5, 2) 
Now, f‘(x) = 2(x — 2) 
=> f(5) =26 -—2)=6 
If slope of y = f{x) at (5, 2) is m, and slope of y = g(x) at (2, 5) is m,, then the lines with 


l-m,__|{l-m, 
l+m, 1+m, 


slope m, and m, makes equal angles with the line y = x and hence 


pa i => —5m,-5=7Im,-7 
1+6 m,+1 
=> 12m,=2 => m, =~ Ans => g'(2) = = 


(b) Ax) =x? + 3x* + 6x-5 + 4e” 
=> f(x) = 3x? + 6x + 6 + 8e* 
= 3(x? + 2x + 2) + 8e* 
= 3((x + 1% +1)+ 8e” 
=34+1¥+3+8e">0 
On Putting x = 0, we get, (0) =-53+4+0=-1 
And since f"(x) = 3x? + 6x + 6 + 8e* 
. f'0)=6+ 8e°= 14 


FIGURE 3.11 


Now, if m, is the slope of tangent to y = f(x) at (0, —1) and m, is the slope of the tangent to 


y = g(x) at (1, 0), then elds --(E*| 
1+m, l+m, 


1-14_ m,-1 2 -13_ m,-—1 
1+14 m,+1 IS m,+1 
=> —l3m,- 13 = 15m, —-15 => 28m, =2 


=> m,=1/14 


d’x , 
a is equal to 


d’y = d?y al dy 3 
(a) ( 2 (b) ( =) (= 
d’y \( dy = _{ d’y \( ay ‘“ 
0 (SZ) 0 {22 
1 
4 
dx 
dx_d@ 1 _d@ 1 &_ 1 Wy i_ ii Wy 
(8) dx \ # dy) dx? ®) dy) dx 
dx dx (3) dx (3) 


< 3.45 


3.46 > Method of Differentiation 


10 


ILLUSTRATION 52: Let g be the inverse function of f and f(x) = (+z) . If g(2) = a then g'(2) is equal to 
xX 


5 1+a’ 
(@) So (b) Tie 

gi? oe 
(c) ae: (d) 


SOLUTION: /[g(x)] =x > /[e(x)].2'@) = 1 > f(a@).g'(2) = 1 [Putting x = 2 and given g(2) =a] 


q'° es 


Given f(a) = 7=> g(2)= 


ILLUSTRATION 53: y = //(x) and x = g(y) are inverse functions of each other than express g(y) and g"(y) in terms of 
derivative of f(x) 


SOLUTION: = = f'(x) and = g'() 


=> g()= 7 ...() 


Again differentiating w.r.t to y 


rived) tal Lew 


f(x) 
[for 


= g"(y)=- (ii) 


d*y 
dx’ 


d’ 
* (3 
dx 


and let g be the inverse of f- The value of g’ when f(x) = 14 is 


1 
ILLUSTRATION 54: Let f(x) =x°-x-6,x> — 


2 

(a) 1/9 (b) 1/3 

(c) 1/6 (d) None of these 
SOLUTION: Let g' |y| = = hence f(x) 1 = 2x. Cc 

dy dy dy 
> ees ; when f (x) = 14 (given) 
dy 2x-1' 
=>x-x-20=0 => x=Sorx=-4 


Now, x = —-4 is rejected because it is given that x > 1/2. 


Method of Differentiation < 3.47 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


2 -1 
1. If f(x)= ae find the function mle) and its 
Xx E2X dx 
domain. 


2. If g is the inverse of f and f/'(x)= — 
that g(x) = 1 + [g@)}? 


1 1 
3. If y™+y ™=2x, then prove that the value of 


(x? —1)y"+ xy" 


= then prove 
x 


is equal to m? 


Answer Keys 


1. “ir (x) |= so Domain of f'(x) = R — {-1/2, 1} 5. 


m@ IMPLICIT DIFFERENTIATION 


Explicit functions are those functions in which y can be di- 
rectly written in terms of x. e.g., y =x sinx, y = sin! (x? + 1) 
etc. 

Implicit functions are those in which y cannot be 
expressed exclusively in terms of x. 1.¢., if the relation between 
the variables x and y are given by an equation containing both, 
and this equation is not immediately solvable for y, then y is 
called an implicit function of x. e.g. + x? + 2xy — 3x’y = 0 or 
x’y = sinxy etc. 

It is important to observe that the terms "explicit 
function" and "implicit function" are merely the way that 
the functions are defined and in no sense do they charac- 
terize the nature of the function. Every explicit function 
y = f(x) can also be represented as an implicit function 
y — f(x) = 0 for example let us consider the equation 
x? + y>= 8 here the function is defined implicitly whereas we 


can rearrange the above equation to get y = ¥8-x° 
the function of _ the 


y = xt ¥xtvVxt+...00 may be called an explicit 
function, but y = ./x+y will be called an implicit 


function, whereas there is no difference between the two. 
In order to obtain dy/dx when function is written in 
implicit form, one should observe the steps given below: 


Similarly form 


4. Let e& = In x. If g(x) is the inverse function of f(x), 


then prove that g(x) equals to ae) 


5. The function f(x) = e* + x, being differentiable and 
one one function, has a differentiable inverse f' (x). 


Then find the value of - f'(x) at the point f' (¢n3). 
Xx 


|e 


Steps: 
dy .,, ; 
(a) To get ke’ differentiate entire function with respect 
x 
to x, treating y as a function of x 


(b) Collect the coefficient of yy at one place and transfer 


Xx 
the remaining terms to the right hand side. 


(c) Find “ in terms of x and y. 
x 


Shortcut for Implicit Functions 


For implicit function put; a {f(x,y} = —dof / ox 
of dx of / dy 


ss is partial differential of a given function with respect to 
x 


, where 


x (i.e differentiating f with respect to x keeping, y constant) 
and o means partial differential of a given function with 


respect to y (i.e., differentiating f with respect to y, keeping 
x constant). 


Caution: Careless application of implicit differentiation 

may lead to errors, For eg.,: consider x? + y’ = 0, through 

implicit differentiation, we get 2x + oy =0> (og =-—]. 
dx dx 


But there is only one value of (x, y) which satisfy the equa- 
tion 1.e., the origin only. Hence it is wrong to find dy/dx in 


this case. Hence it is important to note that implicit differ- 
entiation is merely a technique to find the derivative and is 
applicable only if the function is differentiable. 


3.48 > Method of Differentiation 


ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


ILLUSTRATION 58: 


SOLUTION: 


Ife’ +? + ay =2 find 


e+yt+xy=2 


d d d d 
Differentiating both sid t —(x’)+—(y’?) +— (xy) = —(2 
ifferentiating both sides we ge zz) rae ze ra 


dy |dx d dy 
2xt 2y —+4— —y}=0 2x +2y —+1l.yt 
=> y BE yen Zo} => y re y es 
dy dy (2x+ y) 
2y +x) —=-(2x+ = - 
Bey ee) a eee y) neers (Qy+x) 
Alternate method: Put fHaxr+yt+xy-2 
Now: dy _ —of / ox 
dx of /oy 
of oy’ oxy 
here —=2x+0+y-0 ;—=0,— = 
where rs x y Ke - y 
2 
oe le ree PLS ce 
oy dy oy 


dy__(2xty) 


Substituting in (i) we get —— = 
emt) . dx (2y+x) 


Find the expression for = for the implicit function x° + y’ — 3xy =1 


Differentiating with respect to x 
pag O28 GO ep) 
dx dx 


Differentiate the following 
(a) y+ x? + 2xy —3x*y = 0 (b) y=xX 
(a) y?+x2+ 2xy-3ry=0 

2y a +2 +2 +y|s 2x —3 [2 24 ya0)|- 0 


dy dy 22(yt+x-3xy) 
=> — (2y+2x-3x?)=-—2y-2x+6 > = =D 
a a ed dx 3x’ —-2y—2x 


(b) y = x, by taking log on both sides, we get log y = y log x 


ldy_ 1 dy dy _y dy 
—— = y—+logx— > — =— + ylogx— 
ue a ee Dee he 
2 2 
(fase Se" oh eee 
dx x dx (l-ylogx)x 
dy sin’(at+y) 


If siny = x sin (a + y), prove that ie 


We have x =—————_ => 
sin(a + y) dy sin’ (a+ y) 


sin y _ dx _ cosysin(a+ y)— cos(a+ y)sin y 


Method of Differentiation 


= sin(a+ y—y) a sin a 5 dy _ sin’(a+y) 


sin’(a+ y) sin’(a+ y) dx sina 


ILLUSTRATION 59: If y =x cosy + y cosx, find “ 


SOLUTION: Method1: Given y = xcosy + y cosx, 


ILLUSTRATION 60: 


SOLUTION: 


ILLUSTRATION 61: 


SOLUTION: 


Differentiating both sides with respect to x, we get 


ae oe cosy+x Lae + 1G eas + a cos x 
ae Nae y rs very ke rat 


= = l.cos y+ x(- sin y) 4 y(-sin x) +2 (cosx) 


dy __ cosy— ysinx 


dy ; 
—(1+xsin y—cosx)=cos y— ysinx = : 
dx dx 1+xsiny-—cosx 


Method 2: Shortcut method: y = x cosy + y cosx. Let f= x cosy + y cosx — y 


= of = cosy — y sinx and ay =-—xsiny + cosx—l 


ox 
of 
dy \ ax) Ox —(cos y— ysin x) a dy ___cosy—ysinx 
dx of ~ (—xsin y + cosx—1) dx 14+xsiny-—cosx 
dy 
Ify = a” then dy/dx is 
*1o * log x 
(a y logy (b) y log 
x(1—- ylog xlog y) x(1—- ylogx log y) 
(c) 0 (d) None of these 
(a) y= a™ > y=aQ” 
Taking log on both sides 
=> logy =» .log a = log (log y) = y log x + log (log a) 
Differentiating w.r.t. x 
2 
1 1ig_y Jogx+ a, GY se y logy 
logy’ y ‘dx dx dx x(l—ylog~x logy) 


Find the oe of the function xy =x + ¥ 


xy=xi ty? 
Differentiating w.r.t x, we get; EA (xy) = a e+ a ~ 
dx dx dx 
D+ y1aar+3ye 2 or re 
dx dx 
dy _ 3x* -y 


dx x-3y’ 


< 3.49 


3.50 > Method of Differentiation 


ILLUSTRATION 62: 


SOLUTION: 


ILLUSTRATION 63: 


SOLUTION: 


ILLUSTRATION 64: 


SOLUTION: 


Find o for the functions y = x” 


so x” 
y =»; Since powers go up to infinity. 

log y = y log x 

2 
yas x dx\ y dx x(1-y log x 
d’y 

If & + xy =e, then — is 

(a) 1/e = (b) € 

(c) e (d) None of these 


(a) We have e” + xy =e 
Differentiating w.r.t. x; we get 


e” yy +y+x y = 
dx dx 
Differentiating again w.r.t. x; we get 


2 2 2 


dx” dx dx dx’ 
Putx =Oine@ + xy =e, we gety = 1 
Putting x = 0, y = 1 in (4) we get e a +1=0 
ee 
dx e 
dy Ws secs es dy 1 
Putting x = 0, y = 1, —= —— im (ii) we get ee 
ip oven = ee 
1+ sched dx 1+2y+cosx-sinx 
sin x 
1+——____—_ 
1+cOsx........ eo 
Given function is y = Sen a Pe 
pqeeene 1+ y+cosx 
l+y 


Or y+ y’ + ycosx =(1+ y)sinx 


On differentiating both sides w.r.t.x we get 


oe 2y D4 y(-sin x)+ cos x. =(1+ yoosx+ sin 


or 4142y-+.008x- sin x} = (1+ y)cosx+ ysinx 


dy (i+ y)cosx+sinx 
dx 1+2y+cosx-sinx 


or 


(1) 


(i) 


ii) 


x 
ILLUSTRATION 65: If Y= Ty find @ 
x dx 
x+ ae 
xX+ 


x+ 


or xy + y = x 


Differentiating both sides w.r.t. x, 


oe $2 yi 22" 
3 dx 3 
dy 5 5 
or (3427) ™ = = 723-28 
( y) iG re 
ILLUSTRATION 66: If y =x + : 7 , prove that 
X+ 1 
x+ 
DOV eeewvercink 


SOLUTION: y=x+t a 
y 


Differentiating w.r.t x, we get @. =14+— 

=> [i J] y =] 
yo) a 

[ from (i); y=x + Ily> 1= 


= (141-2) 2-1 
y)a& 


x 
—+ 
ee ae 


Method of Differentiation 


y Be 
=> — 
xx 28 
x+ 
en VE 
x lx $o.c...00 
=> y {xr + yy=x? 


Sas 
3x7(-y) 
or is a3 


dx (x3 +2y) 
Lea : 
x x 
2 : i 
ss 1 
x+ 
A Te dceulianeauearaseass 
ce 
y y 
=» Yet 
dx 7_* 
y 


< 3.51 


...(i) 


3.52 >» Method of Differentiation 


ILLUSTRATION 67: Let f (x) =x+ . Compute the value of f(100). /'(100). 


De 


SOLUTION: _f (x)= x+————____— 
2x + 


ee ae > xytyexatxrtl 
a= y=1 + x2 a ee = Vitx2 
=> y=vV1lt+x (-.. y cannot be negative as x is positive) 
_ Y_ 2x __ * 
d& afi+x Vi+x? 
=> tl awe and. Vlog = V1+1007 


. (100) (100) = 100 


gacl ¥ 


2 2 2 
ILLUSTRATION 68: If /x?+y? =e ‘**” . Prove that <2 = — x>0 
x-y 


sin7!_» 
SOLUTION: Given Je ty’ =e Pty 
Taking log, on both sides, we get —log(x’ + y*)=sin ' 
2 


x Yy 
=> log’ + y’) = 2tan" (2) 
x 
dy 
x—~-y 
Differentiating both side, we get arn 2 +2y *) = = x ax 
(x + y*) dx y x 
|G aaery 
x 
a) (a?) 
x+y x—-y 
=> (93) -E~) => cia _, —y 
x+y’ (x? + y’) ax dx 
d d x+ 
= «+y=@-y 2 & _&+») 
dx dx (x-y) 
dy dy x+y x+y 
— yy 14+— ]-(x+ y)| 1-—— x— y)) 14+—— |-(x+ y)| 1-——— 
dy © v( 4 (x vf a) | »[ +2) -« »[ z+y) 
dx’ (x- yy’ (x- yy’ 
2x(x-y) , 2y(x+ y) 
_ ox-y x-y _ Ax’ -xytayty’) _ ,@’+y’) 
(x-y)’ (x-y)° (x-y)’ 


Method of Differentiation < 3.53 


ILLUSTRATION 69: The equation y*e” = 9e° x’ defines y as a differentiable function of x. The value of a for 


x =-landy =3 
15 

(a) 5 

(c) 3 


y («249 he? yt =Ge° 2x 
dx dx 


SOLUTION: 


Put x =-—l andy =3 


dx 


9 
(b) ae 
(d) 15 


fe [= a] A 6m =—9¢e° 2 
be x 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


1. Differentiate the following functions 
(a) x +ax*y + bxy + y =0 
(b) sin(xy) + cos(xy) = tan (x + y) 
2. Differentiate the following w.r.t x: 
(A) 2 Se 
(b) y sinx - cos(x — y) = 0 


3. If yV1-x? +x,/1- y’ =1, find a 
x 


5. If xe” — y = sin’x, then find dy/dx at x = 0. 


6. Differentiate the following implicit functions w.r.t x 


(a) Where x?y? = (x + yp * 7 and hence prove that 


Oy: 
dx x 
Answer Keys 


2 2 
1. (a) _ 3x0 + 2axy + by 


(b) Where x = x”, and hence 


dy _ ylny/ 1+xInxIny 
dx xlInx\ 1l-xlIny 


show _ that 


7. x°+ y'— 3axy = 0, find cd 
dx 


8. Ify =In (x* a’) find “ 


9. If x* + 7x* y + 9y* = 24xy*, show that one of the pos- 


ime 2! 
ax x 


10. If (a—bcos y) (a + b cos x) = a’— b’, then show that 


dy _ Va’? —b’ 


dx (a+bcosx) 


: A(x+ 
11. If (x + y) = e*” prove that Oy SOE), 
dx (xt+ y+1) 


By; bveos: @ cost) siny) =] 


ax’ +2bxy +2y [xcos’(x + y){cos(xy)— sin(xy)}— 1] 
_, 2° -1 ycosx+sin(x— y) Vyl-y’ 
2G 2 ae. 32 
1—2°* sin(x — y)—sin x cia? 
ay x’ ~ay xylny + y’e* (Lnx +1) 
4. | ———_ =e qs 5 ei a a a 
2jy—1 ax— y x[l1-—x—- y* na] 


3.54 >» Method of Differentiation 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


1. If 2° 4+3x’y— 6xy’+ 2y? = 0, then the value of = 
x 


at (1, 1) is 
(a) 1 (b) -1 
(c) 6 (d) None of these 
d’y 
2. If x’y + y= 2, then the value of 2 
(1, 1) is 
3 3 
a) -—— b) -— 
(a) Fi (b) : 
(c) = (d) None of these 


at the point 


ha d 
3. y=ysinx+sinx+Jsinx+...0o , then = equals 
Me 


cos x 
2y-1 


(a) (b) 


1 
©) J2+4sin x ) 


(a) 2 
(c) 1 


(b) -2 
(d) -1 


d’y 


dx’ 
5) x| (x + 1) + (y + 1) | 
y (x+ 1) 
y| (e+1) + (r+) | 
a (y+1) 
y| (e=-1) +(y-1) | 
v(y-1y 


(d) None of these 


5. Ife’ = xy, then is equal to 


(b) 


(c) - 


6. If ax? + 2hxy + by? =0, then — is equal to 
x 


Answer Keys 


1. (a) 2. (b) 
11. (b) 


3. (a) 


4 


2tanx+ ysecx 


2cosx 
sinx+2y 
dy 


4. If sin(x + y) = log (x + y), then ae = 
x 


4. (d) 


5. (c) 


Ts 


(a) = (by) -2 
x x 
x axthy 
(Ce) = (dd). 
y hx+by 
eee. 
If in = 4 = log a, then Cy is 
x t+ y ax 
x 
(a) ; ud ; (b) —x/y 
x —y 
(c) y/x (d) None of these 
If y= —__—_*_— then Gas = 
x dx 
at 
i 
at+....c 
a b 
(a) (b) 
ab + 2ay ab+2by 
a b 
(c) ————— 
ab + 2by ab +2ay 
. If In (x + y) = 2xy, then y' at (0, 1) is equal to 
(a) 1 (b) —1 
(c) 2 (d) 0 
: dy 
. If sin(xy) + cos (xy) = 0, then — = 
ax 
(a) > (b) -~ 
x x 
x x 
(c) -— (d) — 
B 4 y 
dy _ 
. If xflt+y+yVl+x =0, then a 
(a) (b) - 
(I+ x) (1+ x) 
(c) Cc 
(1+x) (1+ x) 
6. (a,b) 7. (c) 8. (d) 9. (a) 


10. 


(b) 


m@ PARAMETRIC DIFFERENTIATION 


In our book of co-ordinate geometry, we have already learnt 
that the Cartesian equation of the conics can also be given in 
the parametric form. For example the parabola y’ = 4ax; the 
parametric from is given by y = 2at and x = at’. Therefore 
having established that a function 'y' of 'x' can be represented 
by the parametric equations as well. Lets say x = g(t) and 
y = h(# are the parametric equations of y = f(x). 

Now, let us assume that these functions are differentiable 
and the inverse of the functions x = g(f) is given by t = G(x). 

fix) = y = h@ and t = G(X) 

Kx) = y = W(G@)) 


Differentiating w.r.t x; we get 


‘ ‘ - Sut) s Oo), d(G()) | 
ae aad se 

dt dx 

Also, Since x = g(t) and t = G(x) are the inverse 


d(G(x))_ 1 
ax d (g ()) 
dt 


functions of each other, Therefore 


Method of Differentiation < 3.55 


Substituting this value of 4(G()) in (1); we get 


dx 
dy d (A(t)) 1 _sedt 
dx dt — d(g(t)) d(g(t)) 
dt dat 


The above formula, allows us to find the differentiation 
of y w.r.t x without having to actually find y as a function 


of 'x' 
A) 
g'(¢) 


Similarly, differentiating again w.r.t x; we get 


<a $(Q)-4(8){a)e4 
dx’ dx\ dx dt\ dx dx dt 


dy _ dy dt 


dx dt ae 


_ ayldt 
dx / dt 


- h"(t)x g'(t)- g"(t)xh'(t) 
(g'(0)) 


3.56 >» Method of Differentiation 


SOLUTION: 


ILLUSTRATION 72: 
SOLUTION: 


ILLUSTRATION 73: 


SOLUTION: 


ILLUSTRATION 74: 


SOLUTION: 


ILLUSTRATION 75: 


SOLUTION: 


dy  12t?-6t-18 
b) Let f(x) = S--—O 
0) Let) = TS 152 —20 


122” —6t-18 2 

PO = se i57—20 = 5 
—-p? peel dy 
If x=e" and y=tan (2¢+1), find - 


Here x=e" 
On differentiating both sides, we get 


=> = et (-2t) And y=tan'(2¢+1) 

On differentiating both sides, we get 

dy 

a, dy _ dt _A+(4P +4e+1) 

dt aH dx a& _4t 

dt et 
Hence — =—__*__ 
= 2t (207 + 2t+1) 
d’y 
Let y = 3° + 2t-1,x = # - 1, find — an 5 
dx dx 

® — 64 +2; & <3 
dt dt 
dy _dy/dt _6t+2 
dx dx/dt 38 
For second order derivative, we differentiate with respect to x 

d 4 d’y A) d’y d <7 dt 

—|} —__ |} = =— => = — C= 

dx\ dx) dx’ dx\ 3 dx’ dt\ 3 ) dk 

t’ (6) — (6 + 2).2¢ 1 _ -6¢' —4t -2(2+3t) 
a rt" 5p 9r° 9r° 
If u = f (x=), v = g(x’), f(x) = cos x, g'(x) = sin x then “ is 
v 

3 3 2 2 : 3 2 
(a) a cosx -cosecx (b) = sin x” -secx 
(c) tan x (d) None of these 


du 
(a) u_a_f '(x°).3x? _ cosx’.3x” 
dy dv g'x’).2x  sinx’.2x 2 
dx 


If y = sec 4x and x = tan‘(A), prove that 


1 _ 1+tan? 2x 
cos4x  1-—tan?2x 


yr 


=—xcosx° .cosecx’. 


dy__16t(1-?") 
dt (1-6t7+#°/ 
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using tan x = ¢ (given) 


tan 2x = 5 - substituting in (1) 


a 
_ a-Py _ d+’ _ +e)’ 
__ 4 (-#)y-4¢ 1-627+¢' 
(1—-¢’)’ 
dy _ (1—6t' +#")-2(.+#*)-2¢-(+#°)(4t° - 128) 
dt (1-607 +27) 
_ 40+ )[d-6e +e/)-d4+h)@-3)] _ 4e0+)0-0*) _ — 4td-#’) 
(i-(? +77’) (-6P +) (-6+2/ 


ILLUSTRATION 76: If x = 2cos t— cos 2¢ and y = 2sint — sin 2¢, find the value of (d’y/dx*) when t = (x/2). 
SOLUTION: x = 2cos t—cos 2t y = 2sin t— sin2t 


— =-2 sint + 2sin2¢t ® 9 cos t—2 cos 24 
dt dt 
& = — 2(sin t — sin 22) G3 = 2(cos t— cos 2f) 
dt dt 


dy _ cos2t—cost 
dx  sint—sin2t 
d’y _ (sint—sin 2t)(—2sin 2t + sint) — (cos2t— cost)(cost — 2cos2t) , at 


dx? (sint — sin 2)’ dx 
d’y 1d)-(-]I(+2)_ 1 3 
baie ae a 
dx’ | 4 (1? 5). 
2 
dy 


ILLUSTRATION 77: Find of following parametric functions: 


2 


(a) x =acos*t and y = b sin’ t (b) x = e' cost and y = e' sint 


SOLUTION: (a) < = —3a cos*t sin t a = 3b sin’ t cos t 


eey 
dy pee Es! See tt (2h + 1) 
dx 3acos’ tsint a 2 
My 
dx? acos’ t(-3acos*tsint) 3a’ cos‘ tsint 


dx 
(b) a e’ cost — e’ sint = e (cos ¢ — sin 4) 


d 
Y =e sin ¢ + e’cos t = e' (cost + sin £) 


d Ga = 


dy _ cost+sint d’y _ dt\ cost —sint Z 
dx cost—sint dx’ —e'(cost-sint) _—_e‘(cost—sinty’ 
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ILLUSTRATION 78: If y =tan7 and x =sec__! jue ( 5 {sa} prove that2 2” +1=0. 
l-u u’—1 V2 J2 dx 
-1 u 
SOLUTION: y= tan 
l-u’ 
y = sin'u 
x = sec! i a = cos '(2u? — 1) 
y=sin' u 
d_ 1 
du l-u’ 
dx —1 
— = ——— (4y) 
du /t—(2u? -1/ 
ee ee, 
V1—4u* -1+ 40? 4u?(1-u’?) l-u? 
wy = _l V1—u? 
dx 2 
d FIGURE 3.12 
=> (2) +1=0 
dx 
ILLUSTRATION 79: If x = af, y = bf (ta parameter), find 
. day .. ax 
i ii) —~ 
(a) dx? ( ) dy’ 
dx 5 
SOLUTION: (i) x=at®? => an 3at 
y = bt? => cae 2bt 
dt 
2 dy _dyldt_ 2bt 2b 
dx dx/dt 3at’ 3at 
d’y bd @ 26-1 dt -2b 1 —2b 
ee ae a ef a a le 
dx” 3adx\t) 3a t dx 3at’ 3at’ 9a‘t 
Again differentiating both sides with respect to x 
fy _9(g) #2 (1) 
dx’ dt\ dx’) dx 9a dt\t*) d& 
oe es oe 
9a t? 3at? § 27a°t’ 
(ii) x = a, y = bP => Lae Y <p 
dt dt 
dx _dx/dt _3at’ _3at _, @x_3a/2b_3a 1 _ 3a 
dy dy/dt 2bt 2b dy? dy/dt 2b 2bt 4b't 


d°x a) 3a a) 1 eal “|{ -] —3a 
Se ee el aga gga al i gmt, bagel oa a I gee 
dy dy\4b’t) 4b° dt\t) dy/dt \4b t 2bt}) 8bt 


Method of Differentiation < 3.59 


2 
ILLUSTRATION 80: Find Oey and hence find the values of the parameter for which y = f(x) increases or 
dx dx : 


decreases. Also find a , where y = f(x) is represented parametrically as 


(i) x =a, y = 2at (ii) x = a cos 8, y = bsin 8 
SOLUTION: (i) For x = af’, y = 2at 
dy _dyldt 2a _1 
dx dx/dt 2at t 
d’y a) (2) dat (2) 1 -1 1 l 
i ae ae = —| — | xX —_ = —_| xX > >xX*nTFT7 : 
dx’ dx\ dx) dt\dx) dx dt\dx) & Ff 2at 2at 
dt 
dy Y 


Now for t > 0; : >0>— >0 
t dx 
ei d’y -l 
= = f(x) is increasing and = <0 
y =f) dx’? 2at’ 
hence concave downward x 
1 ad 


And for t<0; -<0 > ™ <o 
t dix 


FIGURE 3.13 
= f(x) is decreasing and d’y ea. > 0 hence concave upwards 
4 Ce de Dat 
3 
Now, we need to find e 2 
dx 
¥ 
dy d d’y _d@ d’y Ht d’y re l 
dx’ = dx\ d&’ dt\ dx? } dx  dt\ d’*} dx/dt 
X 
“( —1 1 3 1 3 
dt\2at?} 2at 2at* 2at 4a’? 
(11) For x = a cos0, y = 5 sinO 
2 dy/d0 beosd b FIGURE 3.14 
& G10 | 008 _- bong 
dx dx/d@ -asinO a 
2 
dx” dx\dx} d@\ a dx /d@ y 
= —(-cosec’@)x : 
a —asin@ (0,b) 
= = cosec* 
(a,0) 
2 x 
For 8 € (0, 2/2); ay <0 and £Y <9 
dx ax 
FIGURE 3.15 


‘. y = f(x) 1s decreasing and is concave down 
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2 
For 0 € (n/2,n); “>0 & “2 <0 
dx dx 
y =x) is increasing and is concave downwards. 


¥ 


(0,b) 


(—a,0) 
FIGURE 3.16 
2 
For 0 € (n,32/2); - <0 and - >0 
y f(x) is decreasing and is concave upwards 


FIGURE 3.17 


2 
For 6 € (32/27); oY <6 and ay > 0 
dx dx 


y = f(x) 1s an increasing function and is concave upwards 


y 
(a,0) 
(0,—b) 
FIGURE 3.18 
Now, we need to find a 


3 2 2 = 

ave ay _ a ay oe = cosec?@ x— 

dx’ dx\ dx dO\ dx ax =dé\a asin@ 
dé 


=! sd cosec’@ cot @ x = =? cosec'@ cot 
asin? a 


— us x 3cosec”@ (—cosec @ cot 0) .—_ = 
asin @ 


Method of Differentiation < 3.61 


TEXTUAL EXERCISE-7: (SUBJECTIVE) 


1. Differentiate the following 3. Find the derivative of the functions which are 
(a) x=a(cost+tsind‘); y = a (sint—tcos f) defined parametrically. 
1=¢* 2t x=acos t x=e' cost 
(b) x=a ;y=b a b 
1+? 1+¢° #) y=bsin’t 2 y=e'sint 
ate _ 2at’ : ; 
d sin® t cost 
1+¢° 1+t° 4. Find  , where x= y= for t = 71/6 
E : dx cos 2t cos 2t 
(d)x=a - 
E + ; 5. Ifu =sin' x and v = x; prove that a 3, v(v'" - v) 
du 
(e) x= eee =asint 6. Ifx =a (cost +tsin?#), y = a (sin t—t cos t). Then 
d*y 7 
(f) x=sinVJcos2t; y = cosVcos2t find the value of 4 when t = — 
2. Ifx re and y = ok then prove that aps 
t t dx y 
Answer Keys 
2 3t+0° yy 
1. (a) tant oy eed wy 2 ew 222) Gir & -tan (cos 2r ) 
2at 2 2t 
int 
3. (a) [secs |? 2. 6 4. 0 6.2 
a cosf—sint 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


1. Ifx =2 sint—sin 2t, y = 2 cos t—cos 21, then the value 3. Ifx =a [cost + log tan (¢#/2)], y = a sint then: 


d°y _a 
of i at t= 3 1S (a) [ =p) 
| Xx 
(a) 2 (b) zc 
3 3 = 00 
(c) “4 (d) 5 o = =1/2 


J(l+0?) +(1-27) dx? a 
we is (d) None of these 
4 | Ja-“)-1) 
2 i+ Ja-+ | (b) t® 4. If x = a cos’ 0, y = a sin’ 9, then (2) | 1S 
f1- a=") | equal to 
(d) 


F (a) tan’ (b) sec*0 


t° + /a-*) | : (c) secO (d) | secé | 


2. If yr ydte)-~yd-") and x = 1—t*) then (c) (<3 } _2V2 


3.62 > Method of Differentiation 


5. Let the function y = f(x) be given by x = t° — 58 — 20t 
+7 and y = 4f — 3 —-18t +3 where t € (-2, 2) then 
f(x) at t= 1 is 


(a) 5/2 (b) 2/5 
(c) 7/5 (d) None of these 
d’y . 
6. Ifx =f +t+5 andy = sin¢, then —— is equal to 
x 

(32? + 1) sint + 6¢ cost 

(a) ————_ os 
(37° + 1) 

327 + 1) sint + 6t cost 

(b) Cr+ Sint + OF cost 
(3t° + 1) 
Answer Keys 
1. (d) 2. (a,b) 3. (b,c) 4. (d) 5. (b) 


m@ DETERMINANT FORMS OF DIFFERENTIATION 
If y is a function of x given in determinant form as 


F(x) g(*)|_ f(x) v(x) — u(x) g(x) 
u(x) v(x) 


=> i = f(x) u’(x) + v(x) f(x) — u(x) g(x) - g(x) u(x) 


= f(x) v(x) —u(x)g"(x) + v'(x) f(x) -u"(x) g(x) 
PO) 8D) | FC) 8) 
u(x) v(x)| |u’(x) v(x) 


_ Bt’ +1) sint + 6t cost 


©) Br + Ip 
cost 
(9) 30° +1 
7. If c= y= et thenx{ 2 eee 
t 2t t dx dx 
(a) 0 (b) -1 
(c) 1 (d) 2 
6. (a) 7. (c) 
u(x) v(x) w(x) 
Similarly y = P(x) g(x) r(X)| then 
A(x) M(x) 7(%) 
3 u(x) v(x) w(x) |u(x) v(x) w(x) 
~=|p(x) g(x) r(x)|+]p'@) a’) r’()|+ 
A(x) M(x) ¥(x)} |A) MX) VO) 
u(x) v(x) w(x) 
P(x) g(x) r(x) 
A(x) M(x) (x) 


The differentiation can also be done Column-wise 


ILLUSTRATION 82: 


SOLUTION: 


ILLUSTRATION 83: 


SOLUTION: 


ILLUSTRATION 84: 


Method of Differentiation < 3.63 


2x 3x? Ax’! |x? x x‘ x* x x' 
or f'(x)=|2x 3x” 4x°|4+/2 6x 12x7| +/2x 3x? 42° 


2 6x 12x*| |2 6x 12x’ 0 6 24x 
As we know if any two rows and columns are identical, then value of determinant is zero. 
2 3 4 
x x x 


Therefore f(x) =0+0+ |2x 3x? 4x’ 


0 6 24x 
+f) = 24x5 — 12x° => f(x) = 12x5 
(x-a)’ (x-ay 1 (x-a)* (x-ay 1 
If f(x) = \(x-b)* (x-by? 1] then f(x) =A (x—-b)* (x—5)?_ 1). Find the value of A. 
(x-c)* (x-c)y 1 (x-c)* (x-cy 1 


(x-a)’ (x-ay 1 
F(x) = (x-b)* (x-by’ 1 
(x-c)* (x-cy 1 
A(x-ay (x-ay 1 (x-a)’ 3(x-ay 1 (x-a)* (x-ay 0 
fi) =|4ae—byY  (x-by 1) + |(x-b)* 30-bY_— 1] + |@—-b) (x-bY OO 
A(x-cy (x-cy 1 (x-c)’ 3(x-cy 1 (x-cy’ (x-cy 0 
(x-a)* (x-ay 1 
=3\/(x-b)* (x-by 1 
(x-c)* (x-cy 1 
n=3 


cos(x+x*) sin(x+x’) —cos(x+x’) 
If f(x) = |sin(x—x’) cos(x-x’)  sin(x—x’) | then find f(x). 
sin 2x 0 sin 2x? 


cos(x+x°’) sin(x+x’) —cos(x+x’) 
fs) = |sin(x-x’) cos(x—x’) — sin(x—x’) 
sin 2x 0 sin 2x” 
= sin 2x [sin (x + x’) sin (x — x*) + cos (x — x”) cos(x + x’)] 
+ sin 2x* [cos (x + x”) cos (x — x’) — sin (x + x’) + sin(x — x’)] 
= sin 2x cos (x + x*-—x + x’) + sin 2x’ cos 2x = sin 2x. cos 2x? + sin 2x”. cos2x 
=> f(x) = sin (2x + 2x’) 
=> f'(x) = cos (2x + 2x’) (2 + 4x) 
If a be a repeated root of a quadratic equation f(x) = 0 and A(x), B(x), C(x) be the polynomials 
A(x) B(x) C(x) 
of degree 3, 4 and 5 respectively, then show that |A(@) B(@) C(q)| is divisible by f(x), 
Aa) Bia) Ca) 
where dash denotes the derivative. 


3.64 > Method of Differentiation 


SOLUTION: 


ILLUSTRATION 85: 


SOLUTION: f(x)=|£+x m+x 


=> 


fx) =a @-ay 
A(x) B(x) C(x) 
Let g(x) = |A(a@) B(a@) C(a@) 
Aa) Bia) C(@) 
A(a~) B(@) C(@) 
g(a)=| A(z) B(@) C(@)| =0 
Aa) Bia) C\(@) 
= ais the root of g'(x) 
Aa) Bia) Ca) 
and g(a)= | A(@) Bia) C(a@)| =0 
Ala) Bia) Ca) 
=> ais the root of g'(x) 
= ais the repeated root of g(x) and hence g(x) is divisible by f(x). 
atx b+x ctx 
Let f(x) =|2+x m+x nt+x|. Show that f(x) = 0 and that f(x) = f(0) + kx where k 
pt+x qt+x r+x 


denotes the sum of all the co-factors of the elements in f (0). 
at+x b+x ctx 

n+x 

pt+x qtx r+x 


1 1 1 at+x b+x ctx atx b+x ctx 


=> f@)=|4+x mtx nt+x\ t+] 1 l 1 |+|2£+x m+x n+x 
pt+x qtx rtx Pt+x gqtx rt+x ] ] ] 
0 0 0 1 1 l l ] l 
=> f"@)=|l+x +x nt+x|/ t+] 1 1 1 | +|£+x m+x nt+x\|+ 
pt+x qtx rt+x Pt+x qtx rtx l ] l 
] ] 1 at+x b+x ct+x) jatx b+x ctx 
] 1 1 |+| 0 0 0 |+/] 1 1 1 | + 
ptx gtx rt+x| |ptx gtx rt+x l 1 1 
] 1 ] at+x b+x ctx) jatx b+x ctx 
l+x m+x nt+x/\+| 1 l 1 |+|i+x mt+x n+x 
] 1 ] 1 1 1 0 0 0 
Ff") =0 


. f'(x) is a constant. (Let's say f(x) = a) 
Now, putting x = 0 > b = (0) 
fix) =f(0) + ax; 
1 1 1 a+x b+x ctx 
=|f+x mtx nt+x| +] 1 1 ] 


“. f(x) = ax + b where 'b' is another constant. 


Now, we need to find a = f(x) 


a+x b+x ctx 
+|£+m mtx nt+x 


pt+tx gqtx rtx Pptx gqt+x rt+x 1 1 1 
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1 1 1) Ja be abe 
fiO=|L mn 1 1 1 £m in 
+ 
Pqryr pqprt ji i1ii 
min | nt |£ mi |b cl la ce ja b |b ec] la ce} la b 
= - + — + — + - + 
q r| Ip ri |p qi\i¢qnr |p ri |p gq |m nt |€ ni \€ m 


= sum of cofactors of the elements of f(0). 


ILLUSTRATION 86: If Y = SX and Z = tX, where all the letters denotes the functions of x and suffixes denotes the 


xX Y Z 5 
differentiation w.r.t. x, then prove that |X, Y, Z,| =X . 
xX, % 4, = = 
SOLUTION: Y= SX; Z=tX 
Y =SX+8X3Z,=tx+ tx, Y, =S,X+2S.X, + SX; Z, = tx + we, +2ty, 
xX Y Z xX SX LX 
Now|X, ¥Y% Z| = |X, SX + SX, LX +1X, 
X, Y, Z| |X, S,X+S8X,+28,X, t.X+1(X,+24X, 
C, => C, — SC, 
On applying the transformation <7 —” '. 
C,>C,-SC, 
= : ° v| 5% 1X 
Pelt. |. wine Ax |" WX 42S X, 4X +20X, 


X, S,X+2SX, t.X+24X, 
Again applying the transformation, R, > R, —2.X,.R, 
_ S, f 
2S,X,+5,X 2t.X,+t,X 
IR, > R, — 2X, R|| 
S, h, 
SX t,X 


=x 


(l+x)* (1+2x)’ 1 
ILLUSTRATION 87: If f(x)=| 1 (l+x)* (1+2x)’|, then find 
(1+ 2x)’ 1 (1+ x)? 


(a) constant term (b) coefficient of x 


(l+x)* (1+2x)’ 1 


SOLUTION: Here f(x)= 1 (Itx)* (1+2x)?] =A+ Bet Cet 22 2 (i) 
(1+ 2x)’ 1 (1+ x)’ 
111 


Putting x = 0, we get f(O)=|1 1 1]=A+B(0)+ C(O +..... 
111 
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TEXTUAL EXERCISE-8: (SUBJECTIVE) 


x’ sinx cosx : x b b : 
1. Iff~)=|6 -1 Q |, then prove that < f(x)] 6. If A= ja x bland A, | are given, then 
a 
Pp p Dp o a a xXx 
= 0 at x = 0 ( where p is constant) prove that a A, =3A, 
Mo DSi. odo ; 
2. If y = cosax prove that |y,; y, ys| = 0, where * I x aK 
7. If A=|x+2 2x+3 x | find the value of — 
V6 V7 Ve 2 3 4 ax 
—_ d’y x x +1 2x'+1 
dex’ atx =0 
2 
2x x 3 8. If y= is , where u and v are functions of 'x' show that, 
3. If fx) = |x’ x 1], then show that the coefficient Ma 
uv QO 
Z 1 Xx re d*y she i , 
of x in f(x) is -8 dy? 
u" " ay! 


4. If p(x), g(x) and r(x) are polynomials of degree not 


9. If f g and hf are differentiable functions of x and 
P(x) g(x) r(x) 


greater than 3, show that | p(x) q(x) r'(x)| isa f 2 h 
p(x) @g"(x) r(x) A(x)=| (Qf) (xg)'— (xA)'|, then prove that 
polynomial of degree not greater than 3. (x? ial (x? g)" (e h)" 
ss a e sin x re : i é h 
. =A+ Bxt CP tie. | | | | 
cos x log(1+ x”) oo ae A'(x)=| f g h 


A= andB= (x 7 ") ix g") (x?n")' 


Answer Keys 
5.4 =0, 8B =-1 Te2 
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TEXTUAL EXERCISE-8: (OBJECTIVE) 
1. The coefficient of x in the expansion of 
(x + 2) (x + 3) (x + 4) 
f(x)= x x? x 


1 2x 3x? 
(a) 1 (b) 2 
(c) 3 (d) 0 
x 1+ x? x 
2. If A(x) = |logd+ x’) e sin x |, then 
cos x tanx sin’ x 

(a) A(x) 1s divisible by x 

(b) A(x) = 0 

(c) A(x) =0 


(d) None of the above 


i sin x —COS X 
3. Iff(x)=|n! sin(nz/2) cos(nz /2)| then the value 
a a’ a 


= 0 forn =2m+ 11s 


(a) -1 
(b) 0 


(c) 1 
(d) independent of a 


Answer Keys 
1. (d) 2. (a) 3. (b,d) 4. (b) 5. (b, d) 


m@ SOME STANDARD SUBSTITUTION 


In many functions, direct differentiation becomes very te- 
dious, whereas some suitable substitution may reduce the 
calculation considerably. Following are some substitutions 
which are useful in finding the derivatives 


Expression Substitution 


a+ x? or Va’+x’ ; x = a tanO where — x /2 < 0 < 
t/2 orx =acot 9 where0<O0<nz 


4. If f(x), g(x), A(x) are polynomials in x of degree 2 and 


I Bd 

Fax)=|f' g' h'|, then F(x) is equal to 
ad g" h" 

(a) 1 (b) 0 

(c) -l (d) f(x), g(x), A(x) 


cos(x +x’) sin(x+ x’) —cos(x +x”) 


If fx) = sin(x— x?) cos(x— x’) sin(x— x’) 


sin 2x 0 sin 2x’ 
then 
(a) f(-2) = 0 (b) f(-1/2) =0 
(c) f(-l) =2 (d) f"(0)=4 


cosx x 1 


. Let fx) = |2sinx x* 2x|. Then tim) - 


x 
tanx x 1 


(a) 2 (b) —2 
(c) —l (d) 1 


cosx SINX cos x 


. Let f(x) = |cos2x sin2x 2cos2x\|, then / (=) = 


cos3x sin3x 3cos3x 


(a) 0 (b) —12 
(c) 4 (d) 12 
6. (b) 7. (c) 


a —x* or Va’ —x’; x = a sinO where —- 1/2 <0< 


m/2x =acos 8 where0<O0<72 


x? — @ or Vx*-a’* ; x =a secO where 0 € [0, x] ~ 


ee x = acosec 9 where 0 € [— 2/2, 77/2] 


a= x 3x= a(1- cos@) where 0 <O<x 


la+x ax, 
or > x =acos20 where 0 <O0< 7/2 
a-x atx 
2 2 2 2 
a —-x a+ 
yl OR al ~_; x°= a’ cos® where 0 <0 < x/2 
a +x a —-x 
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NOTE: 


1. Take care of the fact that substitution may sometimes violate the domain restrictions. Therefore one need to be 
careful while applying these substitution. 


2. All concepts of inverse circular functions are nicely incorporated. 


-bsin s 
ILLUSTRATION 88: Find @ ify = tan" Se0se-Feh2 when xe€| —7+tan (tan (2) 
dx bcosx+asinx b 


lb- 
SOLUTION: Let y stan 2/2 tnx) 


l+a/btanx 


ILLUSTRATION 89: Show that “. =1ify = cos SS Hee) hen 


V7 


(i) xe(tan'4,7+ tan’ 4) (ii) xe (z+ tan! 4,27 + tan 4) 

1 4 
SOLUTION: We can write cosx + 4 sinx = /17| ——cosx + —=sinx | = ¥17 cos(x— tan! 4 
lt. J17 ( ) 


I tan! 4 
Hence y =cos* (ete = cos 'cos(x— tan” 4) 


Casel: when xeé (tan 4,2 +tan 4) 


=> x-—tan'4€(0,7) 


=> cos cos(x— tan” 4) =x-tan "4 if “2 =] 
Case ll: when xe (x +tan™’ 4,27 + tan” 4) 
=> x—tan '4€(7,27) P 
=> cos cos(x— tan” 4) = 27 —(x—tan™"'4) «. ee =—] 
52 
ILLUSTRATION 90: Find the differential co-efficient of tan” 2 wrt sin” > where x€ 0,2 
x 


42 a eqice :; 
SOLUTION: Let y = tan ee z =sin!—— Putting x = tan 0, we see that 


l-x 1+x?- 


= tan 20 tan (tan 26) = 26 = 2tan x 
1-— tan“ 0 
= sin” ome = sin™'(sin 20) = 20 = 2tan™ x 
1+ tan“ @ 
d_ 2 &_ 2 _ & hb a, 
dx 14x" de 14x’ dx dx dx 
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ILLUSTRATION 91: Find the differential coefficient of 'y' with respect to 'x'; y = tan” (vi +x? - x] 


SOLUTION: y =tan” (V1 + x? —x). Substituting x = tan 0 
ee (vi +tan2@ —tan 6) = tan! (sec @ — tan 8) 


7 tan( 880) ie 1-cos(z /2-8@) 
cos@ sin(z /2-6@) 


= 7 tan x; by putting the value of @ 


4 
Differentiating w.r.t. x, we get Ca. 5 
dx 2(1+x*) 
2 f7_.6 
ILLUSTRATION 92: If V1-x° +J1-y*® = a® (x?-y’), prove that oO. _ a 
x y —x 


SOLUTION: Vi-x° +Jl-y® =a* (?-y) 


Lets put x° = cos6 and y® = cosd 


we get V1—cos’@+4/1—cos’¢ = a? (cos — cosd) 
2sin (4 * t) cos 2) =a [-asin( °*? . t) sin( 8 — *)| 
2 2 D a) 
> sin( 98) (cos 2=#) +a sin( 8 — *)| =0 
2 2 9) 
=> sin( 974) =0 or cas{ © t) =-@ sin( °# ‘) 


0<O0<_a tan( °-#) = and0<o<1a7 
a 


3 


=> O-g=2t (3) ge 28 2s 
a 2 
=> cosx3—cos!y = 2tan™ aE .. sin ase #0 
a’ 2 

dy x |1-y° 
= #8 fry 

dx y \1-x 

ILLUSTRATION 93: If y = tan! —_~_ + sin Dan J — then find ay for x e (1,1) 
ec 141-2 1+x}’ dx 


SOLUTION: y ta sin 2a —— 
i| x 
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Put x = sind 


——_—— ; we put x = sin 9 where 7 <9<% 
1+V1-x 2 Z 


= % = tan'( sind ) 
: 1+cos@ 


. @ @ 
2sin— cos— 
= ey re EE ag ee ea ua “> y,= Ere 
J, Pa) 2 yy 9 


2cos* — 


To simplify y, = tan” 


Similarly for y, = in 2en" f=) ; we put x = cos 6 where 0< <2 
x 
y, = in 2" cont = sin (2n-( ane?) = sin( 2x8) = sing = V1-x’ 


1+cos@ cos@/2 
Hence y = sin'x+vi-# 
Ce eo) ee 2, 


de at-~ wi-2 wi-x# 


; 1+x’ -1 
ILLUSTRATION 94: Differentiate y = tar. [ee 
x 


SOLUTION: Let x = tan 9 


=> 6 =tan'y; Oe (-£,5) 
2; 2 
y = tan! set) [ |secO8 | =sec0 VO e (-£, 5) ] 
tan? pe 
_, { 1-cosé . 0 
=> y=tan' | ——— => y=tan’ | tan— 
sin @ Z 
> y= eZ [tan (tan x) = x for x -(-% *) ] 
a 22 
eee dy ] 
=> y=— tan’ x ee 
2 dx 2(1+x°) 
ILLUSTRATION 95: If f(x) = sin"! (= 7 then find 
x 
‘ ws 1 sas 
@ #2) (ii) f G (iti) 7°) 
SOLUTION: x = tan 0 
> 6 =tan(x); + <0 <t —> y = sin" (sin 26) 
-20 >< 20<2 
y= 1 20 -2<260<7 
2 2 


—(7 + 20) “1 <2 <-> 
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2 
-1 14x oan 
ma —2tan™ x x>l me 
=> f(x)= 2tan™ x -l<x<l => f= — 7 wl<x<l 
~(m+2tan'x) x<-l = 
1+ x? ot 
2 l 8 
Df2)=- — ii aby (eee 
Wf) 5 ( (5) 5 


(iii) f(1*) =— 1 and f(1-) = + 1 
= f(1) does not exist. 


Aliter: Above problem can also be solved without any substution also, but in a little 
tedious way. 


es ee: 
fix) = sin (5) 


Feie 1 (2+x7)- 2x7} _ +x?) 20-2”) 
|__ 42 (l+x*)’ Ja-2y +2’) 
(1+x’)? 
=_2 (1— x”) 
PO)= G7 a] 
= |x|<1 
thus f(x) = {1+ 
=2 
ey |x|>1 
1+ x 


a 
ILLUSTRATION 96: If V1—x* + y1- y’ =a(x—y), then prove that °. ae 
SOLUTION: Put x = sina > a = sir! (x) 


y=sinB > B = sin" (y) 
=> cosa + cos B = a (sina — sinB) 


=> cot Gad =a 
2 


=> a-f =2 cot! (a) 


sin! x — sin! y = 2 cot (a) 


y 
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TEXTUAL EXERCISE-9: (SUBJECTIVE) 


a | 2 2 
lL Ify= (a—x)(x-5)-(a-b)tan™ |. a>b 2. If y = a’ —x’ Sieg SE then show 


a+Va’—x’ 
dy |a-x = 
then prove that a ers acai dy _ vax 
dx x 
TEXTUAL EXERCISE-9: (OBJECTIVE) 
ee ere ey “ einen iy - dy ' 5, 4 7 x € (-0, -1); er eee is equal to 
Vist esie7 Nie. dx 
(c) 3/2 (d) None of these 
Po -] ! _ , 
(a) —1/2 (b) 1/2 6. If a <x< 3 then find the derivative of tan 
a — 
(c) 0 (d) None of these E x- 4 
w.r.t X 
(a—x)Va-—x —(b-x)Vx-b dy 1-3x° 
2. Ify = ——————_——_,, then — wher- 
Va-x+Vx—-b dx 3 3 
‘ (a) A — 2 (b) 2 
ever it is defined is equal to 1+x 1+x 
Ge (a +5) (c) r+— (d) None of these 
(a - x)(x - b) ae 
2x- (a + b) 
(b) Po an aS | (a = x) = b) 7. Differentiate sin” (4xvi —4x° with respect to 
(a + b) 38 ] ] 
Let) Ht ze(-t ot) 
2,|(a- x)(x-b) 2/2’ 2/2 
ee 
2x+(a+b) (a) 1/x (b) -1/x 
(d) ; r b) (c) 1/x? (d) None of these 
a-—x)(x- 


3. If x e (-1,1); then differentiation of tan” 8. Differentiate sin"! (4xvi 4x } with respect to 


= i (a) lx (b) -1/x? 
ee (c) Ie (d) -1/e 


(d) None of these 


9. Differentiate sin” (4xvi —4,? with respect to 
4. In the above question, what if x €(1, 0) 


(a) -1 - 1 
(b) 1 1-4x? , if ne -3 “ na 
(c) 3/2 (a) 1/x (b) -1/? 


(d) None of these (c) 1/2 (d) -1/x 
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(a) —2/a (b) —2a 


10. Differentiate si al Vl—-a’ | ith respect to 
ete eee sane : (c) -2la (d) ax 


1 


1 
l-a’x’, if -——<axr<—— 
V3 J2 


Answer Keys 
1. (a) 2. (b) 3. (b) 4. (a) 5. (a) 6. (b) 7. (a) 8. (a) 9. (a) 10. (d) 


order of a given function for any arbitrary positive integral 
value of 'n'. For our own convenience, we will use some 


m SUCCESSIVE DIFFERENTIATION: 


Having learnt the derivatives of elementary functions and notations, such as d » as y, 
establishing the fact that the derivative of a function is a dx 
function and hence is further differentiable, we can try to d"u d"v 
generate the general formulae for the derivative of the n™ dx" u, and ae Y, 


NOTE: 


lf fand g are functions differentiable n times, then for their linear combination af + Bg (a, B are constant), we have 
the following formula: (af + Bg), =af,+ Bg, e.g. lfy =x"; theny, = mx™" 


y,=m(m - 1)x"?; y, = m (m— 1) (m—- 2)x”? and hereby generalizing, we say that ifn < mtheny, = m(m- 1)(m — 2).... 
(m-n+1).x"". similarlyy =mby, ,=O=)_ o=Vaig seen 
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(ii) y = cosx > y, =—sinx = cos(x + 1/2) 


=> y,=—cosx = cosx (x + 2. 2/2) 


=> y,= sinx = cosx 


(x + 3. 2/2) 


=> y,= cosx = cosx (x + 4. 1/2) 


=> y,=cos (x + nn/2) 


(ili) y= e"" 

> y-=e" 
(iv) y = a 

=> y, = (Ina) 
(vy) y=e™ 


=> y,=aer? 


=> ye" 
> y-e" 
=> y, = a (Ina) 


=> y= a@ (Ina) 
=> y,= aew*? 


> y =a" ets 


(vi) y= = es! 
* x+a ‘ (x+a) 
-1- ~1x2x-3 
= el Se aes 
(x+a) (x+a) 
sy a TIX 2%-3 x. (1)" xn! 
y n (x+a)"™ (x+a)™ 
i gee 
*axtb! (axtby 
_5 yp = 7)x-2xa’ _ (C1) xnka" 
V2 (ax +b) n (ax+b)"" 
(vill) y = In(xt+a) => y, : 
x+a 
ee ee 
* (xtay 7” (xt+ay 
n—-1 
45 y= Ux) 
(x+a) 
(ix) y=In(ax+b)= y,=——— 
-1xa’ (-1)"" x(n-1)ka" 
= => = +E 
aa (ax-+b) és (ax +b)" 
(x) y= = 
x?-7xt+12 (x-4)(x-3) 
Now ———* 2-4. 4-3 _ A@-3)+ BG-4) 
(x-4)(x-3) x-4 x-3 (x—3)(x+4) 


=> x=(A+B)x + (-34—-4B) 
=> A+B=1and34+4B=0 


Solving we get, A = 4 and B = -3 


=3 
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; 3x? -1 
(xi) y=——_ 
x 


—x ~ (x—1)x(x+1)_ x-1 * 


=> 3xX°-1=Axx+1)+Ba-D@t)D)+ca-I1)x 


Solving; we getA =B=C=1 


—-l1x—2 -1x-2 


* x" rend 


m@ LEIBNITZ'S THEOREM FORTHE n'4 
DERIVATIVE OF THE PRODUCT OF 
TWO FUNCTIONS OF X 


The Leibnitz's theorem is used when a function can be 
written as the product of two functions where it is easy to 
determine the n™ derivative of the two functions separately. 
In such a case, the n" derivative of the product can be 
written by using Leibnitz's theorem as follows: 


—1x-—2 


Theorem: If y = fg, where f and g are functions of x 


having derivatives of n" order, then y, = » "Cf _.g, 
r=0 
1.€., J, =f, g + gon ar gi + C3) 30 = eovnee n [ e 
TP eeeas "C fg, 
where suffixes denote order of derivatives with respect 


to x. 


Proof: We shall prove the theorem by induction on a. 
We know that if y = fg, theny, =fgt+ef 
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Again, taking derivatives, we get 
Y,-fe thet ah* ef-s t°Cfg.+Cfs, 
Thus, the theorem is true for n = 1 and for n = 2. 


Suppose the theorem is also true for = m1.e., 


18), =SeB + CPB, + Cf, Bote. FC, Sin rt2Bo t+: 


SS kommer - i OS he teas pie "C, §\ a ss Oy (a 
=e +(e i OF) fs ( oe, + "C,) LS Fe. 


("C,, + i) eee &, Feet gs ee [ae 


Since "Co + "C = "Cc 


1+"C,=1+m="'C, and"C,="'C,, 


is Ory Aer Site ern, ©) Oe seca a als Ce 6° ...(1) 
We now show that the theorem is also true for n = m+1. 
Taking derivative of both sides of (1), we get 


Therefore (18) 34 =I =f yee C18, ie OF Be 
zs slag OO |e 
Thus, if the theorem is true for n = m, it is also true 


(fg), =f ath te,+ "Cg, +"C fg, +"Cf,g, | forn=m +1 
a is Ce Mares oe os as Oy ees 


1 
Tee. a See &, T 
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TEXTUAL EXERCISE-10: (SUBJECTIVE) 


1. Find the derivatives of order n of the following 
functions: 


i = sin ax + cos bx (ii = 
(i) y ax (ii) y er 


(iii) y = log x (iv) y = In (ax + DB) 


a” 


: = (x25) 
x 


2. Evaluate 


atx = 7/4 


6 


6 
3. If y = sin 2x, then find — 


(v) y=e* (vi) y = sin x cos x 
Answer Keys 
1. (i) a” sin{ ax +5" cos{ bx +) iy LD tty Cy ea (jy ed 
2 2 (ax +b)" (ax + b)" x" (log, a) 
(iv) gre v2" sin{ 20-402) 2. ao 3. 64 


m@ FORMATION OF DIFFERENTIAL EQUATION 


equation consisting of x, y and the derivatives 
dy d *y (# 


4 ,.....etc. is known as differential equation 
x 


and it can be obtained for any family of curve of the type 
IY, €,,€,,....€,) = 0, where c, (1 varies from | to n ) is an 
arbitrary constant, by differentiating the family of curves 
in required number of times and eliminating the arbitrary 
constants. 
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Again differentiating with respect to x; “2 = ame™ + ne 


somes a 3 d’y dy dy 
Substituting for a e”” from (11) we get °e = n( & - my) + ye 
2 
2 Yom” 4 my = 0 
dx dx 
sgt OND 2 d*y dy = 
ILLUSTRATION 101: If y = (sin! x)’, then show that (1 — x’) 7m —Xx os 2=0 
= dy 
SOLUTION: y =(sin'x/ > —= 


ILLUSTRATION 102: 


SOLUTION: 


ILLUSTRATION 103: 


SOLUTION : 


he sin" x) 


- 1 
= 2 (site's) (sin j= 


(V-1<x<1)> Vl-2’ Ops 
V1-x dx 


2 — 
differentiating again, with respect to x, we get V1— x’ g x + 2x dy_ 2 


de oft-~dx Ji-x 


2 
= (1-2) SF -x2 ~2=0 


x d’y dy : 
= x log] ——— |, then show that x’ —--=| x——- 
y=x os( | en show that x Ze + »| 
y =x logx-—x log (a + bx) 
; ae dy _x x(b) 
Differentiating w.r.t. x, we get —=—+logx- 
x a+bx 
it, bx dy a 
a 


y 
Tay og x— log (a+ bx) or ae (i) 


— log (a+ bx) 


2 


Again differentiating w.r.t. x, we get x oy + ay a (arty x0) dy 
(a+bx) dx 


dx? dx 
2 2 4 
sop -— ,-| 2-2 E fom(); = 2-2 

(a+ bx) dx x atbx dx x 
dy [ dy | 
oes 


Find the differential equation if the independent variable x is changed to 8 in the equation 
d’y 2x dy eo 


>t = 7 = 0 by means of the transformation x = tanO 
dx 1 +X dx (1 + x”) 


Given, x = tan8 > = = sec” 0 
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2 2 
Differentiating again w.r.t. 'x', we get eg y =—2cos@ ng! "pepe 0. 2 ua Rl 
dx dx dé dQ dx 
2 
=~2cos8, sind,cos0. + cos’ 7 .cos’@ Fx cog | 
d0 d0 dx 
z 
= ~2sin0.cos6, + cos‘ a.4 4 
d@ d@ 
2 2 
Putting the values of x, ® and 7 A in the given equation i a + ae a Z y= 
dx dx de 14x? de (1434) 
we get 
2 
_2sind. cosa -+.cos*@4 Z fe oie? pO pk 0 
a0 de?" 1+tan*@- dO” (14 tan?) 
2 
= —2sinO. cos? Ldn cos* 0 az Ys asin cos + ycos'@=0 
dé d@ dé 
d’y 
=> +y=0 
ae 
2 
ILLUSTRATION 104: If x = ee sid pia Show hit yh ar & +1 
t dx dx 
soLuTION: x=-2% y= 3+ 2Ent 
f f 
P x1 _asennre | *|-G+20ne) 
er mates & 
dt (0?) dt t? 
—t-24+ ent)  11-2-2ln) (14 2ent) — (1-2-2ént) (1+ 2nt) 
ry nr. ir ier. isin, 
(1+ 2ént) 
( 
a a ea 
— 
dy dy)’ 3-42ént (1+ ént) 
—|=2x) —| +1 ap 2 Xt +1 
= (2)=22| => St2int y= 2 


=> 3+ 2ént =2 + 2ént + 1; which is obviously true. 


ILLUSTRATION 105: Let y = x sin kx. Find the possible value of k for which the differential equation 


2 
of + y=2kcoskx holds true for all x € R. 
(a) 0 (b) 1 
(c) —l (d) All of the above 


SOLUTION: (a,b,c,d) y = x sin kx 
Ae ad : 
Differentiating w.r.t x, we get, ae sin kx + kx cos kx 


2 
Again differentiating w.r.t. x, we get, ie =k cos kx + kcos kx — kx sin kx 


= 
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TEXTUAL EXERCISE-11: (SUBJECTIVE) 


_x4 dx —_— ay . 
1. y= aa _ . Express ae terms of x and 7 in terms the relationship y = y* + 2y” (where y = » 1.0., 
I+x dx y differentiation with respect to x) . 
_ dy dx | 
of y. And hence show that the relation ee = lis 4. If ie (ae ta] Beaye Guat. 
valid. 2 
d d 
x(x +1) Z tx = y-1 
2. Make sure that the function y defined by the equation dx dx 
xy —In y = 1 also satisfies the relationship y* + (xy — 1) 2 
5. Ify =sin (2sin'x), show that (1 — x’) a Z = ae Ay 
dy _ 0 dx dx 
dx 6. If y = A e*“ cos (pt + k), then prove that 
2 
3. Make sure that the function represented parametrically d id a ,L +n’ y=0, where nr? = p*+ Fk? 
by the equations x = 2¢ + 3°, y = 2 + 2P satisfies dt dt 
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8. If 'y' is a twice differentiable function of x, transform 


If yalx+Vi+ ays th that 2 
7 : : eee i the expression (1 -v) <P ro y by means of the 
dad ad xX xX 
(1 oe: oe + Xx ae m°>y=0 transformation, x = sin t, in terms of the independent 
variable '7'. 
Answer Keys 
1 a _ 8 de os 
dx (l+x*y’ dy 20+y)"d-y)™ dt’ 
TEXTUAL EXERCISE-11: (OBJECTIVE) 
2 2 
1. Ify =acos (logx) + bsin (logx), then x” g x + ps. y . Ify = (sin'xy + (cos! x), then (1 — yes. zo) 
dx dx dx dx 
is equal to (a) 4 (b) 3 
(a) 0 (b) 1 (c) 1 (d) 0 
(c) -1 (d) None of these d’ d : 
7 . Prove that if (a + bx)e” = x and x 7 z = (+2 »| ; 
, x Xx 
2. Ify =x + cotx, then sin’x a Ay LN = Then find the value of k 
(a) 0 (b) 1 (a) 3 (b) 1 
(c) -1 (d) None of these (c) 2 (d) None of these 
3. Ify =x + &, then cg is -If p = a@  cos’® + _ Ob’sin*® and if 
dy : 2 
2 pt Z P = 2a° + 2b* — kp. Then find the value of k. 
(a) e (b) 3 dO 
(1 +e ) 
, (a) 1 (b) 2 
(c) - e (a) 3 er (c) 3 (d) None of these 
2 x 
(1 + e*) (1 ue ; 
7 af ary k(x+ y) 
d’y . If(@ + y) = e”, and if —— =———~, . Then find 
4. Ifx =f +t+5 andy =sin#, then ——= dx (xt+ y+1) 
x the value of k. 
2 : 
(a) - (3¢ +1)sin¢ + 6t cost (a) 2 (b) 4 
(32? 4+ 1) (c) 6 (d) None of these 
(32? + 1)sint + 6tcost 
a ey ee ees [37 ae 
(37° ae 1) . Ify= of )} ken (x+ Vx°-a’ |, then 
a 
3¢° +1)sint + 6tcost 2 
Bali) scsaditahase find the value of (x? -a’ ae go 
(32? + 1) dx dx 
e687 (a) 1 (b) 2 
(d) 3r- +1 (c) 3 (d) None of these 
Answer Keys 
1. (a) 2. (a) 3. (b) 4. (a) 5. (a) 6. (a) 7. (c) 8. (b) 9. (d) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLE 


1. The function u = e*. sin x and v = e’ cos x satisfies the 


3. 


equation 
(a) poe OY ans u? 
d. dx 
d*u 
b) —~=2v 
(b) a2 
d*y 
c) —~=-2u 
(c) re 
(d) None of these 
Solution: (a, b and c) 
du ; 
— =e sinx + e cosx =ut+yv .. (4) 
dx 
dv S 
— =e*cosx—e*sinx =v-—u ... (i) 
dx 
pe a 2 Kit aaweu =w+y 
dx dx 
From (i), 
du du , av 
we get —> = — +> S=utvtv—-ua2ly 
dx dx dx 
e d°v dv du 
From (11), we can get —~ = — -—- — =(v- 
m (11), we can g a ae ae (v—u) 
—(v+u)=-2u 
(a), (b) and (c) are correct. 
4 4 
rf £95 O , sin O _ 1 ee dy _ 
x y x+y dx 
(a) xy (b) tan’0 
(c) 0 (d) (x? + y’)sec? 0 
Solution: (b) 


sin’ @ 


4 
(c+ vj cos @ é 
x 


~ cos! 0 +~sin4 @ —2sin* Acos* 6 =0 
x 


| = [cos*0 + sin’ 0]4 


tan’? @= Y or y = xtan’0 .- ay = tan’ @ 
x dx 
d* y 
4. If Jxtytyy-x=A en equals 
be 

—2 2 
(a) a (b) a2 

2 
(c) 7 (d) None of these 


Solution: (b) /xty+/y—-x =A 
But (x+ y)- (y- x)= 2x 
Dividing (11) by (1); we get 

2 
Jery-y=a=7% 


2 G2 
a” —b Se 
a+b 


Adding (1) and (3); we get 2./x+y=A +e 


Ax? 


Squaring both sides, we get 4x + 4y =A?+ 4x + rc 


Lo. x 
—+ 

4 j? 
d*y = eA 
dx? A? 


dy 2x 


y= dxf? 


5. If f(x) = e* — e* —2 sin rox" , then the least value 


n 


of n for which f{x) at x = 0 in non-zero is 


YS 
(a) 2 (b) 1 
(c) 7 (d) either 1 or 2 
; ; ; 2 3 
Solution: (c) f(x) = e —e* —2 sin ae 
D.. 3 A 
Now, Page peeing ac ca 00 
My 2 3h dd 
= x x7 x x4 
e~ =]—-—+—-—+— F........ co 
I! 2! 3! 4! 


Oe era a oe | 


f'(0) = 4 1.e., a non-zero constant. 
Hence at x = 0, it will be non zero 
n=7 


6. Ift (1 + x’) =x and x’? + ? = y, then at x = 2, the 


value of LAE 
d. 


x 
488 88 
aise by == 
@) 195 ) 195 
(c) — (d) None of these 
Solution: (a) ay =2x+ pd Suact L) 
dx dx 
ee: . at 1- x’ 
1+ x? dx (1+?) 


Putting these value of ¢ and ~ in (1) 
x 


ee 
we get LI pe 

dx l+x (1+ x”) 
on putting x = 2 in ed : 

dx 

dy 488 
we get — =—— 

dx 125 


7. 


Method of Differentiation < 3.83 


Given the parametric equations x = f(t). y = g(t). Then 


d*y 
—— equals 
dx? i 


dy dx _dy dx 
2.” ” ged 
(a) dt“ dt at dt 
(dx / dt) 
dx d?y_d°x dy 
dt dt? dt? dt 
) ay are: ae 
(dx / dt) 
d*y 
dt? 
C _—— 
dt? 
(d) None of these 
dy dy/dt 


(b) we have — 
dx dx/dt 


Again differentiating both sides w.r.t x, 


d*y d suid) at 


pS 
ad ae {24 dx 


éy() (as) 
— dt? \ dt) \ dt jdt | 


(dt / dt) dx / dt 


ois 
— dt’ \dt) \ dt’ }\ dt 


(dx / dtY 


Solution: 


. If for a continuous function f f(0) = fll) = 0, 


fC) =2 and g(x) = fleye™, then g'(0) is equal to 


(a) 1 (b) 2 
(c) 0 (d) None of these 
Solution: (b) Given g(x) = fle’) && 


Differentiating both sides w.r.t. x; 

we get 2x) =f (e).e & +fle’).eL F(x) .. (1) 
Now, Since we already know that f(0) = 0, f(1) = 2 
Putting x = 0 in (1), we get g'(0) = 2.1.1+0=2 


2 2 
. Let F(x) = (3) (3) , F(5) = 5 and 


f(x) =), g(x) = f(x), then F(10) is equal to: 
(a) 5 (b) 10 
(c) 0 (d) 3 


3.84 > Method of Differentiation 


10. 


11. 


Solution: (a) 


pin=2x/(Z}er(Z)eLsoxe(2} 


_ (3) f'(x)+ e(x)xg"(x) 


And since g(x) =f(x) => g(x) =f) 
=> g(x) =f) (f(x) =-f()) 


rev (ilar) 
ta) 


F(x) is fixed constant function 
F(10) = F(5) = 5 


If ycosx +x cos y = @, then y"(0) is 


(a) 1 (b) 1 
(c) 0 (d) —1 
Solution: (b) y cosx +x cosy = ...(1) 


Differentiating (1) w.r.t x 
—y sinx + y' cosx + cos y—(x sin y) y =0 
or —ysinx + cos y + y'(cos x — x siny) = 0 a2) 
Again differentiate (2) w.r.t x 
—ycosx—y' sinx—(—siny) y' + y" [cosx —x siny] 
+ y' (-sinx— 1. sin y—x cos yy'] =0 ...(3) 
Putting x = 0 in (1), we get, y= 
Putting x = 0 and y = 2 in (2), we get 0 + cosn + 
y (1-7 sin n) 
or —ly'=0 y =-l 
Putting x = 0 and y = 7 and y’= 1 in (3), we get, 
y" (0) = 0. 
If f(x + vy) = f(x) + fly”) V, x, y and f(0) exists., then 
(a) f(x) = f(0) V x 
(b) f(x) = cx, where c is a constant 


(0) x) = fl) 
(4) fx) = > F(2) 


Solution: (a), (b), (c), (d) 

(a) Given f(x + y) = f(x) + fiy) for all x and y 
Since, the above equation is valid for x, y « R 
Hence 'y' is independent of x and therefore 
# 9 
dx 


Differentiating both sides of (1) w.r.t x we get 


faery) (1+) - f'(x)+ ro)? 


=> filet y=f@ }- 2-0 


Putting y = 0, we get f(x) = /(0) for all x. 
(b) If f(0) =k, then f(x) =k 
Integrating w.r.t x, we get f(x) =kx +c 
Kx + y) = fix) + fO), 
Putting x = y = 0, we get 
KO) = f(9) + (9) => f(0)=0 
=> f(0)=k.0+c => c=0 
. f(x) =k(x) +e 
(c) Putting x = 1 in f(x) = kx, we get fl) =k 
=> f(x) =xfU) y=k 
(d) Putting x = 2 in y = kx, we get f(2) = 2k 


k= £0) Hence f(x) = £0) , 


3 


sin x 


- x 
12. If cos| — | = ————., 
I] a ame 
r=l 2° sin| — 
oF 
lowing statement(s) is/are correct. 


(a) YF ta{ =) = rcot( =] — cot x 
r=l 


then which of the fol- 


r=l 
: 2{ x D 
Cc sec’| — | =—cosec* | —|-—cosec’x 
( ) Li (4 qn ( ; 
. x 
d sec? (= = cosec*x — cosec? (= 
( ) Liz or 2n Ohi 
Solution: (a), (d) 
- x sin x 
We have cos} — | = ——————_ 
I] os] (x 
r=] 2 sin| — 
on 
x x x x sin x 
=> COS—.COS—,.COS—....cos— = ——G_~_ 
a, 3 on (=) 
2 sin| — 
a 
Taking log on both the sides, we get 
log, cos + log, > y: ~+log, cos +...log, cos 


= log, sinx — (log 2” + log, sin=>) 


Differentiating w.r.t. x, we get 


1 2 VL 1 ~ x\i1 
—=— | si | St SI at 
x 242 x 92 } 92 
cos — ae 
2 92 


1 
= = cot x-—cot— 
2 a 


1 (= 1 (= 1 (= 
=> —tan| — |+—~-tan| — |———~tan| —|-+....+ 
2 2 92 92 oh 93 


1 1 
tan =) = cot 2 |- cot A) 
Ohi 2 a 2" 


cose" =) 
pen 9° 


1 ( =| 2 1 
Ys sec = = COS €c x-— 
= 2 2 2 


13. Let f be a differentiable function such that 


fix) = fl4 — x) and g(x) = f(2 + x) for all x € R, then 
(a) graph of f(x) is symmetric about the line x = 2 
(b) f(2) = 0 

(c) graph of g(x) is symmetric about x-axis 

(d) g(0) =0 

Solution: (a), (b), (c), (d) 

Given f(x) = f(4 -x) “all) 


14. If f0) = 0, f£'(0)=3 


15. 


16. 


Method of Differentiation < 3.85 
And g(x) =/f(2 + x) (2) 
Putting 2 + x in place of x in (1), 
we get f(2 + x) = f(2—-x) 
= graph of f(x) is symmetric about the line x = 2...(3) 
From (2) and (3), g(x) = f(2 — x) 
Putting (—x) in place of x in (2), we get 
g(x) = f(2 — x) 
From (4) and (5), g(—x) = g(x), therefore g(x) 1s an 
even function 
Hence graph of g(x) is symmetric about y-axis 
Differentiating both sides of (3) w.r.t x, we get 
f(2 +x)=-f (2-x) 
Putting x = 0, we get f(2) = 0 
Again g(x)= g(-*) 
Differentiating w.r.t. x we get’ g(x) =—g'(-x) 
Putting x = 0, we get 22' (0) =0 > g'(0)= 0 


then the derivative of 


y = fUUx))) at x = 01s 


(a) 2 (b) 8 
(c) 16 (d) 4 
Solution: 


ACO Ew A CAPACACD))) PAUACACS)) TALCACD) TACO 
So 
vO=sF(F(F(FON FFF O)F'FO)FO 
=f'(F FO) PFO) OSLO 
= (f(x) =3° =81 


Let f and g be differentiable function such that 
f(x) =2g(x) and g'(x)=—-/f(x), and let T(x) = 
(f(x))* — (g(x)). Then T'(x) is equal to 
(a) T(x) (b) 0 
(c) 2x) g(x) (d) 6f (x) g(x) 
(d) T(x) =2(f@)f'(*)- gQ@)g'Q)) 

= 2(2g(x) fx) + Ax) g(x) = Oflx) g(x) 
Let f be a twice differentiable function such 
that f"(~) =-f(x) and f (x)= g(x). If 


h(x) =[f0o]} +[g@o], nC) = 6 and h(0) = 4 then 
h(4) is equal to 


Solution: 


(a) 16 (b) 12 
(c) 13 (d) None of these 
Solution: (b) Given A(x) =[f(OP +[g()] 


Differentiating both side w.r.t x, we get 


3.86 > Method of Differentiation 


A(x) = 2f(x)f (x) + 2g(x)g (x) 

=2f(x)g(x) + 2g(x)g"(x) 

[- f'@) = g()] 

=2f(x)g(x)—2g(x) f(x) =0 

[Le F"@H=-f@)] 

Thus h(x) =k, a constant for all x € R. Hence h(x) 
= ax + b, so that from h(0) = 4, we get b = 4 
and from h(1) = 6 we get a = 2 Therefore, 
h(4) = 12. 


17 If y = P(x) is a polynomial of degree 3, then 


d 3 d’y ‘ 
2— ——] is equal to 
{> =) : 


(a) P(x)+ P(x) 
(c) P(x)P"(x) 


(c) Given y* = P(x), 
Differentiating both sides w.r.t. x, 


we get 2yy, = P(x), Le., 2y, = P\x) 


(b) P(x)P'(x) 
(d) a constant 


Solution: 


Again differentiating w.r.t. x, 


_ YPN(x)— Px), 


we get 2y, = 5 
Jy 
= yP"(x)— P'\(x).P'(x)/2y 
2 y 
_ 2y?Px)- (PY _ 2PO)P")-(p'x)? 


3 3 


2y 


> 2ny=5[2P~@P")- (Pw 


2 
dx dx 


=< [2{P'WP"(a) + PPC} - 2P')P")] 


2y 


(2P(x)P"(x)) = P(x)P"(x) . 


. The value of y"(1) if.x? — 2x’)? + 5x + y—5 =0 when 
y(1) > 1, is equal to 


22 21 
(a) a (b) urs 
22 


19. 


20. 


Solution: (d) 
Given expression is x° — 2x*y7+ 5x +y—5=0 ...(i) 
Differentiating the given expression, 
we get 3x’ — 4xy° -— 4x°*yy +5 + y=0 ...(il) 
Putting x = 1 in the given expression, we get 
3-2y+5+y-5=0 
=> 2y-y-1=0 
> y=l 
Now «. y(1) > 0 
Differentiating again we get, 6x — 4y* — 8xyy' — 
8xyy' — 4x2y? — 4x’yy" + y" = 0 


or y=-1/2 
=> yl)=1 


Putting x = 1, y = 1 and y' (1) = 4/3, we get 


4 4 16 oe 


22 
— y])=-8-— 
ay) 27 


If f(x)= oor SF , then f (1) equals 


(a) —1 (b) 1 
(c) log 2 (d) — log 2 
Solution: (a) If uw = x* and using logarithmic 


differentiation, we get log u = x log x. 


1 du l dui 
=> ——=x.—+logx > —=x (1tlogx) 
u ax x dx 


Similarly, if v = x*, we get = =—x *(1+logx) 
x 


f(x)= 


= f()=- [2(1+ log1)]=-1 


1+14+2 


The solution set of /f'(x)>g'(x) where 
f(x) = (1/2)5**! and g(x) = 3* + 4x log 5 is 
(a) (1, ©) (b) (0, 1) 


(c) [0, «) (d) (0, 0) 
Solution: 


(d) 


f(x) = = 52xtl (log 5) x2= (log S50" 


Method of Differentiation < 3.87 


"GQy= + 
its (x) eae 5 — - ‘ie te = oe ee _ Wi ag ae 
aes f Me i aa a URE) Differentiating again, we get 
x og 
| ie 7 Ls. ce 1 
> se > 544 22 +N = NY +e = ay 
x Vx Ax 2x 
Putting 5* = ¢, we get, 5x :5P-—t-—4>0 1 1 
=> (5t+4)(t-1)>0 = on+(5)-(4)”- 
=> t>lort<-—4/5 
SUE 2 23. If y=cos” — a then y'(x) 1s equal to 
t>1 x +x 
= nl 
eo) (a) a nis even 
If f"(x)= ae f)=0 and f 2x+3 7 i ; 
EEN Be b) —-“ — ifn is odd 
dy |x| x" +1) 
then — is equal to nx" 
a (c) -_2™_ ifn is odd 
"+1 
(a) (sin (log x)) fod ) 
cos x (d) 2nx"! 
2n 
(b) sin og( => | (e+) 
3-2x x” = x" 
12 43 Solution: (c) Given y= cos! = a 
(c) ———;sin| log Sg x +x 
(3-—2x y’ 29% Differentiating both sides w.r.t. x, we get 
(d) None of these Ree l a i 
y (x) == 7 a an 
Solution: (c) ; E _ ) X\ x" +1 
7 2n 
"(x)= SREY) = © (sin (og.x) + © ba oa 
x 2n 
So, f(x) = sin (log x) + C but f(1) = 0 so C = 0. eee kg ee 
Thus f"(x) = sin (log x). (x°" +1)? —(x"" —1) 
Now B= p{ 282) 2 83) Sra" += 2m?" =I) 
dx 3-2x/) dx\ 3-2x (02" 41)? 
= inf tog $2 . *) 2(3— 2x)— (2)(2x + ) oer 4nx"" — -2n x?! 
ame (3- 2x)" Varn (+1) |x" 17" +1) 
ae in loa es *) ____ 2n(|x eae __2n|x|" 
(3- 2x) 3-2x xx" ("+1 x(x?" +1) 
2nx""' aca 
. If y= e* +e then xy, + (1/2)y, is equal to ati if n is even 
(a) y ) x(e* +e) py it miso 
x|Q" + 
(c) (1/4)y (d) Vxy 
2 n 
24. If =e e" ....e h 
Solution: (c) Given y= evs ee a : CNGE Seat EAD 
n 
Differentiating both sides w.r.t x, lim a at x= > 1S 
we get y, 5" cee (a) e (b) 4e 
x 


2x (c) 2e (d) 3e 


3.88 > Method of Differentiation 


x(1-x”) 9) , 
Solution: (b) y(n)= eer Now, (#) +y ; 4 = 9sin? @ cos” @ +sin° pee —— 
Xx x sin 
So a(n) _ ie al 2) = 9 sin’0 cos’ 8 + 3sin’ 9 cos20 
dx dx\ 1-x 2 2 
n+l Putting 0 = 1/2; we get (= + ys? =-—3 
ieee ee ee 
neo AX n—e0 x|no0l-x I1-x 


d*x 
28. (d) —— equals 
Ser q 


—d l 
=e * == 5) n+l 
~~ (ZZ {Ze 
nao | — c) }—~]}| — = ee ae | eee 
_ 7 dx” }\ dx dx” }\ dx 
> hi oe) 4 
se Solution: a __ 1 
dy {(d 
ae. ae 
25. If cos! a y 5 | =loga den is equal to . 
x+y dx 
(a) yh (b) x4 ax d| 1 | al. |od 
(c) xl (d) y'/x? dy dy ( 4 dx 3 dy 
| a dx dx 
Solution: (a) Given cos_ = loga 
yy yay) _ i @y i 1 dy 
D2? re as ew 
xo yr 7 dy\ ax 64 (*) dx 
=> = cos log a =A (sa bce a 
x? + y? : yy)  #) dx dx 


Putting u = y/x and applying componendo and 


2 29. Let g(x) = én f(x) where f(x) is twice differentiable 
dividendo, we have (2) =u= positive function on (0, ©) such that f(x + 1) = x f(x). 


Xx 


y 1-A Then for N = 1, 2, 3. (n+5| -e'(5) = 
= /-—— x—-y=0 2 2 
x 1+ A x 
nee Eye, ter et ee 
dx x "25 (2N +1) 
2 2 
27. Ifx = cos 9, y = sin’9, then( & age Y at O=—is (b) 4 oe eo 
dx dx 9 25 (2N +1)? 
(a) | (b) 2 4 
(c) —2 (d) -3 (c) -4414+—+—+...4 ——} 
9 25 (2N +1) 
Solution: (d) OF i ae aap 1 1 | 
dé dé CG) i haat 
1 3 9 25 (2N +1) 
So that —~ = —3sin@cos@ = = pomee 
- Solution: (a) g(x) = log f(x 
Differentiating again, we have (@) 8@) BI) 


2 
oy > = ey ae SCS, 
dx dx 


sin@ 


g(x + 1) = log fix + 1) = log Gf) 
= log (x e&)= log x + g(x) 


g(x + 1) — g(x) = log x 


30. 


Method of Differentiation < 3.89 


1 e{x+3}-2( x-3) 24+2x7 2 
rep a a eer 7 ) = (+e) re: 
1 
= log | x-— | = log (2x - 1) — log 2 
& ( ;| g ( ) g sas dv - 1 (-2x) 
Differentiating w.r.t. x, dx i (1 < x] a1 — x? 
we get (++3)- [x-3}- a 
cere =e oO). Oey — rtf x Jo 1 
Again differentiating w.r.t. x, Vx? 1- x? 1-x’ 
1 I ] 
we gcte'( +5] -s'{»-5]=-4 ee 27 5 
2 2 (2x-1) n du _ l+x?_ _ 2vl-x 
1 1 dv I 1+ x? 
=> " x+— = " 5 ae 
“| 4 . ( 4 (2x-1) ied 
eT fe 
putting x = 1, 2, 3; we get Aliter: Let u = tan ( 5) = 2tan!x 
eG 
2 2 1° a 2 — and let v = cos ! l-x? =sin'x 
-- a 
g & , 72 = 1 
x is age 
Fe eee) ee ae i 
Pg) 3 du 2 1 | Wi-x? 
Now, —= a = ——_— 
1 1 1 dv l+x 1— x? 1+x 
(wel -efw-t)-f 
Z 2 (2N -1) | 4 
Adding, we get 31. If 8f{x) + of =| =x +5 and y = x’f(x), then os at 
x x 
e(ved)-e(f)-4l pe I | x =-] 1s equal to 
2 2 1 4 9 (2N -1) (a) 0 (b) 1/14 
(c) —1/14 (d) 1 
The derivative of tan [ | with respect to 1 
l=x Solution: (c) We have, 8/(x) +6/ (=x =5 for all x 
x 
cos) V1—x* is (i) 
seal 
1— x? 1 Substituting x by 1/x in the equation (1), 
@ ~~ (b) —= 
re 1—-x we get, sf(1)+6r@)=445 ee(ii) 
2 2V1— x? : 
=X ane 7 
(c) ————___ (d) ——— From equation (1) and (11), 
V1-x? (1+?) ex: ; 
we have f(x) = sal 8x -o+10| 
ai ax 28 X 
Solution: (d) Let u = tan (=, | Now, y = x2 f(x) 
and v=cos/ y1—x? > y == (8x? — 6x + 10x?) 
On differentiating w.r.t x, respectively, we get 7 
Oa 5 (24x + 20-6) 
7 1 (1-.x?)2-2x(-2x) dx 


* 2.) (1-27) -(2)- 5g (24 -20- §)= -— 


3.90 > Method of Differentiation 


32. If y =x —x* then the derivatives of y’ w.rt x’ is 
(a) 2x*+3x-1 (b) 2x?- 3x +1 
(ce) 2 3x 1 (d) 2x?-3x-1 


Solution: (b) Given y =x- x 
2 Peja? Also OY 225% 
x dx 
d 2 
d( *) (y 
Now = dx 
(?) a() 
dx 
d 
= 2 =*(1-2x) = (1 -x) (1 - 2x) 
2x x 


= ] —3x + 2x? = 2x? -— 3x41 


3 5 7 
33. If f(x)= x-1, (-l) Gl), @ I) % 
4 12 20 28 
where 0 < x < 2, then f(x) is equal to 


a— a 
4x(2-x) 4(x-2) 
1 
2+x 
Solution: (a) Given, 0<x<2 
=> -l<x-1<1] => |x-l1/<1 
and 


1 
(c) a (d) 


r 4x(2-x) 


34. If fix + y) = 2f~~fo), f(5) = 1024 (log2) and 
fi2) = 8, then the value of f(3) is 
(a) 64 (log 2) (b) 128 (log 2) 
(c) 256 (d) 256 (log 2) 


Solution: (a) f (6)= tim £E*-FE) 


«jin 2FLO-L) «ya (6 202 


h>0 h h>0 


=> 1024 log 2 =2 f(5) f(0) 
Also since f(x + y) = 2f(x) fly) 
Now, putting x = 2 and y = 3, 
we get f (2 + 3) = 2f(2) f3) 
1024 log 2 


=> “3 F'(0) =2x8x f (3) 


32log 2 
= 10-"F) 
£°Q)= tim £8*9)- FS) 


h->0 h 


2f(3)F(#)- FB) 
h 


= lim 


= 2f(3) f(0) 


32log2) _, 
Fo °) 


E from equation (i), f(3)= 


= 2x 


32log2 
f'(0) 


= 64 log 2 


1 1 1 
35. If y=1+—+ 57+... with |x| > 1, hey ts 
x. 2X xX dx 


2 
x 
(a) —> (b) x’y” 
y 
2 2 
y y 
c) d) -=~— 
ae (d) -5 
Solution: (d) 
1 
Given, Vole gg ea 
x xX" x j-2 
(sum of a G.P.) ‘ 
ee 
Z x=] 
dy \U(x-l)-x.l 1 
dx (x-1) (x-1) 
dy __y" 
dx x? 


36. If r = [20 + cos*(2 + 1/4)]'* then what is the value 
of the derivative dr/do at 0 = 1/4? 


pl x: 92 
(a) {| (b) {| 


5 \2 > \2 
(c) (=) (d) {| 


37. 


1/2 
yA 
Solution: (d) Given, ’= 2¢ + cos’ (29 + =| 


Differentiating both side is w.r.t. o, we get 


; 2- 2e0s{ 26+ 7) in( 20+ | 2 


ar 
a 2. |26 + cos? 29 + 4 
, I 
[ = sin{ 40 + =| 
20+ cos” 20+ =| 


—_— + — 
4 
1+1 2 
= -7) | 
x 1 1+7 
—+— 
2. 2 


If y=e"'* | then find the value of (1 — x2)y,,, — 
(2n + 1)xy 

(a) -(n’ + a’)y, 
(c) (n? + a’)y, 


(b) (W*—a’yy, 
(d) -(n* — a’yy, 


Se] 
Solution: (c) Given, y=e*™ ~* 


On differentiating both side w.r.t x, 


Aa 1 
we get y, =e" * a. 


1- x’ 
yvl-x° = ay 
2.2 


Squaring both side, we get (1- x? ) yp =a’y 
Again, differentiating w.r.t x, 

we get (1 — x’)2y y,— 2xy; = a’ 2yy, 

(1 —x*)y, xy, — a’y = 0 

Using Leibnitz's rule of differentiating, we get 
dl =X Wins 5 CY 34 (—2x) = "CY, (2) NY ce "C, 
y,— ay, = 9 

(l—x*)y_., txy,,, 2n-1) + y, [-n(n-1)—-1n- a] 
=0 

=> (1-»)y,,,-(Qn-1).xy,,,=(+ @)y, 


=> 


38. 


39 


Method of Differentiation < 3.91 


If x = cos0, y = sin50 then the value of (1 — x’) 


d*y dy 
ical Se 
dx? dx 
(a) —Sy 
(c) —9y 


Solution: 


is given by 
(b) 5y 
(d) —25y 
(d) Given x = cos@, y = sin5@ 


=> —=-s1n8, a2 5cos5@ 
dé 


dy _dy/d@__S5cos50 
dx dx/d@ 
Differentiating 


d’y  d (2) dO 


sin@ 


again wart. x, we get 


dx? ~ dO\ dx} dx 


al eos l 
d@ —sin@ 


a (= sin5@.25+ soos ee | l 


sin@ 


sin? 0 ~sin0 
25sin5@ ScosS5@cos@ 
sin? @ 


( > —25sin5@ S5cos5@cos@ 
= {l-—cos 0) ee ee 
sin” @ sin” @ 


o (= ed 5cos@ cos50 

= sin* 8} ——.— ; a i 
sin’ 0 sin” @ sin@ 

Scos@ cos5@ Fl Scos@cos5@ 


—25sin 50 — : 
sind 


= 25 y 


sin@ 


the value of 


yr® 


1! 2! ce n! 


x” then 


Kx) = 


Solution: (c) f(x) =x" >/fUl)=1 
f(x) = nx"! > fC) =n 
f"(x) =n (n-1)x"? => f"0)) = 2 (1) 


eevee reeve eevee eeevreeevneeeeve 


f"(x) =n (n-1) (n-2) ...2.1 


3.92 > Method of Differentiation 


=> f"(1) =n(n-l) (n-2)...2.1 


Now 

FU) fF") FU —1)" f7 (1 
p)-F0, £0 £0, ,CTFO 
_ nm , neal)_ne-I-2) 

i! 2! 3! 
(1) n(n—1)(n—2)...2.1 eg 


‘ 2 
40 Ify= I, f (t)sin {px — t)}dt, “t+p'y equals 
x 


(a) 0 (b) y 
(c) Kflx) (d) kfx) 


Solution: y = fe f (#)sin{ p(x—D}dt 


Solution: (a) Given F(x) = =f {477 —2F \(t)}dt 
x #1 


sc ES [cae ~2F \(t)}dt 


Differentiating both sides wrt x, then 


x? F(x) + F(x).2x = 4x? — 2F (x) 

Putting x = 1 in the above equation, we get 
Fi) + 2FQ1) =4-2F'() 

3F'(1)+0=4 


1 
~ F= =| (42 -2F \t))dt = J 
l 


F() => 


x ff. 9 y : dy 


we can say that sin{ p(x—1)} = Im(e?°!) 


And hence f(#).sin{p(x—f} = Im/( (Oe) 


x . 
i ay Im | f(pee at 
0 


= Ime J f (jemar} ...(i) 
0 
D = im {em f (x)e™ + ike” fe finer ar} 
dx 0 
= 0-Im{ pe sear} (i) 
0 
2 
Now, a 
dx 


= Im ioe S (x). + I, f(t).e dt x pe 


= kf) —Ry 
2 


d*y 
a tk y= kG) 


41. If F(x) = =f (417 —2F (t)) dt, then F' (1) equals 
xX l 


(a) 4/3 
(b) 4/9 
(c) 8/3 
(d) None of these 


equal to 

(a) —5 (b) 0 

(c) V5 (d) None of these 
Solution: Differentiating both sides w.r.t x, then 


(5+ 2sin? x).1+cos y = 0 


x 


dy (s +2sin? x] 


dx COs y 
dy  _-N5_ og 
dx (2,2) (-1) 


43. Let f(x) = x»? + 3x 33x — 33 for x > 0 and 'g' be its 
inverse then the value of 'k' such that kg'(2) = 1 1s 


(a) —36 (b) —42 

(c) 12 (d) all of the above 
Solution: (a) g(f(x)) =x > gf) f(x) = 1 
= g(x) = —~ 


f(x) 
Now f(x) = 2 > x + 3x* — 33x-33 =2>5 x + 
3x? — 33x —35=0 
=> x — 5x? + 8x*— 40x + 7x — 35 = 0 or (x -5) 
(x?+ 8x + 7) =0 
=> (x-5)(x+1) (x+7) = 0 
=> x =-7,1,5 
Now, since g is the inverse function of f 


“. fig(x)) =x 


44. 


Differentiating both sides w.r.t. x, 
we get f'(g(x)).g'(%) = 1 


= g()=— 
I(x) 
Also putting x = 2; we get g'(2)= : 


f'(g(2) 


Also, since f(x) = 2 has solutions x = —7, —1, 5 


. x = f'(x) or x = g(2) also has solutions x = —7, 
—1,5 

. f(g(2)) 1s equal to either f(—7) or f(-1) or f(5) 
Now, f (-1) = 3 (1)? + 6 C1) -33 = 3 —- 6 — 33 
= —36 
f(-7) =3 (7% + 6 CTY + 6C-7) — 33 = 147 - 63 - 
33-51 
FG) =3.5° + 6.5 — 33 = 75 +30 -33 = 72 


Now, kge'(2)=1 => g'(2) =7 


] 1 

_—=———_ k= 2 
= kis equal to either f(—7) or f(-1) or f(5) 
=> ke {36, -51, 72} 


Let g(x) be the inverse of an invertible function 
fix), which is differentiable for all real x, then 


g"(f"(x)) equals 


(a) — f(x) 
(fiwoy 
(b) — FOF CO-F (x) 
f'(x) 
¢) LOFL@-F' wy 
(fy 


(d) None of these 


Solution: (a) Given that g"' (x) = f(x) 


=> x= g(f{x)) 
Differentiating both sides w.r.t. x, we get g'(f{x)) 


fx)=1 
| al 
=> g(x) FG) &) 


Differentiating again w.rt. x, we get g"(f(x)). 


=f") 
fe) = 
[fof 
ei hes ile) 
= 8) Trop 


45. 


46. 


Method of Differentiation < 3.93 


If x < 1, then find the value of 


1-2x ‘ 2x-4x? 4x? —8x! 
l-x+x? 1-x74+x7* 1-x44+38 
1 1+2x 
a) ————— b) —————— 
(2) l+x+x? (0) l+x+x? 
l-x+x? 


l+x+x? 


(c) (d) 1 
Solution: (b) We have (1 +x +x’)(1-—x +x’) 
=(lae Pax aH 1 hoe st xe 
and (1 +x+x*)(1l-x +x) (-x+x45)=(1 +2? + 
x4) (1-2? + x4)=14x7+3 
Moving on in this manner, we get 
Chae Fo) =e ela x) (aa ex) 


n-1 n n n+l 
coe (1-3? +x? \=(1+2" +x? 


Now for x < 1, x* = 0. Then limit n — o in (1), 
we get 
In (1 +x +x’) + In (1 —x + x’) + In (1 — x? + x’) 
Pn a) 
2 ine en(l+x” +x" |= en(l)=0 

n—oo 


Differentiating both sides w.r.t we get 


1¢+2x -l+2x -2x+4x? 
ee ee pe a ee 
l+x+x l-x+x l-x° +x 
4x? +8x/ 
——_4. eee 
l-x'+x 
Hence 
1-2x 2x-4x? 4x? — 8x’ _ 1+2x 
l-x+x? 1-x74+x* 1-xt43% 14x42’ 


Let f(x) = x° + xg'(1) + g"(2) and g(x) = (1x? + xf'@) 
+ f(x), then f(2) and g(x) are respectively given by 
(ay re 239 ed 

(bar a 3k 2x2 

(c) x*—3x,-3x + 2 

(d) x°+2,-3x +2 


(c) Let us support g'(1) =a, g"(2) = 5 
.. (1) 


Solution: 


Then f(x) = x? + ax + b, 

Putting x = 1, we get f(1) =a+b+1 

 gx)=( +at bx’? +(Qxt+a)x+2 

> g@=r’3+at+b)t+axt+2 
Differentiating both sides w.r.t. x, we get g(x) = 2x 
(3 +a+b)+ aand g" (x) =2(33 + a+b) 


3.94 > Method of Differentiation 


Hence g'(1)=2(3+a+b)+a ...(11) 
and g"(2) =2(3 +a + b) » (111) 
From (1), (11) and (111), we have a =2(3+a+5) 
+aandb=2(3+a+b) 

le. 3 +a+b=Oandb+ 2a+6=0 
Hence, solving the above two equations 
simultaneously, we get, b = 0 and a =-3 
Substituting these values of 'a' and 'b' in f(x) and 
g(x), we get f(x) = x’ — 3x and g(x) =-3x + 2 

47. A function f(x) satisfies the condition, f(x) = f(x) + 

F(x) Ef Ol) ee oo where f(x) is an indefinitely 

differentiable function and dash denotes the order of 

derivatives. If /(0) = 1, then f(x) is 

(a) e” (b) e 

(c) ex (d) e* 


Solution: (a) f(x) =/(x) +f'@%) +f") +...... oe) 
F(x) = f(x) +P") + f'"@) t+... 
2f(x) = fx) + fx) +f") +... 


f@)_1 


> I= WaT => 


l 
on integrating w.r.t. x; we get fnf(x) = 5 +C 


If x = 0; (0) =1 
=> c=0 


hence nf (x)= - 


=> f(x)=e? 


SECTION-II 


SUBJECTIVE SOLVED EXAMPLE 


1+tan= 


) 
2 then find wy. : 


tan{ 2) dx 
2 
Solution: 


If x=tan (y/2)-—2 log (1+ tan y/ 2) + log (tan y/ 2) 


Dy. 

sec — 

dy 2 2 ( 2) 2 2 y 
2 


2 tan — 
2 
1 1 1 
& ~sec*{ | — + 
dy 2)\ 2 1+ tan 2 tan > 


2 


tan(y /2)+ tan*(y/2)—2 tan(y/2)+1+ tan(y /2) 
2 tan(y / 2) (1+ tan(y /2)) 


1. Jf x=tan (y/2)- log 


dx | sec’ (y/2) 
dy 2tan(y/2) (1+ tan(y/2)) 


> ws = 2 tan (=) [i + tan cos“ (=) 
dx 2 2 2 


_ 2sin(y/2){ sin (y/2)+ cos (y/2) aay 
cos (y/ 2) cos(y/2) 2 


sin y (2sin(y/2) cos (y/2)+2 cos?(y/2)) 


1. , 
eg ey sar) 


. Let f, g and fA are differentiable functions. If 


Ff (0) = 1; g (O) = 2; h (0) = 3 and the derivatives of 
their pair wise products at x = 0 are f g)'(0) = 6; 
(g h)'(0) = 4 and (A f)'(0) = 5 then compute the value 
of (fgh)'(0). 


Solution: y =/fgh 


d 
—_ = S'gh + fah + fh 
xX 


= = (2fgh + Bf h + Yfgh' 

== (Wg + Bf) + g (Ph + fh) + fighh + gh) 

= = [h. fe) + 8.P WY + Fgh) 

(Fgh) 0 == [h(0) (130) + g(0) (HO) + NO) 
(gh)'(0)] == x6+2x5+1 x4) 


Se hiotays. 16 
2 2 


2 
3 Find the value of the expression j° a. on the ellipse 
x 
3x? + 4)? = 12. 
Solution: 3x’ + 4y’ = 12; Differentiating both side, 


we get 6x + 8y @ <0 
Xx 


Differentiating again wrt. x, we get 


2 [y-x@ 
dy__ 3 d&) 


2(2eet) 3.12. 9 


16 y 16 y 4y° 
d 9 
3 y 
> y ee =—— 


ee 2 
(x-a)(x-b)(x-c) (x-b)(x-c) x-C 


proven 2 2 rae z 
dx x\la-x b-x c-x 


. If y= +1, 


Solution: We have 


Ge Oy 
(x-a)(x-b)(x-c) (x-b)(x-c) x-Cc 
_ ax? i bx ri Cc+x-Xx 
7 Ge=al(x—b\(x—c) | (x—b)(x—c) ( x 
_ ax? A bx Pee 
a * "(= a)(x—b)(x—c) (x-b)(x-c) x-C 
ee ax : bx + x(x-5) 
*@e=a)(x—b)(x—c) (x—b)(x—c) 
= ~ (x=a)(x—b)(x—-c) (x-b (x-c) 
— ax? + x*(x-a) 
(x-a)(x-b)(x-c) 


Method of Differentiation < 3.95 


=> logy= be a GO 
(x-a)(x-b)(x-c) 
= log y = 3 logx — {log (x — a) + log (x — b) + 
log (x — c)} 
On differentiating wrt to x, we get 


ldy 3 1 l l | 
= + + 
ydx x |x-a x-b x-c 


= But) 2 Fe 


. If f(x) = (2 + 3x)* then find the value of (0) + 


£0) f£'O 7°, sO) 
“jo 31 ure 61 
Solution: f(x) = (2x + 3x)°=> f(0) = 2°= °C, x 2° 
f X)=3 x 6(2 + 3x~p>f (0)=3 x 6x 2 =°C, x 
2 es 
f' (~) =3°x 6x5 x (2+ 3x)'> f" (0) = 3°x 6x5 
aa a OO Fa SE 
f" (~) =3?xK6x5x4x (24+ 3xp => f" (0) = 3°x 
6x5x4x2°=3! x °C, x 2? x 3° 
Similarly 
| i ee OF nae an 
fo = SKC. SDs 
US Ol KC. x2 x3 


f. 0 : 0 r®) @) 
s=s01L0, £0, ee £0 
6 5 ql 6 4532 
=6C x 264 AS Se 7 
°C. x 61K 2° x 3° 
——— 


Ce De Cd ash sieies °C x2 KS 
= (2 + 3)§ = 5° = 15625 


. Ifx =cosec@ — sinO and y = cosec"@ — sin"@ then show 


2 
that (x? + 4) 3 - 7? (y + 4) =0 
dx 


Solution: - =—cosec@ cot@ —cos@ 


3.96 > Method of Differentiation 


d 
5 =n cosec™'@ (— cosec® cot®) — 7 sin™'8 cosO 


1 


sin”! @ 


dy _dy/d0_ {i+sin™@) { _sin*d 
dx dx/d0 sin"'@ } \1+sin’6 


= —ncos0 ( +sin” 0| 


| . 1+sin?” 6 ‘ 
-sind) +4 |n?|——" "| x 
0 1+sin* @ 
2 2 
(1 Felt ate) o 
sin” @ sin” @ 


(1san°e) 2 (I+ sin?" a) 
sin (1+ sin” a) 


( + sin” a) 


sin?” 0 
2 ore G 
=n (1+sin 0) 
1 ee | 
a ] rr a 
sin’ 0 ein? )g sin” 0 


7. If f(x) = u(x). v(x) and u(x) v(x) = k, prove that 


DO ay in a 
f uv uw ueséty 
Solution: Given f(x) = u(x). v(x) 


Differentiation g both sides w.r.t x, 
we get f(x) = u(x).v(x) + v'(x).u(x) 
Again differentiating both sides w.r.t x we get 
Sf" (x) = ul (x)v(x) + v" (x), u(x) + 2u' (x) v(x) 
=> f" (x) =u" (x).v(x) + v" (x), u(x) + 2k 
Dividing both sides by F(x) = f(x). g(x) 
f"(x) Z u"(x) fe v"(x) - 2k 
f(x) u(x) v(x) u(e)v@) 
or Again u(x) v(x) =k 
Differentiating both sides w.r.t.x we get 
f (x) = u" (xv) + v" (x), u(x) + 2u' (x) vr) 
=> f" &) =u" (x).v(x) + v" (&), u(x) + 2k 
Differentiation both sides w.r.t.x, we get 


we get 


fx) = u" (x). vx) + ul"(x).v(x) + V"(x).u'(x) + 
u(x).v"(x) + 0 
Now, u(x).v(x) =k 
Differentiating both sides w.r.t. x, we get 
u'(x).v'(x) + v"(x).u(x) = 0 
Now dividing both sides by f(x) = u(x) v(x), 

fr u(x) vi") fm ut vs 


we get +—~ or =— + 


sf (x) u(x) v(x) f uy 


8. Ifthe function f(x) = x* + e*” and g(x) = f''(x), then the 
value of g'(1) 1s 


Solution: Since g(x) = f'(x) so f(g(x)) = x for all x. 

Differentiating both sides of f(g(x) = x; 

we get, f'(g(x)) g(x) =1 

Putting x = 0 in f(a) = x? + e*”; we get f(0) = 1 

Now, (0, 1) lies on y = g(x) 

‘* The graph of f(x) and g(x) are mirror image w.r.t. 
y=x 

. g()=0 
Now, Putting x = 1 in (1), we get f'(0) g'()=1. 


1 
But f'(x) = 3x’ (5 er 
= f@=> 
2 
=> gii)=2. 
dy . 
9. Ifxe” =y + sin’x, then at x = 0, a is equal to 
Xx 


Solution: Putting x = 0 in the given equation, 


we get y = 0. 
Differentiating both the sides, 


We have e” + xe” ey Ble, Pere 
dx dx 


Putting x = 0, y = 0, 


we have e? +0.e 0 +0 =o +0 
dx dx| <0 
= oy, =]. 
dx x=0 
10. Given a function g which has 


derivative h(x) V x satisfying h'(0) = 2 and 
h(x+ y)=e7?h(x)+e*h(y) Vx,y ER, h(5) = 32. The 
value of h' (5) — 2e° is 


11. 


Solution: Puttingx =y=Omh(x+y) =e h(x) + 


e* h(y) 
We get h(0)=2h(0) => A(0)=0 


So 2 = h'(0) = lim 88 = lim SY 


ho0 Ah 

Also 

_ g(xt+h)-g(0) 

' | 
g'(x) him h 
x h fs 
~ jim £ SY te 8) - 8) 
h>0 h 


h 
=n 800.. <= : eto) =e" iim gt Em +1.g(0) 


Thus g'(5)—2e° =32. 


If the transformation z = log tan(x/2) reduces the dif- 


 @ d 
ferential equation ails Meola 
d dx 


x 


+ 4ycosec?x = 0) 


d*y 
into as Ay =0 then the value of A is 
Z 


Solution: We have 
dz _ 1 sec*(x/2) _ 
dx 2 tan(x/2)  sinx 


= COSCC X 


dx dz dx 


vy (4) (098 
dx? ax\ dx dz\ dx } dz 


cose | 
—| cosec x — | cosec x 
Z dz 


2 


oy) dx dy 
=| cosec x —— — cosec x cot x —-_—_ | cosec x 
dz dz dz 


Putting these values in the given differential 
equation, we have 


d? d 
“o4 cot x + 4ycosec” x=0 
Xx dx 


Z 
2 


y dy 
<& cosec x—> —cosec x cot ao + 


dz IZ 
d 
cot x cosec i +4Acosec* x =0 
Zz 


d? d° 

2 Jy y 

<> cosec’ x} —~—+4y|m=0 © — +4y-0 
<3 | dz” 4 


Method of Differentiation < 3.97 


12. If the transformation x = cos@ reduces the dif- 


dy 


ferential equation (1 —x— + 0 into 
7 quation (I-24) se a as 
q+ hy= 0 ; then the value of k is 
de’ 
Solution: Given x = cos@ 

rr 

d@ 
SO SALSA ed 

dx d@ dx d@ 

Also 

arta ears 

dx’ adx\ dx d@\ dx} dx 


a eneegee (—cosec@) 
dé do 


Z 
Putting these values of wd and uae in the given 
x x 


differential equation, 
2 
(i-x?)9?- 2a y= 0 


the equation 5 
dx dx 
transforms to 
2 
(1 ~ cos” 0) ~cosec’ eT Moan cosec” po — 
dO da’ 
cos 6{ ~cosec 0 + y =0 
dé 
=> mr pa y rT haere = () 
dé @ 
2 
y 
— Fy =0 
do” 


=> cy «Xt y= 0; we getk =1 


dO 
(Get oe ee 2 er oe, ee 
X— Xj (x — % )(X— xy) 
X, x? 
ee a ee upto (n + 1) terms then 
(x — x1 (x Xq (x — x3) 
prove that 


a VN Me ae Oy a, 
X,-X xX 


dx x y—X Xz3-KX XX 
: x Xy.X 
Solution: y = 1 +—) 4———2" +... 
X-xX, (x- xy) (x) 
n—| 
Xyx 


3.98 > Method of Differentiation 


x XyX l 
ee el Be 4 = —(fn(l+x)—-ln(2+x 
o-, Gaaj Gay ee => én( f(x) = —(én(1+ x) — en(2 + x)) 
= 1 
ee = F5f 
(X— xy) (X— Xo). (x — x) 
a x” ° (24x) RRR 2x 
(x- x) (X— XQ) (X—H) (X— X_) (X— 23) 
eae => fl) =f) (1 mo+i(3-3]| 
_ (x — x,) (x = Xp )..e(x — xn) ; i 
_ x" — fd) = (Sl -n$+] 
(x — X,) (X— Xp). (x - x,,) Nee eee 
ie, ie x" => f-l) = g(-l)=-a+b=-a 
(C227) WH a5) (x — x,) => fi-l)=-a 
Taking log, on both sides, we get Gets (= - tn >) 
in y = nenx — ln(x — x,) — L% — X,) sees. &(x—x) 6 2 
=> EE eee eee i at 2 tn2-) 5x <0 
ydx \x x-x, xX-X, ye ae f(x)= at 3 6 
I/x 
n 1 Ge 
=|—+ + Fcct x >0 
E Xjp-X X,—-x x = 2+x 
_fyfi | eS I Lt I _jvl+sinx +V1l-sinx dy . 
i 7 +r icmacased + + 15. If y = cot —W——., find — if 
ee eR Re Moe V1+sinx — Vl—-sinx dx 
yaa) | e(0d}u(E,) 
X\X,—X Xy—-X xXz-xX Riese 2 2 
= oo Bec ees mee eee “3 ++ *n Solution: O<x<a1;x# ie 
dx X\x-X X—-xX Xy-X 0 ee Z 
x 2 1 
06 <x Fi 
14. Let g(x) be a polynomial, of degree one and f(x) be 2» 4 
< 
8(x) a sin — +cos—|+|sin——cos— 
defined by f(x) = ey" sai 2 Z u 
—| , x>0 . & x _ & x 
2+x Stn ROS 5 = at, 08S 
Find the continuous function f(x) satisfying 
fC) =f-1) (1) O20 sin= — cos <0 
Solution: g(x) =ax +b a < 
The function is continuous eae eos Scat eos 
= LHL=RHL cot! | —&—_2_2__2 
; a \* sin— + cos— + sin—— cos— 
= 4x0 b= im) 22” | 272) 6 2 2 2 2 
LORD Ad 2 a 5 
=> b=0 => cot! cot 3) a 
I/x 
1+x 
Now, for x > 0; fx) = Pe dy _1 
os Gs = 2 a ~ de 2 


16. 


17. 


ee ee, Se (Se x 
(1) —<—<—; sm—-—cos—>0 
4 2 2 2 2 
a: Se x 
sin — + cos— + sin— — cos— 
pages ee 


Satake XY —_e x 
sin — + cos— — sin— + cos— 
2 2 2 2 


If y = y(x) and it follows the relation e” + y cos 
x = 2, then find (1) y'(O) and (11) y"(0) 


Solution: e”’+ ycosx =2 
Putting x = 0 ine® + y cos x = 2; we gety = 1 


Differentiating w.r.t. x; 


; d 
we get e” [xB +y]-y sinx + cosx — =0 
dx dx 


=> (xe” + cos x) o = y(sinx — e””) 
x 


dy _ ysinx—- ye” 


dx xe” +cosx 


dy 


dy| _Isin0-le’ 1 
dx 


= i ee | 
(0,1) e° +cos0 1 


Again differentiating (1), w.r.t. x; we get 


2 
(xe + cosx) aD Poe rxe9(x 24) —sinx a 
dx dx dx 


= DY eg) any cosx-e| yx) 
dx dx 


d2 
(0+1) a +(e) (-1)=1 


Find a polynomial function f(x) such that f(2x) = 
f'(x)f"(x). 


Solution: (2x) =/'(x)f"(x) 
Let f(2x) is of order —n 
= order of f(x) =n — 1 and order of f(x) =n-2 


Method of Differentiation < 3.99 


order of LHS = n and order of RHS = (n — 1) + 
(n — 2) 
n=2n-3 = n=3 
so f(x) is a polynomial of order 3. 
Let f(x) = ax? + bx? + cx +d 
=> f(x) =3ax?+ 2bx +c 
=> f"(x) = 6ax + 2b 
Given f(2x) = f'(x) f"(x) 
=> 8ax? + 4bx? + 2cx + d = (Bax? + 2bx + c) 
(6ax + 2b) 
= 18a’*x? + (12ab + 6ab) x* + (6ac + 4b’) x + 2bc 
18a’ = 8a 12ab + 6ab = 4b 
6ac + (4b*) = 2c; 18 ab = 4b; 6ac = 2c 


peel 18 x2 xb = 4b 


18 
8b = 4b 
3ac =c>c=0(- a#0) 
b=0 


and 2bc = d,d =0 fix) =- 


18. (a) Show that the substitution z = n{ tan =) changes 


2 
the equation cae cea Aycosec’x=0 to 
dx d x 
(P’y/dz*)+ 4y = 0. 
(b) If the dependent variable y is changed to 'z' by 


the substitution y = tan z then the differential 
2 2 
equation Sy 14 OY 
dx I+ y 


is changed to 
dx 


dz ; dz\* 
—z = cosx*z + k| —| , then find the value of k. 
dx dx 


Solution: (a) z = log tan) 


ate 
dz 15% 5 
dx ogee 
2 
x 
mae 1 _ 1 
aed epee (sin x) 
2 2 
Sea cd a rea 
dz dx\dz dx 


$.(#)(#)-1 4 
dx dz} \ dx sinx dz 


3.100 > Method of Differentiation 


2 
Now, 22 = sin ro{2) + cos Pad 
dz dz\ dx dz dx 
2 
= sin x = + cosx sin x 
dx” dz 
a 
= sinx. ay + sin x. cosx X ee 
dx sinx dz 
2 2 
= oD cap = sin’ x aD ...(1) 
dz dz dx 
2 
Now given Laer a” + 4y cosec*x = 0 
rs dx 
2 
=> sin’x © Y 4 sin x cosx OY gnc (2) 
dx dx 
2 
from (1) and (2), we get £Y cosy D4 sinx 
dx Z 
cosx. — ey + 4y = 0 
sinx dz 
2 
“* +4y=0 Ans. 
(b) y = tanz 
© (at) 
dx dx 
2 
y= 4 {sec E 
dx” dx dx 
2 
= sec” gee + 2sec’z tan z (= si(L) 
dx dx 
2 2 
Es ¥ = 1+ ceerued ii) 
dx l+y~ \ dx 
From (i) and (ii); we get sec*z x 
2 2 2 
SF +2tans{ &) = Lee a) { =) 
dx dx sec’ Z dx 
x sec*x 


3/2 
A 2 
ta 
19. Show that R = -—__,_~— 


d’y 
dx? 
l l 
form R23 = + 
(#2) (2 )" 
dx’ dy’ 
l l 
Solution: R23 = + 
ey as 2/3 
dx? dy’ 
Now oe 
rif 
dx 
d*x_d|_1_|_d|_1 | de 
dy? dy 63 dx = dy 
dx dx 
_ _1 ydty {de 
bal dx’ \ dy 
dx 
d’x___ 1 i dty 
dy? = 3 2 
ly dy dx 
es 
1/3 
_d*y 
dx 


—_____ + 
2/3 

d*y d*y 

dx’ dx? 


i 


can be reduced to the 


d 
20. Find 


if 


x=] 


dx 


Cyt 2"Cyx+3 "Cox? +...4(n41)"C,x" 
7 ~G +(27)"Cpx+ Grex +....(n)"C, ie 


Solution: First all, let us try the simplify the RHS 
Now AN =". 27°C ro" eon (0 eae 
We already know that 
(Lo) GC Pie er Oe 
Multiplying both sides by x; 
we getx(] +xy= Cx + Crt Cy t....4C 0" 
Differentiating both sides, we get x. 
nay arn Ce 26 0 SOR aC 
» N =x nlaxy ed +x 1 
=(1 + xj"! [mx + 1 +x) = (1 txy' [1 + @ + 1)x] 
Similarly for D’; we have (1 + x)" ="C, + "C\x + 
ON ates errs One 
Differentiating both sides w.r.t x, we get n (1 + x) 
fee Crea a4 OF ca aks | OP carrey || One nie 
multiplying both sides by x, we get 
724 @ Ula 9 ili > ea aes Or care! OF aaa errr +nC x" 
Again differentiating w.r.t. x, we get 
nx(1+xy"! + n(n—l)x (1+xyr? = C, + 2°C)x + 3° 
Cx Taeetine Cx 
D=n(1+x)*!+n(n—-1)x(1 +x)n-2 
=n(l + xy [0 +x) + 1) x] 
=n(1 + x)"?[1 + nx] 
nr (i+ x)" [1+(n+1)x] 
“a DD’ n(l+x)~ [1+n* | 
(1+ x)(1+(n+1)x) 


n(l + nx) 


To obtain ”. ; we differentiate both sides w.r.t x 
x 


[ (1+ (n+1)x)+((n+1)+x)) 
dy : (n(1+nx))-| n°? (1+ x)(1+(n+1)x) | 
dx (n (1+-nx)) 
Substituting x = 1, we get 
dy _ (2+n)x2(n+1)xn(n+1)-2n? x(2+n) 
dx n° (l+n) 


21. 


22. 


Method of Differentiation < 3.101 


: 2(2+n)| n(n+1) =n? | 
n’ (l+n) 
2(2+n)xn| n° +14+2n-n| 
n? (l+ny 
2(2+n)(n? +n+1) 
n(l+n) 


Find the possible value(s) of 'a' so that the equation 
2x3 + 9x? + 6x + a = 0 may have two roots equal. 


Solution: Let f(x) = 2x? + 9x’? + 6x +a ...(i) 
Now let roots of f(x) be a, a, B 

=> f(x) =2(x-a)2 (x - B). 
Differentiating both sides, we get f(x) = 4(x — a) 
(x — B) + 2 (x- a)’ 
= (x — a) [4x — 4B + 2x - 2a] 


~ (r-a)x| «(2248 g 


From (2) and (3); it is very obvious that (x — a) is 
a root of f(x) = 0 as well as f(x) = 0 

Now, Differentiating both sides of (1), 

we get f(x) = 6x? + 18x +6=0 


ii) 


2. +64 F2=0 .. (iil) 
On operating (1) — x (iv); we get 
3x7 + 4x +a=0 ve eeeee(1V) 
Since (iv) and (v) equations have a common root 
Ley x =O, 

a’ a _ | 
6a-8 6-2a -10 


ee 6-2a\" (6a-8 

Now; eliminating a; we get | ——— | =| ——— 
~10 -10 
4(3-a) 2(a-4) 
100 + ~=©3)— 10 
(3 —aY=—5 (3a —4) 
9+ a*-—6a =-l5a + 20 
a’+9a-—11=0 
_ 9481444 9455 
2 


7 2 


JU Jd 


) 


are the possible 


values of 'q' 


Let P(x) be a polynomial of degree 5 with p(3) = —2, 
PG) =0,p'C) =4,.P"'3) ==-9. 2" 3) = 1. 
Find the value of p"(2) 


3.102 > Method of Differentiation 


23. 


Solution: Let us assume that P(x) = a(x—3)* + 
bx — 3) + cx—3)+ d(x-3)+e (1) 
Putting x = 3; we get p(3) =e>e=-2 
Differentiating both sides of (1); w.r.t. x, we get p(x) = 
4a (x — 3)? + 3b — 3)° + 2c (x -3) +d ...(2) 
Putting x = 3; we get p'(3) =d=>d=0 
Differentiating both sides of (2) w.r.t x, we get 

P'(x) = 12a (x -3)° + 6b (x — 3) + 2c ...(3) 
Putting x = 3, we get p"(3) =2c >c =2 

Again differentiating (3) w.r.t x, we get 

P'"(x) = 24a (x —3) + 6b (4) 
Putting x = 3; we get p(x) = 6b = -9 = b = -3/2 
Differentiating both sides of (4) w.rt x, we get 
p(x) = 24a 

Putting x = 3; we get 24a = -15 > a =-5/8 

Now, substituting these values of a,b,c,d,e in (3); 
we get 


Px) = 12x{ 2) (x-3) +6 $](e-3)42«2 
P"(2) = 12 (=) x (1) + 6x{ >) x (-1)+4 


= Se ee 
2 Z 


ara | 2 
If x = 5 cos"! 2 +tyby-y" | then prove that 


sar Bing = (0) 
dx \ y 
Solution: x =bcos' 2 +a/by— y* 


Putting y = b cos’0, we get = = —bsin 20 


And, putting this value of y in x, we get x = bcos"! 


(cos 0) + Vb? cos*@—b* cos*@ = b0 + bcos 0 


sin 8 
dx 2 69 
—=b+b(cos* @-sin“ @) 
dé 
Now, EOL | a 
dx da@ dx b(1+ cos 260) 
2sin@cos@ 
= =, = and 
2cos’ @ 
= -Vsec?9-1=- ae 
y 


yeaa re ow 2x 4x 2” x?" 
. Find the sum o [ey 4ase ee ea gee 
: 1 
Solution: IfS =—— + 
1+x 
2x 4x? 2” x2 
eae - 
l+x* l+x 1+ x? 


from both sides, we get 


Then, subtracting ; 


] ] 1 


ie l+x 1-x 


| 2x 4x? 2" _ 
+ Pa 


l+x7 14x 14 x2" 
Se 2x ~ 2x 
l-x? 1+x 

Ax? 8x" ji cael 

7 +—+t...+ : 

l+x 1+x 1+ x2 


4° 4x 8x4 2” x21 
=e eas - 
l-x" 1+x l+x 1+ x? 


antl aero 

> 1 pnt! 
n+l 21-1 

$=—+ 5 

l-x a | 
Aliter 
Let f(x) = log(1 + x) + log (1 + x’) + log(1 + x‘) +... 
log (1+ x” | 
Differentiating both sides wrt x, we get 

1 2x 4x° hie am 
f'(e)e et 
l+x 1+x° 14x I+x 


Now f(x) = log {(1 x) (1 + x4) ..(l+2")j 


= log 4 (1+x?)(1+2x')........ ( $32" 


_ log (1-2 ) 
l-x 


- _ ntl ( ety 7 1 
=> f(x)= Ge ~ ae (i = x) 


antl ( ore 


(mx) 0-2") 


25. If x= gilt! y= Va! a>Oand—-1<t<1, 


show that as ees 
x x 
Solution: We have x=Va"™ ' and we | cost 
ed = (qie's) a ( oe) ee 
dt 2 dt 
.\-1/2 
Da“ (a") “(a “) 
dx 2 dt 
sa WW? 
= dx =—(a 4 (a sin” “‘loga ) = (sin t) 
dt 2 
oa AD 
And Fa Aas " (log, a) x _ xlog.a 
a 2 7 2V1-27 
Similarly, 
eal? : 
Oe: =a _ (2° : log, a)“ (cos t) 
dt Z dt 
1/2 _ _ 
And 2 =—(a*"") (log, a)x 1__aylog.a 
a 2 [eo Ore 
dy 
Now, & = at. 
dx dx 
at 


dy _ —ylog.a 2 1-7? ey 


dx a/1-72 xlog.a x 


a4 =| 
Aliter: x*y? = gin tt+cos t = x*y? = gh 
Differentiating with respect to x, we get 


2X FIN 0 is, cd 


26. If 2x = y'* + y™ then (x? — ae ay, ro - = ky, then 


find the value of '’. 
Solution: 2x = y" ; fas 


O" — 2x) ("8 + 1=0 


Method of Differentiation < 3.103 


jee a — 
y 


y= (xtVx? ~1) 
Case-I: y =(x+Vx°-1) 


S a x 
— = 5(x+V¥x*-1)* Coen 
_5(etvx'-1y =) Sy 


= “eS 
=> (’-1) < = 5y Vx7-1 


Again differentiating w.r.t. x, we get (x7— 1) ; : 
x 


za A “ 5/7 1s oy 


2 
et 6 ce 1) sae Y xx =5 (Sy) + 
dx Vx -1 
Sxy 
m1 
= pac Gs AD eee 
dx? dx y 


Case-lIl: y= (xt+Vx? 
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dx dx dx dx dOdx 6/86? —(a@— A)’ 


_ a 
=x 4 5)( Vx" “i)s( rom (i) and (ii) 


—— I ] 


dy dy dz dy 
dx dz dx dz 


2 2 
oy av 222 = Gi ay Basle 
Z 


A ccosx+bsin x) 


3 4 a) 
? 1 so fieees ste BO? — a6? — At +2020 
2 y y 
=> (x*-1I— > +x = 25 
(x° —1) BE ga eee 
ne —_ A(-ecosx+bsinx) sf 
1 +E es ~(a’ -b’ -c’) + |9 
27. If x =— and y = f(x), show that: 
Z cae c’) 
2 2 
CY ey, 
dx? dz dz’ 
__ AC-ecosxt+bsinx) sf 
Solution: = f(x), =—- Slap ds dade ie 
~~ 2a0(a? —b? —c?) 


1 
a? —b? —c?,|(b? —c?)-(@ — 2a +a’) |? 


dx? dz\| dz |dx 7 | 
d?y Zig dy ad A(—ccosx+bsin x) 3 
dx” dz” dz JS 


a — p Pr (b’ —c’)-(9-ay 0 


2 2 
28. If y= eee eae) and Now (0 — a)* = b’cos’x + c’sin’x + 2bc sin x cos x 


cos 
Va’ —-b’ -c’ OV b* +c? 


(b? + c’) {8 — a)’ = b’sin’x + c’cos’x —2be sin x cosx 


= =p 1 2 
8 =a+bcosx +c sin x; prove that oe (c cosx — b sinx) 
dx @ . | Arccosn thea t 
eae a spel 00-2 dx | A(—ccosx+bsinx | 0 
ution: , 5A mil 
dx 9@ 


where A=Va’?—-b’-c* and B= Vb’ +c’ 


29. If y° + x* = R’ and k = 1/R, then prove that k is equal 
Ly"| 


|. ———— 
a&_ 1] -1 —_—«BGa-(ad—-4°) B Va+y?y 
= “| <2. ir #«2«OXpeaeSSC 
0 A - ao—A’ BO Solution: Differentiating y? + x? = R* we get 
BO dyy' + 2x =0 > y'=—aly 


And again differentiating, we get 
1 Bo A’B x 
Sp ee | ek ra —x x|— 
A| |B°6? -(ao- 4) BO’ = (22 ons 
a 7 ae | 
—A ; 
a Se ... (i) 
dO 6B’? -(a0— A’) 


y 
Dx 22 
x+y —] 
OE sane esas ... (11) ~ {=+| ="323 
dx 


Substituting these value of y" and y' in the given 
expression; we get 


ails a 
k2y3 | R 
ye 
ol I? 028 
“Pe ee 


30. If R — R is a function which satisfies f(x)) = x° + x? 


f(3) +x f"(2) + f"().Then find f(1) 
Solution: Given f(x) =x? + x? f( On putting x = 1 
in (1); we get (IJ = 1+ f3) +f") +f" - (1) 
Differentiating both sides f (1); we get 
F(X) = 3x? + 2xf'(3) + f"2) 
Again differencing both sides gives 
f'(x) = 6x + 2f(3) 
and differentiating again w.r.t x, we get 
f(x) = 6 
fC) =6>fO)=6 (+ f"C) =f) 
Putting x = 2 1n (3); we get 
f"(2) = 12 + 2f(3) 
and purring x = 3 in (2); we get 
(3) = 27 + Of(3) +f) 
Solving (4) and (5); we get 


2122? gaya © 
LO) =e OG 


..(2) 


iO) 


(4) 
6) 


: K = 3 ee ae 
. XxX xX 7 7 


= =(7x° —39x* +6x4 42) 


Putting x = 1, we get: 


A) = =(7-39+6+42)=——. 


Passage Type Questions 


A: Sometimes a function can be written as the product 


of two functions such that it is easy to determine the 
n-the derivative of two functions separately. In such 
cases, the nth derivative of the product can be written 


31. 


32. 


33. 


Method of Differentiation < 3.105 


by applying Leibnitz's theorem which can be stated as 
below. 

If u and v are functions of x having derivatives of nth 
order, and y = fg then 

VY, I Ch 8) + "Cy Ina 8 + + °C Sn Si 
+ ...0¢ "Cf g where suffixes denote derivative 
w.r.t. x. 


If y = x e* then y'°(0) is equal to 
(a) 2'° (b) 315 x 2" 
(ec) 195% 2" (d) 315x 2” 


Ify =x’ cos x then y, (=) 


a 2 
(a) i 72 (b) 


(c) 0 (d) 


sin) x 
V1— x? 


(a) (n + 1)’y,, (0) 
(c) (n— 1)’ y,, (0) 


If y= 


then y (0) is equal to 


(b) n’y,, (0) 
(b) (n— 1)’ y,, 0) 


Solution: 


31. 


32. 


Take f= e* and g =x° 

Vio = (e*) ot nC (e*), 5x4 a a OF (e*), 20x4 ee ae 
(e*),. 80x* + °C, (e*), 160x + C.(e*)..160 

Now putting x = 0; we get y, (0) = 2" x 315 

Ans. (d) 


Take f = cos x, g =x’ 
Y,= x? cos{ +7 | '¢,2x00s| x+67 4 
Z 2 
*C,.2e0s{ 1+) 


2 
SO y7 22) >) eovage7o.| — 
2 2 2 


cos (2) + = x2 xX cos (37) 
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33. (1 —x*)y* = (sin'x)’ 
2sin"' x _ 


=> —2xy + (1 —-x’)2yy, = 2y 


l-x 
=> -xy + (1-x’)y, = 1 
=> (1 — x’)y, — 2xy, — xy, 7 ao 0 
=> (1-»x)y, —3xy,-y =0 ...(i) 
Differentiating (1); wert x, we get 
(1 —x*)y, — 2xy, — 3xy, —3y, —y, = 0 
(1 —x*)y, — (2 + 3)xy, — 4y, = 0 ...(il) 
Differentiating both side of (11) w.r.t. x, we get 
(1 — x’)y, — (2.2+3)xy, — 9y, = 0 
Similarly, differentiating n times, we obtain 
=x) yy .= Cn iy. = Ply, —0 
Now, putting x = 0, we gety ,, (0) =(n + 1) y (0). 
Ans. (c) 


Column-Matching 


34. Column-I 
6 


(i) If y = sin 2x, then a atx = = is equal to 
dx 2 
” dy , 
(i) Ifx =e@*°"-*, then — at x = 11s 
dx 


2 
(ii) If y = 20, x = 4¢, then ay at x = 1S 


dx? 
(iv) Ifx =’ + 3t—- 8, y =2f —2t — 5, then “ at 
x 

(2, —1) is 
Column-II 
(a) 0 

16 
byes 
(0) 343 

l 
C —s 
(c) 4 


(d) None of these 


Ans. (i) (a) (ai) (a) ~—s Gat) (©) ~— Gav) (b) 


; d 
Solution: (1) y = sin 2x = = 2 cos 2x 
bs 


2 3 
oo = 4 sin 2x <P = 8 cos 2x 
x xX 
4 5 
7° 16 sin 2x oyo-32 cos 2x and 
x x 
6 
<= 64 sin 2x 
x 
d°y We 
mS atx = 2 is = 0 ..Statement 1s false. 
be 


(ii) x= erte’ = ey +x 
l=e 142) =x ‘14 4 
dx dx 

yl, 
dx x 

dy 0 .. Statement is true. 
dx at x=] 

S,:y=2¢° x =4t 


Statement is false. 
5, Pr Ola Bn Vi 2b = 2b =5 


Cm ae Y _ 4y.9 
dt 

dy _4t-2 

dx 2t+3 

d’y _(2t+3)4—(4t—2)2 
dx” (21+3)” | 
dt —- 16 l 


SS ee ee 
dx (21 +3)” (2r +3) 


d*y 16 


dx’ (2443) 
When x = 2 and y = —1 then t = 2 


d*y 16 
— at (2,-1) is = 

> at 2, is == 
Column-I 


(i) If y = cos ‘(cosx) then y' at x = 5 is equal to 


l 
ii) The value of ——— Yi 3C_is 
( ) 39.7° » J 


OSi< j<8 

oe ae __f1+x 
(iii) The derivative of tan! **) atx = 1 is 

ae! 
(iv) The derivative of Lae atx =—l is 
x 

Column-II 
(a) —l 
(b) —1/2 
(c) 1/2 
(d) 1 
Ans. (1)—>(b), = (ul) > (a), 
(iii) >(c), Gvy—>@) 
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Solution: 
(ii) Let y tn'( **) 
(i) y =cos (cos x) l-x 
ee rere dy _ 1] A= x)- (1+ x)(-1) 
1-cos* x [sin x an ae 2 
1+(7**) (1- x) 
ae i 
OSi< [<8 ] 
iUi+}) g I Denne (1-x)+(l+xy = 
"git > ee “I~ 3997 dV +i); 
: ay 11 
We know that (1 + x)®=8C,+®C,x+®C,xt+...8C,x8 dela: 2 2 


Differentiating both sides, we get 


8 (1 +7)’= Oras 2 “Cx AS Cx: log | x| 
Multiplying both sides by x, we get (iv) Let y = —~— 
Bx. eS ee 2° es BC 
Differentiating both sides, we get [+ e x ah fiszix xi 
SCL x) ae xy) =" 2 Ce ns 8. °C, x! dy _\[x| x 
Putting x = 1, we get °C, + 2C,+...... °C, = 8 x 27 and a ne 
8C +228C +...+ 828C.=8 x 27+7 x 26 = 28 (23) 
: _ Putting x = —1, we get yy ap eh = 
_[26x23+27 xg]=1.23+16) _ 1 : ae ra 
y) 2 39 2 
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(d) None of these 


TUTORIAL EXERCISE 
SECTION-III 
ONLY ONE CORRECT ANSWER 7. If y =((tanx)""*)™ , then at x = 7 =o 
x 
-If y = sim!’ (x Jl- x + JX Jl-x’) and (a) 0 (b) 1 
dy _ l soft Aiea yas SeuAl tS (c) 2 (d) None of these 
dx 2,/x(1- x) 
(a) 0 (b) sin'x+c 8. If y= sin (Saas , then y'(0) is 
c) sin! Vx +c d) None of these Seen 
©) ) (a) 1 (b) 2 tana 
. The derivative of the function cot! [(cos 2x)]!”] at x = (c) 1/2 tana (d) sina 
/6 3 
im 5 ae ae 9. If f (1, 1) > R be a differentiable function with 
ae oo AO) =—1 and f(0) = 1. Let g(x) = [A2Ax) + 2)]° Then 
(c) (d) g'(0) is equal to 
. (a) 4 (b) 4 
—l _ Se as 
. If sin k= ax —VJa- ax |, ee a = (c) 0 (d) 2 
(a) ——_——— (b) sin /x sina 10. If f(x) = |x -2| + |x + 1| -x, then f(-10) is equal to 
sin Va—ax (a) —-3 (b) —2 
I (c) 1 (d) 0 
c) —= d) 0 
© srs (d) ‘ 
11. If x’ = e*-»”, then — is equal to 
dx 
. Ifx =2 log cottand y = tant + cot¢ then (sin2 a 1 2(1+ log x) 1+logx 
(a) cos*t (b) sin’ (2 + log x) (2+ log x) 
(c) cos 2¢ (d) 2cos’t 
2 2 (1 — log x) 
| (0) (¢) 
Tf yy” = [xt+vl+x°], then (1 + x’) y, + xy, is 2+ log x (2 + log x) 
cer 12. Let y be an implicit function of x defined by 
(a) m’y (b) my’ x* — 2x* cot y— 1 = 0. Then y' (1) equals 
(c) x’y’ (d) None of these (a) -1 (b) 1 
. If x2 e+ 2xye*+ 13 = 0, then dy /dx = (c) log2 (d) log2 
(a) - 2xe”* +2y (x + 1) 13. If y = (log... sin x) (log... cosx) + sin! >» then 
x(xe” a: 2) 
dy I 
— atx = — 1s equal to 
(by 282" +2 (x +1) sae 2 
x(xe”™* +2) @a) (b) 0 
_ (4 +70" ) 
() 2xe* *+2y(x41) 
O\ ee 
x(xe*” +2) () -7— (d) Not defined 
(4+2") 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Let f(x) = 27"! and o (x) = —2* + 2x log 2. If f(x) > o' 
(x), then 


(a) 0<x<1 (b) O<x<1 

(c) x<0 (d) x20 

If fix) = i) re where g 
2 | h (x) +h (-x) | 

and h are differentiable function, then /(0) is 

(a) 1 (b) 1/2 

(c) 3/2 (d) 0 


If y = sec | [cosec x] + cosec ! [sec x] + sin ! [cos x] + 


; d ; : 
cos” [sin x], then a for x in first quadrant is equal to 
Xx 


(a) 0 (b) 2 
(c) —2 (d) +4 
dy 


If y = cos (cos x), then — is 
dx 


(a) 1 in the whole plane 

(b) —1 in the whole plane 

(c) 1 in the 2™ and 3 quadrants. 
(d) —1 in the 3 and 4" quadrants. 


Find o , if x = 2 cos@ — cos26 and y = 2 sin®@ — sin20 
a 


30 30 

tan — b) —tan— 

(a) tan 5 (b) —tan 
30 30 

t= d) -—cot— 

(c) co - (d) —co 5 


The derivative of f(tan x) w.r.t g(sec x) at x = 
where f'(1) = 2 and g'(V2) = 4, is 


oe (b) V2 


(d) None of these 


If -(142)(142)(142] a [1+—) and x # QO, 
Xx Xx Xx Xx 


cas 
4 ? 


then yy when x = —1 is 

dx 
(a) n! (b) (n—-1)! 
(c) (-1)"(a— 1)! (d) (1)? n! 


If y = log’x, where log” means log log log .....(repeated 
dy 
n times), then x log x log’ x log’ x....log” |x log"x 7. 


is equal to 

(a) log x (b) x 

() (4) log'x 
logx 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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2 
Ifx=a(l + cos 0), y=a(0+sin 8), then 7 ¥ at 0 


a. dx” 
= —is 
2 
| l 
(a) —— (b) — 
a 
(c) —1 (d) —2 
me 
Ify = sin’ Bue ae , then ay is equal to 
13 dx 
(a) - ) 
l-x? l- x? 
x 
(c) (d) 
1-x? —x? 
—1 —1)(n-2 
If fx) = 1 + nx + nn Voie Xe ) 3 


+.....+ x", then /" (1) is equal to 

(a) n(n —1)2"' (b) (n— 1)2”"? 

(c) n(n — 1)2”? (d) n(n — 1)2” 
*y 


Let y = 7'°+ 1 andx =#+ 1, then 3 is equal to 
x 
5 
(a) 5! (b) 202° 
5 
Cc) —S d) None of these 
(c) fae (d) 


If f: R — R is an even function which is twice dif- 
ferentiable on R and f" (1) = 1, then (7) is equal to 


(a) —1 (b) 0 

(c) | (d) 2 

Plasma dy | ae 
ety —e. en pe dy 1S 

(a) 1 (b) e* 

(c) 2e% (d) -2e% 


If y = 2 sin! ViI-x + sin! 2,/x(1-x), then for 


x € (0,1/2) i 
dx 


2 l-x 
© Tims Te 
(c) rere) (d) zero 


Let fx) = A+ wu |x| + v|x’|, where A, uy, v are real 
constants. Then /"(0) exist if 

(a) w=0 (b) v=0 

(c) A=0 (d) w=Vv 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


If g is the inverse function of fand f(x) = sin x, then 
g(x) is 


(a) cosec ig(x)j (b) sin{g(x)} 


(c) - — (d) None of these 
sin{g(x)} 
Ifx = ne y = +o satisfies f(x). = 14+ y, 
t t 
then f(x) is 
2 2 
x x" +1 
a b 
@) 1+ x? ~? x? 
(0) x+= (4) x 
x 


If fix) = x + tan x and fis inverse of g, then g’(x) is 
equal to 


1 
l See 
= KD 
Tew ©  1-(g(x)-x) 
c) ee ee 
2+(g(x)-x) 2-(g(x)-x) 


If Sfx) + 3f (=| =x+2 andy =x f(x), then G3 
x x=1 
is equal to. 
(a) 14 (b) 7/8 
(c) 1 (d) None of these 
If y = Ae* +Be*'? satisfies the relation 
2 
Sy 4(e-2)2 2x*y=0, then find the value 
dx x) dx 
of 'k’. 
(a) 2 (b) 1 
(c) -3 (d) None of these 


2 
If y= lav? +14 invite +1 satisfies the 


relation ky = a + inf 2 , then find the value of '/’. 
Xx 


x 
(a) 2 
(c) 3 


If g(x) = (ax* + bx + c) sinx + (dx? + ex +f) cos x 
is such that g'(x) = x’ sinx., then find the values 
of a, b, c, d, e and f respectively. 

(a) 0, 2, 0, —-1, 0, 2 (b) 0, 2, 1,—-1, 0, 2 

(c) 0,2,0,-1,-1,2 (d) None of these 


If 2 f(x) +3 f(x) =x’*—--x + 1, then find the value 
of f" (1). 


(b) 1 
(d) None of these 


38. 


39. 


40. 


41. 


5 3 
a) — b) — 
(a) 7 (b) 5 
(c) 2 (d) None of these 
In a triangle if the sides a, b be constant and the base 


angles A and B vary, then = can be written as 
dB 


a’ —b* sin? A 


b? +a’ sin? B 


a’ —b’* sin? A 
b* —a’*sin* B 


(a) (b) 


a’ +b’ sin? A 
b* +a’ sin? B 


If f(x ) = 


(c) (d) None of these 


: l ES 1 
cos’ x+cosx+l cos’ x+3cosx+3 


tan” | + tan”! oSShew 
cos’ x+Scosx+7 cos’ x+7cosx+13 
+,... to n terms, then find /"(x). 


sin x sin x 
ee 
1+cos°x 1+(cos(x+n)) 
sin x sin x 
(b) 


1+ cos? x ee (cosx+n) 

sinx  ——sin(x +n -1) 
l+cos*x 1+cos?(x+n—-1) 
(d) None of these 


If a, b, c are the angles of a triangle such that sin B. 
sin C + sin C. sin A + sin A. sin B = k (where k is a 


aB 
constant), then or can be written as 


sin(C + A)+sin B(cos A+ cosC) 
sin(B + C)+sin A(cosC + cos B) 
sin(C — A)+sin B(cos A—cosC) 
sin(B — C)+sin A(cosC — cos B) 
(c) sin(C + A)+sin B(cos A —cosC) 

sin(B + C)+sin A(cosC — cos B) 
(d) None of these 


(a) 


(b) 


If y = sx, z = tx, s = sinx + cos x and t = sin x — cos x, 
x yp 2 

and it is also given that |x’ y’ z’|=kx’, then 
nytt ot 


find the value of '%’. 
(a) 2 
(c) 3 


(b) 1 
(d) None of these 
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SECTION-IV 


MORE THAN ONE CORRECT ANSWER 


. If f,(x)=log, (f¢41(x)) for all n < N and f, (x) =x, 


then ~{ Ff, (x)} 1s equal to 


(a) f,0) 7 aC x)} 


(b) $00.5. (0 
(c) f,)- Ff, @)---F, OL,O) 


@ []£@) 
i=l 
. Let f() = log,t. Then aif. va a 


(a) has a value 0 when x = 0 

(b) has a value of 0 when x = 1, x = 4/9 
2 

(c) has a value 76 46 


(d) has a differential coefficient C=) when x=e 
n 


. Ify = cos! 2x + cot'5x + sin! 2x + tan! 5x, then 
(a) y'\(0) =0 (b) ¥, = y, 
(C) V5 = Ye (d) y, =); 


. Let f(x) =e” sin (bx +c) and f'"(x) =r’e™ sin(bx + 0) 


then 
(a) r=a+b 


(b) r=Va7 +b? 
(c) O=ct 2tan™! (= 
a 


(d) 0=2a ta( 


a 


. If y = tan x tan 2x tan 3x, then o has the value 
equal to 


(a) 3 sec’ 3x tanx tan 2x + sec’x tan 2x tan 3x + 2sec? 
2x tan3 x tan x 


(b) 2y (cosec 2x + 2cosec 4x + 3cosec 6x) 
(c) 3sec* 3x — 2sec* 2x — sec? x 
(d) sec*x + 2sec? 2x + 3sec? 3x 


(secx + tan x) 
= —————— , then — is 
(secx—tan x) ° dx 
(a) 2 sec x [sec x + tan x]? 
(b) 2 cos? x (1 + sin x)’ 
(c) 2 sec x [sec x — tan x]? 
(d) 2 sec? x (1 + sin x) 


. Let f(x) =x", n being a non-negative integer, the value 


of n for which the equality f(a + b) = f(a) + f(b) is 
valid for all a, b > 01s. 

(a) 0 (b) 1 

(c) 2 (d) None of these 


. Let f(x) = (ax + Db) cosx + (cx + d) sin x and 


f(x) =x cos x be an identity in x, then 
(a) a=0 (b) b=1 
(c) c=1 (d) d=0 


. If 1 is a twice repeated root of the equation 


ax? + bx? + bx + d =0, then. 
(a) a=b=d (b) a+b=0 
(c) b+d=0 (d) a=d 


. Which of the following statements is/are correct? 


(a) If f(x) = |x — then f(f(x))' = 1 for x > 20 
(b) I Gaara a, , then fy =2 
(c) If f0) = a, f(0) = 5, g(0) = O and 


(fog)'(0) = c, then g'(0) = ; 


(d) Differential coefficient of 2tan”'x w.r.t sin”! 


1. +x 
atx = — 1s l 
2 


. Which of the following statements is/are correct? 


(a) The differential coefficient of flog x), where 


fix) = log x 1s 
x log 


x 
dy ; 

(b) If y = logx’*, then om = log (ex); base of log is e 
x 


(c) Differential coefficient of log,,x w.rt. log 10 
(log x)" 
~ (log10)? 

(d) If g is the inverse function of f and f(x) is sin x, 


ae 1 
then g(x) sin(e@) 
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SECTION-V 


ASSERTION AND REASON 


. A: Let f: [0, 0) — [0, o], be a function defined by 


y = f(x) = x’, then (£ Fy =] 


x? | | dy? 
R: (2). a =] 
dx dy 


. A: Let f(x) be a polynomial function satisfying f(x). f 
(=| = fix) +f (=| . If f(4) = 65 and J, L, 1, are 
in G.P., then f(/,), f(Z,), f(,), are also in G.P. 

R: f(x) =x" +1 


. A: If f(x) = (cos x + 7 sin x) (cos 2x + i sin 2x) (cos 


3x + isin 3x)....... (cos nx + i sin nx) and f(1) = 1 
2 
then /"(1) is equal to (aa) 


R: fox) = cos) x +isin a 


. A: If the parametric equation of a curve is given by 


x =cos@ + log tan 0/2 and y = sinO, then the points 
2 


for which > = 0 are given by 98 = nz, n € Z. 
x 
d“y  sin@ 


. A: Fone 20 (In |x|) = ae 
dx x 


R: For x <0, |x| =-x 


SECTION-VI 


COMPREHENSION 


: In certain problem the differentiation of (f(x). g(x)) ap- 


pears. One student commits mistake and differentiates 

df d ; 

as oa but he gets correct result if f(x) = x° and 
x dx 


g(x) is a decreasing function for which g(0) = 1/3 
. The function g(x) is 


(a) : 


3 
- a a 
9 27 
on ia dy 
) (x-3) 


. Derivate of {f(x-3). g(x)} with respect to x 
at x = 100 is 

(a) 0 (b) 1 

(c) -1 (d) 2 

Him L28O win be 

x90 x(1+ g(x) 

(a) 0 

(b) -1 

(c) 1 

(d) 2 


Lif D* fe) = tim @t)-se) 


. Ifu = fx), v = g(x), then the value of D* {#| IS. 


where 
h0 h 


PX) = eo}? 
On the basis of above information, answer the follow- 
ing questions: 


. Ifu = f(x), v = g(x), then the value of D* (uv) 1s. 


(a) (D*u) v = (D* v) u 
(b) wD* v + v? D*u 
(c) D*¥u + D*v 
(d) uvD* (u + v) 
u 


u°-D*vy—v’*D*y uD*v—-vD*u 


a) ————_———_ (b 
(a) A (b) 2 
2 2 

veD*u-u' D*v vD*-uD*v 

o): -——_,, 1): 
Vv Vv 
. D* (tan x) is equal to 

(a) sec? x (b) 2 sec? x 


(c) tan x sec? x (d) 2 tan x sec’x 


. The value of D* at the point on the curve y = f(x) such 


that tangent to it are parallel to x-axis, then. 


10. 


11. 


(a) fix) 
(c) 2f(x) 


(b) zero 
(d) xf (x) 


. The value of D* c, where c is constant is. 


(a) non-zero constant 
(b) 2 constant 

(c) does not exist 

(d) zero 


: The successive derivative of certain functions follow 


a pattern. We can find the derivative of any order by 
following this pattern. Methods of induction can also 
be used in finding nth derivative of functions. 


. The n™ derivative of log x must be. 


_yr-ly,, _4\n 
(a) (-]) x I)! (b) ( zi 
x x 
yn = _yn-l _ 
(c) (—1) e 1)! (a) (-1) hi 1)! 
x x 
The fifth derivative of + must be 
1-5x+6x 
(a) 0 
(b) 120 


(1—5x+6x7)°® 
5 5 
(c) 120 Se 
b=3x. t=-2x 


(d) 120 


6 76 
(1-3x)® (1-2x)° | 


If n leaves remainder 3 when divided by 4, then value 
of n" derivative of tan! x at x = 0 must be. 

(a) 0 (b) n! 

(c) (n—1)! (d) -—™—1)! 


: If y is a differentiable function of x and let dy be 


increment in y for a small increment dx in x then we 
Oy _dy 


know that lim —=-—. For small values of 5x, we 
6x0 OX dx 
Oy _ ay 


must have —=— 


dy 
approximately or dy = — &x. 
Ox dx Pprox y ” dx - 


At times 6x is called an absolute ee is called 
x 


relative error and 100 2% is called percentage error. 
x 


12. 


13; 


14. 


15. 


16. 


Method of Differentiation < 3.113 


Given log, 4 = 1.3863 then log, 4.01 must be approxi- 
mately equal to. 
(a) 1.3963 
(c) 1.3888 


(b) 1.3763 
(d) None of these 


If there is an error of 2 per cent in measurement 
of /, then the error in measurement of 7; where T = 27 


fe must be. 
& 


(a) 0.5% (b) 0.2% 
(c) 0.3% (d) 1% 
If A is the area of triangle ABC and suppose a 


small error occurs in measurement of C, then dA is 
given by 


(a) zal + ae |b 
4 |s 


s—b 
5 era ard i 
s-b s-c 


| -t+-S 
+ 


S SQ 


(d) None of these 


When higher order derivatives are required in implicit 
cases, there are many computational difficulties we 
may come across. Non standard methods may work 
out in such situations. 


2 
Ifs =1+t¢. e, then a iS. 
t 
4 2s Ss 
(a) (3 ai (b) e'(e a 
(2-s) (2-s) 
325 
(c) Gos) es (d) None of these 
—s§ 
d° y 
Ifx? + y =r’, then a is equal to 
x 
2 2 
(a) 3r = (b) = 
y y 
~3r°x 3r>x 
(c) —; (d) -—; 
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1. 


SECTION-VII 


COLUMN-MATCHING 


Column-A 
(1) The function y defined by the equation xy — log 
y = 1 satisfies x(vy" + y”) — y" + k yy' = 0. 
The value of k is 
(11) If the function y(x) represented by x = sin £ 


NM 
y= ae? + be™?, t -(-2.2) satisfies the 


equation (1 — x’)y" — xy' = ky, then k is equal to 

(iil) Let F(x) = f(x) g(x) A(x) for all real x, where 
f(x), g(x) and h(x) are differentiable functions. 
At some point x,, if F'(,) = 21 F(x,), f(,) = 4 
Kx,), B'(X%)) = —7g(x,) and h'(x,) = kh(x,), then 
k is equal to 

(iv) Let f(x) = x”, n being a non-negative integer. The 
number of values of n for which the equality 
f(a + b) =f(a) + f(6) 1s valid for all, a, b > 0, 1s. 


2. Column-A 


(1) The derivative of f(tan x) w.r.t. g(sec x) at x = : 


where f‘(1) = 2 and g'(V2) = 4, is. 


(ii) Let y = x° — 8x + 7 and x = f(0). to = 2 and 


x =3 att =0, then f(f) at t = O is 
(iii) Let f(x) = sin x, g(x) = 2x and h(x) = cos x. If 
6(x) = [go (fh)] (x), then o" (=) is equal to 


(iv) Iff{x) = cos*x + cos? » + =) + sin x inl +3 


and (| = 3, then (g o f) (x) is equal to 


Column-B 
(a) 3 (b) 4 
2 1 
(c) 10 (d) Va 


SECTION-VIII 


Column-B 
(a) 24 (b) 2 
(c) 4 (d) 3 
INTEGER TYPE 


The derivatives of sec] 
1 . 
V1—x’ at x=—,1S 
2 


If fand g are two functions having derivative of order 
three for all x satisfying f(x) g(x) = C (constant) and 


J gd Bg OB" 


with respect to 
2x? | 


= (). Then A is equal to 


ce sw -e 
y >,.f% sint _. ay k sin x? 

If | cost at| —dt, and if — = oe then 
0 0 ¢ dx  xcosy 


find the value of k. 


: 2 
If tf (t)dt = sinx - xcosx—— for all x e R —- 


{0}, and if the value of (2) is given by —_ , then 
k 


find the value of k. 


x? 


. if y = sin! of , then find the value of (xy')/ 


2 
2 
n=] 4 
2 e 


2 32 
If (2) +22 =k, then find the value of k 
dy~ \ dx dx 


. Ify = (cot’x)’, and given that y, (x? + 1)°+ 2x @’+ 1) 


y, =k where y, and y, respectively represents the first 
and the second order derivative of y w.r.t x, then find 
the value of k. 
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SECTION-—III 


1. (b) 2. (a) 3. (c) 4. (d) 5. (a) 6. (a) 7. (c) 8. (d) 9. (b) 10. (a) 
11. (a) 12. (a) 13. (a) 14. (c) 15. (d) 16. (d) 17. (d) 18. (a) 19. (a) 20. (c) 
21. (d) 22. (a) 23. (b) 24. (c) 25. (c) 26. (c) 27. (d) 28. (d) 29. (a) 30. (a) 
31. (d) 32. (c) 33. (b) 34. (c) 35. (a) 36. (a) 37. (c) 38. (b) 39. (b) 40. (b) 
41. (a) 

SECTION-IV 
1. (a,c,d) 2.(b,c,d) 3. (a,b,c,d) 4. (b,c) 5. (a,b,c) 6. (a,d) 7. (a,c) 8. (a,b,c,d) 
9. (b,c) 10. (a,b,c,d) 11. (a,b,c,d) 

SECTION-V 
1. (d) 2. (a) 3. (c) 4. (a) 5. (d) 

SECTION-VI 

1. (c) 2. (a) 3. (a) 4. (b) 5. (c) 6. (d) 7. (b) 8. (d) 9, (d) 10. (d) 
11. (d) 12. (c) 13. (d) 14. (a) 15. (b) 16. (b) 


SECTION-VII 


1. (i) — (d) 
2. (i) — (d) 


(il) — (6) 
(il) + (C) 


(iii) — (a) 
(iii) > (b) 


(iv) — (b) 
(iv) — (a) 


SECTION-VIII 


1. 4 2.3 3.2 4. 2 5. —4 6. 0 13 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) “. (a) F(n) = F(n + 1) and 
(b) F(v) = F(n + 2)=c 


5 9846 P33 g!8ras(x+1)° 


20 20 20 20 
ae A4gts2* _»_] (c) LF) gs and DF Ga=l) =e = 200 
x4 —(x+1) 20 20 

=> y= SS = -b= 

a eae => LF) Ze 1) =20c 
=> yoxrtxs tl 

d) FO) =FQ2)=FG)=...=c 

= OY 545 a= (Given) Co a aka 

dx = They form G.P. (constant G.P.) 


=> a= l1andb=-1 5 3 5 
4. Let ftx) = ata and g(x) = — 


2. Ify=e' f(x) q 7 
By product rule, we get < = & f(x) + ex f(x) aN a = aa es ere | = (x) - = 
ix x 
= e(f(x) +f) 
@ =e (w.2-2) by he gueion 2, ds 
> x-1>0 
=> y=e log x- — > x€(¢~,-1)U(l, ~) 
x 
dy 1 1 1 1 5. fix) = x°9(x); g(2) = 3; g'(2) = 1 (given) 
=> pha tog. x41 )-e (+-5}- e108 2) => f(x) = 3x g(x) +x g'(x) 
i es : => f(2)= 12 g(2) + 82'(2) 
(ii) y = e* (tan x + cos x) = 12.(3) + 8.1) = 36 + 8 = 44 
y=e' tanx + ex cos x 
d 
= = = e (tan x + sec’ x) + ex (cos x — sin x) TEXTUAL EXERCISE—1: (OBJECTIVE) 
dy _ ; 
=> rs = e* (tan x + sec? x + cos x — sin x) Gy aan 
(iii) y = e* + sin x) = oye (1 — 2 tan x) (4 cos x) + (5 + 4 sin x) (-2 sec? x) 
y=ex + ex.sin x dx ; 
dy =4cosx (1 —2 tan x) —2 sec? x (5+ 4 sin x) 
=> hk = & (x° + 3x’) + ex (sin x + cos x) = 4 cos x (1 —2 tan x) — 2 sec? x (5 + 4 sin x) 
= e* (x7 + 3x’ + sin x + cos x) eer sin x 
3, 4{£@))_f@s®-f@s'® ane 
" dx\ 9(x) (g(x)) dy cos.x(1+ tan x)—sin x(sec” x) 
=> SSS SF 
' dx (1+ tan x) 
Mistaken formula, S( oe 2 Be CAC) bee M03 3563) (8 (x) 
dx\ g(x) (g(x)) _ cosx+sin x—secxtan x 
By the question f(x) g(x) — f(x).2'(x) = 2’(x) Ax) —f(x).g@) (1 + tan x) 
=> 2g'(x) Ax) = 2f(x).g@) | apes) 
' ‘ cosx+sinx—sinx{1+ tan" x 
=> f{x).2¢(x) =/(@) g(x) > sO) 7) S$ 
g(x) f(x) (1+ tan x) 
=> In g(x) = ln f(x) + Inc 
=> g(x) =cf(x) (cosx+ sin x—sin x—sin x.tan’ x) 
= 2 
= f(x) = f(x) = C= Constant (1+ tan x) 
g(x) ax) hicaaied 
cosx({1l—tan x 
=> F(n)= TO) = C = Constant a 


g(x) (1+ tan x) 


3. (a) f(x) =cos x.cos 2x.cos 4x.cos 8x.cos 16 x 


Multiply and divide by 2 sin x, we get f(x) 
ss S EOS ECON USE EOSIN 

2sin x 
es cee or 


4sin x 
_ sin8x.cos8x.cosl6x _ sinl6x.cosl6x — sin32x 


16sin x 32sinx 


1 (2 x.32.cos32x—sin szsots) 


(sin x) 


1 1 
—=.32.cos8z —sin8z.—= 
5; ee, 7 . 
1 
2 


l ] 


4. (b) y= ———— 
DY 1 Ley eye eee ye 


Sy a oe eel 


xt xe tex xP xt” 


x? -2x+2 
dy 7 4x? (x? —2x+2)-—(x* +.4)(2x-2) 
dx (x? -2x+2Y 


dy | Ax? —8x" +8x° —2x° + 2x" —8x +8 
dx (x? —2x+2)° 


_ 2x° —6x* +8x° —8x+8 
(x? -2x+2) 


Putting x = 1/2, we get (+) =3 
x=1/2 


x 
y=tan"! je =) 


Xx 


. (b) 


- dy _ c V1+x 
2 2 
x 
1 


= ———— = y (x) (Derivative function) 
2/(1+ x’) 


1 
= y=, 


10. 


. (b) y= 


| | | 
f+m \y-¢ mtn \o_m nt+€ \in-n 
. (b) | x" oe = ei 
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cos6x + 6cos4x+15cos2x +10 


cos5x+5cos3x+10cosx 
Rewriting it as 
7 cos5x+5cos3x+10cosx 


_ 2008 x.cos5x + 5.2.cos3x.cosx +2.10cos* x 
cos5x+5cos3x+10cosx 


Taking 2 cos x common from the numerator, we get 


_ 2cosx(cos5x +5cos3x+10cos x) 
cos5x+5cos3x+10cosx 


dy _ 


=> y=2cosx => — =-2sinx 


(£+m) m+n n+é 


which is equal to Ce ee) 


em? +m? -n? +n? -27 


_ rm) _ 0 


> y=l 


- (a), (b), (©) 


=> f(x)= =a = 4 x 
_ xifx>2 
Se POU) see lenis 
va |b xe (2,0) 
= Ae ae 


(b) Kx) = xa ~ byb(a~b) x xb + )— cb + 0) x xele + a) — ala +¢) 


=> fx) os xt tab-ab—b x apo the be-c? x xo tacna? ac 

2_p2 pie = 
=> ftx)= x7 xx’ xx ™ 
> fx)=x°=1 


=> f(x)=0 


. (a) y=(1+x) (1 +27)... (14x") 


Sle eo eae 


2" (2"41) 
-[texee txrt..tx 2 


=> < = 14204327 +....4274(2" +1)x7 OO 
x 


=> (+) =] 
dx x=0 


cos 6x + cos4x + 5cos4x + 5cos2x +10(1+cos 2x) 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


= 3(2x+3)-(3x-2)(2 
1 @ f= 2 = A laa ee aa 
_ 6x+9-6x4+4 
=> f(x) = ——————_ 
(2x +3) 
= 13 
> JO" Grp 


(ii) f(x) = fn Bx? + 4) 
Using chain rule, we get 
a(f@)) ot 4 (3 +4) = ae 
dx (3x? +4) dx 3x° +4 
(iii) f(x) = sin’(x’) 


which can be written as f(x) = [sin (x”)]}’ 


d 
oh = 2 (sin (x’)).cos (x’).2x 
% 
= 4x.sin(x’).cos (x’) = 2x.sin (2x’) 
(iv) f(x) = x 
Let y= x* 
=> Iny=x'Inx 2 
ae Il dy x 
Differentiating both sides w.r.t. x, we get —.—— = — + 2xlnx 
1 dy yd x 
—— =x(1+4nx) 
y dx 


> o x" "(14 nx’ ) 


(v) Ax) = (ax + by” 


=> HO) n(ax + b)"1a 
dx 
oo) = an(ax + b)*! 
dx 


(vi) f(x) =x? cos x 


ee oe — 


(vii) f(x) = pa 
af (x) (se 
dx 


=—x’ sin x + 2x cos x = x(2 cos x — xsin x) 


1/2 
Cc ) .secx.tanx 


_ secx.tanx — Vsecx.tanx 


7 2 sec x 7 2 
(viii) f(x) = cos (€n x) 


Cs ae eee 1 
a f'(x)= sin (énx)— 


—sin (£nx) 


=> f@= 
(ix) f= (tan Vx 


TA) - $'(x)=se0" Ve ox -1/2 


= f(x) = an 


2. y=cos" (8x* — 8x* + 1) 
> -1<8*-8’+1<1 


=> 8x*- 8x°+22>0 and 8x*- 8x’ <0 


=> 4x4- 4%°+12>0 and xe [-1, 
=> (2x°?-1)2>0 and xe[-], 1] 
=> xe[-l, 1] 


I] 


d 
= dy _ ~<,, (8x* 8x? +1) 
a i-(8x* -8x? +1) 
_ w_ —(32x° -16x) 
dx ,(2+8x* —8x7)(8x? -8x*) 
— 7s 
_ #_ 16x(2x? -1) 


—16x(2x" -1) l-x 


7 A|x||2x? -I|v1 — x? 


ia (2V2x*-/2) 8x? (1-x?) 


for xe 
[=x 
By, Oe 
dx f=" | eee 
=> an : 0 
dx /J—x? 
= as : =0 for xe s0}u Hy 
ax 1-x? 2 2 


dx (l1—x’) 
Vi-x? \WI-# 
= 4 sin”' x ‘ x’ sin x _ Xx 
1-x? hx (l-x’y”? 1l— x’ 
— (i-x’)sinx+x’sin?x sin’ x 
a a —x?)3? 7 (l—x? Nee 
4. fix) = |xl/sin* 
ae 5x € (0,7) 
aes f(x) = —sin x 
(—x) ;x €(—7,0) 


> fx)=Cysinr 5x <0 


and 
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Taking log on both sides, we get £n f(x) = €n [(—xysin*] (ii) y = €n {cot (ax + 3)} 
eee | dy nat) Nise 
1 df(x)_ =sinx = w. a5 


YX =_ eos x Ln (—x) + dx cot ( @e*#3 14 ge) : 
f(x) d(x) (2) oon 
—Séna (ay" 


omg oacr arty 


(iii) y = cos” 


V/V2 
— 4) v2 5,4 22 dy —] cree “V2 9 
4 22a" => eee 5 (tan) sec’ x 
l-ev 
5 ya NG 4K +Vat =x? i: eae 
- V eg oe Ze dy _ —l.sec X.€ 
dx 2.Jtanx V1- e2vianx 
8 
Put x’ =a’ cos26;26 € 0.2 (iv) y = [€n{€n(sin x°)}]" 
6 
“0 
cos@ + sind 1+tan@ dy 7( tn(¢n(sin x ))) { 1 
= ——_—_—_§£ > y= => GT OSX |= 
cos@—sin@ 1—tand dx én(sin x )sin x 180 
= “a dy 7x  cotx® 
> y=tan( 29 | => kid Ao Ln(€n (sin x° )}]6. ———— 
4 dx 180 eae yi] énsinx°® 
= a+bcosx 
=> oy -sec'(=+9|-—> (v) y= sin’ eebeese | b> a 
cos'( “+0 
4 , w_ 1 (o*Pens= 
ee dx is ates b+acosx 
1+cos| ~ +26 1-sin2@ x2) b+acosx 
2 1-,/l- 9 
a 


b+acosx 
=2a’ Wee 
een eee b* —a° .sinx 
2 7 pease, ee leste ee 


dé x —xa —Xx 
eo ae a sin20 ala aa J (b+ acosx) 
dx a’sin20 g@Jgt_x! ae 
ae 
dy _ dy dé _ 2a’x = dy (b* —a‘)sinx 


ar a8" as ahaa (a Vo) en 
dy —Vb’-a’ 


a 


6. i) y= 1+sinx dx (b+acosx) 
l—sinx (sin (2 ))? 
; 212 (vi) y= e 
ds +(e) raters sesh et 
dx f+ sin x ‘2 \-sinx dx \1-sinx dy © 5 (sin (x ) 
=> 2 
1—-sinx dx 1-x* 
Let us consider f(s sin (x?) 
dx\1—sinx = dy _ old 
: ; d. -1f 2 _ 4 
_ (1-sinx)cosx+(1+sinx)cos x ~  4/sin (x I-x 
(1-sin x) (vii) y = tan (ax) 
2cosx => o sec’(a"*).a"* Lna. =| 
(1—-sinx)’ if . 
dy dy —sec’(a'*).a"” tna 
Hence the expression for — becomes = eee 
dx dx x? 
dy __\-sinx 2COSxX COS X = a 4e2* 
dx 2(1+sinx) (1—sinx) (1+ sin x)(1—sin x) (vili) y = oF eo 
-4x 
cosx _ cosx 1 sgn m _ l+e 


l-sin’x cos’x cosx yl 
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dy (l-e**)(-4e**)-(1+e*)4e* , P_ 1 (2 +2sin 20) 
ee (1 _ ets ) do eee (cos20) 
(cos 20) 
a —4e“* + 4e** — 4e** —4e™ a —8e** es 
(Ie) (Ie) > 76 
_g By the substitution x” = a? cos 20 
= = 2 
(e* =e y => cos 20= = => —2sin 20= = a 
; a "dO 
aa x 2x dx 
= x => -2},/l-—— |=—— 
(ix) y COs l : a’ a’ d@ 
x+— 
dé x x 
x] oat ge i 2 See 
=> y=cos! dx a’ —-x a’ —x 
x +1 ae 
, DL —1 x?-1) ~~ Y_yd__ x 
dx (a x +1 dx d@ dx a’ —x'* 
|= , Sax 
x +1 (xi) y = tan’! ( 5 <) 
ee | (x +1)(2x)—(x? —1)(2x) dy ] Sax \, 
But | ~ 2 ax 5 a’ —6x° 
x +1 (x? +1) 1 ( ax 
’ ; a’ —6x° 
2 +1-x° +1 
= pula =) ne Bur (34% \— 5a(a? = 6x") + Sax(12x) 
(x? +1) (x? +1) a6) (a —6x*? 
_ Sa(a*—6x? +12x") _ Sa(a* +6x") 
(a’ —6x’) (a’ —6x°) 
= dy = (a? —6x") : 5a(a’ + 6x’) 
dx (a°—6x’)’+25a°x? (a? - 6x”) 
i ‘ dy Sa(a’ + 6x") 
Hence the overall derivative becomes “ = —_—.—_* 5 dx a’ +36x* —12a*x* +25a’x* 
dx 2x le + 1) 5 ; 
= Jee +1 = dy__Sa(a’ + 6x") 


l+x° = hr dx a*+36x* +13a’x’ 
(x) y=tan! EN see d Z 3 
= a a 
Va +x? -Va?-x > 2- 7 


dx a’ +4x? a? +9x? 
2 — 72 
Let x a* cos 20 7, (i) — 5x23 — 3x52 4+ Dx 3 


P| roe 2 3 1 
= tae ee eae 52.51 35 7g 4 10 GN an _ a 
Va’ +a’ cos2@ —Va’? —a’ cos20 aa ge 2 3 2 


z = 
ee V¥1+cos20 + 1—cos20 Bree (ee) =O 2 > xx-— 
V1+cos20-—~1—cos20 cos20 


(iy seco 
dy | 1 (Hs) sin x —cosx 
ee 1+(tesn22) cos20 = dy_(sinx—cosx)(cosx—sin x) ~(sin:x+.c0sx)(c0s.x+sinx) 
cos 20 dx (sin x—cos x) 
a = ¢-_=_, 
"\ cos26 (cos20) (sin x —cos x) 


(iii) y = (x? + 1) tan (x) 
_ 2cos'20+2sin20+2sin' 26 _ 2+2sin20 


pce ac dy ; 1 
(cos20) (cos20) => a. 2x.tan™ x+(x? + v( 45) 


= < = 1+ 2x tan! x = 1+ 2x (arc tan x) 
X 
(By product rule) 
: e*+sinx 
(iv) y= —.—— 
e”.x 


dy_ xe” (e” + cos x] — (e” +sin x).(e + xe") 
dx (e*x) 


_ xe** +xcosxe* —e”* — xe” —e* sinx — xe* sinx 


_ —S 

(ex) 

_ xcosx—e* —sinx—xsinx 
x’ .e 

x(cosx—sinx)—sinx-e" 


x’. 


(vi) y= (sin? x) +sec’ x 

=> ae (sin? x) .2 sin x.cos x + 2 sec x.sec x.tan x 
dx 3 

dy__2cosx | 2sinx 

dx 3(sin x)" cos’ x 

(vii) y= V2e%+2*% +1 4+0n5x 
a —(2e* +2" +1)" (2e* +2'bn2)+5éntx— 
dx 3 x 


: (2e* 2 n2) Slog 4 


3(2 742% +1) 
(viii) y= yxtayx+vx => i =x2+ Vx+vx 
=> yix=yxtvx 


=> y~t+x-Iyrxaxt vx 
Differentiating the entire equation, we get 


dy dy l 
2 Lata oe 2y° —4 x=1+ 
Vx y are 


= © (Oy — Ayx) + 2x2" = 1+ ike: 
x 


2x 


l 
1+—=-2x+2y’ 
_, B__ wx if 
dx 2y—4yx 
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1 
14+——-2x42x42Vx4 Vx 
es. Se |e a 
2x+yxtVx 1-2x 
ioe +x 
1 2x 


, 2x+2 xt+Vx4 


1 
tp 


2x+vxtvVx 1— 2x 


l i 1/2 
8. y=( id 
l-e* 


dy 1(1+e")” ((1—e*)(e") + (1+ e*e*) 
(l—e*)’ 


e* —e* +e* +e" 


(ey 


_ Wd+e*y "et" 
(I-e*) (l-e*) ’(l-e’y 


- (l—e*)(1-e”*)"” 
= log, sin x’ +(sinx”)™* .(1) 
x41 ...(2) 


_|n sin x? 
Inx 


du (In ye ae) In(sin x? )= — 
dx er x) 


Inx 


-y=(sinx’) 


cos x’ 


_ 2x’ cot x” Inx —Insin x” 
x(In x)’ 
v =(sinx’)"* ...(3) 
Inv = (Inx)(sinx’) 
1 dv 


—— = (In x)(2x)cos x’ + (sin x *)- 
v ax 


dv 2x? cos x’ Inx + sin x” 
oY (Siig ne) ee 
dx x 


dy _ du dv dz 1 


+— ——— and 
dx dx dx’dx 2Wx+l1 
2 (ae 
dy _ dx _\dx d& 


dz dz dz 
dx dx 


3.122 > Method of Differentiation 


2x’ cot x” Inx—Insin x’ +(sin2)™ 2 cot? Inx+sin x? | 


x(In x)’ x 
(2v x+] ip 
_ 2x41} (Inx)’(sin.x*)"* (2x? cot x* In x + sin x’) 
2(In x)” | +2x? In x(cot x”) — In(sin x”) 


xX 


21+ x? 
jae 


Consider f= tan” and tan"!x = y 


—I 0 
=> x=tany and ye} —,— 


as pga (AE yr- ile [Hees 


tan y sin y 
21 
2sin°— y sin—y 
= tan ! ae = tan ! 
2sin— y.cos cos— 
57 5” y 
= tan tan( > = ay 
2” 2 
1 
Se a (oo) a 9 (i) 
pi 
1+ (1+x?) 
Consider g = cos | ,;, —~——————- 
2v14 x? 


Again, Let tan"'x = y 


9 
=> x=tany and ye] —,— 
y y (= ) 


1+ (1+ tan’ y) 


l+secy 
-1 
21+ tan’ y f 2sec y 
= cos! l+cosy — cos! (cos = z 
\ 2 2) 2 


=> g=cos! 


Sn a er (ii) 
df 1 7 dg 1 

By (1), we get —=— and By (11), we get —=— 

y (1), we g dy 2 y (11), we g yD 
Gf _ oD _ 
dg dy dg 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. (a) y=e*.sin 3x 


=> a ie e™.(cos 3x.3) + (sin 3x .2.e’x) = e* (3 cos 3x + 2 


sin 3x) 


- (a), (db) y= 


= fx) = tan! | == 
(a) y = fx) = tan , (ae 


- (b) y = log, (log, (x)) 


dy l 1 1 
—<—= log, e.—log, e= ——— 
dx log,x x xInxIn2 


. (b), (c) y= e cos? x. sin’ x 


dy _,| cos’ xsin* x + cos’ x(2sin xcos x) 
dx +sin’ x.3cos’ x(—sin x) 


(-[eF]=e'(F@)+ F'0))) 


= e* cos’ x.sin? x (1 —3 tan x + 2 cot x) 


. (a) y=cosec (1 + x’) 


= By —cosec (1 + x’) cot (1 + x’).2x =—2x cosec (1 + x’) 


cot (1 + x’) 


sin x—cosx 
dy _—(cosx+sinx) _ —(cos x + sin x) 
_ —(cosx +sin x) 


~— (1-sin2x) 


. (a) y=cos (log x) 


—sin (log x) 
x 


=> o- -sin (logx) — 


- (a) fx) = 2-1) 


y = f(x’) 


oy F(x") 5, =f(").2x|_, =f(1).2=(20)- 1)'?.2=2 
dx dx . 


~ dd) f’)=xX Vx>0 


Differentiation on both sides, we get f'(x).2x = 3x? 


om 3(16) 
2 


= Jf )= ar Zn => fil6)= = 24 


V1t+x7 +V¥1-x7 


; clearly O<x’?< 1 


Let 20 = cos !x? =S/ ee 0,2 | and cos20 = x? 


a iia V1+cos26 +V1—cos20 
V1+cos2@ —Vl-—cos26 


_ (costs | - : Gait 
= tan! tan” | ————— 
cos@—sin@ 1—tand 


oie 


= tan ! (= 


2x-1 ; 
10. (b) y=f (2) and f(x) = sin x 


11. 


12. 


2. (25) ee 
dx x41) \ x7 41 


(2) 1 (x > +1)2 
= sin 
x’ +1 
1 


—(2x- (x° +1)2-(2x-1)(2x) 


*+1) 


ae 2x ce ae +2x 


aE 1 

= sin 

x’ + (x +1) 

_ sin( 25 aa 2x? ee 
x +] (x 41) 


(c) fx) =2 tan'x + sin! ( 2, 


1+x 


est J2% 
sin 5 
1+x 


, : no agt. 22x 
Since, 2tan™' x =4-sin™'| —— | for x21 
l+x 


for x €[-1,1] 


asin" | 2) for x 
l+x 

5 aforx>1 
=> f(s) =2tan-'x+ sin" ( =)- —zforx <-1 


A4tan™' x for x €[-1,1] 


=> f(x) =0 for x € (-«, -1) U (1, ©) and T=, 
for x € (-1,1) 


(a) tan! femee ;x € (-o, -1) UCL, ») 
x-1 


dy | 1 (x-D@-@+)@ |, (4) 
Wide (x-1) “9 x-1 
x-l 
(ea) ee aad 
~\y-lextl) | (x-2? | 2b x41 
me a -1 (= = -1 (= 
(x-1) J x41 ~ 2x(x-1) xt] 
eee x-l 
~ 2x(x-1 V(x +1 
Case (i): forx-—1>0;x>1 
=> x>-l => x+1>0 


dl 


x-l —] 
dx 2\x|Vx-1|Vx+1 sae Tt )- 2 |x]? =1 


Case (ii): forx —1<0;x< 1 


> x<-l = x+1<0 
dy -il y¥r@-) _ 1 yo) 


dx 2x(x-1) ./-(x +1) ~ 2x[-(x-D] (x- Dn] J—(x +1) 


) 


Method of Differentiation < 3.123 


bh _.. 
mere ) V-@+D Se PA — gr — 
From (1) and (i), 2 
arr nr — 
13. (a) y=sec(tan' x) 
dy sec( tan”! x)tan( tan‘ x) x1 + x? x 
dx 1+x° 7 (1+ x7) * epg? 
Ge)..J 
dx x=] V2 
14. (c) y=tan' — 
1+2(27*) 
ee 2(2*)—2* -1 x -1 x 
=> y=tan'|——~— |= tan"'(2.2*) tan'(2 
pe hoa a ey, SEY 
y =tan7'(2**')— tan '(2") 
o —_ : a i = 2 2°. In2 
dx 1+(2) 1+(2*) 
= 1d ym2—1in2 
5 2 
= in2{ 2-7) ina $5) -— ina 
>) 2 10 10 
15. (d) y= 2sin' V1—x+sin (2 x(1 OE re|0.>| 
Differentiating both sides, we get 
dy 2 1 -1/2 
— = .-—(1-x) «-l) 
a ies 2 
L.(x(l—x) 
AO _ Gs 
( /i-4(xa-)) 
_f1_ -1/2 1 2 1 V/2 
which teduces.to dy -=x) (1=2x)(xd-)) 7 
x Vx ll- 2x| 
—] 
 0<2x<1>1-2x>0 eels eee ee eee, 
( ) Vxvl-x VxV1-x 
16. (a) y=see"[ }e 1-x* 
x ay 
] 
Clearly x e[-1,1] ~~ 4+—=> and 
y xebLil-{235| 
8 = cos" x e[0.a]~ {2.22 
4 4 


=> y=sec (sec 20); z = sin8 
=> y=20,z=sin0 


dy 
dy _do_ 2 _2_, (+) - 
dz dz es x ba a 


de 


(ii) 


3.124 > Method of Differentiation 


17. (c) fix) = log, x 


18. 


19. 


20. 


Let us write f(x) = fn x 
=> flnx)=€n(bnx) 
df (énx) 1 1 ] 


dx énx x  xlog,x 


Ty and O= ence x 
dP _ enix y 
dx VJ1—x? 
dQ _ oe oe ly 
dx 1-x’ 


(a) Let P= e™ 


=> 


The required value of se call 


dO dOldx 


= Heer = e? 


1 


dP eo x 
dO = $e * 


(b) Let y= sin"! 


ee and z=cos” (| 
V1l+¢? V1+¢? 


—I 0 
Put x = tan't => t=tanx and xe 5 


Kn 
=> y=sin'! (sinx)=x Vxe| -—,— 
y (sinx) [ : 4 


x forxe 0 4 
2 
dy 


—x forxe [4.0] 
2 


=> Wy _ dz yj for re|0,% and = —1 for re(.0) 
dz az 2 2 


=> z=cot' (cosx) = 


dx 


=> Dae fort <0 
az 


4 Zeca en 


(c) f(x) = cos" {Fe (2eosn 3sinx) + sin a 


2 a 
Let —— =coso; de] 0,— 
13 % @ a: z 
=> sin Vl- cos’ = 
_ “5 


= f(x) can be re-written as ae = cos (cos 6 cos x — sin 
sin x) + sin(cos d.cos x + sin >. sin x) 


=> f(x) =cos(cos( + x) + sin(cos ( — x)) 
= cos'(cos(¢+x))+sin™ sin G —(¢- ‘)) 


=> (+x)+>-G-x) for (¢+x)€[0,7] and 


a Hel, 4 


. (i) fx)=sindogx) => 


he 2 
Here pe (0,5) sat x=3 Wrne(s. ao ma) and 
3 3°96 
5 bts at r=3e(3. F423 \c0, 1) 
f(x) =F4 2x 
=> f(2j=x A nr 6 ee 
4° V1+x? 
rad f(x) _ 3 _10 
a eo), SG) 35° 3 
V1+x°-1 l+V1+x’ 
. (c), (d) Let y=tan! | ———— |} and t= cot’ ,/————— 
(0), (@) Lety=tan : Or aes 


Let 8 = tan"!x 


=> x=tan 0 and ée( = =) 
2: 2 


(ee) “(Eee 
y= tan = tan : 
tan@ sin@ 
=> y=tan'! (tan 0/2) = 6/2 (.2<(=2.2)| 
And t= cos” jesee = 
2secO 
at ( 2) 
=> t=cos' | cos— 
Z 
=} for =< (0, ) 5 for 9 <(-Z.0| 


dy _ 1 forx>0 
dt |-lforx<0 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


f(x) = cos (log x). Z 
% 
=> f"(x)=cos(log a(S =] (—sin(log »)= 


—sin(log x) — cos(log x) 


=> f"(x)= x2 

(ii) f(x) = y = log (logx) 
isl 

= fore x — 

— ff "(x Days sepa 1) 
ney 7+ log x) 

le ar 

2. y=x log x 


Differentiating both sides, we get ° = 3x* logx + x 
x 


d*y 


= > = 6x log x + 3x + 2x = 6x log x + 5x 


rd 


d’y 


3 
x 


=6logx +6+5 


3 
by, Oa eis Pal 


dx? 

4 y 6 

Differentiating again, we get — =— 

dx” x 

_ logx 
x 
Differentiating on both sides, we get ° = i Ee 
bs x 


a % [-2}-2x0-1o8x) 
y x 


Differentiating again, we get ra a r 


x 
d*y —x—2x+2xl 
= oe x—2x xlog x 
dx x 
dy _ 2xlogx—3x _ 2logx—3 
dx? x‘ x 
x? 
. By the question y = log = 
e 
2 
Differentiating once on both sides, we get cd = a ae = 7 
dx x e x 
more *y 2 
Differentiating again, we get ee 
y =slog{ - (1) 
a+bx 
=> (4 | tog 7 
dx \a+bx a+bx 
5 Ba sO) 
dx at+bx x 
d : a’x? 
ad Gad ee aS ...(3) 
dx (a+ bx) 
2 — 
From (2), é Ue Aare lay 
dx” (at+bx) x xdx 
2 — 
oe nee! 
dx” (at+bx) x xLat+bx x 
d’y —ab a 
dx” (a+bx) x(a+bx) 
zn d’y _-abx+a’+abx _ a’ 
dx? x(a+bx) x(a+bxy 
d° ax? 
=> ~5ts——_ 4) 
dx” (a+bx) 
dy (a@ \ 
From (3) and (4), x*>—=+=| x= - 
CO) e a ( re ») 
. y=sin'x 
, ae ; dy 1 
Differentiating both sides, we get —= 
ax 1-x? 


Method of Differentiation < 3.125 


2 a — x’)? (-2x) 
Differentiating again, we get ‘4 = —2___ = 
x dx (1—-x*) 


al a ae 


7. y=A cos (log x) + B sin (log x) 


dy _—Asin(log x) Fi Bcos(log x) 
dx x x 


=> 


_ Bcos(logx)— Asin (log x) 


x 
2 
5, #9 
dx 
»( —Pemtoes) — Acoseg*)) —(Bcos(log x) — Asin(log x)) 
2. x x 


2 
x 


2 
=> x ’ aN [sin logx — cos logx] —B [sin logx + cos logx] 
x 


= 
= -B sin(log x) — A cos(log x) — B cos (log x) 

— A sin(log x) + B cos (log x) + A sin log x 
= — B sin (log x) — A cos (log x) = — 


=> i alae =0 
dx dx 


. By the question, y = tan x + sec x 


d 
=> oe = sec*x + sec x.tan x 
dx 


y 

= 2 secx.sec x.tan x 
dx 

+ sec x.sec* x + tan x . sec x.tan x 


Differentiating again, we get 


= 2sec x*. tan x + sec? x + tan* x sec x 
sin?x 2sinx+1+sin’ x 
2 3 7 t rea 3 
dx cos x cos x cos x cos x 
‘ 2 
_ (1+ sin x) 
~ a 
(cos x) 
3 2 
d’y _(1+sinx) 


3/2 


dx’ (1 —sin’ x) 


_ @y_ (1+sinx)’ 

dx? (1+sin x)" (1-sin x) 
= d*y = V1+sinx 
dx’ (1-sinx)”” 


Multiplying numerator & denominator by vl-sinx , 


d’y ~l-sin’x COs x 


we get = = ——__. 
dx? (1—sin x) (1—-sinx) 
9. y=tanx 
=> a = sec? x 
dx 


=> y= tan’ x 


=> 2y. 2 =2tanx.sec?>x 4 eee (i) 


3.126 > Method of Differentiation 


10. 


- (a) y= 


d’y 
dee = 28ee x. secx.tanx=2sec’xtanx ........ (11) 
: m d’y dy 
By (1) and (11), we get an a 
y (i) and (ii), we get SP =2y 
= V2 = 2yy, 
(xt 1)=1 
Differentiating the whole equation, we get 
Pat) +e=0 ...(i) 
dx 
=> Y 414120 
dx 
= So ...ii) 
dx x+l 
2 
=v =e 2 ...(iii) 
dx* (x+l) 


7 on d’y {dy ) 
By (11) and (i11), we get =| — 
y (il) and (iii), we g Ze [ Az 
Note that (1); ey = 0 has no solution hence Ons 1)+1=0 
x 


=> dyldx=-\/x+1 
TEXTUAL EXERCISE-3: (OBJECTIVE) 


1 


2x? +3x4+1 
, Me dy (2x? +3x+1)0-(4x+3) 
Differentiating once, we get —— = +#_—___* 


d. 2 7 
a _(4x+3) x (2x +3x+1) 
dx (2x’ +3x+ 1) 


Differentiating once again, we get 
2 


d’y (2x + 3x +1) (—4)+2(4x+ 3)( 2x? +3x+ 1)(4x +3) 


dx? (2x? +3x+1) 
Putting x = —2, we get 
d’y _(8-6+1) (-4)+2(-8+3)(3)(-8+3) 


dx’ (8-6+1), 
dy _1l4 dy _38 
dx’ 81 dx? 27 
2. (a) y=xt+ex 
Differentiating once, we get < =l+ex 
Xx 
‘y 
Differentiating again, we get —— =e" 
3. (c) y=aemx + be™ 
mae dy ‘ 
Differentiating once, we get a = maemx — mbe”™ 
Xx 
d’y _ 


Differentiating again, we get m’a emx + m? be™ 


dx’ 7 


= m’ (aemx + be™x) 


_1{ 1-Inx’? if 34+2Inx 
=> y=tan 7 Pian |=. 
1+Inx 1—3(2Inx) 


ae 
>. xo 


EP ieee 
Je e 
=> Inr’>- 1 andx<(°)"* 
=> Inx <=ine => 6ln<1 
=> y=tan' 1 —tan'(Inx’) + tan'(3) + tan |(2Inx) 
dx 1+(Inx*)’ x 1+4(Inx)° \x 
- dy Z 2 


e mieddne| iedaey 


. (b) f(x) be a quadratic expression which is positive for all 


real x 
=> f(x)>0, f(x) < 0, Disc. <0 VxeR 


g(x) = fx) +f &) +f) = (a? + bx + c}+ (Zax + b) + 2a 
(Taking f(x) = ax’ + bx +c, a> 0, b? — 4ac < 0) 

=> g(x) =ar’+ (a+ b)+Qat+bt+c) 
Disc. of g(x) = (2a + by — 4a (2a+ b+ c) 
= 4a’ + b’ + 4ab — 8a’ — 4ab — 4ac = (b’ — 4ac) — 4a’ < 0 
Thus a > 0, Disc of g(x) < 0 

=> g(x)>0 VxeR 


. (b) Given, x y+ y? =2 
ee A 


dy 4 


Differentiating both sides, we get 2xy + x? wy +3y° 
dx dx 


=> Dyk (x? +3y")=0 


an ral —2xy 


dx \x°43y? 
=> 2 eee ...(i) 
Kay 1+3 2 
2 2 dy dy 
, on G +3y )(-2»2-ay)+(219)[ 20+ 62 
dx’ (x? +3y*) 
l l 
4 abot) 
d*y 2 2 
dx” | a3) (1+3) 
aie ene eee Oe 
16 16 16 8 


7. (d) f(x): polynomial in x, f(ex) 


Differentiating f(ex), we get [f(ex)]’ = (ex) .e 


Differentiating again, we get [/(ex)]’’ = f(ex) ex + f’(ex).e* 
Hence the second derivative of f(ex) = f"(ex) .e’x + f(ex).(ex) 


. (a) 


(b) y= (cos.x)' 


(c) 


=> 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


OP co y 
We can write by taking logarithm on both sides, we get 


tny=y tn(Jx) 


Eny=~> nx 
2 
ti 
ydx x2 2dx 
dy{ 1 fnx|_ y 
dx\y 2 2x 
a 2 
dy/dx = __2x 2 __ 
1 fnx x(2— y nx) 
y 2 
ne 2 


dx 2x(I - ylnalx 


(cos x)....too 
ces x) x) 


=(cosx)” 


Proceed in part (a), €ny=y. €ncos x 
Differentiating both sides, we get 


aie! 


= ¢ncosx+——(-sin x) 
ydx dx COS Xx 
dx\ y COs x 
_. sinx 
dy | E08 7 —y’ tan x 
dx [toztzsene) (1— yéncos x) 
y 
_ y tan x 
(yéncos x -1) 
y= peer” a = et? 
tny=x+y ...(4) 
sien ee ; 1 dy dy 
Differentiating (1) on both sides, we gets —.— =1+— 
y dx dx 
dx\ y dx (4-1 l-y 
y 
. (a) Letu=xyandv=y 
Inu = ylnx and Inv = x Iny 
Ear I Pc ca 


Method of Differentiation < 3.127 


aT ae (2+ ins] and #-y(22smny] 
x y dx 


v (Zee) (22mg) = 0) 

x Xx y dx 

(yx t+ y" ny Ze Inx+xy*')=0 
x 


dy_ -(yx’'t+y"Iny) 
dx = (x Inx+xy*"') 


(b) (cos x)y = (sin yy" 


Let (cos x)y = P and and (sin yy = Q 


Given P=Q 
adP ad , 
aP _aQ ...(i) 
dx dx 
Taking P = (cos xy 
fn P=y €n (cos x) 
idp_ey (—sin x) + £n(cos 2 
Pdx cosx dx 
ia (cosx)’ (S en(cos x) ~2sn%) (ii) 
dx dx cosx 
Similarly O = (sin y)" 
fn O =x €n(sin y) 
ade =| én(sin y)+ as ase” 
QO dx sin y dx 
a = (sin y)* ensin y)+x.cot 2 ... (iil) 
dx dx 


Putting (ii) and (iii) in (i) we get, (cos x)’. (2 £n(cos x) 
x 
— y.tan x) 
= (sin yy (£n (sin y) + x. cot y . (sin y* 2) 
Xx 


° [cos xy. €n (cos x) — x cot y(sin yy] = (sin yy €n 
Ms 


(sin y)+ (cos xp. y tan x 
. 52 te fi 
dy _ {n(sin y)(sin y)" + y(cos x) ane Ange 
dx (cosx)’ £n(cosx)—xcot y(sin y)* 
= (cos xy 
dy _ fn(sin y) + ytanx 


=> 

dx &n(cosx)—xcoty 
(c) y= (xy 
=> fLny=x tn (xx) => fny=x n(x) 
= a = 2x €n (x) + ae 

x 

=> Dux" (2xen(x)+x) 

dx 


< Soe"! (¢n(x? ) + tne) 


3.128 > Method of Differentiation 


=> ® —x°"(tn(ex?)) = DF pte?) 


dx dx 
(d) y= &® 
Eny=x tne 
=> Lny=x => Seis er eee 
y dx dx 
=> Letp=x => fnp=xtnx 
=> ei eee +1 
p ad 
y 


ie el) x? (2nx +1) 


=x e (nx+lne)=x e* (Ln(ex)) 


(e) y= (14+) 
x 


Differentiating both sides, we get 
2 —_— 
la 2xtn( **1) 24 (5) 
y dx x (x+1) \x 
> i, 2xtn( 142+ 
dx x} xl 
Hence 2 = [i + *| 2x.n c + +) ee 
dx x x) x+l1 


. (a) y= (cos x)sin* 
Taking log on both sides, we get £n y = sin x €n (cos x) 


x 


=> fny=x tn fist) 


Se cos x £n(cosx) +——— (—sin x) 
y ax COs x 
dy 
= ae = y [cos x €n(cos x ) + tan x(-sin x)] 
x 


= (cos x)sin x [cos x £n(cos x) — tan x.sin x] 


sin3x \"” 
bi ae eee 
(D) y (a) 


1 ( sin 3x 
=> lny=—ln| ———— 
3 1—sin3x 


ldy_ {+ sin =| —sin3x)cos3x.3 + sin3xcos =) 


ydx 3\. sin3x (1-sin3x)’ 


dy (1-sin3x) ( sin 3x ) 
dx 3(sin3x) ‘\1—sin3x 


= 3x(1—sin3x)+3sin3x.cos =| 


(1-sin3x) 
7 ( sin 3x ) cos 3x 
1—sin3x (1 —sin3x) 
_ (sin3x)~?.cos3x _ cos 3x 


(1-sin3x)? 


~ asin? 3x(1—sin3x)" 


= 
dx 
_ (+2)? (43)? (Sem T) (Cr+ 299. (x 43)? ) (1) 
= x—l 3(x+2) 2 
(x+2)° (x43) 
—(5x* +x—24) 


Simplifying, we get ————_—____—__|_ 
ee BE 31? et 2) (4 3) 


. xy=ex-y 


=> ytlnx=(x-y)tne => y Enx=(x-y) 


= A ee ee 
dx x dx 
ad 
=> ® (14 tax) =1-2 => Oe 
dx x dx 1+&nx 
Putting &n x = ae es | 
y 
ee ne 
ae, re x x yd-y) 
x x x? 
Oye a 
y y 


. (a) Enx)cos* 


Let y = (£nx)cos* 
=> Lny = cos x En(ln(x)) 


Differentiating both sides, we get ee es . +£ 


(€n x) (— sin x) ydx tnx x 


nN 


= Or y OS* + tn(enx)(—sin x) |= ({n x)cos* 
dx x £nx 


WAX 


COS + On(enx)\(—sin | 
xl 


(b) y=(x En x)bn'€nx) 
ny = Ln(Lnx) Enix £nx) 


sy LD Ma tepa sg OO a ‘| 
y dx \ knx n(x) 

an dy _ (Ae " én( £nx) (14 a) 
dx xtnx xén(x) 


z (xénx)"™ ann) 7 én( £nx) 


x 


ln(£nx) 
(x £nx) [in : én(Enx).Lnx F ast} 


x ’nx nx nx 
0 én(€nx) 
= Cee) tn(tms( 142) 
x £nx 


6. Given (tan”'x)y + yo = 15x >0 
Let u = (tan'xy; v = (y)°™ 


> ut+v=l 

ai AY oY ...(i) 
ax dx 

=> Inu=~y In(tan'x); Inv = cotx Iny 

— ae a es In(tan™' x) .. fii) 
udx tan™'x G42) dx 
se eS etesee Gi) 

v dx y dx 


Using (11) and (111) in (1), we get 


(tan! x)’ —_*____4 y In(tan™' x) 
(l+x’)tan’x dx 


+(y)"* sous — cosec’x.In y =0 
y ax 


(J +X *), tan! x 
dx (tan™' = In(tan™ x)+cotx. po <1 


cot x 


y“* cosec’x.In y — 


Let u = x*cos* 
fn u= (x cos x) €nx 


1 du : 
=> —— =cosx + £n x(cos x — x sinx) 


u dx 


du 
=> oA = x*cos* (cos x + Enx (cos x — xsin x)) 


fd gr stl-4 er (at) 
= VLA gon AM) 4d (greeny, OF 
dx dx x -1 dx dx\ x° -1 
2 he 2 
4 (yom), de ay) 
(x’-1) 
z: 2) 
dx (x? -1) 
4x 


= x*cos*((1 + log x) cos x — x log x sin x) — (ay 
x -1 


(ii) y = (x cos x)x + (x sin x)!" 
Let u = (x cos xy 
=> €nu=xtn(xcosx) =x tnx +x ln(cos x) 


Differentiating both sides, we get = =1+4nx+ 
u ax 


£n (cos x) — aay, 
Osx 
du sin x ; 
=> —=(xcosx) | 1+ @nxt+ ln(cosx)—x mane! 
dx ( v( ( ) = 0 


Let v = (x sin x)'* 
Taking log on both sides, we get €n v= — ane (x sin x) 
x 


25 ae tnx én(sin x) 
x x 
Differentiating both sides, we get 
1 dv _ 1 énx £n(sin a (cos x) 


vdx x x x es 


Method of Differentiation < 3.129 


x’ xsinx 


& 4 cten rey ‘ a) 


vdx 


dv (sind (* + xcot x —log(xsin 2) 


2 


dx x 
=> ou at ((x cos x)x + (x sin x)"x) 
x 


= (x cos 3 xy (1 — x tan x + log (x cos x)) + & sin x)'” 
[semanas 


x? 
(iii) y = esinx + (tan x) 
Let u = esin x 
= £nu=sinx tne 


1 du 
> —.— =cosx 
u ax 
du : 
=> i = u COS x = esitY Cos x ...() 
x 


Let v = (tan xy 
=> fnv=x ln (tan x) 


Differentiating both sides, we get 


2 
; say Fe eed 
v ax tan x 
2 
= Bintan) A) (il) 
dx tan x 


By (1) and (11), we get < (esinx + (tan x)x) 
X 


2 
= esin’ cos x + (tan x¥ Go x)+ es) 
tan x 
= esin’ cos x + (tan x} (€n (tan x) + x sec x cosec x) 
(iv) y = (cos x)x + (sin x)'* 
Let u = (cos x)* 
=> £nu= x tn (cos x) 


1 du x 
=> — = enc osx)+—_(-sinx) ...(i) 
du xsinx + 
=> ae =u tn(cosx)- eae ...(ii) 


Similarly v = (sin x)!" 


=> tnv= | on (sin x) 
x 


ldv_ —fn(sinx) cosx 


= = + — ... (ill) 
v ax x? xsin x 
dv cosx &n(sinx 
=> “—=(sinx)* ee) ...(iv) 
dx xsinx x 


By (ii) and (iv), we get < [(cos x)x + (sin x)'*] 
x 


=(cos xy (log (cos x) —x tan x) + (sin x)!” jes + cot *) 


x? 


3.130 > Method of Differentiation 


8. y = (xsinx) + (sin xf 


=> 


Let P = xsin’ 


fn P=sinx €nx => eee Pere se 
P ax 

af = »( = cos: tn ...(i) and let O = (sin x¥ 
ax x 

fn QO =x €n (sin x) 

a 22 | en(sinx)+=2o°* 

Od sin x 

ae O(n (sin x) + x cot x] 

dx 

o (sins) (énsins+xcots)+x(cosxogs+ 52%) 
xX x 


9. y= (log x)x + xl 


— 


Let P = (log xy 
fn P=x £n (log x) 
Differentiating both sides, we get 


1 aP x 
én(1 
-( n(logx)+ i] 


P dx 
1 
= and let Q = x's 
log x 


<- = of (log x)+ 


1 dO _ tnx , logx 


fnQ=logx.fnx => ORs : 


dQ ___{ 2lnx 

dx of x 

dy we ( 28") : 1 
—= —=— |+(lo log (log x )++—— 
dx (. x ( 8%) al 8%) log x 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


1. (a) [x +yla+ b=x*y’ 


En(x+y)(at+ by=adnxt+bdny. 
Differentiating both sides, we get 


CPD )a24 a, bd 
(x+y) dx) x ydx 


a+b) (at+b)dy a bdy 
+ —— = 4 
x+y) (xt+y)de x yd 


dy{at+b_ b)_a {atb 
dx\xt+y yj} x \xt+y 


ax + ay —ax—bx 
a_{at+b x(x+y) 

dy_x ea 

dx (atb\_b 

coe 


ay + by — bx — by 
y(x+ y) 

dy _(ay—bx)y _y 

dx x(ay 


—bx) x 


2. (a) y= nx +f lnx +Vbnx +....00 


Squaring both sides, we get 7 = nx + y 
=> yp-y=ftnx 


eagh 


x 


...(2) 


Differentiating both sides, we get 2 y— Oey 
dx dx 
dy _ 
dx x(2y- x(2y-1) 
3. (a), (€), (d) 
y= yztyxtvxti.. 
Squaring both sides, we get’ =x +y 
=> y-y=x 
dx dx dx 2y-l 
Also y* -—y=x 
l ] 
=> 2y-l=V1+4x => ———= 
4 yal eas 
se 
dx /1+4x 
Als ay => oy Z 
dx 2y-1 dx 2y -y 
Oo We, _ 
dx 2(y+x)-y dx 2x+y 
From (1) (2) and (3) = option (a), (c) and (d) are 
correct. 


4. (d) fix) = (xy 


=> In Ae = x Inx* = x2/nx 


othe x+2xInx 


=> f(x) = (PC + 2lnx).x 
=> f(l)= Land g(x)=()" 


In g(x) = x* Inx 
In (In g(x)) = Inxx + /n(inx) 


= (x) =14+Inx+ 

Ing(x) g(x) xInx 
7 
nx 


g(x) =g(x).In goo(l +Inx+ 
Xx 


) Ud 


y 


=(x)* x" ‘In x+(In x)’ | 
xX 
=> gi(l)=1 


a+bx*? 
5. (c) y= a 


(1) 


Method of Differentiation < 3.131 


Differentiating both sides, we get  D, =R-{0, -2} > x+#0,-2 
5/4 3 1/2 . 3/2 1/4 
Po al al al 5 Mean yoda 
dx i yr 2 
= 20 -8-[ib Poof 
5/4{ 3p 1/2 > 3/2\ el/4 2 2 
5 (36s )-S(a+0s ).5 - 
Pues wee E Re fP@=x = MYL )=1 
Pian l 
3 b 2 GT OF EG 
v2 @ 3/2 
=> —b5%-—--5° =0 d 
2 4 4 => —(g(x))= ; where g(x)= f '(x) But given, 
3, 5b a dx f(g(x)) 
(35-3 st? 2-4 
2 4 4 f(x) 
b a a 
=—> (F)5-$ => gate = a ; 
mae 
Se re ad 
ee net (05) > ga)=[1+(g@))'] 
sin x a l 1 
f(x)=x™ for xe (0,5) 3. yn oye =e (i) 
=> In — = (sinx) Inx 1, oly 
> —.f\(x)= Sn x)(cos x) Differentiating once, we get 2 = ee ey 
re ) 7 m m |dx 
=> 2my=(y’m—y™) dy Idx 
=f ON = IA ee * +-c08xInx| Squaring both sides, we get 
> f'(x)= (x ye| Sa * +-c05x.Inx| 4m’ y* = (* 2) (y+ yo" =2) (ii) 
Squaring (1), we get 
(2) ( \" a — ym + ym + 2 = 4x? ...(iil) 
Sf | || = Y= +—=In— dvy 
4) \4 (=) v2 4 Putting (iii) into (ii), we get 4m?y* = (+) AGe -1) 
4 x 
_(#) | v2 212 => 2m’y. a LB -1)42x{ 2) 
mw 2 dx ax dx Xx. 
=> my=(x’- pts ye 
TEXTUAL EXERCISE—5:(SUBJECTIVE) oe 
(x? -ly"+2y' __ 2 
_ x =x _ x-l y 
PIO) = x? +2x = = x+2 vey, 4. Given g(x) f (x) 
= y= 2 eo . fF'@)=x => f(g@)=x 
= ei g(x)=1 
> kRY= DSS > S45 on ad oe ; 
2 - => f\(g(x))=—— or g'ix)=— (1) 
=> gy) = gly) = 2 : g(x) f (g(x) 
d/.-1 3 Now e/ =Inx => ORs” 
= ea (x))=—— x 
ie 1 
=>. f(x) oie => = xe =xInx 
> “(g(x )= dx» . f(x) 
=> Domain of f (x) me Ae a ing() ee) 


3.132 > Method of Differentiation 


F(x) 
Now x=e =e 


> g(x)= ee 


e” 


=> g(x)=e Ine’ =e° e* =e°* 


5. fix)=extx => y=ext+x 


=> f'(f(n3))=In3 


eee Sie, a! 
Thus to find a (x)) atx =In3 1.€., f'FInG)) ~ ft 'n3) 


Here f is one-one 


er aes | 
= OOS Gaia A 


TEXTUAL EXERCISE—6: (SUBJECTIVE) 


. (a) P+aryt bry’ t+y=0 


Differentiating both side, we get 3x* + 2axy + ax’ y 
2 dy dy dx 
+ by? + bx 2y — +2y —=0 
dx dx 


=> 3x?+2axy + by + < (ax? + 2bxy + 2y) =0 
x 


dy _—(3x’ + 2axy+by’) 
dx (ax’ + 2bxy + 2y) 


(b) sin(xy) + cos (xy) = tan(x + y) 


Differentiating both side, we get 

COS Xy Ga y)-sincay( «2 ») = sec? (x + y) 
dx dx 

(1 + dy/dx) 

Arranging terms & simplifying, we get 

dy _-[ycos’(x+ y){cos(xy)—sin(xy)}—1] 


dx — [xcos’(x+y){cosxy—sin(xy)}-]] 


. (a) 2x + 2y= 2". 2” 

Differentiating the entire equation, we get 2* fn 2 + 2” y' £n 
2=2' €n2. 2y + 2*.2” y'€n 2 

=> y'( €n2—-2x+y €n 2) =2* €n2. 2y—2* En 2 


dy 27 tn2-2tn2_ 2*27-2* _ 2*(2”-1) 


dx 2"0n2-27"n2 2-272”) (1-2") 


_, (2’-1) 
—~ 9° 
(1-2') 
(b) y sin x—cos (x-—y)=0 
Differentiating on both sides, we get y cos x + y’ sin x + 
sin(x — y) (1 — dy/dx) = 0 
=> ycosx+tsin(x-—y)+ y’ sinx-—sin (x-y) y’=0 


, yoosx+sin(x— y) 
sin(x — y)—sin x 


4. yVl-x*? +x J1-y? =1 


1 2 yy! 2 
> V1—x?.y' Vyl-y? =0 
> i, i= + x val i-y? } y 


S gy 


6. xe’ —y = sin’ x .. (i) 


By (i), we get x| e” (y+2%] +e” Beage 2 sin x.cos x 
dx dx 


Y ge 
d. 


Xx x 


= Kye" a 2, = sin 2x 


dy/ > 5% 
=> —(x‘e” -—1)=sin2x-e” —xve” 
rz ) ” 


dy sin2x—e” —xye” 
_, dy _sin2x-e” ~xye” 


a> = 
dx |x =0 


» (a) xP. y=atypr? 


=> gq. y ty. px t=(ptqatyptqt.dat 
y) 

=> Y(¢.r.y'-(ptgatyptq )=e+qgaty) 
Pig? pe 
(p+q)(x’.y*) 

_ (x+y) 

q-l (p+q)x".y? 

(x+y) 


— px?" 4 
= oy 


gx? y 


Pere | (p + q)x- p(x+y) | 

x’ y*"'(q(x+ y)—y(ptq)) 

-2| =P) _2 

ylLqx-py}| x 

(b) y=x” 

=> Iny=y’.Inx ...(1) 
idy ,1 d 

i Vay tix" (2 

me se ne? (2) 

Letu=y 

=> Inu=x Iny 


d ONE ae 
Yay zy ny ...(3) 
dx y 


From (3) and (2), we get 


3 
Os yin ys ny] 
dx x y 


x+l 
— ay gg Oe Minty 
dx x y ax 
x+1 


BA 
x 


> 1-07 Inx) = y*"".Inx.In y+ 
Xe 


dy y"'\(elnxiny+l) _ Mae Healey) 


dx x(1—xy* In x) xInx l-xIny 
Z. ylny/ 1+xInxIny GeO) 
xInx\ 1l-xlIny 


8. x+y? —3axy =0 


Differentiating the whole, we get 3x? + 3y’ oe: 3ay — 3ax 
dy _ dx 
dx 


> 2 (3y’ — 3ax) = 3ay — 3x’ 
dx 


= 2 
= aa _ 


dx \3y*—3ax 

2 2 
oy x oor = ald 
dx y -—ax ax-y 


9, y=In(x* .a’)” 
=> Iny=y" In(x’.a’) 
=> y=y"[Inx® +Ina’] 
=> y=y [elnx+ylna] 
=> y=e.y*Inx+(Ina).y™"! .(1) 
=> oY 2g In xe* +e ie Griee see oe) 
dx dx x dx 
...(2) 


Letu =y* 
=> Inu=x Iny 


ty] Boiny| ..3) 


be dv x+1 dy 
Similarly — = y**!} ——.— + In .A4 
ae [ rs y (4) 


Method of Differentiation < 3.133 


= oat = xy*'e* Inx —(x+1)y* Ina)= yn 
Xx 


XX 


Inalny+e’Inx.y’.Iny+ y*e Inx+ ul 

x 
d y(ylnat+e®Inx)Iny+ y*e" Inx+ <~ 
be ae Xx 


dx l—xy*"e*Inx—y*(x+DIna 


ylnyt y%e% Inx4+ 2 
x 


7 l—-xy*".e* Inx—y*(x+)Ina 
_ yLxay In y+ y*e*xInx+e*y*] 
x[y—xy*e* Inx— y.y*(x+])Ina] 
- yixylny+ ye’ Inx+e*y*] 
x[y —x(y"e" nx+ y*Ina)— y"" Ina] 
7 yLxaylny+y'e* Inx+e*y'] 
x[y—xy-y™ Ing] 
[xyIn y+ y*e* Inx+e*y*] 


x[l-x-y*.Ina] 


10. x44 7x? y? + Oy = 24x 
Dividing the whole equation by 


2 4 3 
x4, we get 1472) +92] -24[ 2) =0 
XxX Xx Xx 


Let yx =z 
=> 14+722+ 924-247 =0 
Where z = y/x 
Let us differentiate it (14z + 36z* — 72z’) (y/x)' = 0 


> (144+ 3622-722) (X=) =<a 
Xx 
=> 14+3622-72z=0or ~=*=0 
; xX 
x= ¥ _ 9 


2 
Xx 


=> y’ = dy/dx = y/x 
11. Given (a — bcos y) (a + bcos x) =a’ —- Bb’ 


=> xy'-y=90 


2 2 
= Oe oe 
a+bcosx 

2 2 

ss Page ee 
a+bcosx 


a’ +abcosx—a’ +b’ 


=> bcosy= 
a+bcosx 


abcosx +b? 
=> bcos y= ——— 
a+bcosx 


acosx+b 
=> cos y= ——— 
a+bcosx 


Differentiating both sides, we get 


—sin y.— 
are (a+bcosx) 


dy _(a+bcosx)(—asin x) +(acosx + b)(bsin x) 


(i) 
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dy . |-a’-—abcosx+abcosx+b’ = dy __—2xy 
= =si.y—— sin y | ————— ee 439 
dx (a+bcosx) ee \ 
At (3) ae 
dy, b? -—@ dx 1+3 2 
=> Shy ne rer q F L 
* (a +bcosx) panne (i), we get 2y + 2x 2x4 Pl a 
ie oes dx dx dx 
dy  sinx a’ —b se dy) ,d’y 
SS | .- (11) 6y. +3y =0 
dx siny\ (a+bcosx) dx dx? 
a’ cos’ x + b* + 2abcos x = _, & I 
Consider eq” (i), we get cos? y= ——-___—_ Put Va 
TEES a a’ +b’ cos’ x + 2abcos x dx : 2 
a’ —b’ +cos’ x(b’ - a") => 2-I-l1ty"+ ral a 
=> 1-cos? y = —— —4 — 
(a+bcosx) 6 : 
=> —=-4y 
(a? —b?)(sin? x) - 
=> sin? y= +--+ => y"’=-3/8 
(a+bcosx) 
- sinx at+bcosx (ii) 3. (a) y= Ysinx+yVsinx+-+Vsinx+...... 
sin y aah _ Squaring both sides, we get y* = sin x + y 
i > y-y-sinx=0 => 2yy’-y'-cosx=0 
Putting (ii1) in (11), we get — cad el is ‘ ‘ - ae 
dx atbcosx => Yy-I)=cosx => y= 2y-] 
pas eee ie 4. (d) sin + y) = log + y) 
oe y sess se 2, . Differentiating both sides, we get cos(x + y) 
> lt+y'=@ty)d-y’) ...(1) dy 
=> |lty'=xty—xy'—-yy’ iy 4 
=> y=lty'—xy'-y'-yy'- (yy? (1+) oa 
=> y(l+x+y=1-(y - 
l-(vy 
= yr ...(2) which means ee ee) =0 
l+x+y dx x+y 
From (1), yW(1+x+y)=xt+y-1 Z 
=> y=(et+y-l/+x4+y) ..B) => ea 
; A(x+y) % 
Using (3) in (2), we get y" =———— 
g (3) in (2) ny (lt¢x+yy 3. (c) ext y=xy 
> et (lty)=n/t+ty Spx ty)=xn't+y 
TEXTUAL EXERCISE— 6: (OBJECTIVE) > y (xy-x)=y—xy == i 
x(y —1) 
1. (a) x° + 3x*y — Oxy’ + 2y° = 0 a gro Eye) Ty by yal 
Differentiating once, we get 3x? + 6xy + x(y-) 


3x dy _ 6y? -2.6xy dy ney dy _ 0 Solving after substituting cee of y in above expression for 
dx dx dx “WM —-)*+(v-V"] 


y', we get y"= 
, E x*(y—1)’ 
=> 3x*- 6y* + bxy + 3x’ Y 12xyy’ +6y?> = 7 =0 
dx - 6. (a), (d) ax? + 2 hxy + by = 
— 6y> + + (3x? + 67? — = 
es ey Oe Or =a) aw Differentiating, we get 2ax + 2hy + 2hx — y Y + 2by ay =0 
Putting x =y= 1 dx dx 
> y=!l1 


d 
=> = (2hx + 2by) = —2ax — 2hy 
2. (b) Cy +y=2 . 


i ‘ati 2 dy 2 ay _ i => Sane la = Option (d) is correct 
Differentiating, we get 2xy + x as y S 0 ...(1) ie” dehy Pp (d) 
aca + 3y*) = —2xy Which same as 2 =—~— ey 
x hx+by 


B20 
7. (c) sir" 525) = loga 


Differentiating both sides, we get 


=> y'(ab+ 2ay)=b 


_ +b 
a (ab + 2ay) 
. (a) €n(x + y) = 2xy 


Differentiating both sides, we get 


[1+ )-2y 420% 
(x+y) dx dx 
= rid eras 
x+y dx\x+y dx 
2 YA adeny 1 
dx\ x+y +y 
32. 
- DY_ x+y 
dx ty 
x+y 


dy _(2xy+2y°-]) 
dx  1-2x* —2xy 


0 


1 xy? i 
2 aN? x+y 7 
1- pore 2a 
x+y? 
d xy? _ 
dx\ x°+y’ 
(x? +y*)(2x-2y 2) (at y> (204272) 
Be Sg Na 
(x? + yy’) 
dy 2 2 ( 2) 
> &+y’) | x-y— J=(x°- x + VY 
( ”( y®) (x’-y’) ae 
dy > 3 dy dy 2 
= St ey ey a ay ey 
x yay y y he an y 
bad dy_yx_y 
=> 2y’x=2x’y(dy/dx) > —=7,-=7 
ey x 
x 
- (d) y= 7 
at x 
b+ 
a+....0 
a _ x 
y= x 
a+—— 
bt+y 
= __x(b+y) | => a(bty)yt+tx=x(bty) 
a(b+y)+x 
=> alby'+2yy']+ytx =bt+ytxy’ 


10. 


11. 


1. 


Method of Differentiation < 3.135 


& {eer | 


dx \1-2x?-2xy 

At (0, 1) 
aatererda 
dx \1-0-0 


(b) sin(xy) + cos(xy) = 0 


= sin(xy) = — cos(xy) 
Differentiating both sides, we get cos(xy) 


+x |= $x 
y “2 sin(39)| » “®) 


= pre = 


dx 
=> dy/dx =— y/x 


(b) xJ/l+y+yvV1+x=0 
a aig 


Squaring both sides, we get x? (1 + y)=y’? (1 + x) 


=> xr -ytxry-x’=0 

=> («t+ y)@-y) +xya-y)=0 
=> (x-y)xtytxy)=0 
Either x =y orx +y+xy=0 
x#y 

x+yt+xy=0 

y =-x/(1+ x) 

dy/dx =-1/(1 + xy 


aU 


TEXTUAL EXERCISE-7: (SUBJECTIVE) 


(a) x =a(cos t+ ¢tsin t) 
y = a(sin t—t cos t) 


By (1), we get cai (—a sin t + asin t + at (cos t)) 


tr (at cos t) 


pap hente che d 
Differentiating (11), we get = = acost—a cost + at sin 
t 


t=at sint 
= Balt ay, 
dx dx/dt 
LF 2t 
b) x=a sy= 
(>) +2 ee es 


al (1 rm ?)(-20)-(1-7)(28) | 


(1 +t? y 
pop (2¢ = 2°) 
(1 a y 


D607 =2F4 2 
(1 + i) 


=a 


At 
(1 +t? i 


3.136 >» Method of Differentiation 


a b| (1+27)2-2(2-2)¢| 


Similarly a ie ; 
_ b(2-20) 
(142) 
, D_ at - ab(i-) _ b(?-1) 
dx dx —Ata 2at 
dt 
_ at’? 2at’ 
agent aa tT 


dx _(1+2°)(4at)—(2ar’ )(22) 


4at + 4at’ —4at 


b(2+ 21° — 427) 


(I+?) 


3 


(+e) 


(140°) 


dt (1407) 
_ 4at 
(4° 
Zz CU [a ae) _ bat? + 6at* —4ar* 
dt (1+77) 
_ 6at’+2at* _ 2at?(3+17) 
PY ee 
2 
_ & _tGt) 


dx 2 
[1 [1 
d) x= a,/——; v=at =f 
(d) ee | - Poa, >? 


dx | = 
i, eee ; 
t’ —1 


2 


ie ua —1)(22) 
(2? +1) 


_a f 41 OF £2 =2F 41 _a ee | 
es (? +1) Vie -1 


_ 2at 
Ve -1(? +1)°” 


dy _ tdx 


2at? 
Now, — 


_ 2at* +(t? -1Ie’? + Na 


Ve -1(? +1)?” 


ak dy at* + 2at’? —a 
dt (iP? -1) ( +1)°” 


at*+2at?-a — t*+2t?-1 


2at 2t 


(e) x=a cos + log tn | 


y=asint 


=— + x = +a 
dt dt [2 -1(t? +1)” 


dy dx a (=\(5) 
=> —=acost and —=-—asint+ pe lias 
dt dt pane 2)2 
2 
a 
= —asin ft +—— 
sint 
/ 
= dy _ dyldt = dy _ acost 
dx  dx/dt a _asint+—@ 
sint 
dy cost.sint 
=) = tant 


dx -(-1 + sin’ t) 


(f) x=sin Vcos2t; y=cosVcos2t 


dy sin(Vcos 2) sin 2t sin(Vcos 21) 
> —=—_——— sin 24.2 = ———_—=——— _ and 
dt 2Vcos2t cos 2t 
dx _ cosycos2t Csi) o= —sin 2t.cos cos 2t 
dt 2Vcos2t cos 2t 
sin 2¢ sin (V cos2t 
dy _ Feaeay _ ~sin(V/cos2r ) 
dx —sin2t cos Vcos 2t cos(V/cos2t ) 
cos 2t 
=— tan (V cos 21) 
2 a a z i ee B 
go t 
= 5 Dg 
dt t dt t 
l 
- = 
= dy t +1 t _ 


% 
de t-1 ,_1 y 
t 


. (a) x=acos’t;y=bsin' t 


=> Ge = 3a cos? t (— sin t) and ae 2b sin t (cos t) 
dt dt 


dy _dy/dt 2bsint.cost _ _—2b 
dx dxidt —3acos’tsint 3acost 


(Se) 
= | —sect |— 
3 a 


(b) x=e'cost;y=e'sint 


dx d 
> — =o sin # + ef Cos tand =e'cost+ et sint 
dt dt 
dy cost+sint 
> —=—— 
dx  cost—sint 
sin’ t cos’ t 
> x — F y =— 
~/ cos 2t / cos 2t 
. 3 . 
: sin® t.2sin 2t 
cos 2t (3sin? t.cost )+—-——————— 
x dx _ ( ) 2Vcos2t 
dt cos 2t 


3 < 
; cos’ f.sin 2t 
—/cos2t .3cos’ t.sint + ——_—_—_ 


and 2 — cos 2t 
dt cos 2t 
—3cos’ t.sintVcos2t + .sin 2t 
= ay _ “3008 tine eos Bi + FO sin2t cos 21 
+ 3 
ax cos 2t (3sin? ¢cost)+ si sin 2t 
/ cos 2t 


_ —3sintcos* tcos2t+ cos’ fsin2t 


3sin* tcostcos2t + sin’ tsin 2t 
secmae HCAS). 
“OEE 


. u=sin'x => du _ u 
dx =x" 
v= xX = Moe 
dx 
> ON. 9 Jie 
du 
Put x = v'8 


“ = 3723/1123 = 3 hy? (1?) 


x = a(cost + ¢ sin ¢t), y = a(sin t—t cos ft) 


=> dx =—asint+atcost+asint=atcost 
dt 
And dy =acost + at sin t—acost=atsint 
ax 
dy atsint 4 
22 =tant => ¥ =sec t 
dx atcost ax 
d’ a 
=> x 7 =sec’—=2 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


. (d) x = 2sin t — sin2t, y = 2cos t — cos 2t 


=> dx = 2cos t — 2 cos 2t = [4sin sin and 
dat 2 2 


2sin t + 2sin 2t 


dy _ dyldt _ 
dx dxidt— 


—sint+sin2t 


cost —cos2t 
3t on ie | 
2cos sin| — 
>. 2 3t 
SS 1.1! cot —_— 
: 3r\. t 
2sin| — |sin| — 
2 2 


=3 fo(v?-v) 


i) 
...(ii) 


ee a 


dt 


- (a), (b) y 


Method of Differentiation < 3.137 


3 (2) 1 
= ——Cosec — Sa OP se 
2 2 4sin — sin— 
2 2 


ea Sie a3 
” (a5) (aa) 

Nie? AI 

1+? Vise svi-? 


Let 2 =cos 20; 266€ 0.2 | 


_ vl+cos20 — Vl—cos20 
V¥1+cos20+-+/1—cos20 
_ 1-sin20 
cos20 
= <. = 2sec 20.tan 20 — 2 sec? 20 


= 2sec 20(tan 20 — sec 20) 


x= v1-¢ 
V1l—cos? 26 =sin20 


=> cs = 2 cos 20 
dé 


_ |cos 6|—|sin 6| 
lcos 6 + lsin 6 


= sec 20 — tan 20 


— = 


dy _ 2sec 20(tan 20 —sec 20) _ tan20-sec20 


dx 2cos20 cos’ 20 
Also, tan2 oe and sec 20 = 1/f 
cos2 
t* 
= . ee _ aa! -1_ -1 


y P (1+ 1-2*} 


ae —asint + see’( 4 _ 
dt ( 242 
tan 
t 
asee( <) ' 
=| -asintx 222 =| -asinr + 
sin( 5] sin t 
2 
and OY. eal 
dt 


3.138 > Method of Differentiation 


d acost d cost(sint 
5 & ao], a feaulsind) an, 
bs * _asint dx (1-sin t) 
sint 
d d’ d 
=> oY — tant = cotx= 7/2 and * =“ (tant) =sec’+ 
dx dx Xx 
>|  sint sintsec*¢ 
=se0.t| | 
a(cos’ ft) a 


1 4 

(£2) aly?) 2V2 

=a ar a IN 
ax ui a a 

. (d) x=acos’6 and y=a sin°0 

dx 


=> — =~ 3a cos’ 6 sin 8 ree = 3a sin’ 8.cos 0 
d@ do 


es) : 
dy _ 3asin® @.cosO _ sin? _ stand 


dx —3acos*@.sin@  cos@ 


=> vl+tan’ @=|secd| 


- (b) y =f) 
x=f-5P—-20t+ 7, y= 40 —3/ —18t+3 


=> a = 5f—- 152-20 res = 12f — 6t- 18 
dt dt 
dy 127? -6t-18 
a ete ak 
dx 5t° —15t° —20 
Att=1; 
dy _12-6-18 -12 2 


=> i 
dx 5-35 -30 5 

. (a) x= +t+5andy=sint 

= es =o ey an =cost> ie sick 

dt dt dx 30° +1 

d’y d ( cost |-| St ae este 


dx? dx\ 30? +1 (32 +1) dx 


-| =e ai tees | 


(37 +1) ‘Bt? +1) 
__| Gt’ +1)sint + 6tcost 
3r +1) 
(nee l+t  — 3t+40° 
oo 2r° 
dx 30 (1+t) | P-3°-3P 3° -20 
dt t® r® 1° 
and & _ 20(4)-GB+404t) _-G+20(4t) _ -G +22) 
at At? Ar’ 2 
dy _-G+21) f 
dx t —t’ (3421) 


(3)-(2)-()0-- 
ax ax t 


TEXTUAL EXERCISE-8:(SUBJECTIVE) 


x? sinx cosx 


1. fo)=|6 -1 0 


pp p 
A(x) = x°(=p’) — sin x (6p*) + cos x (6p + p) 

=> f(x) =p’ — 6 sin x p> + 6p’ cos x + p cos x 
Differentiating once, we get f(x) = —3x’ p® — 6 cos x 
p’ — 6p? sin x —p sin x 

=> f'(x)=-6xp’ + 6 sin x p® — 6p* cos x — p cos x 

=> f{"(x)=— 6p? + 6 cos x p? + 6p* sinx + psinx =0 atx 


=0 
_ _ . —_ 2 ers er 
2. y = COS ax, y, =—a sin ax, y, = —a’cos ax, y, = a’ sin ax, y, 
— 4 — 5 aig — 6 — ae 
= a' cos ax, y, = — a’ sin ax, y, = — a® cos ax, y, =a’ sin ax, 
y, = a* cos ax 
COS ax —asinax —a’ cosax 
= Az=la’sinax a’cosax —asinax 
—a’cosax a’ sinax a® cos ax 


= (cos ax)a’* (1) + (asin ax)a''(0)—(a’? cosax)(a'’)(1) 


=a’ cosax—a'’ cosax =0 


2x x’ 3 


3. fix)= |x? x 1 


2: te 1 


Let f(x) =A + Bx + Cx? + Dx? + Ext + FX? 

= Coefficient of x in f(x) = B 

=> f(x)=B+2Cx+ 3D? + 4E3 + 5 Ft 

=> f(0)=B 

=> f(x) = 2x? — 1) 2G" — 2) + 3G2 28) 

=> flx) = (2x3 — 2x — x5 + 2x? + 2x? + 3x?—- 6x) = (2° + 2x3 
+ 5x? — 8x) 

=> f(x) =—Sx* + 6x’ +10x — 8 

=> f(0)=-8=B 


. Given that p(x), q(x), r(x) are polynomials of degree not 


greater than 3. 
Dx) = 0; 4,(%) = 0; 7,(x) = 0 
y,=r" derivative of y . 
Let p(x) =a, x +a,x°+a,xt+a,;(x)=b +b? + 
DX DSI O)H OX TEX EEF HC, 
P(x) g(x) r(x) 
Let f(x) = p(x) g(®) re) 
p'(x) g(x) r"(x) 
P(x) g(x) ro) |p) g(x) rr) 
py = POI r@ls PR 7 
P(x) (x) ro) [P"(x) g"(x) vr") 
POX) 9x) rr) [P@)— gi) sr) 
+ p(x) g(x) rx) =|P'®) ga’) or) 
P'(x) a(x) rr") [p™) a") rr") 


8. 


Method of Differentiation < 3.139 


2 
PO) a) Se aS ie 2 =v(vu" + v'u'—uv" —u'y')—2v'(vu'-uv’) 
=> f'"(x)= |PO) GO) rr) dx 
p'(x) q(x) r"(x) =v (vu' — uv’) — 2vi(v'u — uv’) 
iv iv iv 0 
(- p(x) =4"(x) =r" (x) =0) ss 
Also ju’ vo v |=u(2v? — wi") — v(2u'v' — uv) = v 
P(x) g(x) r(x) i or Dy 
=> fF" C= |P"®) g) r(x) (vu’ — uv’) —2v'(u'v — uv’) 
p(x) gx) r"(@) a. 
=> fx) =0 GR a 
= f(x) is of degree not greater than 3 7 dx’ 
u" vy" 2y’ 
= A ae SAP bet Oe + and f(x) =B 
cosx log(1+.x’) _ I é i 
+ 2ex to... 9. A(x)= Of) (gy hy 
= eine B=) (x fy" (x?g)" (A) 
1 0 
> asf : =0 => A=0 f g h 
, aoe is ss => AQ) = Ixf't+f xg'+g xh'+h 
And f'(x) = +] dx xf" +2xf x e"+2xg x°h"+2xh 
cosx log(l+x’)} |-sinx 5 
1+x f gi ih 
l 0 — 3 i f , 
=> f(0)= ip =-1 => B=-1 =x\f gh 
1 0} (0 O f" 2 Bh 
x b b b => (Operating, R, > R,— R, and R, > R, — 2xR, and then 
A,=|a x  bjandA, = ; - (x? — ab) taking x and x’ respectively from R, and R,) 
aa x aa f g h 
F 1 0 O} jx b bY |x b b oat g h 
= B= ax b/+l0 1 O|+la x b xf" xg" xh" 
* aa x la a x 10 O 1 g h 
; dA(x) _| 
= (x* — ab) + (x? — ab) + (x? — ab) = 3(x’ — ab) er al g h 
= 4 (SY (g") CRY 
x 1 x 
A= |x+2 2x+3 x 
Cr. ee, re TEXTUAL EXERCISE—8: (OBJECTIVE) 
1 0 2x x a (x+2) (x43) (x+4) 
dA 
=> i ie 2x+3 x + I 2 I 1. (d) fx) =\|x x x =A+Bxt+ Cr+... 
x? x4] Qx*4])) fx? xP 41 2x*41 1 ax 3x? 
x 1 x 2x+4 2x+6 2x48 
+ Ix+2 2x+3 x = B = f(0) => f(x) = x x x? 
2x 3x? 8x° 1 Ix 3x? 


1 0 OF 0 1 OF JO 1 O 


x+2)  (x+3) x+4) 
Putting x = 0, we get |2 3 O}+]1 2 1+/2 3 O}= aise ee OE) 


+ I 2 3x" 
3_1=2 01 1| 0 1 1] 0 0 0 ce sf 
l 2x 3x7 
u dy vu'—uv' 
Se (x42 (x43 (x44)? 
2 3 es 
dy v (vu"+v'u'-uv" -u'v')-2w' (vu -wv’) = . 3 ks a 
ee oe = oe OC 0 Z 6x 


ae (v2)? 


3.140 > Method of Differentiation 


‘g ltx° x fi eg Wl lf ge hi lf eg h 
2. (a) A(x) = flogd+x°)  é* sin x > Fo=|f' 2 AWit+lf" 2” Asif 2’ h'|=0as 
cos x tanx sin’x f'e” bh" Uf" 2 kh" lf" oe” a” 
010 Kx), g(x), h(x) being of degree 2, 
> A(0)=|0 1 O/=0 f'(x) = 0 = g"(x) = h"() 
1 00 


cos(x+x*) sin(x+x*) —cos(x+ x’) 


= A(x) has no constant term 
5. (b), (d) f(x)=\sin(x—x’) cos(x—x’?) — sin(x—x’) 


= A(x) is divisible x 


1 2h 3x sin 2x 0 sin 2x? 
Also, A’(x) = flog(l+x°) e* — sinx Solving f(x) by expand along R,, we get f(x) = sin(2x + 2x’) 
cos x tanx sin’ x => f(-2) = sin4 
S er 2 . 3 => f(x) = (2 + 4x) cos (2x + 2x?) 
x l+x° x 
ee | => f(-l)=-2;f(-12) = 0; 
"ol cS a => f(x) = (2+ 4x) (—sin(2x + 2x2) + (4) cos (2x + 2x2) 
a ee ~sin x sec’ x sin2x — f(0)=4 
0 1 0 cosx x 1 
=> AM=/0 1 l=l > AG@)#0 6. (b) f(x) = |2sinx x° 2x}; (Operating R, > R, > R,) 
1 0 0 tanx x 1 
x" sinx = OR cosx—tanx 0 0 
3. (b), (d) f(x) = In! — sin (== cos (=| => f(x)= |2sinx x? 2x 
tan x x 1 
2 3 
a a a 
a we => f(x) = (cos x — tan x) (x? — 2x’) = x*(tan x — cos x) 
gj ech gue 
i sin{» 7 cos{ x => f(x) = 2x(tan x — cos x) — x*(sec* x + sin x) 
ee n!\ sin( “= cos( => I) = 2 tanx—2 cosx—x sec? x—x sinx 
x x 
2 3 t 
P . . => im( £2) = 9-2=-2 
x30 x 
(nn nit 
ea (ae a cosx sinx  cosx 
a i 7. (c) f(x) = |\cos2x sin2x 2cos2x 
At x = 0, we get |n! sin( “= cos( 6683x: “SiNBX  Scos3x 


2 3 s ‘ 
a a a —sinx cosx -—sinx 


=> f(x)=|cos2x sin2x 2cos2x 


tsi nn 0 cos3x sin3x 3cos3x 
ni sin— 
2 Ccosx sinx COsx 
3 E : 
=\|n! ad a = = 
=|n! sin ; ee (2m +1) 2sin2x 2cos2x —4sin2x 
cos3x  sin3x 3cos3x 


a a a 
cosx sinx COs x 
d" f(x) pines 5 asec sin 2x Bua 
dx" \x-0 —3sin3x 3cos3x —9sin3x 
-1 0-1; }O 1 90 0 1 0 
f gh 


= f{Z)=-1 0 -2|+l0 -2 o]+-1 0 -2/=4 


4. (b) FX)=If' 2’ Bb 
(b) F@)= |f 8 0-1 o| o -1 of B Oo 9 


x g" h" 


TEXTUAL EXERCISE-9: (SUBJECTIVE) 


a-xXx 


1. y= ,{(a-x)(x-b) -(a—5) tan" 


Let x =acos* 9 + b sin? 0, 8 € [0, 2/2] 
(a —x) =(a-— Db) sin’ 9, (x — b) = (a— 5) cos’ 8 
y =(a—)) sin 9. cos 8 - (a — BD) [tan ' (tan 8)] 


= (+=) sin 20 — (a — b)O 


> D eb yeig0-A and Pane 
do dé 
Oy = a-x 
dx  sin20 x-b 
2. y= Va -x’ +5 log] ——— cles et 
a+vVa’—x’ 


Let x = a sin® 


=> y= Va’ —a’sin 8+ = log) ————— a-avcos' 
a+ancos @ 


1—cos@ 


7 
=> y=acos8+ —lo 
4 2 o( 


ae =Aenge ater seer 
d@ 2 2 2 


a _acos’@ 


= —asin@ +—— = — and ale 
sin@  sin@ dé 
2. oP 
== dy _ Wylde _ one => dy _Na@ 7x" 
dx dx/d@ dx x 
TEXTUAL EXERCISE-—9: (OBJECTIVE) 
1. (a) o _Ni+t-vi-1 
Vl+t+vl1-t 
oy al 
=> or -__Nl+t _ | tany/2 
1-t 1+tany/2 
1+ 


=> De —2e* cos’ (= -2) 


ax 2 

1 

When t= 1/2, tan y/2 =—= 

oe ae 
— ie 
2 6 


= acosé +${2I0g tan) 
Z 2 


eat) 


2. (b) y= 


.(b 


. (a 


Method of Differentiation < 3.141 


d 
From (1), = = —2[e*],_,,.cos” (4 -=) 


| 372-72] [1 V3, 11] 
| ar2+ Viz || V2" 2 

_ V¥3-1]| 341 

4G 


(a ~ x)? +(x—b)?? 
(a — x)? 1 (x—b)!? 


[(a x)" | # (x —p)”? i 
(a—x)"? +(x—b)” 


3 3 


2 2 


y= 


=u? +v" —uv 


u 
or y= 
u+v 


2 y= (ax) + (x=) = (a= x)!%(x- by! 
— y= (a = b) = (a = x)(x = b)\? 

dy 1/2 I l 

ee . +] 
=> a (a—x) PN a 5 = ) 
_vx-b  Va-x _(x—b)-(a-x) 

2Va—-x WWx-b 2Wa-xNx-b 
dy__ 2x- a 


dx 2Va-xNx- 


~(x—b)!”. 


we’ 


Let y=tan"( - and y = sin" ==.) and x € 
(-1, 1) —Xx l+x 


We know that dean x= {tan 


2x 
ae }for € (-1,1) 


and 2tan™' x= {sin ( zt ; }fo x e[-1,]] 
1+x 


y = 2tan'x and V = 2tan''x 


4, 
dV 
= {2x 
) For xe (1, ©); 2tan na {an ; 7 |forx> | 
-] | 2x 
and also 2 tan v= {a-sin ( ; for >| 
l+x 
=> y=2tan'x-—aand V=n7-2tan'x 
=> y=-V 
ey 
dV 


. (a) dtanx =| +tan"( 7 for x <= and 


2tan'x =| sin“ ae }for <—] 


1+x 
=> y=2tan'x+nand V=-7- 2tan'x 
=> y=-V 
Jae 


3.142 > Method of Differentiation 


6. (b) We know, that 


10. 


. (a 


san = fa HES -}orxe(FE.35) 


dy _ 3 
dx 1+x 


=> y=3tan'x 


(a) Let y=sin"'(4xVi-4x" } and V = V1-4x’ ; 


(-s78) 


We know that, 2sin™' x = sin (2xvi =i )for— <x< a 
- V2 
Sees | -l I 
> y=sin (4zvi-4x? |= 2sin (2x) for F285 a5) 
2 
=> y=2sin (2x) for rel =| 
V2’ V2 
ay Og ee NE 
dx 1-4, dx 21-4? 
> ee ee = for se(F =) 
dV fT 4x? DAO 
(a) soto (esa), V =V1-4x° 
We know that, 
2sin'x={ 2 -sin" (2am for 12 x > 
=> y=sin" (4xV1—4x7 )= —2sin" 2x for <> x>—— 
2 2D 
=> Moa as zal 
dx 1-4x’ dx 1-4x° 
= aad for La cee 
dViox 2 2V2 
) y=sin"'(4xv1-4x"); = 1-4x’ 
We know that 
2sin"'x={ sin" (2xVI—3 Jf exe —] 
= y=sin™ (4xv 14x? =~ —2sin“(2x) 
=> ae = Pr pe ami 
dx 1-4,’ dx J1—4x’ 
= - a 
aV x 
(d) Let 
: i 2_.2 2.2 —1 1 
y=sin (2axvi-a*x") ; V = l-—a’x Go ap 
2 V2 


We know that 2sin™' x =sin™ (2xv eg for 


—] 


V2 V2 


y=sin™ (2axv l-a’x’ =2sin'(ax) for 


—] 1 

— <axs—s 

V2 J2 

ad se for as <ax< and 
dx Vl-a’x’ V2 V2 

av —2a’x 

dx l-a’x’ 

dy _~2 

dx ax 


TEXTUAL EXERCISE-10: (SUBJECTIVE) 


1. (i) y=sin ax + cos bx 


— 


(ii) 


=> 


= 


iy =acosax—bsin bx = asin( % + ax] +boos{ £+-bx] 
dx 2 2 
2 
a. = a cos{ Zax) 6 sin{ 2 +b 
dx 2 2 
=a’ sin +(Z as] +b’ cos F(Z abn 
2 2 2 2 
a’ sin 2() a: a +b? cos|2( fe bs 


Similarly, ey =a" sin (ax + =) +b" cos C + =) 
dx” Z 2 


y=(ax+by' 

y, =— (ax + by? .a=(-1) (@) (ax + by’ 

y, = (-1) (2) (a) (ax + bY? 

y, = 1) (2) (3) (a) (ax + bx)“ and so on 

y, = (-1) (2) (-3) ..... (@)" (ax t+ BY) OP 
_(CD".nl(a)’ 


"(ax +by™ 
(iii) y = Jog ax 
a =x 'log e 
dx loge 
d’y 
=(-1)x’log e 
Gee ee 
dy 
a] = (-1)(-2).x~ log, e and so on. 
i = 
= (-1)(-2)....(-(a—-1).x" log, e 
i 1)"".(n-1)! 
x" Ina 


(iv) y = €n (ax + b) 


ae =a(ax+b)' 
dx axt+b 
d*y , 

=—a’ (ax + by? 
oe ( ) 


> + = (—1)(—2)a’(ax+b)~ and so on. 
dx 
d"y (-1)"'(n-1)!a" 
=> n 
dy (ax+b) 
(v) y= 
=> DY 2p yk 
dx 
d*y 
— = 2 kx 
ax 
3 
= eae 3 kx 
dx 
=> Z Y — Eek 
dx” 
(vi) y= sin x. cos x 
ss ie sin 2x 
a, 


=> id =cos2x = sin( 20+) 
dx 2 


2 
=> a = 2cos pe = 2sin ee 
ax 2 2 


3 
= £Y ~ (2) cos| 2x42. |=(2)° sin 2143.5) and so 
dx ° 2 
on. 
3 
oY pe sin( 2x40] 
dx 2 


y= - (x7) = 205.x°™ 
dx 


=> y, = (205) (204). x 
=> y, = (205) (204)(203). x°°? and so on. 
=> y= (205) (204) (203) .... [205 —(n— 1)]. 2°?” 


(205)! 105 
= [Fes Sealant 
Vio9 = (205) (204) (203) .... (106). x! = (105)! 
3. y= sin 2x 
y, = (2)" sin( 2x + ne | 
=> y, = 64 sin (2x + 3x) = —64 sin2x 
=> y,| _=-64sin==-64 
7 9) 
TEXTUAL EXERCISE—11:(SUBJECTIVE) 
1—x* 
_ y= re ...{) 
dy _ —8x° i 
dx (x* +1) sy 


By (1), we get y + yx*+ x* = I 


= Es 4y:\4 
Pea Ss ye = 
l+y l+y 


Method of Differentiation < 3.143 


dy 4 


1 ty 3/4 9 
6 Ali-y} | d+yy 


l+y (i+ y) 


dx (ee) [awn 


=(5) =) _ =i) d+x*) 
4\ x* 1-x*)) 2x° 4 
1+ A 
Il+x 
2 ey _. (iii) 
8x° 
From (1) and (111), ais =] 
dx dy 
2. xy—tny=1 
a dy 1 dy 
Differentiating the whole equation x——+ y——.— =0 
dx y a 
=> y+t(xy- 1) dy/dx =0 
3. x=2t+ 3P 
i eee ae 
dees ay Bo 257 262 
dt dt 
dy 2t+6t? 
—— = ——__ =} — + (2yR=f4+2F = 
va Ses (y')’ + Qy') y 


Hence (y’) + 2(y’) = y, which is true 
4. y=x €n [(ax)' + (a)"] 


aa 
=> y= xln| —+— 
ax a 


= y= 


x Il+x 
e AX (==) l 
>. Y= 


l+xa x (1+ x) 


—] 1 


—l-x+x 
— + ——— = 
x(l+x) (1+x) 


x(1+x) 7 x 


=> x(x+1) —— ‘eee ae 
x(x+1) x+1 x41 


5. y=sin (2 arc sin (x)) 
dy _2cos(2.arcsin(x)) 
dx 1-x 


—] 


+2x? +x 


3.144 > Method of Differentiation 


=x d’y _ 2xcos(2.arcsin(x)) _ 4sin(2.sin" x) 
dx - (1-x? ee 1— x 


—4sin(2sin™ x) 


2 1 
28 (ie ee ee x) 


dx? Vv1-x? 
dy 


dy 
= x— — 4y. Thus (l-x =x—-4 
a ee ( oe ‘ 


dx 


6. y=Ae“ cos( pt+k) 
dy dy - 
ie A—(e e cos( pt + k)) 
=A (-pe* sin( pt +k)—ke™ .cos( pt + k)) 


-e“ (apsin(pt+k)+akcos(pt+kh) oe (i) 


d? 


=> 2% =e(2akp sin(pt + &) + (ak? — ap?) cos (pt + 1) 


d*y 
dt 2 
— 2kape™ sin as + k) + e* (ak* — ap”) —e* ak . 2k cos 
(ptt+k)+pytkRy=0 


Ti ya(x+Ve +1)" 


> + 26 + (p’ +k’) y is given by e“ 2akp sin (pt + k) 


cet 
x +1 x +1 
=> ed” amy 
dx 
2 
wy Puen sl = 
12 +1 dx dx dx 
=> (¢ Worx o- m aay 
dx dx 


or (x° 8B enty 
dx 


dx 
8. *=sint => dx/dt=cost 
= dy 7 dy/dt _® .. 
dx  dx/dt rr 
2 2 
ae ¥ = “ $(2. cet | = seo? YD sec? f, tan ft 
dx dt\ dt x dt dt 


TEXTUAL EXERCISE-11: (OBJECTIVE) 


. (a) y=acos (log x) + b sin (log x) 


= dy | ( =eentve) F vance) 
dx x x 


d’y _ asin(log x) 


bcos(log x) 
dx* x? i 


~~ cos(log x) _ > sin(log x)- 
x x 


2 
> x a = asin(log x) — acos(log x) — bsin(log x) — bcos(log x) 


. (a) y=x+cotx 


= dyldx = 1 —cosec’ x 
d’y 


=> he = 2 cosec x. cosec x. cot x = 2 cosec? x.cot x 
Xx 


2 
=> sin’ x ee + 2x —2y =2 cot x + 2x — 2x —2cot x =0 
x 


. (bd) y=xt+ex 


> y=lte 


_d ry-1\ de —e" ( It _ -e 
SEG fl aera 
Fal ee (sey +e") (1+e*) 


. (a) x=f+t+5andy=sint 


= Ay dnd 2 saa 
dt ax 
me dy _ cost 
dx 3t?+41 
le d’y _ -4(4)4 dt 
dx’ dt\ dx} dx 
_| Gt + Diesin#)— coss(6t) ( 
(37? +1) 13P 41 
| (30? + 1)sint+6fcos t| 
BPH 


. (a) y=(sin ' x) + (cos ' x) 


dy _ 2sin'x 2cos'x 


dx 1-x’ Lax 


dx? (l-x o ae x) (l-x’?)? ie x") 


- (cos™ x—sin"! x)(-2x) 4 


2 a ete 
_: of x—cos “x4 
dx 


Vv1—-x’ 


PL 


d’y 
=> (1-x*)—= =4 
( uae dx 
6. (a) Given: (a + bx)e” =x .. (i) 
d’y dy “3 
and x*—< =| x=+-—-y’ ii 
. dx? [x2 4 ) 
From (i); e”” aaa 
a+bx 


s al : ~ y=xin( : 
x a+ bx a+bx 
dy ( x (<**) a+bx—xb 

> —=ln +X era 
dx a+bx x (a+ bx) 


dy ( x a 
> —e=ln + 
dx at+bx} (a+bx) 


ed gi. .. ii) 


=> 
dx x atbx 
Wagan 
ax a+bx 
dy : ax : 
= ba io = ...(1V 
(«8 ») (=) Oy 


2 - ws 
Also, form (iii), “% = =) oe 
dx x dx (a+bx) 


x 
y= 42(2 a )- ab 


+ 


dx’ x? xix atbx) (at+bxy 
Uy aa 

dx’ (at+bx)x (at+bx) 
= d’y a’ +abx—abx | a’ 

dx? x(a+bxy x(a+bxy 
> x d'y -_*_-= -(: dy ) 

dx’ (a+bx) dx 4 

= i= 


7. (c) p=a@ cos? 0 + b’ sin’ 0 
= = = 2a’ cos @- sin 8) + 2b? (sin 8.cos 8) 
= — q’ sin 20 + b’ sin 20 = (sin 20)(b? — a’) 


2 
SP 5p) 60056 


=> pt af =a’ cos’ 9 + b’ sin’ 8 + 2(b* — a’) (cos? 6 — sin’ 8) 


= (2a’* cos’@ + 2a’ sin’@) — a’cos’@ + (2b’sin’@ + 
2b’cos’0) — b’sin’0 — 2b’sin’0 — 2a*cos’0 
= 2a’ + 2b’ — 3(a2cos’*0 + b’sin’0) = 2a” + 2b? — 


> k=3 
d’y  k(x+y) 
8. (b) Given: «+ y)=e y...(1) and —— ae es yale a(2) 


From, (1), & — y)=In@+y) 


9. (d) 


Method of Differentiation < 3.145 


DP _ I (i+) 
dx (x+y) dx 


=| +1 }-1- 
dx| x+y x+y 


dy _x+y-l 
dx l+x+t+y 

d d 
Py wren) +2 |-Gry-n(1+2)] 
dx (x+y4l) 


(r+ ytl—x- yr +2 (x4 ytlox- yt) 
eS eee 


(x+ yl) 

x+y-l 
pot Hl) 
(x+ytl? (xt y+) 


| pa ene | em 
(x+y+1)’ (x+y+l)y 


k = 4 (using (2)) 


yo] EAN afro =a’ | 


dy a niche lie: 
dx x+Vx°-a’ x -a’ xtvVx’°-a’ x -a’ 


dy _ a 


dx ahaa 2 
d’y 
Ze alee 


=(a+k). 


1 
——__—_...( 
Ts (1) 
~1(2x) 2). ~x(a+k) 
( 


2(x? — a?) - xa’)? 
@- Pl y _~-x(at+k) 
dx* x =a 
d’y —_xdy 
2 2 arperesias Ss 
e ae ax 


(x? ~a 2 xdy _0 
dx 


SECTION-III: (ONLY ONE CORRECT ANSWER) 


1. (b) 


y= sin"(xVi-x+ vxvi-x"} 


Clearly, 0<x<1 


Now, y=sin“[ x1) +VxV1—x? 


Put Vx = ye€[0,1] 
y= sin"'(xyl-y’ +yvi-"] 


=sin'x+sin! y =sin'x+sin! Vx 


3.146 > Method of Differentiation 


dy 1 l l 
= ae ee Ek on mea APE x) 
] ; 
= p'+—=— ._ (Given 
: 2,/x(1- x) 


Also oe a aine x+c)+ 
dx dx 


1 
2,/x(1—- x) 
=> p=sin'ixt+e 
2. (a) y=cot'(cos 2x)'”) 
dy _ —] 


1 
oe fe 
dx (1+cos2x) 2Vcos2x 


sin 2x tan x 


7 (1+ cos2x)Vcos 2x eos 2x 


(—2sin 2x) 


yy 


= (2/3)! 
dx |x = ~~ 


HA 


3. (c) y=sin | vx- ax —Va- ax | 
which can be written as sin‘ (Vx vi ~a-Vavi -x) 
Substituting x = sin? 69 and a = sin’ 9; gE 0,5] 


The expression becomes sin sin (6 — o) 1.e., 8-0 
= = (sin Vx —sin' Va 
dx 


4. (d) x =2 log cott andy =tant+cott 


dx 4 
=> —=2tant(—cosec’t) =—— 

dt sin 2t 

d 1 sin? t—cos’t 
and = sec? t—cosec’t = —-—- = 
dt cos‘t sin’t  sin’tcos‘t 
_ —4(cos 21) 
sin’? 2¢ 


dy _ Ayldt _ —4cos 2t —4cos2t | —sin 2t 
dx dxidt sin? 2t 4 


=> ® «cot 2t = anor noe: 
dx dx 


=> (sin 21) +1=1+ 0082 =2cos’t 
Xx 


5. (a) y= (x+(vi+x*)) 


> y= ——~ _ -_“~~ (i) 


=> ynvx°+l=my 


=> Hai x?4+1 y,=m 
rere V2 y\ 


x 
=> (x+y, +x, = m( Vx? +1)y, =0 


=> (x + ly, + xy, = m’y (using(i)) 


. (a) x’? ey + 2xyex + 13 =0 


Differentiating the equation, we get 2xey + x’ e’. < 
x 
dy 
+ 2xe*—+ y{ 2e* +2xe* )=0 
eas )= 
=> BD (x2e? + 2xe*) = —y(2xe" + 2e* ) —2xe’ 
dx 
dy —y(e*2x +2e*)—2xe’ 
=> SS SF 
dx (2xe" + xe ) 
= dy 2xe”*+2y(x+1) 
dx (2x +x’. *) 
. (c) y = (tanxtanx)tan* 
=> £ny=tanx. €n(tan x)tanx) 
=> ny =tan’ x. fn tanx 
Differentiating the whole equation, we get — 2 =2 
2 yY ax 
tan x.sec? x €n tan x + = ~ sec? x 
dy 
=> Z = y[sec?x (2 tan x €n tan x + tan x)] 
Xx 
= 2 ,=120)=-2 
dx |x =— 
4 
Sie sin @.sin x 
l—cosa.sinx 
25. ay: 1 ( sin a.sin x 
dx sin? @.sin? x l1—cosa@.sin x 
1+cos’ a.sin’ x —2cosa.sin x 
ar dy _ |1—cosa@.sin x | : 


dx 1+cos’ a.sin’ x—2cosa.sinx—sin’ asin’ x 
((1—cosa@.sin x)(sin @.cos x) + cos @.cos x(sin @.sin x)) 
(1—cosa@.sin x) 

Putting x = 0 in dy/dx 
dy 
ax|,_0 


= sing 


. 0) fC1,)D>R 


ft0) = -1 

f(0) = 1 

Given g(x) = [f (2.x) + 2)P 
=> g(x) = 2[f(2fx) + 2)] . f' (2x) + 2) . 2F'@) 
=> g'(0) = 2[A2K0) + 2)]. f'(2F(O) + 2). 2 £'(0) 
=> 2[f0)] f(0).2. f'(0) =—4 


10. (a) f(x) = |x -2| + |x + 1|-x 


11. 


12. 


13. 


DA 
+ 
|x—2| 

-12 9 
=> f(-10) = —--—-1=-3 

f(-10) ie ce 
(a) xy = e%—y? 

Taking log both sides, we get y £n x = 2(x —y) Ene 
=> ylnx=2(x-y) ...(0) 
WY Vi _ 5 
dx x dx 


x+l1 
|x+1| 


=> f(x)= 


Differentiating both sides, we get ¢nx 


=> (dy/dx) (€nx + 2) =2-y/x 
M4 
Sw 
dy x 
dx 2+£nx 
By (i), we get y (£nx + 2) = 2x 
2 


= dy/dx = tnx +2 
2+ €nx 


=> ylx= 
z (=. 


2tnx+2 
(2 + énx) 
(a) x’x — 2xx coty—1=0 ...(1) 
Let P = x* 
Taking log both side, we get £n P = 2x €n x 
1 dP 


=> ——=24+2 tnx 
P dx 


=> ee (2+2tnex) ...(il) 


=> dy/dx= 


Let Q=x 


Qu 
t© 
II 
Se 
—~ 
p— 
+ 
= 
sa 
— 


.. (iil) 
Differentiating (i), we get x (2 + 2@nx) — 2xx(1 + En 
x) cot y + 2xx (cosec? y).y' = 0 

=> Atx=1,2-2 (1) (cot y) + (cosec’y) y'(1) = 0 

> 2-2(0)+2[l]y'(1)=0 

=> yd)=-l 


(a) y= (log... sin x) (log... cos x) + sin’ 2 which can 
logsinx logcosx . “( 2x 
be written as —7—— x —>——_ + sin 5 
logcosx logsinx l+x 


> y=sin' (7,1 


: aT 
Substitute x = tan a; ae (-=,5) 


2tana 


peal 
=> y=sin- | —— 
4 (ane 


=> y=sin' (sin2a) =2aas 2ae (=.2| 


14. 


15. 


16. 


17. 


18. 


Method of Differentiation < 3.147 


=> y=2.tan'x > y= — 
=> iJ —— 
(c) fx) = 2°x —! 
En(f(x)) = (2x — 1) €n 2 
=> LY ~2%m2 
f(x) 


=> f(x) =f(x) 2 €n2=2*.€n2 
Now, f(x) =-2x + 2x €n 2 


=> f(x) =-2 €n2+2€n2 

=> 2% tn2>2*€n24+2€n2 (f(x) >/f), given) 
=> 2 'n22x+1)>2 €n2 

= 2 Ox + 1)42 => (2x/’+2%*-2>0 

=> (Qe F242 —)>0 = =2<2'<1 

=> 0<2*<1 => -0<x<Oie,x<0 

(d) f(x) = BOD |, z which can be 


2 ((h(x) + h(-x)) 


written as f(x) £2), 8) + 2h(x) + 2h(-x) 


Discentanneweser Se a + 2h'(x) — 


2 
2h'(-x) 
=> f(0)=0 
(d) y = sec '(cosec x) + cosec'(sec x) + sin'(cos x) + cos 
‘(sin x) 
digs —cosecx.cotx secx.tanx sinx cosx 


lcosec x||cot x| 7 lsec x||tan x| - sing 7 lcos x| 
for all x in the first quadrant 
All T-function are positive in Ist quadrant 

=> dyldx=—4 


(d) y=cos" (cos x) 


= ac a (—sinx) = md 
dx /1—cos’ x | sin x | 

=> o a1 in 3rd and 4 quadrant 
Xx 


= 1 in 2nd and |st quadrant 


(a) Given x = 2cos 8 — cos 20 
dx 


— =-—2 sin 90 +2 sin 20 
dé 


=> 


=> y=2sn0-sn20 > Ope 9605.20 
do 


dy | 2cos@—2cos2@ 
dx 2sin20—2sin0 


3.148 > Method of Differentiation 


19. (a) f(tan x) = p and g(sec x) =q 


20. (c) 


21. (d) 


22. (a) 


23. (b) y= an( 


dp/dx = f(tan x) . sec? x 

dq _ 
ra 
dp __f'(tanx).sec’ x f' (tan x).secx 
dq g'(secx).secx.tanx 


g’(sec x) . sec x tan x 


a} _ fM _v2_ 1 
dq 5 g'(V2] Z 


y=(144}(1+2),..(142) 


Lny=ln(xt+1)+ €nie+2)4+....4+ €n(x+n)—n €nx 


( 1 1 1 ") 

=|——+ Sey ok —— 

ydx \x+l x+2 xtn x 

dy (x+1)(x+2)..... aaelerst 1 — 1 "| 
xX 


i. x +1 x+4+2 “x +n x 
+ cet ase sat) tera 
x+2 xtn}) x 


( dy _M2E).a=-) , 


n 


ax x 


dy ei 


dx (-1)” 
dy n 
— =(n—1)(-1 
dx |x =—1 NIG?) 
Given y = log" x 
dy 1 


x = a(1 + cos 8) 
dx 


— =-asin 0 

d@ 
y=a(O0 + sin 8) 

ie a(1 + cos 8) 

dé 

0 
2 
dy _ 1+cosé aD . Sane 
dx  -sin@ ee 2 
2 “2 


2 — 
d‘y _1 ,9 dO | sage x z 
2 asin@ 


; cosec” Ud ; 
= 2 


390 20 
=— ,.—_,—*+, =—cosec’ —sec— 
4a ) an: 


5x+12V1-x’ 


13 


Let x = sin 9 and 5/13 = cos 


The expression of y reduces to y = sin''(sin 0. cos w + 
sin @ cos 8) 


y=8+o@ 
y=sin! x + cos1(5/13) 
1 
=> dy/dx = 
le 1)(n-2 
24. (c) fx) = 1 + nx + _ F mo Der?) 
remo piugaces + xn 


=> fix) =(14+3) 

=> f(x)=n1+x)n-' 

> f'~=n(n-1)(1+x)n-? 
=> f'(l) =n(n- 1).2n-? 


— 


— 


~ (ec) y=r?+1landx=8+1 


Y _i0/ & Bey 
dt dt 
dy a2 
dx 4 
2 
ih ome (4) -34(5- Ze 
dx 4 ax 8t 16t 
dy 5, 1 -7/8 
=—.2t.—(x-1 
dx’ 4 3 ) 
d’y 5t 


18 5 
rege a, ~ 1605 


26. (c) f: R > R is even 


=> fe) =f) => f(x)= (Fx) 
=> fx)=SO) => f"~x)=f"() 
=> f (1) = f"(-n) => f '’(-1) — l 
27. (d) y=e” ...(i) 
WY _ yer 
dx 
ay : 
a .. (il 
We (il) 
By (i), we get 2x = fn y 
> x= ” => dxdy= — 
2 — 
o* ..-(ii1) 
dy" 2y 
. ae d*y d’x -—2e* -2 a 
By (ii) & (iii), we get ——x—— = —_ = —_ = -2e* 
y (ii) & (ili), we g de?” dy? iz oe é 
28. (d) y= 2sin' Vi—x+sin'2,/x(1-x) 
—1 
Differentiating w.r.t.x, weget dd = eos ee ( 
dx fl-(1-x) 2 v1-x 


(1 — 2x) 


1.2 1 
Jl-4(x(1-x)) 2 /x(1-x) 


— (-2x)2 2x)2 
“er 2,/x(1- x )ai( (l- 2x)’ 
—] 2(1- — 2(01-2x) 


~ Vxvi=x x are x)|1-2x| 


For x € (0, 1/2) 
ay) 


—1 ] 
dx Vxvl—x i x(1- x) 7 


= ane for x >0 


29. (a) f(x) =A4 ulxlt+v]x? 
| | A-—px+vx’ forx<0 


Now, f'(0°)= lin LODE 


—_— —_— 2 —_— 
lim f(-h)-a ste [A —u(-h) + vhé - A] 
h->0* —h h>0* —h 
- o. |- lim — p—vh 
h>0* _ h-0* 
=> f(0)=-p .- (1) 
Also, f(0")= ee f£) 
2 
mn des ie At+ph+vh*-—A 
h->0" h>0* h 
=> f(O)=u .. (il) 


f(0) to exist, -u=u> pw=0 


30. (a) By the question f(x) = y and g(y) =x 
Given f '(x) = dy/dx = sin x 


> g(x) = —— = cosec(g(x)) 
sin(g(x)) 
l+t 3:2 
31. = nd y= —~+— 
4 2° tt 
= ee eee a 
dt t at f 
=> ay = yout 
dx 
l+y' Il+t 
=> f{(x)= = se 
(yy  ¢ 
=> f(x)=x 
32. (c) fx) =x + tan x . (1) 


fis inverse of g 

= gis inverse of fie., g=f' 
Now, f(f"(x)) =x 

=> f(g(x))=x 


=> f'(g(x)).g\(x)=1 


1 1 
=> g(x)= 


1+sec? oe ~ 141+ tan? (g(x)) 


ale f(g(x)) = 4] 


1 
F(e@) 
1 


 2+(f(g(x) eg) 2+(e— a 


Method of Differentiation < 3.149 


33. (b) 5f(x) + x=) =x+2 i) 


5f'(x) + 3f" (+ (= =1 


Put x = 1, we get S5f(1) + 3f(1) C1) = 1 
=> 2f(1)=1 => fd)=1/2 
Given, y = x f(x) 
= Dac + fo) 
dx 
Putting x = lin (1), we get 5f(1) + 3f(1) =3 


> 8&f1)=3 => fl) =3/8 
= a =1f(1)+ fll) = 1/2 + 3/8 = ih 
dx |x =1 8 
34. (c) y=Ae* +Be*” 
=> ® _ Ae* (2x) + Be*! ?(x) 
dx 
d’y 2 2 2 2 
= > = 2Axe" (2x)+2Ae* + Bxe* (2x)+ Be*”” 
i 
d*y 
= 7 =4Ax’e* +2Ae™ +2Bx’e"? +2Be"? 
iy 


ae: oY 2x? y =4Ax2e" + 2Bxe"!? +240" +2Be"” 


42x? Ae + Bre’ =6x" Ae” +3Bx’e* 


+2Ae* +Be* = 3] + Dy 


2 
“t4(-3 dy |e 


+2x’y=0 


x—-— 
dx’ dx x/jadax 
=> k=-3 


| 2 
e = al + lnyxvx? +1 
FA] 


2 
35. (a) y= a 


l 2X 
+ ——_______ x | 1 —=— 
2(x+-Vx? +1] Eo) 


if), 
2 x7 +1) Wx? +1 
= xt [26° +1] 


Wx? +1 
= Yi SX Vx? +1 


Also, 2y = x* + xVx?41 + tn(x+-v3? +1] (given equation) 
=) dy=x(x4Vir i) tn(x+Var a1) = 22+ 2) 
bs x 


=> k=2 


3.150 > Method of Differentiation 


36. 


37. 


38. 


39. 


40. 


(a) Given g(x) = (ax? + bx +c) sinx + (dx’ + ex + f) cos x 
Differentiating, we get g’(x) = (2ax + b) sin x + (ax? + 
bx + c) cos x + (2dx + e) cos x — (dx* + ex + f) sin x 


...(i) 
= sin x(2ax + b— dx’? — ex—f) + cos x(ax’? + bx +c+2 
dx + e) 

Given that g’(x) = x’ sin x .. (il) 


Comparing, equation (i) & (11), a=0,b=2,c=0,d= 
—l,e=0,f=2 


(c) 2f(x) + 3f(-x) =x’ -x4+ 1, 

=> 2f (x) -—3fCx) =2x- 1 

=> 2f/d0)-3fCl)=1 me) 
and 2/(-1) — 3f(-1) =- 3 ...(2) 
Equation (1) x 2 + (2) x 3 gives, 4f/(1) - 9f(1) = 2 + 
(—3) (3) 


= —Y$fU)=-7 > f()=7/5 
(b) By sine formula, eh 
sin A sinB 
: asin B 
=> sin A = —— 
b 
+ A= sin 9 | 
b 
dA I a acosB 
> —=———_—._ 60s 8B = ———— 
© eer Je asin’ B 
b 


5 ‘--bsinA=asinB 
a’ —b’ sin’ A ; 
me Fe ar ree => b’ sin? A=a’ sin’ B 
b* —a‘* sin“ B A ee de Bae 
>a’ —b* sin’ A=a’ cos’ B 


(b) f(x) = tan"( 


1 _ 1 
a a 
cos’ x+cosx+1 cos’ x+3cosx+3 


1 
+ tan”! Sn Sie SEE 
cos’ x+5cosx+7 


l 
+tan” ee 
cos’ x+ 7cosx+13 


= | tan (cosx +1)—tan7'(cos x) | 

+| tan“'(cosx + 2)—tan7'(cosx+ 1) | 

+| tan“'(cosx +3)—tan '(cosx + 2) | tot 
| tan” (cosx +n) —tan™'(cosx+ n-1)| 


= tan ‘(cos x +n)-—tan ‘(cos x) 


l ; l 
=> f(x)=—————_[- sin x] -———-(- sin x 
I) reeeeeay ine ) 
—sinx sin x 


~14(cosx+n) 1+cos? x 


(b) Given (sin B + sin A) Sin C+ sin A. sin B=k 
=> (sin B+ sin A) sin (4+B)+sinA. sinB=k 


41. 


Differentiating both sides w.r.t A, we get (sin B + sin 


A). cos (A + B) [1+ Hs sin( 4+ B){ cos BE +0084 
dA dA 


+sin A.cos B= +sin B.cos A =0 


dB 

dA 

_ —(sin A + sin B)cos(A + B)—sin(A + B).cos A—sin Bcos A 
7 (sin A + sin B)cos(A + B)+ cos B.sin(A + B)+sin AcosB 


— 


_ (sin A+sin B)cosC —sinC cos A—sin Bcos A 
—(sin A+sin B)cosC +cosBsinC +sin AcosB 
_ —(sinC cos A—cos C'sin A) — sin B(cos A—cosC) 
(sin C cos B —cosC sin B)+sin A(cos B —cosC) 
_ —sin(C — A)—sin B(cos A—cosC) 
sin(C — B)+sin A(cos B —cosC) 
Ae sin(C — A)+sin B(cos A—cosC) 
sin(B —C)+sin A(cosC —cos B) 


x y 2 
(a) jx' y' z' =k? 
oid y Ald 
1 Ss t 
=> xil s+xs' t+xtl=ke 
0 s'txs"+s' t'+ xt"+t' 
1 Ss t 
=> x0 xs! xt'|=ke(R, > R,-R) 
O xs"+2s' xt"+2t' 
s' t' 
2 3 
x = 
xs"+2s' xt"+2t!' 
s' t' 
2 _ 2.3 
=>: oy = kx’ (R, > R,-2R,) 
" " 
xs xt 
s! t' ' t' 
3 _ 2.3 = 
=> x tt tt kx aad k= " tt 
S f S t 
k cosx—sinx cosx+sinx 
= = 
—sinx—cosx -—sinx+cosx 


=> k=(cosx—sinx) +(sinx+cosx) =2 


SECTION-IV: (MORE THAN ONE ARE CORRECT) 


- (a), (©), (d) 


f, (x) =log.(f,.,(x)) VaeN and f,(x)=x 
=> x (x) ef ®) 
=> fix)aei =e 


= (Ojee* = eo 


Method of Differentiation < 3.151 


a which can be written as f '’(x) = eax(a? + b? 
=> f(x) — ef® — oF ( ) ( ) 


scetepereseuanrecanntetesee (re) | sin (bx +0) +24) cos(dx +0) 
a 1+ (b/a) 1+ (b/a) 
St dgtyae Cesare C1) ames) = eax(a? + b*) (cos(2 tanb/a). sin(bx + c) + cos(bx + c). 
d sin(2 tan"'b/a) = eax (a* + b’) sin (bx + c + 0); where 
=> FLO) = fr CO-fra CO) fn2 0) S21) 
dx ; ; $= 2tan” (+) 
7 In) ni (x)) = []4@ Comparing with given f (x) = 7°. sin(bx + 0) . eax 
2. (b), (c), (d) => r= Va’+bh’ and@=c +2 tan"b/a 
f(t) =log,t 5. (a), (b), (c) y = tan x . tan 2x. tan 3x 
2 d 
D= af fda = f(x*).(3x’) — f(x”)(2x) => os = sec’ x. tan 2x. tan 3x + sec’ 2x .2. tan x. tan 3x + 


5 2 sec’ 3x. zis (3x). tan x . tan 2x) 
= (log iy (3x?) e (log 3° (2x) = 9x? log 3* —4xlog3* a 


= sec’ x. tan 2x. tan 3x + 2tan x. sec’ 2x. tan (3x) + 3 tan 


Clearly it is not defined for x = 0 MWA IN ASEC SN rs (i) 
Forx=1, D=0 = Option (a) is correct. 
4 16 4 4 Can also be written by taking tan x tan 2x. tan 3x com- 
For *=—»D= 9( ioe, <- «(3 jog, 3 mon = 2y(cosec 2x + 3 cosec 6x + 2 cosec 4x) 
Also tan 3x = tan (2x + x) 
(2-7 }iog, 2-0 eer ee tan 2x + tan x 
9 9 9 1-—tan2x.tan x 
oe = tan 3x — tan 2x — tanx = tan3x. tan 2x. tanx = 
For x = e, D = (9e’ — 4e) log,e Aa) a e 
In3 > = = 3sec” 3x —2sec’ 2x—sec’ x 
os 
dD | 1 
Fy Oe log, —4x.— log, e+ (18x— 4) log, e Acie (sec x + tan x) 
a) =9elog,e—4log,e+(18e—4)I _ 
dx), i ae Re a (sec.x — tan x) (sec x.tan x + sec” x) — 
(27e-8) dy _ (secx + tan x)(sec.x tan x — sec” x) 
= 27elog, e—8log, e =-——— i a aaa ca 
: : In3 dx (sec x — tan x) 
3. (a), (b), (c), (d) _secx(secx+tanx) (secx+tanx).secx(tan x—secx) 
y=cos! 2x + cot! 5x + sin! 2x + tan! 5x Tn ae (secx—tanx) 
=. = alee... ‘ 1.2 in | Wes: _¢ 
V1-4x? 1425x°  1—4x?_:14+. 25x’ = sec x. (sec x + tan x) (_—+_— +) 
secx—tanx secx-—tanx 


= y(0)=90,y, =y, =; =¥, = Vs =, = 0 
4. (b), (c) f(x) = eax sin(bx + c) 
=> f(x) = eax. a.sin(bx + c) + eax. cos(bx + c).b 


_ 2secx.(sec.x + tan x) 
(sec. x — tan x) 


Differentiating again, we get f(x) =a’ eax . sin(bx + c) + Multiplying & dividing by sec x + tan x 
abeax . cos(bx + c) + abeax cos(bx + c)— b? eax sin(bx + = dy /dx =2 sec x. (sec x + tan x)? = 2(1 + sin x) )sec? x 
© 7. (a), (©) fo) =x"; n EW 


=> f"(x) = eax sin(bx + c) [a? — b?] + 2eax. ab. cos(bx + c)] 


= eax[(a? — b). sin (bx + c) + 2ab cos(bx + c)] => f(x) = nx"! 


Given f(a + b) =f"(a) + f'"(b) 
Dividing throughout by ,/(a* —b’)’ +(2ab)’ => n(a+b)*!=na"! + nb! 


=~ ap ale) GAGE Hay > (a+ by =a’ + bn! 
Ope ae ceaeee eae = Forn=2 andn = O0it holds 
=> f(x) = eax (a? + b’) 8. (a), (b), (c), (d) 
fix) = (ax + b) cos x + (cx + d) sin x 


2 2 : x 
bate oin(bx +e) LAD 8 (5246) f(x) =acosx—(ax +b) sinx +c sinx + (x + d) cos x 
a’ +b a’ +b = cos x (a + cx + d) + sin x(c — ax — b) 


3.152 > Method of Differentiation 


Given f(x) = x cos x 1s true V x 
= itis an identify 
=> a=0,b=1,c=1,d=0 


9. (b), (Cc) 


10. 


1 is twice repeated root of ax? + bx* + bx + d=0 (say) f(x) =0 
=> f(x) =(x- 1) g(x), f(x) = 3ax* + 2bx + b, f(1) = 0, fC) 
= 0, g(1) _ 0 
Now, f(1) = 0 
=> at+b+b+d=0 

=> f(U)=0 

> at+b=0; 
(a), (b), (€), (d) 
(a) f(x)=|x-2| 


=> f(f(x))=|f(x)-2|=|x-2|-2| 
f (f(x) =|x-4] = x-4 for x > 20 

=> f(f(x))'=1 Vx>20 

(b+) f()=—J 


1+|x| 


=> atd+2b=0; 
=> 3a+2b+5=0 
= bt+d=0 


> f(x)=— forx<0 
l-x 


iy eee). 

=> f(x)= (l-x) (1— x)? 
ce 

vs ) = aap? 4 


(c) (0) = 0, #0) = 6, g(0) = 0. (fog)'(0) = c. (given) 
Now (fog)'(x) = f'(g()). 3’) 
(fog)'(0) = f(g(0)). g'(0) =f). g'() 


c= b. g’(0) 
=> 2g/(0)=clhb 
_ rere > 
(d) Let y = 2tan* and z=sin ; ;| We know that 
+X 
sin” ( =~.) for -l<x<l 
l+x 
2tan x= -7~sin"{ =~.) for x<-l 
1+x 
sin" | =, | for x>l 
1+x 
3 for -l<x<l 
> y= s-a-z for x<-l 
NH-Z for x>l1 


11. (a), (b), (c), (d) 


(a) fix) = log(x) 
flog x) = log(log x) 


flog x) = 
log x.x 
(b) y =log (xx) = x logx 
=> Cae = log, (ex) 
dx 
log x 
c) y=log, x= 
(C) ¥= (OB ig log10 
z= log 10= ost 
logx 
mn dy _ 1 ad _-loglO 1 


dx xlogl0'dx (logx)' x 


a dy 1/xloglO _ —x(logx)’ --( log x ) 


dz _—logl0 x.(log10)° | Jog10 
x log x.log x 
(d)  fof'(x) =x 
> fer) =x => f(g(x)). g(x) =1 
> g()=———=—_+_ 
F(g(x)) — sin(g(x)) 


SECTION-V: ASSERTION AND REASON TYPE 


For f: [0, 0) >[0, 0) 


Say 


ae: 
dy 2 
d*x 1 ay 


dy 4 
2 2 2 
By (i) and (ii), we get (s z\¢ zesty #1 


dx? 


= Assertion is incorrect. 


dy/ldx = 2x = a = 


dy Wy 


= Reason is correct. 


2. (a) f(x) f/x) = fx) + f/x) 


fix) =xn + 1 or—xn+1 
if f(x) =—xn +1 


ri).(2}= r+ 7 


ul 
x 
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> f(x)=tx"41 => 3g(x) + xg'(x) = 3g'(x) for x #0 
fA) = 65 > fxy=04+1 Ss 8) =e 0) 
= Reason is correct = 3. _ g(x) - for x #0, 3 
S fxyax rl => -f (xa 3x 3-x g(x) 
=> f(l)=3€? => In|g(x)|=-3In]3-x|+C 
=> f(t, =3¢/7 => f(t) =3€7 e 
= =|3-x} +IncC 
. l,6,¢8,nGP > 3€7, 307, 3€, are in GP. eO@|_p=a| in 
; +C 1 
=> fl) fE,)S (£,) are in G.P. => g(x) a but 2(0) ae 
= Assertion is correct (3—x) 
3. (c) f(x) = (cos x + isin x) (cos 2x + isin 2x) (cos 3x + isin => Z = ca 
cp 9 eee (cos nx + isin nx) 3 27 
= cos(x + 2x + .....+ nx) + isin(x + 2x +... + nx) 9 
> g(x)= Wz 
(a2) _, n(n+l) (3—x) 
=COs n > EN 
2. (a) derivative of {f(x — 3).g(x)}’ = f'@ — 3).g(%) + fx - 
1 ge 
{= “ !) sin = Pee a l) | 3).8°@) ’ 
9 
= ((-3))' g(x) + (3). 
| n(n+1) (x—3) 
=> f'e)=- a . Kx) 
—27 
1 ; : = 3(x — 39 g(x) +(x- 39 F 7 
n(int +] x- 
= f(l)= (2) f= (22) 
—2 
Since f(x) = cos ds 5 vvtsin( ) (x—3) Ca. eae ae 
d 
= R is incorrect. = =U (-3).8@)}) =" 
x=100 
4. (a) x =cos 0 + Jog tan(0/2), y = sin 0 
x : 
: 3 
=> Bes nhs 7 sec” (3) 5 3. (a) fre OD ii _ es) 
do tan — 2) 2 x0 x(1+ g(x)) x0 9 
2) x} 1+ ; 
i P (x-3) 
=> —=-sind+— = saa and  =cos6 
sin 0 sin 0 
dy 2 2 
> pga = lim a |= lim a =0 
x0 3 9 x0 (x-3) +9 
d’y , , 40 >,{ sind sin 0 (4=3).| 4% 3 
> — = sec’ 0.— =sec’ 6.| —— | =— (x-3) 
dx dx cos’ 8 cos 6 
— Assertion and reason both are correct 
d l Fs l Passage B: 
5. (d) x <0; —(fa|x|)=— A= - 2 _ f? 
dx ( ) |x| x x By the question D* f(x) = jim OF) 
= Assertion is incorrect. 
For x < 0; |x| =-—x = Reason is correct => D*f{x) = jn BFE) [fe +h) + fo] 
SECTION-VI: COMPREHENSION => D (fx)) =f). 2. f&) 
Passage A: 4. (b) u=f(x) and v= g(x) 
1. (c) By the question (f(x).g(x))' =f'(x).2'(x) MY) ERY ea) 
= f(x) g(x) + fix) g'(x) = f(x) g'(x) = (u' a v’ u) 2uv = ur y’ (2y) or vy’, u'(2u) 


=> 3x?.g(x) + x*.g'(x) = 3x’.g'(x) which is true for x = 0 =u’, D*¥ y+ v D* u 


3.154 > Method of Differentiation 


5. (c) u=/(x) and v= g(x) 


x p+) -(*) 2 _ fives 
Vv V Vy y v 


a vD*u—-wu’ .D*yv 
y' 
6. (d) D* (tan x) = (tan x)’. 2 tan x 


= 2 sec’ x. tanx 


7. (b) Value of D* at the point where tangent is parallel to 
X-@X1S 
=> f(x) =0 
=> D' =f (x).2f{x) =0 


8. (d) D*c=(c). (2c) = 0 (2c) = 0 


Passage C: 
9. (d) y=logx 
2 — 
it 060 le 
dx x dx” x 
d° 2 d*y 2-3 —1)°(3)! 
Sy ee = a ase y(3) 
dx” x dx x x 


ay _2(-3)-4) _ CD"! 
dx? x x 
« _4\"-! _ni 
In general, ay = Cy" a)! 
dx” x" 
2 
1-5x+6x’ 
L 1 
at en ea > ae 
6x°-S5x+1l (2x-1Bx-1) 
B 
20-1. oe) 
= 1=AGx-1)+Bx-1) 
For x = 1/2; 1 = A (1/2) 


10. (d) y 


Let y= + 


=> A=2 
G-) 
For x=—-; 1=8| —-1 
3 
=) Bas 
2 3 
y 


~ (Qx-l) GBx—N 


oe | CNG 3} rad 
(2x -1) (3x-1) 


a | Gar | 7 | ae 
(2x -1) (3x-1) 


2 | acne 2 ard 
(2x -1) (3x -1) 


YON |_| OY 


In general, =72 
g es (2x 28 1)" (3x = 1)""" 


J) 


a 2] renee | B | eae 


(2x -1)° (3x —-1)h6 
7 (3) (2) 
¥s (3x-1)° (2x-1)° 
11. (d) A.T.Q., 1 =4k +3 

Let y = tan” 

l 
We => y(0)=1=0! 
(1+x’)y, =0 => (1+x)y,+y,(2x) =0 
y,(0) = 0 


Y J Y J YUUYY ) 


“UY 


Again Differentiate w.r.t. x, we get (1 + x’) y, + y,(2x) + 
y,(2) + 2x (y,) = 0 

y,(0) = -2y,(0) = -2 

Again different w.r.t. x, we get (1 + x*) y, + y,(2x) + 
y,(2) + 2x (y,) + 2y, + 2xy, + 2y, =0 

(1+ x) y, + 6xy, + 6y, = 0 

y,(0) = -6y,(0) = 0 

(1 +22) y, + y,(2x) + 6xy, + 6y, + 6y, = 0 

(1 +x’) y, + 8xy, + 12y,=0 

y,(0) = —12y,(0) = 24 = 4! 

Again Different, we get (1 + x’) y, + y,(2x) + 8xy, + 
8xy, + 12y, = 0 

(l+x*)y, + 10xy, + 20y, = 0 

y(0) = —20 y,(0) = 0 

Again Different w.rt. x, (1 + x’) y, + y, (2x) + 10xy, + 
10y, + 20y, = 0 

(1 +x’) y, + l2xy, + 30y, = 0 

y,(0) = —30y,(0) = —30(4!) = —6! 

Different again w.r.t. x, we get (1 + x’) y, ty, (2x) + y, 
(12x) + 12y, + 30y, = 0 

(1 +x’) y, + l4xy, + 42y,=0 

y,(0) = ~42y,(0) = 0 

From above, we concludes, 


0 for m=4n 
(m-1)! for m=4n+1 
y, (0) = 
0 for m=4n+2 


—(m-1) for m=4n+3 
y,—-(n- 1)! forn = (4k + 3); KEN. 


Passage D: 


12. (c) Let y = /og_.x or Inx 


=> 
=> 


y + oy = log (x + Ox) 
oy = In (x + Ox) — Inx ...(1) 


Also, dy = © bx 
Xx 


ee ...(2) 
x 

Let x + 6x = 4.01 and x =4 

6x = 0.01 ...(3) 


13. 


14. 


l 
From (2), OY =] (0.01) = 0.0025 


From (1) and (4), 0.0025 = /n (4.01) — 


(4) 


In4 


In (4.01) = n4 + 0.0025 = 1.3863 + 0.0025 = 1.3888 
(d) “100 = 2 ...(1) (Given) 
l 
Now, r=2n|" igi(2) 
& 
2% win 
Let T=—=(J) ...(3) 
Vg 
= sr ==2{ (1+ 51)" -()'] (A) 
Vg 
aT 
Also 67 =—.6/ = l 
dl F(a )e 
as 2a( 1 (= 
Te 2/7 L100 
72 a het 
=~ F ooo es 
Lr / 
2a (= 
g 
=> % ageerrorin T= 1% 
(a) A=./s(s—a)(s—b)(s—c) 
=> A=[lns+In(s—a)+In(s—b)+In(s ~c)] 
1 dA 1|1 ds 1 ds 1 ds {S-1) 
= ee Se st —t+ | —-1 
A dc {2 dc s-adc s—-bdc s-c\dc 
dA ai(- 1 1 _\6 1 1 
> —=—||/-+ + + —- +— 
dc ale s-a s—-b s-cj)dc (s-c) s-6 
...(1) 
Now ay 
dc 
= an=S)(44 + : + I \¢- OC 
2i\s s-a s—b s-c)dc s-c 
eZ) 
1 
Also Sa enere) 
ds | 
BRS ee ie i) 
dc 2 GB) 
From (2) and (3), we get 
Mee] (+4 + + }- : 
2\\s s-a s—b gs-c)2 s-c 
> an=4|(44 + : — : Ne 
4i\s s-a s—-b s-c 
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Passage E: 
15. (b) s=1+te® 


=> 


ds ds 
—(l-s+l)=(e +1).— 
7 (iI-s+l=(e caer 


d's 
dt’ 


e’+1 ds 
7 ig 
o 
(2—s) 
d’s  &(e +1) 


Using (3) in (2), t—= 
sing (3) in (2), we ge i Q-sy 


From (1), “ = 


16. (b) °° + =P (given). 


Put x =r cos0, y =r sinO 


=> ay. =rcos@ and ae =-rcos@ 
dé dé 
“ =—coté 
x 
2 
=> 2 = ceseeto eZ 
dx dx 
2 — —s' 
=> 7 = cosec’( z )-—oosec’s 
dx rsin@ r 
Bie oa 3 
=> ae = Ly Bee cot 8) SNA 
dx r 
_ 3cosO 3rcosOr* — 3r°x 
rsin’@  (rsin@)* y* 


SECTION-VII: COLUMN MATCHING 


1. @>@); Gii)>(b); (ili) > (a); (iv) > (b) 
(i) xy—logy=1 


(1) 


-..(2) 


..(3) 


Differentiating both sides w.r.t. x, we get xy'+ yee y'=0 
ye 


or xyy’ + y*>— y’=0 


Differentiating again w.r.t. x, we get xyy’ + x(y’)? + py’ + 2yy’ 


—y'=0 

=> x(yy'+y")—y' + 3yy' = 0 

=> k=3 (i)—>(d) 

(ii) x =sint, y=ae? +be'? 

=> & <= V2a0™ +/2be™ = J2 (ae 
dy _dyldt_V2y___2y ve 24 
dx dxidt cost J]—sin?t|_ ae?) 

_, vy 
dx l—x? 


‘+be™) 


} 
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(Vi-x?)y'=~2y 


(1 - x2)y"? = 2y" 
(1 — x’) 2y' y’ — 2xy 
(1— x*)y' — xy" = 2y 
k=2 . (ii) (b) 
(iii) F(x) = f(x). g(x). hy) VxeR 
i a = f(x). g(x). hQx) + Ax). g’(x). bx) + fx). g(x). 
(x 
=> F'(x,) S(K,). BK). HC.) + AX). B"(X,). h(K,) + AX). 
g(x,). h’(x,) 
=> 21 F(x,) = 4f,). g(X,). h(x,) + f{X,)- (—72(x,)). h(x,) a 
A&,). 2(%,). kh(X,) 
=> 21 F(x,)=(4—-7+k) Fj,) 
=> k-3=21 => k=24 
(iii) (a) 
(iv) f(x) =x’, n=0 
f(x) = nx"?! 
“ fla+b)=f(a) +f(b); Va, b > 0 
=> n(at+b)""'=n(a)""'+n(b)""'Va,b>0andn>0 
=> (at+b)" '=a" '+b" 'Va,b>0 
=> n-l=lorn=2 
Also for n = 0, f(x) = 1 


=> f(x)=0 VxeR 


12 — 


Ayy' 


YUU J 


‘. nhas 2 values “. (iv)>(b) 
- ()>@); Gi) (©); (iil) > (b); (iv) > (a) 
(i) Let y= {tan x); z = g(sec x) 

dy __ f'(tanx).sec* x 

dz g (sec x).sec x.tan x 


_ () _ f02) _@Q2)_! 
dz rt g'(V2).~/2 (4)/2 


oF 
. () > (d) 
(iil) y=x? -— 8x +7; x=f(t) 
OY Oe 
=> ae ae (3x° -—8)x f(t) 
. 2=([33) — 8] /(0) 
ee 
=> BO) ar: (ii) > (¢) 


(ili) f(x) = sin x, g(x) = 2x, h(x) = cos x ; fx) = [go(fh)] (x), 
=> f(x) = g'(fh). (fh) (x) 


=> f(x) =2. (fh' + hf) (&) = 2[sinx. (-sinx) + cosx.cosx] = 


2[cos*x — sin’x] = 2 cos2x 
=> f@)=—4sn2x > (4) 7 ~4sin = =-4 
(iii) — (b) 


(iv) f(x) =cos’ x+cos’ [» 2) 4: sinssin( 2) :(5) =4: 
: 


f(x) =cos’ x+ ene +sinx ite eeeen 
pe 2 2 2 


cox 3., V3. 
tt gsin’ x sin xcos x 


= cos’? x+ 
bsg ca 
+ —sin’? x +-—sin xcos x 
2 2 
5 5 D458 5 
=—cos?x+—sin? x == 
4 4 4 


gof (x)= g(f(x))= (5) 3 


(iv) — (a) 


SECTION—VIII: INTEGER TYPE 


; yaseo!| 2 |e and x= Vl-x’ 


Put x=cos0;0€ 0,5 — ‘= 
2 4 
=> = sec’ (—] = sec ‘(sec 20 
4 cos 20 ( ) 
=> y= 20 for 0 =cos'(x) and xe o.n-|— 
dy 
70 (1) 


and z=v1l—cos’@ =|sin 9| 


=> z=sin0 for Ge 0,2 | 
dz 4 

=> —z=cosé@ for 9¢|0.2 | ...(2) 
d@ 2 


=2sec@ for and 9 =cos'x and xe om-| | 
Z 


=> (s = 2sec{ cos" 5) = 2s0c{ =) =2(2)=4 
dz), y 3 
2 


2. fix). gx) =C 


=> Sx). 8°) + 8). f&) = 0 -- C1) 
g(x) fx) 
g(x) f(x) 
gH) , FO) 9 ...(2) 
g(x) f(x) 


Differentiating (1) again, f(x) g'(x) + g(x). f(x) + g(x). 
Sf) +f). g'X) = 0 
=> fix). 3’) + g(x). fQ) + 2f'(x). g'(x) = 0 (3) 
2), f'@) 27's ds 
g(x) f(x) f(x).g(Qx) 
Differentiating (3) again, we get f(x) 2”(x) + 2'(x) f(x) 
+ g(x) f") +f) 8’) + 2f'(X) g'(x) + 28'(x) f(x) = 0 
=> fix). 3"(x) + g(x). fC) + 3h). B') + 3g'(x) /@) = 0 


=> sx) £") , 3A C8") , 38'@).-f "@O) 9. (6) 
g(x) Ff (x) f (x).g(x) a(x) f(x) 


+ 8") g@  f"@) £@ 

g(x) “g(x) fx) f(x) 

389) FOO) 3 F"C) 8) _ 

g(x) f (x) f(x) g(x) 
g@) _ SO in 6 
g(x) = f(x) 

2'O) FO) 322O) 3) 2, 

g(x) f(x) g(x) fx) 

I) _ 37") _ 8") , 38") _ 9 
f(xy) Ff) gx) g(x) 
=> A=3 


-..(6) 


From (2), using 


[, cost?at = {, at 
Different both = w.r.t. Xx, 


2 dy _ sin x” 


=> cosy. 2% 
P= (2x) 
(i 2sin x’ 

=> cosy’. - i= 

xcos y x 
> k=2 


2 
: | t.f(t)dt = sinx—xcosx— Vx e R-{0} 


Different both sides w.r.t. * 

=> xf(x)=cosx+x sin x —cosx-—x 

=> xfx)=xsinx-x > fx)=sinx-1 
1 —] 


= 4(2)-5-1- 9-2 (given) 


> k=2 
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2 
2 2 
=> (cosy)y'i=>aX) > y 
x xCOS y 
4 
=> (y’) 5 
cos’ y 


dx dy} dy dx 
d’y {dx\ d’x dy | dx 
> Natl) See | a 
dx dy} dy dx \dy 
dy (#) ax _ 
dx’ \dx)} dy’ 
=> k=0 


7. y=(cot'x) 
Oe 2(cot™! o( “ 
dx 1+ 


y 


7) 
x? 
(1 +x’*)y, +2 cot'x=0 


2 we ds 
(1 + x*) y, + y,2x) (+x) 


=> 

=> 

= oe Py 2ay to) = 2 = 
=> k=3 


(1) 


..(2) 


...(3) 


(i) 
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Application of Derivatives I 


CHAPTER 


RATE OF CHANGE 


m@ INTRODUCTION 


One of the most useful applications of differentiation is 
found in the problems involving the rate of change of one 
quantity w.r.t another. For a long time, mathematicians 
struggled with the development of a method to find the re- 
lated relation between the rate of change of quantities like 
the perimeters, areas or volumes of a two dimensional or 
three dimensional figures when one or more of the vari- 
ables defining the figure kept changing. It was then, that 
the theory of related rates was developed with the help of 
derivatives. 

We have always been interested in a wide variety of 
time rates: the rate at which the speed of a vehicle is in- 
creasing, the rate at which the amount of pollutants in the 
air 1S increasing, the rate at which the value of a piece of 
land is increasing and so on. 

Now, if y denotes the quantities mentioned above, and 
is explicitly defined in terms of t, the problem becomes very 
simple. We just differentiate y w.r.t. t and then evaluate the 
derivative at the required time. 

However, it may so happen that in place of knowing y 
explicitly in terms of t, we know a relation that connects y 
with another variable x and that we also know something 


d. d 
about - . We may still be able to find - with the help of 
a’ since y and x are related and that is why the related 
rates is so useful. 
Now, just like the related rates, there can also be 
developed a relation between the error occurred in the 


measurement of an independent variable and the resultant 
error occurred in the measurement of the dependent 
variable. And thereby, we can find the approximate value of 
the dependent variable when there is a slight change in the 
independent variable. 


m@ DERIVATIVE AS THE RATE OF CHANGE 


Instantaneous Rate of Change of Quantities 


Theorem: If y=/ (x) is a differentiable function of x then 


d 
- is called the instantaneous rate of change of y with re- 
Xx 


spect to x. 


Proof: Given function y = f(x), 
The value of y corresponding to values a and a + h of 
x are f(a) and f(a + h). 
Change in x is h. Corresponding to this change of x, the 
change in y is f(a + h) — f(a). 
In the range (a, a + h), the average rate of change 
flat+h)— f(@) 
h 
Here when h —> 0, the interval (a, a + h) becomes the 
point a (instant a, in case of time) 
At x = a, the instantaneous rate of change of y with 
respect to x is given by 


Pa) = tim LED LO 


a 


of y with respect to x is 
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y In general the instantaneous rate of change of y with 
(ath, f(ath) 


d 
respect to x 1s a or f'(x) when y and x both are function of 


some other variable. 


FIGURE 4.1 


NOTE: 


dy _(dy/dt) _ rateof changeof y 
' dx (dx/dt) —rateof chageof x 
of y w.r.t. time is to the rate of change of x w.r.t. time. 


. Le, derivative of y with respect to x is equal to the ratio of the rate change 


2. Suppose a+ b? + c?+ s* = 2h’ be an equation, where a, b, c, hare constants and s is the function of t, then 
differentiating both sides with respect to t,we get 


. 04+04+0+ 45? Lo, : & - oieawies rocess) 
: dt * dt gP 
da db dc ds dh 
Instead technicall t f performing th tion is —+2b— + 3c? —+ 4s? — = 4h— 
nstead technically correct way of performing the operation is at Ai a lt Ai 
ie. O+0+0+ 45° ag => Lone 
a dt dt — 


ILLUSTRATION 2: 


SOLUTION: 


ILLUSTRATION 3: 


SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 
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Two cyclists start from the junction of two perpendicular roads, their velocities being 
3 v m/min and 4 v m/min. The rate at which the two cyclists are separating is 

7 
(a) a” m/min (b) 5v m/min 
(c) v m/min (d) None of these 
(b) At time ¢, the distance z between the cyclists is given by 
=> 7=(Gvt)*+4v?? .. z= 5vt 

¥ 
Avi 2 
x 
3vt 
FIGURE 4.3 

dz 
— te 

dt 


On the curve x* = 12y the abscissa changes at a faster rate than the ordinate. Then x belongs 
to the interval 


(a) (—2, 2) (b) (1, 1) 
(c) (0, 2) (d) None of these 
(a) From the question, = > = => = >1. Differentiating x = 12y w.r.t. y, we get 
y 
=> vos aa = 43) aca | 
dy dy x x dy 
=> x'-4<0 => -2<x<2 


A lamp of negligible height, is placed on the ground 'f' away from a wall. A man '/' m tall is 
£ 
walking at a speed of 19 mse from the lamp to the nearest point on the wall. When he is 


midway between the lamp and the wall, the rate of change in the length of this shadow on the 
wall is 


(a) > ral sec (b) PO iaee 
2 5 
(c) = m/sec (d) = m/sec 
2 5 
ak AO h 
(b) Let BP =x. From similar A's property we get, = 
lh d(AO) -th ax 
Sy OR a 


dt x dt 
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A 
Q 
B<>P | O 
‘<—_—__——_———>| 
FIGURE 4.4 
when x = . then ae) aoe sec 
2 dt 5 
E a. 
' dt 10 


2 
ILLUSTRATION 5: A particle moves along the curve y =e +3. Find the point on the curve at which the 


y-coordinate is changing twice as fast as the x-coordinate. 


SOLUTION: y = Ze +3> De 35a! = 2x4 


5 dx 
But “ =2 (Given) 
2x! = 2 => *=1l>x=41 
2 17 
when x = 1, y= zy eee 
when x =-1, y=< (-1)? +1 =-= +3= = 


Hence, the required points on the curve are (1, 17/5) and (—1, 13/5). 


ILLUSTRATION 6: A man 1.6 m high walks at the rate of 30 meter per minute away from a lamp which is 4 m 
above ground. How fast is the man's shadow lengthening? 


SOLUTION: Let PO = 4 m be the height of pole and, AB = 1.6 m be the height of man. Let the end of 
shadow is R and it is at a distance of / from _A, when the man is at a distance x from PQ at some 


instant ‘7’. 
Q 
4 B 
os, | 
FIGURE 4.5 

Since, A POR and A ABR are similar, we have 
PO _ PR 

AB AR 

4 x+l 


= = => 2x=31 


Application or Derivatives! < 4.5 


dx _ dl ; dx _ , 
=> 2 ae ah [given on 30 m/min] 
=> ka a2 30 m/min = 20 m/min 

dt 3 


ILLUSTRATION 7: A ladder 5 m in length is resting against a vertical wall. The bottom of the ladder is pulled 
along the ground away from the wall at the rate of 1.5 m/sec. The length of the highest 
point of the ladder when the foot of the ladder 4.0 m away from the wall decreases at the 


rate of 
(a) 2m/sec (b) 3m/sec 
(c) 2.5 m/sec (d) 1.5 m/sec 
SOLUTION: (a) 
YB 


— t= x q 
FIGURE 4.6 
According to figure x? + y* = 25 ..(i) 
dx dy 7 
Differentiate (i) w.r.t. t, we get er +2 an =0 .. (ii) 


Here x = 4 and La 
at 


From (i) 4 +y=25 >y=3 


From (ii), 2(4) (1.5) + 2(3) 2. 0 
So, Ja oy ee 
dt 
Hence, length of the highest point decreases at the rate of 2m/sec. 


ILLUSTRATION 8: A point on the parabola y* = 18x at which the ordinate increases at twice the rate of the 
abscissa 1s 


9 9 

(a) 2. >) (b) (2, -4) 
-9 9 

(c) (=, >) (d) (2, 4) 


(2 


SOLUTION: (a) y* = 18x; differentiate both sides w.r.t. ft, we get 2 of 
2 


ie ee 
2yl 2) =18/ |. 
7 of =| (= 


a. 
& |e 

I 
& | &|> 
VY 
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9 9 
: eye 18 Ey ae ee 


9 9 
Hence the required point is 2. >) 


ILLUSTRATION 9: The rate of change of FY (x? +16) with respect to _ atx =3 is 
xX — 
11 
(a) 2 (b) 5 


12 
(©) -> (@) -3 


SOLUTION: (c) Lety = Jr +16 and z = _ 


x— 


dy 1 dz _ x-1-x —1 

— =—(x* + 16)-2(2x) and — = —__ 
ge a a Te aay 
= ee S (= _73(2) _ -12 
~ de I? +16 ues -1)' dzjig ‘5S 5 


ILLUSTRATION 10: Two men A and B start with velocities v at the same time from the junction of the two roads 


inclined at 45° to each other. If they travel by different roads, find the rate at which they are 
being separated. 


SOLUTION: Let Z and M be the positions of men A and B at any time ¢ after start. 


dx 
Let OL = x and LM = y. Then OM =x and so A =v (given) 
2 a 2 2 ad. we 2 ee 
Ron AOMccosa se ge eee 
2.0L OM 2 2.X.X 2x 
M 


Oo 
< 
4 


FIGURE 4.7 
V2 x27=28-y or (2-V2)x2=y¥ 
> yr Paa/2 Xx 


d 
Differentiating w.r.t. x we get : = 42-2 


has OO V2)v 


dt dx dt 
They are being separated from each other at the rate V2- V2v 


ILLUSTRATION 11: 


SOLUTION: 


ILLUSTRATION 12: 


SOLUTION: 


Application or Derivatives! < 4.7 


x and y are the sides of two squares such that y = x — x’. Find the rate of the change of the 
area of the second square with respect to the first square. 


Given x and y are sides of two squares thus the area of two squares are x’ and y’. 


2y ay 
d(y’ de d 
We have to obtain 7 : = ~ = ...(i) 
where the given curve is, y = x — x” 
=> @ a 1-2x .. (ii) 
2 
Thus, a’) =~ (1-2x) [From (i) and (ii)] 
d(x") x 
2 27 2 
a(y?) _ (e022) , 1) e2- aren 
d(x’) x d(x") 


The rate of change of the area of second square with respect to first square is (2x? — 3x + 1). 


A man is moving away from a tower 85 ft high at a speed of 4ft/sec. Find the rate at which his 
angle of elevation of the top of the tower is changing, when he is at a distance of 60 ft from 
the foot of the tower. Assume the eye-level of man to be 5 ft from the ground. 


Let AB be the tower. Let D be at the eye-level of the man. Let x and 9 be the distance of the 
man from the tower and @ be the angle of elevation respectively at time ¢. 


BE 
In ABDE, ——= tan 9 
ED 


80 
=> = ee => x=80cot 0 (1) 
dx 
Speed of man = 4 ft/sec a ae 4 ...(2) 
B 


FIGURE 4.8 
dx dx do 
By Chain rule, ~ = “* 
Vee ae ag a 


4= 4 gocot 929 = —80 cos epee 
d@ at dt 
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dO 4A sin’ 0 _ -+(%) 
dt —80cosec’@ 20 20 


_1 BE’ eee (80) — -320 
20 ED’ 20 6400+x° 6400+x 


> ( BD? = BE? + ED’) 


When x = 60, the rate of change of angle of elevation 
48) _ =920 £320 

dt|¢ 6400+(60)* 6400+3600 

—320 


—— =-(0.032 radian/sec 
10000 


m APPLICATION OF DERIVATIVE AS A RATE DOW Oe ence 


Os 
OF CHANGE .. In time 6¢, average rate of displacement = oo 
* e Os ‘ . 
Velocity and Acceleration When 5t— 0,—— gives the rate of displacement at 
Let a particle start moving in a straight line from O and in | time ¢ and it is the velocity at time ¢. 
time '7' 1t reaches P having covered a distance s and in t + d¢ ae 
it reaches Q having covered a distance s + ds. “. Velocity at time t = lim oa 


Ss és ds 
Hence, v =— 
p ot dt 


FIGURE 4.9 


NOTE: 


1. Velocity of particle at any point of time can be represented geometrically by the slope of the curve plotted as 's' Vs 
't' at that point. 


FIGURE 4.10 


2. Velocity is a vector quantity. 
3. Units of velocity can be meter/sec; cm/sec; km/hr or feet/sec. 


4, The magnitude of velocity is known as speed (for linear motion) and for non-linear motion velocity and speed are 
always different. 


5. Differentiable curve of displacement vs time mean no abrupt change in velocity. 


Application or Derivatives! < 4.9 


| Now, let v = velocity at time ¢ and v + dv = velocity at . . ee ee 
time ¢ + 5t .. Acceleration at time t= lim oa a) 

In time dt, change in velocity = v + dv—v=o6v 
‘ey 2 

In time df, average rate of change 1n velocity = = = “(2 = d's 
ot dt\ dt) dt 

Os. 2 
But when ot > ar gives the rate of change of Hence, acceleration 'a'= ES <> 


velocity at time ¢ and it is the acceleration at time ¢. 


d’s dv adv ds dv 
= Or = 
dt dt ds dt ds 
2. Instantaneous acceleration at a point is a vector quantity 


. Ifthe rate of change of velocity is negative, then rate of decrease of velocity is called retardation. 


WwW 


. Units of acceleration can be meter/sec2, cm/sec’ or feet/sec? 


a 
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ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


A particle moving according to the formula, s = 10 + 20 ¢ — #, (t measured in seconds 
and s in meters), starts from a distance of 10 meters from a mark, and moves in a line farther 
and farther from the mark. How far from the mark does it go, before it starts moving in the 
opposite direction? 


s=10+20t-? .. (i) 
d 
a = 20-21 ii) 


This represents velocity at time ¢. At the time of start of the movement in the opposite 
direction, velocity will become zero. Putting v = 0 in equation (11) 


we get, 0 = 20 — 2t => t=10 


a= ld = “(4 = 4 (29-21) =—2 
dt dt\ dt at 
When ¢ = 10, a=-2 (which 1s non-zero) 
The direction of particle changes when ¢ = 10 
s=10+20 (10) - (10Y => 10+200- 100=110 
Hence the particle goes 110 meter from the mark before it starts moving in the opposite 
direction. 


, Si pee | t 
The velocity of a particle at a time ¢ is given by the relation v = 6¢ — 6° What is the distance 


traveled in 3 seconds if s = 0 at t=0 


39 57 
(a) mr (b) a 
51 33 
(c) es (d) > 
ds, tf 
(c) at = 6t 6 


. t° oe 
Now on integrating both sides s = 3f — 18 + constant, (where s is distance) 


Now put ¢ = 0, then s = 0 gives constant equal to 0 and putting ¢t = 3, we get 
3? 27 ~=5i1 


s =3(3) ar =27 ee 


s t? 51 
Aliter: [, ds -[,(s = | ary 


A particle is moving on a straight line, where its position s (in metre) is a function of 
time ¢ (in seconds) given by s = af’ + bt + 6, t= 0. If it is known that the particle comes to rest 
after 4 seconds at a distance of 16 metre, then the retardation in its motion is 


(a) —1 m/sec’? (b) = mn/sec* 


(c) ~>-misec’ (d) rl sec’ 


Application or Derivatives! < 4.11 


SOLUTION: (b) Given equation s = af + bt+ 6 .. (i) 

Differentiating w.r.t. time, we get velocity (v) = 2at + b ..-(11) 
After 4 sec, v = 0 and distance s = 16 meters 
0=2ax4+b> 8at+b=0 .. (ill) 
and 16 = l6a+ 45b+6=> 16= l6a+ 4(-8a)+ 6 

5 
a=-— 

8 


ILLUSTRATION 18: 


SOLUTION: 


ILLUSTRATION 19: 


SOLUTION: 


ILLUSTRATION 20: 


Bun — —5 
But retardation in its motion is, 2a = 1 m/sec? 


5 
Retardation = 4 m/s? (Retardation itself means —ve) 


The position of a point in time 'f is given by x = a + bt — cf’, y = at + bf. Its acceleration 
at time 't' is 


(a) b-c (b) b+c¢ 
(c) 2b -—2c (d) 2Vb°> +e? 
d? 
(d) Acceleration in direction of x-axis = a =-—2c and acceleration in direction of 
da’ 
y-axis = se =2b 


dx) (dyy 
Resultant acceleration = (<) (<2 = (20) +(26y = 2./b" +¢ 


If the path of a moving point is the curve x = at, y = b sin at, then its acceleration at any 
instant 


(a) is constant 

(b) varies as the distance from the axis of x 

(c) varies as the distance from the axis of y 

(d) varies as the distance of the point from the origin 
d’x 


(c) — =v, =a=>—, =0=a,; where a_ is acceleration in x-axis 
dt * dt’ : : 


d 
Similarly os = ab cos at 


ry 
—_ = 2 oY = 2 
=> 2 ba* sin at > a,=-a’y 


Hence, a, changes as y changes 


Now, net acceleration = A= J (ax) +(ay)’ = 0° +(-a’y)’ SJa’y| 


Hence, acceleration at any instance varies as the distance from the axis of ‘x’. 


A man is standing on a straight bridge over a river and another man on a boat is on the 
river just below the man on the bridge. If the first man starts walking at the uniform speed 
of 4 m/min and the boat moves perpendicularly to the bridge at the speed of 5 m/min, then at 
what rate are they separating after x minutes if the height of the bridge above the boat is 3 mt? 
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m@ APPLICATION IN TWO DIMENSION 


Area and Perimeter of Some Standard Two 
Dimensional Figures are Listed Below 


1 ; 
(a) Triangle: Area: a sinC’ & Perimeter:(a + b + c) 


Equilateral triangle: Z4=ZB=ZC=60 and 
BC = CA = AB =a (say) 


3 4 
*. Area = i and perimeter = 3a 


B<————— a > C 
FIGURE 4.13 
(b) Square: Insquare ZA=ZB=2ZC=ZD=90' and 
AB =DC=BC=AD=a 


.. Area =a’ and perimeter = 4a 


D a C 

a a 

A a B 
FIGURE 4.14 


(c) Rectangle: Inarectangle 2A = ZB = ZC = ZD= 
90° and AB = DC =a and BC =AD=b 


.. Area = ab and perimeter = 2 (a + b) 


A b D 

a a 

B b C 
FIGURE 4.15 


1 
(d) Rhombus: Perimeter is 4a. Area = moe where 


d, and d, are the lengths of the diagonal AC and BD 


FIGURE 4.16 


(ce) Trapezium: Ina trapezium AB 1s parallel to DC and 
AD and BC are non parallel. If AB = a and DC = b and 
distance between parallel sides is A, then area 


1 
= —(a+b)xh 

- (a+b) 
(where a and b are length of parallel sides and h is the 
distance between them). 


D b C 


A a B 
FIGURE 4.17 


Application or Derivatives! < 4.13 


(f) Circle: If centre is at O and radius is r 
‘. Area of circle = mr’ and perimeter is 277. Le., 
(circumference) 


FIGURE 4.18 


l 
(g) Sector of a circle: Area: or , where 9 is in radi- 


ans and perimeter: 7 (2 + 8) 


r 


FIGURE 4.19 


(h) Ellipse: If length of major and minor axes are 
2a and 2b 
.. Area=7 ab 


FIGURE 4.20 
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ILLUSTRATION 21: 


SOLUTION: 


ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


If by dropping a stone in a quiet lake a wave moves in circle at a speed of 3.5 cm/sec, then 
the rate of increase of the enclosed circular region when the radius of the circular wave is 10 


cm, is | 7 =— 
7 


(a) 220 sq. cm/sec (b) 110 sq.cm/sec 
(c) 35 sq.cm/sec (d) 350 sq.cm/sec 


d: 
(a) Given the rate of increasing of the radius = =3.5cm/sec and r= 10 cm 


Area of circle = A = nr 
dA dr aA 


— =2”r.— => — =27 x 10x 3.5 
dt dt at 


> a 220 cm? /sec 
at 


The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The rate at which 
the area increases, when the side is 10 cm is 


(a) v3 sq unit/sec (b) 10 sq unit/sec 
10 
(c) 10-/3sq unit/ sec (d) B sq unit/sec 


(c) If x is the length of each side of an equilateral triangle and A is its area, 


then A = V3 2 => -_ = V3, & 
4 dt 4 at 


dx 
Here, x = 10 cm and ran 
> A=10V3 Sq. unit per sec. 


A ladder 20 ft. long has one end on the ground and the other end in contact with a vertical 
wall. The lower end slips along the ground. Show that when the lower end of the ladder is 16 
ft. away from the wall, upper end is moving 4/3 times as fast as the lower end. 


Let OC be the wall. Let AB be the position of the ladder at any time ¢ such that OA = x and 
OB = y. 
Length of ladder AB = 20 ft. 


In AAOB, x2 + = (20)? (1) 
C 
B 


FIGURE 4.21 


ILLUSTRATION 24: 


SOLUTION: 


Application or Derivatives | 


dx d 
Differentiating both sides w.r.t. ¢, we get 2x +2 ae =0 
dy x dx x dx 
SS SS F 
dt y dt V400-x2 at omy 
When x = 16 ft., then Ld = fee = RAs 
dt (400-167) a 3 dt 


—ve sign indicates that when x increases with time, y decreases. 
Hence the upper end is moving (4/3) times as fast as the lower end. 


Let the position of the kite at time ¢ be at C. 


BC = 151.5 m 

Let AD be the boy who is flying the kite. 

Let AD = x = DE and DC=y 

CE = BC - BE = 151.5 — 1.5 = 150 metre 

Therefore from the right angled triangle CDE, y’ = x? + (150 


dy dx 
2y— = 2x— +0 
de dt 

1.5m 
FIGURE 4.22 

dy _* & 16 (= 10s 

t ydt y dt 

10 10, * (150)? 


10V(2 2 _ (150) 
When y = 250 m then ad pica ACh Mek LSA ACLU en 


dt 250 250 


< 4.15 


A kite is moving horizontally at a height of 151.5 metres. If the speed of the kite is 10 m/sec, 
how fast is the string being let out, when the kite 1s 250 m from the boy who is flying the kite, 
the height of the boy being 1.5 m? 


(1) 


Hence the string is being let out at the rate of 8 m/sec when 250 m of string is out. 
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m@ APPLICATION IN THREE DIMENSION 
GEOMETRY 


Area and Perimeter of Some Standard Three 
Dimensional Figures are Listed Below 


(a) Cube: Length of each side = a; Volume = V= a? 
and surface area of cube = S = 6a? 
CG 


LA wi 


an 


B 
FIGURE 4.23 


(b) Cuboid: Surface area is 2 (bh +hl + bl) 
Volume: hb/ 


L iw 


FIGURE 4.24 


(c) Sphere: Surface area is 47 7’, 


Volume = 3 


FIGURE 4.25 


] 
(d) Cone: Volume = gah 


Curved surface area of cone = zrl 


Total surface area = mrl + xr 


FIGURE 4.26 


(e) Cylinder: Volume is 7r°h 
Curved surface area: 21 rh 


Total surface area is 2arh + 2nr° 


FIGURE 4.27 


1 
(f) Frustum: V = Pid (R? +7 +rR) 


Curved surfacearea: n(R+r) \(R-r) +2” 


Total surface area: n(R+r)\(R-r) +h? + 


TR? + r’) 


a 


ee, 


FIGURE 4.28 


(g) Right triangular prism: Lateral Surfaces of a prism 
are all rectangles. ic., ABB'A’, ACC'A' & BCC'B' 


Volume of a prism = (area of the base) x (height) 
C C' 


FIGURE 4.29 


(h) Right Pyramid: 
; 
Volume of pyramid = ree of base)xheight 


Application or Derivatives | 


Curved surface of a pyramid 


== (perimeter of the base)x slant height 


O (vertex) 


FIGURE 4.30 


< 4,17 
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dV dh 
= eS ee a 

dt dt (1) 
but given that depth of water increases at the rate of 1 cm/sec 
dh/dt = 1 cm/sec ...(2) 

dV xh’ 

F 1) and (2), —- = —— 

rom (1) and (2) Ht 3 

2 
When / = 24 cm, the rate of increase of volume = av _ oem — 1927 cm? /sec. 
f 


ILLUSTRATION 27: A cube of ice melts without changing shape at the uniform rate of 4 cm’/min. The rate of 
change of the surface area of the cube, in cm?/min, when the volume of the cube is 125 cm’, is 


(a) —4 (b) — 16/5 
(c) — 16/6 (d) — 8/15 


dV 
SOLUTION: (b) Given ee —4cm?/min; and V= 125 cm? 


dV dx 
V=x3 — =3x7 — 
. dt dt 
dx 
—4 = 3x2 — (1); 
> 0 (1) 
And S'= 6x’; 
dS dx dS 1 
— =12x — 243 = 
ad dt ar? aa a dt 12x 
=> a Now, when V= 125 =x* > x=5 
dt x 
oe cm?/min => ae cm?/min 
dt x dt 5 


ILLUSTRATION 28: The radius of a right circular cylinder increases at the rate of 0.1 cm/min, and the height 
decrease at the rate of 0.2 cm/min. The rate of change of the volume of the cylinders, 
in cm? min, when the radius is 2 cm and the height is 3cm is 


8 
(a) -2n (b) - 
3a 20 
eo d —— 
() ~~ @ = 
SOLUTION: (d) Given V= nrh 
; dV , ah dr dh dr 
Differentiating both sides —— = —+2r—h |= — + 2h— 
ifferentiating both sides — ar Ht r 7 at a =| 
Given Laas nd a z 


= a a 
dt 10 dt 10 


< = ar(r(-2 ]+2n( | = “(+ +h) 
dv _ (2) 


Thus, when r = 2 and h = 3, —-=——(-2+3)= 


an 
dt 5 5 


ILLUSTRATION 29: 


SOLUTION: 


ILLUSTRATION 30: 


SOLUTION: 


Application or Derivatives! < 4.19 


Sand is draining from a conical filter, where height and diameter are both 15 cms, into a 
cylindrical sand pot of diameter 15 cm. The rate at which sand drains from the filter into the 
pot is 100 cu cm/min. The rate in cms/muin at which the level in the pot is rising at the instant 
when the sand in the pot is 10 cm, is 


9 25 
(a) jen (b) os 
5 16 
(c) ae (d) 3 


(d) For cylindrical pot V = xr-h 


| 15cm | 
sll = aw (y = constant, a = 0) nr 


dt dt 7 dt eazy [8 
hence, 100 = xr’ a = Yv 
> 
~~ W0<n-2-- pe ae 
ar er eG comet 
dh 400 400 16 Sete 
— = — = — =— cm/min 
dt 225%” .wW25n7 YO FIGURE 4.33 


A spherical balloon is being inflated so that its volume increases uniformly at the rate of 40 
cm?/min. How fast is its surface area increasing when the radius is 8 cm? Find approximately, 
how much the radius will increase during the next 1/2 minute. 


4 
Let V be the volume and r the radius of the balloon at any time, then V = (+ ar 


la @ Gar) 
3 dt 


dt 
dV » ar 
— = 4zr° — =40 
or a ar it (given) 
dr 10 
—_ =— we(l 
dt ar’ (1) 
Now let S be the surface area of the balloon when its radius is r, then § = 4x? 
ual = oe ...(2) 
at at 
dS 10 + 80 
From (1) and (2), — =8ar.—, =— 
dt ar r 


80 , 
When r = 8, the rate of increase of § = ry = 10cm?/min 


1 
increase of S in 3 minute = 10 x (— = 5 cm?/min 


If r, be the radius of the balloon after (1/2) min., then 4nr,? = 4n(8) + 5 or r,? — 8? 


1 


5 
= ——=0.397 nearly 
4n 


or 7,’ = 64.397 or r, = 8.025 nearly 
Required increase in the radius = r, — 8 = 8.025 — 8 = 0.025 cm 
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ILLUSTRATION 31: 


SOLUTION: 


ILLUSTRATION 32: 


SOLUTION: 


The radius of a right circular cylinder increases at a constant rate. Its altitude is a linear func- 
tion of the radius and increases three times as fast as radius. When the radius is 1cm the altitude 
is 6 cm. When the radius is 6cm, the volume is increasing at the rate of 1cu cm/sec. When the 
radius is 36cm, the volume is increasing at a rate of n cu. cm/sec. The value of 'n' is equal to: 


(a) 12 (b) 22 
(c) 30 (d) 33 


(d) If A and r denotes the height and radius of the cylinder, then h = ar + b where a, b are 


dh d 
constant, also — =3 - (given) 


dt 
gone tal => a=3 
dt dt 
Hence h = 3r+ b 
when r= 1; h=6 => 6=3+b => b=3 
h=3(r+1) 


VenrPh=3nr(rt+h)=3n1 (Fr +P) 
av ] ul Ss 
—_—_ = + — . — 

a ama? 3x (37° + 2r) it Where r = 6; ai 1 cc/sec 


d 
1 =3n (108 + 12) - 


dr dr l 
On =1 2s 
ee eas ~ at 360x => 


again when r = 36, — =n FIGURE 4.34 
n= 3n (3.36? + 2.36) = ee eee 
) ~" dt " ' 3602 


n= 33 


An air force plane is ascending vertically at the rate of 100 km/h. If the radius of the earth is 
r km, how fast is the area of the earth, visible from the plane increasing at earth, then visible 
from the plane increasing at 3 minutes after it started ascending? It is given that if h is the 


2ar*h 
height of the plane above the earth, the visible area is equal to ~ hy 
r 


Let h and A be respectively the height of the plane above the earth and visible area from the 
planet time ¢. 
_ 2ar*h 
orth 
The height of plane is increasing at the rate of 100 km/h. 
dh 


— =100 
dt 


dA aA dh ,d h 
Rate of ch f visibl = A) w.rt. time = — =—x— =2 —| —— |x100 
ate of change of visible area (= A) w.r.t. time of ak Un mr “(| 


= Spa? Lepore _ 20027? 


(r+hy — (r+hy 


m@ PROBLEMS BASED ON MARGINAL COSTS 
AND MARGINAL REVENUE 


Working Rule 


Use the following results whichever are required 


1. Marginal Cost (MC) is the instantaneous rate of 
change of total cost with respect to the number of 
items produced at an instant. 


Application or Derivatives! < 4.21 


2. If total cost when x units is produced is C(x), then 
d(C(x))_dc 
dx dx 


. Marginal revenue (MR) is the instantaneous rate of 
change of total revenue with respect to the number of 
times sold at an instant. 


marginal cost = 


. If R(x) be the total revenue when x units are sold, then 
_AR 
dx 


d 
i = —{R 
marginal revenue ra (x)} 
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ILLUSTRATION 34: The total cost C(x) associated with the production of x units of an item is given by 
C(x) = 0.007x? + 0.03x? + 15x + 4000. Find the marginal cost when 7 units are produced. 


SOLUTION: Given, C(x) = 0.007x° + 0.003x?+ 15x + 4000 


Marginal cost is given by MC(x)= < = (0.007)3x* +(0.003)2x+15 = 0.021x* +0.006x +15 
Me 


When x = 17, MC(x) = 0.021 (17)? + 0.006 x 17+ 15 
Hence, MC (17) = 0.021 x 289 + 0.102 + 15 = 6.069 + 0.102 + 15 =21.171 


ILLUSTRATION 35: The total revenue received from the sale of x units of a product is given by R(x) = 13x* — 
26x + 15. Find the marginal revenue when x = 7 


SOLUTION: Given R(x) = 13x? — 26x + 15 


Marginal revenue is given by 


dR 
MR(x) = — = 26x - 26 


When x = 7, MR(x) = 26 x 7— 26 = 26 (7— 1) = 26 x 6 = 156 ». MR(7) = 156 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. If the displacement of a particle is given by 
s -(3 +4,/t m, where m is in meter. Find the 
velocity and acceleration at ¢ = 4 second. 

2. If the displacement of a particle is given by 
s= a —6t , find the acceleration at the time when 
the velocity vanishes (i.e., velocity tends to zero). 


3. The velocity of a particle moving in the positive 
direction of x-axis is given by v = kVx, where k is a 
positive constant. Find the acceleration of the particle 


4. A particle moves along the curve, 6y = x’ +2. Find the 
points on the curve at which the y-coordinate is chang- 
ing 8 times as the x-coordinate. 


5. Find the point on the curve y= 8x for which the 
abscissa and ordinate change at the same rate. 


. The volume of a spherical balloon is increasing at 


the rate of 25 cm?/sec. Find the rate of change of its 
surface area at the instant when radius is 5 cm. 


. The length x of a rectangle is decreasing at the rate of 


5 cm/minute and the width y is increasing at the rate 
of 4 cm/minute. When x = 8 cm and y = 6 cm, find the 
rates of change of (1) the perimeter (11) the area of the 
rectangle. 


. A circular disc of radius 3 m is being heated. Due 


to expansion, its radius increases at the rate of 
0.05 cm/sec. Find the rate which its area is increasing 
when radius is 3.2 cm. 


. Acar starts from a point P at time ¢ = 0 seconds and 


stops at a point Q. The distance x, in metres, covered 
4 ee t ; 
by it, in ¢ seconds is given by x=? [2 -*) . Find the 


time taken by it to reach Q and also find distance PQ. 


Answer Keys 
1. v= 5m/sec and a = 7/8 m/sec* 2. t = 2 sec, a = 6 unit/sec’3. a = k’/2 4.(4, 11) and 4, -31/3) 
5. (2, 4) 6. 10cm?/sec 7. (1) —2cm/min (ii) 2 cm/min 


32 
8. 0.320mcm?/sec 9. 4 second, PO ae 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. A stone is dropped into a quite lake and waves move 
in a circle at a speed of 4 cm/s. At the instant when the 
radius of the circular wave is 10 cm., the enclosed area 
increases at the rate 
(a) 100z cm?/s 
(c) 40 cm/sec 


(b) 807 cm/s 
(d) None of these 


. A balloon is pumped at the rate of a cm’/min. The 
rate of increase of its surface area when the radius 
is b cm, is 

(a) 2a’/b* cm?/min 
(c) 2a/b cm?/min 


(b) a/2b cm?/min 
(d) None of these 


. An edge of a variable cube 1s increasing at the rate of 
10cm/s.How fast the volume of the cube will increase 
when the edge is 5 cm long ? 

(a) 750 cm?/s (b) 75 cm?/s 

(c) 300 cm?/s (d) 150 cm?/s 


. A stone is thrown vertically upwards from the 
top of a tower 64 m high according to the law 
s = 48t— 16f. The greatest height attained by the stone 
above ground is 
(a) 36m 
(c) 100m 


(b) 32m 
(d) 64m 


. The diagonal of square is changing at the rate of 
0.5 cm/sec. Then the rate of change of area, when the 
area is 400 cm’, is equal to 
(a) 20V2 cm?/s (b) 10V2 cm?/s 

1 10s, 
c) — = —cm’*/s 
©) Toe V2 
. A particle is moving in a straight line. At time ¢, the 
distance between the particle from its starting point 


is given by x =¢-— 6f + &. Its acceleration will be 
zero at 


cm’/s (d) 


(a) ¢=1 unit time (b) ¢=2 units time 


(c) ¢=3 units time (d) ¢=4 units time 


. The distance covered by a particle in ¢ second is given 
by x =3 + 8t—4Ff. After 1s its velocity will be 

(a) O unit (b) 3 units 

(c) 4 units (d) 7 units 


. The equation of motion of particle moving along a 
straight line is s = 2P— 9f + 12t, where the units of s 
and ¢ are centimeter and second. The acceleration of 
the particle will be zero after 
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(a) = (b) os 
(c) > (d) ls 


. A stone is thrown vertically upwards and the height 


x ft reached by the stone in ¢ seconds is given by x = 
80t — 162°. The stone reaches the maximum height in 
(a) 2s (b) 2.5s 
(c) 3s (d) 1.5s 


. Gas is being pumped into spherical balloon at the 


rate of 30ft?/min. Then, the rate at which the radius 
increases when it reaches the value 15 ft is 


1 1 
— ft/min b) — ft/min 
(@) TF (>) son 


1 1 
— ft/min d) — ft/min 
(c) ae (d) a 


. A spherical balloon is expanding. If the radius is 


increasing at the rate of 2cm/min, the rate at which 
volume increase (in cubic centimeters per minute) 
when the radius is 5 cm is 

(a) 10x (b) 100x 

(c) 2007 (d) 50x 


. Aman of 2m height walks at a uniform speed of 6 


km/h away from a lamp post of 6m height. The rate at 
which the length of his shadow increases is 

(a) 2 km/h (b) 1km/h 

(c) 3 km/h (d) 6 km/h 


. The radius of a cylinder is increasing at the rate of 3 


m/s and its altitude is decreasing at the rate of 4 m/s. 
The rate of change of volume when radius is 4m and 
altitude is 6m is. 
(a) 807 cu m/s 
(c) 80 cum/s 


(b) 1447 cu m/s 
(d) 64 cu m/s 


. If the radius of circle be increasing at a uniform rate 


of 2 cm/s. The rate of increase of area of circle, at the 
instant when the radius is 20 cm, is 

(a) 70m cm?/s (b) 70 cm?/s 

(c) 80 x cm?/s (d) 80 cm?/s 


. OB and OC are two roads enclosing an angle of 120°, 


X and ¥ start from 'O' at the same time. X travels along 
OB with a speed of 4 km/h and Y travels along OC 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


with a speed of 3km/hr.. The rate at which the shortest 
distance between X and Y is increasing after 1 h is 


(a) V37 km/h (b) 37 km/h 
(d) 13 km/h (d) V13km/h 


A missile, fired from the ground level rises x metres 
25 

vertically upwards in t seconds where x = 100t pes 

The maximum height reached is 

(a) 200 m (b) 125m 

(c) 160m (d) 190 m 


A particle moves along a straight line according to the 
law s = 16—2t+38f, where s metres is the distance of 
the particle from a fixed point at the end of ¢ second. 
The acceleration of the particle at the end of 2 s is 

(a) 36 m/s? (b) 34 m/s? 

(c) 36m (d) None of these 


The distance traveled by a motor car in ¢ seconds after 
the brakes are applied is 's' feet, where s = 22¢— 12?. 
The distance traveled by the car before it stops, is 

(a) 10.08 ft (b) 10 ft 

(c) 11 ft (d) 11.5 ft 


The radius of a circle is increasing at the rate of 0.1 
cm/s. When the radius of the circle is 5 cm, the rate of 
change of its area is 

(b) 10x cm’s 

(d) mcm”s 


(a) —m cm”s 
(c) 0.1m cm”s 


A spherical balloon is being inflated at the rate of 35 
cc/min. The rate of increase of the surface area of the 
balloon when its diameter is 14 cm, 1s 

(b) 10 sq cm/min 

(d) 28 sq cm/min 


(a) 7 sq cm/min 
(c) 17.5 sq cm/min 


A spherical iron ball 10 cm in radius is coated with a 
layer of ice of uniform thickness that melts at a rate of 
50 cm?/ min. When the thickness of ice is 15 cm, then 
the rate at which the thickness of ice decreases, 1s 


(a) : (b) cm / min 
a —— ————— 
6z 542 
l 1 
ee d) —cm/min 
(c) aoe cm/ min (d) 36n 


A ladder 10 m long rests against a vertical wall with 
the lower end on the horizontal ground. The lower end 
of the ladder is pulled along the ground away from the 
wall at the rate of 3cm/s. The height of the upper end 
while it is descending at the rate of 4 cm/s, is 


23. 


24. 


25. 


26. 


21. 


28. 


(a) 4/3 m (b) 5V3m 
(c) 5V2m (d) 6m 
A particle moves along the curves y = x?+ 2x. Then, 


the point on the curve such that x and y coordinates of 
the particle change with the same rate 1s 


1 5 
(a) (1,3) (b) GA 
(d) (1-1) 


A point is moving on y = 4 — 2x” The x-coordinate of 
the point is decreasing at the rate of 5 unit per second. 
Then the rate at which y coordinate of the point is 
changing when the point is at (1, 2) is 

(a) 5 units (b) 10 units 

(c) 15 units (d) 20 units 

A point moves in a fixed straight path so that 
s= Ve: then 

(a) acceleration v° 

(b) acceleration is negative 

(c) velocity is inversely proportional to the distance 
(d) None of these 


A particle describes an ellipse whose semi-axes are 
4 mt. and 3 mt. with a constant speed of 1 mt/sec. 
The velocity of the foot of the perpendicular from 
the particle on the major axis, when the particle is a 
distance of 1 meter from the major axis is equal to 
(a) 2/11 m/x (b) 11/2 m/s 

(c) V(2/11) m/s (d) None of these 


At a distance of 4000 feet from the launch site, a 
spectator is observing a rocket being launched. If the 
rocket lifts off vertically and is rising at a speed of 600 
ft/sec when it is at an altitude of 3000 ft, the distance 
between the rocket and the spectator is changing at 
that instant at the rate 

(a) 300 ft/sec (b) 360 ft/sec 

(c) 420 ft/sec (d) 480 ft/sec 


Let y be the number of people in a village at time ¢. 
Assume that the rate of change of the population is 
proportional to the number of people 1n the village at 
any time and further assume that the population never 
increases in time. Then the population of the village at 
any fixed time ¢ is given by 

(a) y =e" + c, for some constants c < 0 and k= 0 
(b) y = ce“, for some constants c > 0 and k < 0 

(c) y=e* +k for some constants c < 0 and k => 0 

(d) y =k e“, for some constants c > 0 andk <0 


29. 


30. 


31. 


32. 


33. 


A particle moves along a straight line with the law of 
motion given by s?= af? + 2bt +c. 
Then the acceleration varies as 


(a) 5 (b) 
S S 
(Cc) = (d) + 
S S 


If the distances s covered by a particle in time f¢ is 
proportional to the cube root of its velocity, then the 
acceleration is 

(b) «3s? 


(d) xs 


(a) a constant 
(c) x 
s 


A particle moves in a straight line so that s = vt , then 
its acceleration is proportional to 

(a) (velocity)? (b) velocity 

(c) (velocity) (d) (velocity)*” 

If a particle moves such that the displacement is pro- 
portional to the square of the velocity acquired, then 
its acceleration is 

(a) proportional to s? 


1 
(b) proportional to—; 
K) 


1 
(c) proportional to— 
s 


(d) a constant 

The rate of change of the surface area of the sphere 
of radius r when the radius 1s increasing at the rate of 
2cm/s is proportional to 


34. 


35: 


36. 


37. 
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1 1 
(a) => (b) — 
r r 
()r (d) r 
If the volume of sphere is increasing at a constant rate, 
then the rate at which its radius is increasing, is 
(a) a constant 
(b) proportional to the radius 
(c) inversely proportional to the radius. 
(d) inversely proportional to the surface area. 


A particle is moving in a straight line such that the 
distance described s and the time taken 't' are given by 
t=as*+ bs + c,a>0. If vis the velocity of the particle 
at any time f¢, then acceleration is 

(a) —2av (b) —2av’ 

(c) —2av (d) None of these 


A particle is moving along the curve x =at?+ bt + 
c. If ac = b* then the particle would be moving with 
uniform 

(a) rotation (b) velocity 


(c) acceleration (d) retardation 


For a particle moving in a straight line, if time ¢t be 
regarded as a function of velocity v, then the rate of 
change of the acceleration a is given by 


d*t d’t 
(a) a Te (b) @ ye 
yat 
(c) —a ey (d) None of these 
Vv 


Answer Keys 
1. (b) 2. (c) 3. (a) 4. (c) 5. (b) 6. (b) 7. (a) 8. (a) 9. (b) 10. (b) 
11. (c) 12. (c) 13. (a) 14. (c) 15. (b) 16. (a) 17. (a) 18. (a) 19. (d) 20. (b) 
21.(c)  22.(d) 23.(c) 24. (d) 25. (abc) 26. (c) 27. (b)~—sa28. (b)~—s29. (a) ~— 300. (dd) 
31. (a) 32.(d) 33.(d) 34. (cd) 35. (c) 36. (c,d) 37. (c) 
Types of Errors 


m ERRORS AND APPROXIMATIONS 


Let a function y = f(x) be defined and if Ax be the error 
occurred while calculating x, then we may also get an error 
in calculation of y i.e, f(x). The correct value of y should 
have been y = (x + Ax). But the value that we have obtained 
because of the error in calculation of x will be y = f{x). 
Therefore f(x + Ax) — f(x) will be the error in calculation 
of y and is denoted Ay 


1. Absolute errors: 


. Relative errors: 


It is deviation of measured value 
of physical quantity from its actual value 1.e error = 


Ay = flx + Ax) — fix) 


It is the ratio of error to the total 


a) 
quantity measured e.g. = where dy is absolute 
y 


error and y is actual value. 
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3. Percentage errors: It is given by _ relative the errors occurring in the measurement of component 
quantities have same sign. 1.e., cumulative in nature 
e.g. if z = f(x) + fly) then maximum probable error 
in z = [error in f(x)| + Jerror in f(y)). 


re) 
error x 100 1.e., £* %100 
y 


4. Maximum probable error: It is the error encoun- 
tered in the final measured quantity assuming that all 


NOTE: 


We must be careful to distinguish between derivatives and differentials. They are certainly not the same. 


d 
When we write a , we are using a symbol for the derivative and when we write dy, we are denoting a differential. 
x 


ILLUSTRATION 36: If there is an error of k% in measuring the edge of a cube then the per cent error in estimating 
its volume is 


(a) k (b) 3k 
(c) k/3 (d) None of these 


SOLUTION: (b) V =x and the percent error in measuring x = x 100 
x 


dV 
The per cent error in measuring volume = ae 100 


Now, <- 3x? => dV=3x' dx 
x 
2 
AME dled. Wo * a¥ 5100 = 3 2100 = 3k% 
V x x V x 


ILLUSTRATION 37: A balloon is in the form of right circular cylinder of radius 1.5 m and length 4 m and is 
surrounded by hemispherical ends. If the radius is increased by 0.01 m and the length 
by 0.05 m, find the percentage change in the volume of the balloon. 


SOLUTION: If, be the radius and h the height of the cylinder. 


FIGURE 4.36 


Volume V= mr7h + Sar +a = sr°*h + oar 


4 
SV = (nr)5h + h(2nr5r) + 3 2(3r*)5r 


OV _ar(roh+2hor+4ror) _ rdh+2hor+4ror 
ar(rh+ 27? | Eee 
3 3 
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— 1.5x0.054+2x4x0.01+4x1.5x0.01 0.215 


1.5x4+2(1.5)" ? 


22 x100 = ue x100 = Chea 2.389% 
V 9 9 


ILLUSTRATION 38: Find the possible percentage error in computing the parallel resistance R of three resistances 


1 1 1 = =1 
R,, ,, R, from the formula — = —_+—_+—_, if R,, R,, R, are each in error by plus 1.2%. 
RRR, R,’ 
SOLUTION: Given —-=2+2-4— -- (1) 
RRR, R, 
1 1 
Differentiating both sides, then -—, dR =-——,d | aR, ——, aR, 
R R R; gee 
+4. 100 - x Gixt00} +t «100 +3 «100 
R\R iV, RR R,\ R, 
= + 42744024102) E AR; 100 = 1.2Vi <(2,3) 
RR oe R 
Lh. ae A 1 
= 1.2} —+—+— -12(+] {From (1)} 
R, R&R, R, R 
ae x 100 =1.2% 
R 


ILLUSTRATION 39: The time 7 of a complete oscillation of a simple pendulum of length @ is given by the equation 


l 
T=27 it , where g is constant. What is the percentage error in T when / is increased by 1%? 
4 


Al 
SOLUTION: Let A/ be the change in @ and AT be the corresponding error in T. Then, = 100 =1 (Given) 


1 
=> “x10 1. Now, T= an 


=> InT=In2x+(1/2) In £—(1/2) Ing 
1dT 11 dT T 

> == ->— = — 
Tdi 21 dl 2 


aT 1 


—dl 
— PT 26 
=> «100 =5{ x100) 
T 2\ 1 
aT 1 dé 
= —xl00=— *- —x100=1 
F100 ( 
=> AT 100-1 
T 


So, there is (1/2)% error in calculating the time period 7. 
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m= APPROXIMATIONS 


As the name suggest, the topic approximations 1s useful to 
find the approximate value of y = f(x) when a small change 
in x' has occurred. For example If we need to find the 


approximate value of y = ¥0.0037 or y= 64.2 etc. 


Algorithm 


Step 1: Define a functional relationship between the inde- 
pendent variable x and dependent variable y by observing 
the given expression, For example, if we have to find the 
approximate value of the square root or cube root of a num- 
define y=x'’ or x’? _ respectively. 


ber, then we 


Similarly if we have to find the approximate value of loga- 
rithmic of a given number, then we consider y = log x. 


Step 2: Choose a value of x nearest to the value, at which 
we have to find y in such a way that either y is given for the 
chosen x or y can be easily computed for the chosen value 
of x. For example, if we have to find an approximate value 
of (127)'? we take x as 125 because cube root of 125 can be 
easily calculated. 


Step 3: Denote the value of x at which we have to 
find y by x + Ax 


Step 4: Find Ax and assume that dx = Ax 


d 
Step 5: Find - from the relation obtained in step I 
x 


d 
Step 6: Find the value of - by putting the value 
x 


of x chosen in step II. 


ILLUSTRATION 40: 


SOLUTION: 


Let y=vx 


fx) = tim f (x+6x)- f(x) 


dx—-0 Ox 
. dy 
Step 7: Find dy by using the relation dy= Ps 
Xx 
i.c., — = lm oy 


Setp 8: Assume that Ay = dy 


Setp 9: Find the value of y by putting the value of x 
chosen in step IJ in the relation obtained in step I 


Setp 10: The approximate value of y is y + Ay 


dy oOo d 
1.e., 1f Ax is very small w.r.t then Se es Oy= Y 8x 
dx Ox dx 


f(x+6x)- f(x)= Ore, 
dx 


= f(x+dx)=f(x)+ Pox 


f(x+Ax)=f(x)+dy 


FIGURE 4.37 


Find the approximate values of the following by using differentials 0.0037 


We write V0.0037 = V0.00036+ 0.0001 , because V0.0036 = 0.06 


. yptAy= vVxt+Ax 


Subtracting, we get Ay = Vx + Ax — Vx 


(Sa = Viera Vi 


dx 


e ay-( 2a isapprox equal to ay] Sy 
x 


Sg bea Nat be vx 


Now, let x = 0.0036 and 6x = 0.0001 


ILLUSTRATION 41: 


SOLUTION: 


ILLUSTRATION 42: 


SOLUTION: 


ILLUSTRATION 43: 
SOLUTION: 
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0.0001 
- (1) > —— = V0.0036 + 0.0001 — V0.0036 
) 20.0036 


0.001 
= /0.0037 — 0.06 
2(0.06) 


= +0.0037 = 0.06 + 0.00083 = 0.06083 
Find the approximate value of square root of 25.2. 


Let f (x) = Vx => POs 


Now, * f(x+Ax)— f(x) = f"(x).Ax therefore f(x + Ax)- f(x) = ae 


2Vx 


So we may write as 25.2 =25+0. 2 


0.2 
Taking x = 25 and Ax = 0.2 we have f (25.2) — f(25) = ——= 


2/25 
0. 


= f(25.2)-f(25)= = 0.02 = f(25.2)=5.02 


1 
= 25.2 =5.02 


Find the approximate value of (0.007)'”. 


Let f (x) =x"? = f(x)= ; 23 


Noe (G2 -7aS7 ous — 
3(x*") 


We may write, 0.007 = 0.008 — 0.001, taking x = 0.008 and dx = — 0.001, 


__ 0.001 
3(0.008)2” 


0.001 

~-3(0.27? 

0.001 _ 1 = 23 
30.04) ~ 120 120 

23 
120 
Find the approximate value of (1.999). 

Let f(x) = x® 
Now, f(x + Ax) — f(x) = f(x). Ax = 6x° Ax 
We may write, 1.999 = 2 — 0.001 

Taking x = 2 and Ax = —0.001, we have f(1.999) — (2) = 6(2)° x —0.001 
=> f(1.999) = 2) -6x 32x 0.001 

= 64 — 64 x 0.003 = 64 x 0.997 = 63.808 (approx.) 


we have {(0.007)— f(0.008) = —- 


= (0.007) (0.008) = 


— (0.007) =0.2- 


Hence (0.007)? = 


< 4.29 
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ILLUSTRATION 44: 
SOLUTION: 


ILLUSTRATION 45: 
SOLUTION: 


ILLUSTRATION 46: 


SOLUTION: 


ILLUSTRATION 47: 


SOLUTION: 


If y = x* — 10 and if x changes from 2 to 1.99, what is the approximate change in y? 


We have y = x*- 10 
Since, x changes from 2 to 1.99, we have Ax = 1.99 —- 2 = 0.01. 


d 
Approximate changes in y i.e., Ay = Ga 


= 4x3 Ax = 4(2)° — (-0.01) = -0.32. 

Remark: Actual change in y = Ay = y(1.99) — (2) = ((1.99)* — 10) — ((2)* - 10) 
= 15.682392 —16 = —0.317608 

Find the approximate value of f(3.02), where f(x) = 3x? + 5x +3 

Let x = 3 and x + Ax = 3.02. Then, Ax = 0.02. 

we have, f(x) = 3x* + 5x+3 

=> fx)=3x3?+5x3+3=45 


Now, y = f(x) 
dy 

Ay = —Ax 
ee anes 


=> Ay=(6x+5)Ax =(6(3)+5).(0.02) = 0.46 E y= f (x) =3x' +5x+3> - = ox+5| 


“. f(3.02) = f(x + Ax) = y + Ay = 45 + 0.46 = 45.46 
Hence, the approximate value of f(3.02) is 45.46 


Using differentials find the approximate value of tan 46°, if it is being given that 1°= 0.01745 
radians. 


Let y = f(x) = tan x, x = 45°= (1/4)° and x + Ax = 46°. Then Ax = 1° = 0.01745 radians 
For x = 7/4, we have y = f(n/4) = tan 7/4 = 1 
Let dx = Ax = 0.01745 


Now, y=tans—> 2 ~ sec?x-2(®) =sec’ 7/4=2 
x=7/4 


Ay = a => dy=2 (0.01745) = 0.03490 
=> Ay = 0.03490 [-- Ay = dy] 
Hence, tan46° = y + Ay = 1 + 0.03490 = 1.03490. 


If 1° = @ radians, then the approximate value of cos 60° 2’ is 


1 a3 


l1 @ 
— + —— me 
@®) 2° 60 ©) 2-60 
(c) PALE (d) None of these 
2 60 
(c) Let y=cos x => @ = —sinx 


Now, cos 60° 2' = cos 60° + Ay 
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d 
w= (2) Ax Bag V3 __N3 20 
x=60° 


dx me, i 2° 60 


1_ a3 


60° 2' = 
cos > 60 


ILLUSTRATION 48: Find the approximate value of {(3.92)* + 3(2.1)*}!*. 


SOLUTION: Let f(x, y) = (Q? + 3y‘)'* 
Taking x = 4, Ax = —0.08 and y = 2, Ay = 0.1 
Differentiating (1) w.r.t. x, treating y as constant, 


ae Log +3y*) °° (2x) 


Ax 6 

8 Sate eee me 
= 46 +48)°" = 3 x27 = >A and differentiating (1) w.r.t. y treating x as constant, 
Af 1a 3 4y-51645,3) — 1208) (64-516 s_l 
—=—(x° +3 12y°) = 64)°" =16(2)° =— 
ee ae Ca Za) eres 
df= eo = + y-0.08++%0.1 = eee = 0.466 

Ax Ay 24 2 3 2 


{(3.92)? + 3(2.1)*} 6 = (4, 2) + df= 2 + 0.466 = 2.466 


ILLUSTRATION 49: The pressure p and the volume v of a gas are connected by the relation pv'*= const. Find the 
percentage error in p corresponding to a decrease of 1.2% in v. 
SOLUTION: We have, pv'*= k (constant) 
=> logp+1.4 log v=log k 
1a 14 92 __14P 


=> 
pdv v dv v 


Now, Ap = 2 wv 
v 


=> Ap euler ee ae 
v Pp v 
= AP .100- -1.4{ “100 
Pp v 
A 
= %x100=-1.4(-12)=0.7 AY 100 =12,given| 
4 Vv 
TEXTUAL EXERCISE-2: (SUBJECTIVE) 
1. The height of a cone increases by k%, its semi-vertical 2. Using differentials, find the approximate values of the 
angle remaining the same. What is the approximate following: 
percentage increase (1) 26 (11) 37 
(1) in total surface area, and (iii) [0 48 (iv) (82)" : 


(11) in the volume, assuming that & is small? 
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Find the approximate change in the surface area of a 
cube of side x meters caused by decreasing the side by 
1%. 


3. Find the approximate value of (2.01), where 6. 
A(x) = 407 + 5x +2 


4. Find the approximate value of (5.001), where 
fix) =x — 7x? + 15 7. If the radius of a sphere is measured as 7 m with an 
error of 0.02 m, find the approximate error in calculat- 


5. If the radius of a sphere is measured as 9 m with an pie 
ing its volume. 


error of 0.03 m, find the approximate error 1n calculat- 
ing its surface area. 8. Find the approximate change in the value V of a cube 


of side x meters caused b increasing the side by 1%. 


Answer Keys 
1. 2k%, 3k% 2. (i) 5.1 (ii) 6.083 (iii) 0.693 (iv) 3.009 
3. 28.21 4. —34.995 5. 2.16mm? 6. 0.12x?m? 
7. 3.927m? 8. 0.03x’m° 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. There is an error of + 0.04 cm in the measurement of 5. The height of a cylinder is equal to the radius. If an 


the diameter of a sphere. When the radius is 10 cm, the 
percentage error in the volume of the sphere is 


error of k% is made in the height, then percentage 
error in its volume is 


(a) +12 (b) +10 (a) k% (b) 2k% 
(c) + 0.8 (d) + 0.6 (c) k/2% (d) 3k% 
. If there is 2 % error in measuring the radius of sphere, pa de Mies PaO On pase as ane height ane = 
and percentage error in radius is k%, then the error in 
then what will be the percentage error in the surface 
7 its volume 1s 
ra k9% b) 2k% 
oa ee e 5 ky 2 f th 
(c) 4% (d) 2% (c) 0 (d) None of these 
. . 7. The pressure P and volume V of a gas are connected 
: The circumference of a circle 1s measured as 56 i by the relation py'4 = constant. The percentage 
with an error 0.02 cm. The percentage error in its increase in the pressure corresponding to a reduction 
area 1S of (1/2)% in the volume is 
(a) 1/7 (b) 1/28 fe 1 
—% —% 
(c) 1/14 (d) 1/56 (a) 5” ea 
1 
. If there is an error of 2% in measuring the length (c) me (d) None of these 
f a simpl l h in i 
ce ene PSP a ny icin DeCeeee yeas 8. If y =x", then the ratio of relative errors in y and x is 
period is ae (b) 2:1 
(a) 1% (b) 2% (a) : Hea 
(c) 3% (d) 4% Oe ena 
Answer Keys 
1. (d) 2. (c) 3. (c) 4. (a) 5. (d) 6. (c) 7. (c) 8. (d) 
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TANGENTS AND NORMALS 


m@ INTRODUCTION 


Every function of two variables can be represented by a 
graph in two dimensional space but we are not always able 
to draw it. After all, for how many different values of the 
independent variable, can we efficiently find the values of 
the dependent variable? Yet we are always interested in 
visualizing what would the graph of the function look like 
1.e., we are always interested in finding out the behavior of 
the curve of the function. 

Fortunately, many of the properties of the function give 
a good idea about the behavior of the curve of the function. 

The qualitative study of the differential co-efficient 
or derivative of a function can be used to determine the 
approximate nature of the curve represented by the function 
and its various properties. e.g., monotonic nature, maxima/ 
minima, curvature etc. In the previous chapter we have 
studied that the derivative of a function y = f(x) is the 
instantaneous rate at which y changes with respect to x, it 
means that the derivative is the slope of the function's graph 
at some point (x, y) 1.e., the slope of the tangent to the curve 
at the point (x, y). So the value of derivative at point x on 
the curve can be used in finding out the tangent to the curve 
at that point x. 

In this section we will discuss in detail the application of 
derivatives to find out the tangent and normal at the particu- 
lar points on the curve or to find out the angle at which two 
curves intersect, the length of tangent, normal, sub-tangent 
and sub-normal and intercept of the tangent on the axes. 


m@ DEFINITION 


Tangent at a given point P on a curve 1s a line which touches 
the curve at that point and the normal at any point P 1s a 
line intersecting the curve at P which is perpendicular to the 
tangent at P 


Geometrical Interpretation 


Given y = f (x) be a continuous curve and P(x, y) and 
O (x + dx, y + dy) be any two points on this curve. Let 
O be a point very near to P Let PT be the tangent to 
the curve at point P, which makes an angle 0 with the 
positive direction of x-axis and PQ cut OX at M so the 
angle ZOMN = 0. 


Q(x+dx,y+dy) 


FIGURE 4.38 


From Q, draw a perpendicular ON on x-axis and from 
P draw PH perpendicular to ON respectively. (See the 
adjacent diagram) 

When Q approaches to the point P, the chord OP 
rotates in the clockwise and tends to becomes tangent at P. 
(i.e., PT). 

Also, when Q — P then QH=ody—>0 


PH =6x->0. 


and 


And therefore tang = gi = oy tends io form. 
PH 06x 


as) 
Also ¢ — @ and therefore tan @ = iim oe (popularly 
x xX 


d 
known as “%). 
dx 


Slope of tangent and equation of the tangent: 


Casel: Ify =/{x) 1s differentiable for x = a and P (a, f(a)) 
is a point on the curve then the tangent on y = f(x) at point P 
will be a line with slope f (a) and hence the equation of the 
tangent will be given by y — f(a) =f (a) (x-a) 


i 


FIGURE 4.39 


Case ll: If the function y = f(x) has a null derivative at P 
(a, fla))i.e., f(x) =90, then the tangent at P will be parallel 
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to x-axis and its equation is given by y = f(a). Such tangents 
are known as Horizontal Tangents. 


Case Ill: If the function y = f(x) has an infinite derivative 


f(x)- (@ 


X—a 


= 0 


? 


at P (a, fla)) i.e., lim| f'(x)/=0, ie, lim 


then the tangent at P will be perpendicular to x-axis and its 


equation is given by x = a. Such tangents are known as 
Vertical Tangents. 


For example the tangent to the curve y = x" at (0, 0) 
will be given by x = 0. 

If however, neither (1), (41) nor (111) holds, then the 
graph of f(x) does not have a tangent at the point P (a, f(a)) 


ILLUSTRATION 50: Find the point on the curve y = x° — 3x at which tangent is parallel to x-axis. 
SOLUTION: The equation of the curve is y = x° — 3x. Let the point at which tangent is parallel to x-axis 
be P (x,, y,) 
Then it must lie on curve i.e., y, = x,° — 3x, ..-(1) 


Also differentiating the equation of the curve wrt. x, 


dy 
We get = 3x23 
eevee 


Since, the tangent is parallel to x-axis 


(| =0 
dx mY 


=> 3x,°-3=0 
From (i) and (11): 
When x, = 1: y,=1-3=-2 


When x, =-1l:y,=-1+3=2 


d 
=> 3 = 3x?-3 
dx (41%) 


(given) 


> x,=41 


_..(ii) 


So the points at which tangent is parallel to x-axis are (1, —2) and (—1, 2) 


ILLUSTRATION 51: In the curve 3b*y = x’ — 3ax’, find the points at which the tangent is parallel to the axis of x. 
SOLUTION: Equation of the curve is 3b? y = x° - 3ax’ (1) 
dy 
Differentiating w.r.t. x, 3b’ 7. = 3x’ — 6ax 
d *_2 —2 
= = ee = = = slope of tangent at (x, y) 


d 
If the tangent is parallel to the axis of x, a =0 


x =0, 2a 
From equation (i) x = 0 
x =2a 
4a’ 
2 ABP 


=> y=0 
=> 3b*y = 8a - 127=- 4a 


4 3 
Hence the required points are (0, 0) and (2, -<| 


ILLUSTRATION 52: The curve y = x!* has at origin (0, 0) 


(a) a vertical tangent 
(c) oblique tangent 


(b) a horizontal tangent 
(d) no tangent 


d 
SOLUTION: (a) aor = 
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1 
5 5 4/5 


d 
At (0, 0), = = © 


Curve has a vertical tangent at (0, 0) 


ILLUSTRATION 53: The area of the triangle formed by the co-ordinate axes and a tangent to the curve xy = a’ at 
the point (x,, y,) on it is 


SOLUTION: 


ILLUSTRATION 54: 


SOLUTION: 


2 2 
a°x a 
(a) — (b) <4 
y x, 
(c) 2a? (d) 4a? 
2 
a 
(c) Since y =— 
x 
dy a’ 
=> —_ »ss_/- == 
dx x? 
a’ 
Tangent at (x,, y,) to curve xy = a’ isy—y, = ——y &-x,) 
1 
=> xXy-x7y,=-a@xtax, 
axt+x?y=x, wy, + a’) (xy, =a’) 
=x, (@ + a’) = 2a’x, 
This meets x-axis, where y = 0 => ax =2a'x, => x=2x, 


So, the point on x-axis is (2x,, 0) 


bo 


| | 2a 
Again tangent meets y-axis, where x =0 > x,y =2a’x,,y = 
x 


y) 2 
Point on y-axis is (o, 2) : 
x, 


1 2a’ 
Required area = 3 (2) ( = = 2a’ 


x, 


Find the co-ordinates of the point on the curve y = x* + 3x + 4, the tangent at which passes 
through the origin. 


Equation of the curve is y = x? + 3x + 4 i) 


d 
Differentiating w.r.t. x, = =2x+3 


or 


Equation of the tangent to (1) at (x, y) is 
a 
Y-y=7 (X-x) or Y—y =(2x +3) (Xx) 


Since it passes through the origin, putting X = Y = 0, we get 

—y =(2x + 3) (x) ory = 2x + 3x ...{i1) 
From (i) and (ii), x7 + 3x + 4 = 2x? + 3x 

x?7=4 S. ZH 42 
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ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


When x = 2, from (i) y=4+6+4=14 
When x = —2, from (11) y=4-6+4=2 
(2, 14) and (—2, 2) are the points on (1), the tangents at which pass through the origin. 


A function y = f(x) has a second order derivative /"(x) = 6 (x — 1). If the graph passes through 
the point (2, 1) and at this point tangent to the graph is y = 3x — 1, then function 1s: 


(a) (— 1) (b) @- 1) 

(c) @ +1) (d) @& + 1/ 

(a) y = fx) has a second order derivative of 1* degree and hence it must be a cubic 
Let fx) =ax° + be +axtd ...(1) 

=> f(x) =3ar + 2bx+ c =3 at (2,1) ...(2) 
and f"(x) = 6ax + 2b = 6 (x- 1) ...(3) 
Comparing the coefficient of x and constant terms in equation (3), we get a = 1 and b =-3 
From (2) we have 3a(4) + 2b (2) +c =3 .. (4) 
12(1) +463) +c=3 . c=3 


Again the point (2,1) lies on y = f(x) 
1=8a+46+2c+dorl=8,1+4(C3)+23+d 
d=-1 

f(t) = - 3x74 3x -1 = (1) 


Find the tangent lines for the curve y = ip 2|t|dt which are parallel to the bisector of the first 


coordinate angle. 


We have the given curve, y = [,2 | t| dt 


d 
Differentiating the curve w.r.t. x we get, = =2|x| 


[Using Leibniz-rule of differentiation under integration] 
Since, the tangent lines are parallel to the bisector of the first coordinate angle 


d 
We have, Y = 1 


dx 
=> |x| = 
x|=—= 5 a oes 
Z 2 
a 2 1/2 \ 
=> y=2| tdt =2)/—| =-— 
y=2ftea=2(5) =] 
Thus the points are (+ 1/2, 1/4) 
y-(1/4) 
=> Equat ft t ——— 
quation of tangents are — — (41/2) 


3 1 
Therefore, y = x + i and y =x - 4 are required equations of the tangents. 


Prove that the portion of the tangent to the curve x"y" = a”*" intercepted between the axes is 
divided in the ratio m : n at the point of contact. 
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dy 


SOLUTION: Differentiating the equation to the curve, mx"~!y"+ nx" y""! ce 0 
dy __my 
=> SS -— > 
dx nx 
= Slope of tangent at (x,, y,) = melee 
nx, 
; _ my, 
Equation of tangent at P is, y—y , = -—— &®-x,) 
nx, 
Let the tangent meet x-axis (y = 0) at point A 
m+n)x 
— ae as mes que y, Le (m+n)x, 
nx n m 
Therefore, the coordinates of A will be (* 0) (4) 
oe : mtn ‘s 
Similarly the tangent meets the y-axis (x = 0) at B (0, x] .»-(i1) 
m 


The coordinates of the point which divides BA in the ratio m : n are given by 
+ + 
a) n) x, +0 pe) Je 
m m 


m+n m+n 


= (x,, y,) which is the point of contact, P Hence, the result. 


2 2 
x 
ILLUSTRATION 58: Any tangent at a point P(x, y) to the ellipse ar =1 meets the coordinate axes in the 


points A and B such that the area of the triangle OAB is least, then the point P is 


(a) (v8,0) (b) (0,18) 
(c) (2, 3) (d) None of these 


xcos@ Fi ysin@ _ 


SOLUTION: (c) Any point on the ellipse is (a cos 0, b sin®) tangent at which is ———— , | 
a 
, 5 
Its intercepts on the axes are and — 
cos@ = sin@ 
1 1 ab ab 

A= f AOAB = —OA.OB = ———___ = ——_ 

oe Z 2cos@.sin@ sin20 
It will be least when sin20 is greatest so that 26 = or0 =7 
P(e += v8 vi8 =(2 3) 

V2 V2) \V2°> V2) °° 
ILLUSTRATION 59: Prove that cl a =1 touches the curve y = be~* at the point where the curve crosses the 
a 


axis of y. 
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SOLUTION: Equation of the curve is y = be” (i) 
It crosses y-axis, where x = 0 . y=be=b 


We are, therefore, required to determine the tangent at the point (0, 5). 


d l 
Differentiating equation (1) both side and with respect to x, = = be** (=) = = 
b 
= Slope of tangent at (0, 5) -(2) = —— 
(0,5) . 


b 
Equation of tangent at (0, b) is: y— 5b = Fe (x — 0) 


y x x y 
> —-j]=-—- > —+-—=]1 
b a a b 


ILLUSTRATION 60: For the curve xy = c’, prove that the portion of the tangent intercepted between the coordinate 
axes is bisected at the point of contact. 


SOLUTION: Let the point at which the tangent is drawn be (a, 8) on the curve xy = c’, 


Therefore aB = c? (1) 
Now, differentiating the given curve, y = —, we get: 
dy rors 
We get — =-— 
eget 2 
dy ¢ ap B 
— = T_T — from = 2) 
Fl. ae we (from (i) aB =c 
Thus, the equation of tangent is, y— B = wi (x — a) 
a 
=> ya-—ap =-—xB + af => xB + ya = 208 
2a 26 
It is clear that the tangent line cuts x and y-axis at A (2a, 0) and B (0, 2B) and the point 
(a, B) bisects AB. 


ILLUSTRATION 61: The curve y = ax’ + bx* + cx + 5 touches the x-axis at P (—2, 0) and cuts the y-axis at a 
point QO where its gradient is 3. Then a, b, c are 


1 3 1 3 
——,-—,3 3,-—,-— 
@) ~p>7y (b) 35 
3 1 
(c) arcEr (d) None of these 


d 
SOLUTION: (a) The graph cuts y — axis (x = 0) at (0,5) and given that “| =3 


(0,5) 
=> 3ax’+ 2bx + ¢l,_,=3 


c=3 


d 
Again 7 =0 at P (2,0) as it touches x-axis 
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12a -—4b +c =0 
or 12a-—4b+3=0 


Also P lies on the curve 


8a + 46-—2¢ +5 =0o0r—-8a+ 4b-1=0 


3 
Solving (11) and (ii1), we get a= “ge “4 


lim ad 


ee ee ee 
dim (= 0 f@) = jim 7 = 


Ax>0* Ax 


m@ GRAPHS WITH VERTICAL TANGENTS (iii) f= 
We have already learnt that the tangents which are parallel 


The left tangent is parallel to the y-axis is directed 
to the y-axis are known as vertical tangents. 


Now, for a tangent to be parallel to y-axis, it is 
important to understand the following four cases: 


(i) f) = tim 2 = 


Ax—>0 Ax 


@) x x 


FIGURE 4.40 


e.g. y=(x-l)” has a vertical tangent at x = | 


d 
because a >oasx >]. 
dx 


(ii) f(x) = lm Ne = —00 


Ax 0 Ax 


0) 4 


FIGURE 4.41 
1/5 . 
e.g., y=-(x-1) has a vertical tangent at x = 1 


d 
because “y —>-—oasx—> 1. 
dx 


downward, while the right tangent is parallel to the 
y-axis and is directed upward 


y 


O X 


FIGURE 4.42 


e.g. y=(x-1) has a vertical tangent at x = | 


because sg —>-oasx >I and ay >oasxol’. 
dx dx 


(iv) f(c)= lim = =00; f(x)= lim Ay _ gs 


Ax—>07 Ax>0* Ax 


Here, the left tangent is parallel to y-axis and is 
directed upward, while the right tangent is parallel to 
the y-axis and is directed downward 


¥ 


O X 


FIGURE 4.43 


eg. y =-(x-1)” has a vertical tangent at x = 1 


because tag —ooasx— 1° and ay, —+-oasx ol’. 
dx dx 
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NOTE: 


(a) The basic property of a tangent line is that it indicates the direction of a curve at a point. 


d 
(b) If tangent is parallel to x-axis, 8 = 0°=> tan8= (#) =0 
(x11) 


(c) If tangent is perpendicular to x-axis (or parallel to y-axis) then 8 = 90° 
dx 
=> tand=~> cot0= ( =0Oor () =00 
y (x1,¥1) dx (X1,¥1) 
(d) The value of 8 always lie between -1/2 to 1/2 


d 
(e) If the tangent at any point on the curve is equally inclined to both the axes, then = 


d y = x3 
(f) If () fails to exist, even then the tangent can be drawn at (x,, y,). e.g. at x =0 
(x1¥1) y = lx] 


m CAUTION 


1. If we are to find the equation of a tangent at x = 3 on 
the curve given by x” + y’ = 25; then there is not one, 
but two tangents possible, one each at (3, 4) and 
(3, -4). And hence, we would need to consider two 


functions y = +./25— x’ , thereby making the curve Steal 

into two different functions on which the tangents can 3. A tangent on a curve is always defined on a point and 

be found with ease. is irrespective of the fact, whether or not; the tangent 
2. It is a common mistake to think that the tangent never touches/cuts the curve at any other point(s). 

crosses the curve. For example the line y = 1 is a tangent to the curve 

For example the tangent at origin on the curve y = x? is y = cosx at x = 0, even though it touches the graph 

x=0 at infinite other points. 


ILLUSTRATION 62: The curve y — e” + x = 0 has a vertical tangent at the point 
(ay U1, 1) (b) at no point 
(c) (0, 1) (d) (1, 9) 
SOLUTION: (d) Given y + x = =e” 
Differentiating both sides w.r.t. x, we get 
yrtl=e(yt+yx’) 
y' Ud -e”’ x) =ye”-1 
Now y' = 
=> |-xe”’=0 


= Clearly (1, 0) point satisfies the above equation and hence, the curve y— e” + x = 0 


has a vertical tangent at (1, 0) 


ILLUSTRATION 63: 


SOLUTION: 


ILLUSTRATION 64: 


SOLUTION: 


ILLUSTRATION 65: 


SOLUTION: 
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The triangle formed by the tangent to the curve f(x) = x? + bx — b at the point (1, 1) and the 
co-ordinate axes, lies in the first quadrant. If its area is 2, then the value of 5 is 


(a) -1 (b) 3 
(c) -3 (d) 1 
dy 


(c) ae 2x+b=2 at(1,1) 


Equation of tangent on f(x) at (1, 1)isy—1=(2 + 5b) - 1) 
The x-intercept can be obtained by substituting y = 0 


Hence A=( 720] + = ee: 
b+2 2+b b+2 
Similarly, the y-intercept can be obtained by substituting x = 0 
Hence B = (0, — (6 + 1)) => y=1-(2+bd))=+6+1) 
Given that A ae =2 « AB=4 
=> +b+1)(6+1)=4(+4 2) 
or b+ 6b +9=O0or(b + 3% =0 . b=-3 


The number of points on the curve x°” + y°>” = a>” where the tangents are equally inclined to 
the axes is 


(a) 1 ) 2 
ae (d) None of these 
(a) Given x3? + 732 = g3? 


3 3 
Differentiating both sides w.r.t. x, we get Sal : sar y'?y'=0 
1/2 
x 


=> ye 


Now since we require the tangents which are equally inclined to the axes, therefore on 
equally y = +1 we get y!?= x!” ory @ =" 


Also x 3/2 + y 3/722 — ge 
: a : 
=> 2x37 = @? or 0 = a?” (not possible) >x= pe y, hence only one point 


The point(s) on the curve y’ + 3x? = 12y where the tangent is vertical, is (are) 


(a) (+,-2] (b) fea] 


4 
(c) (0, 0) (d) (+2 
(d) fx, y) = yt 3x’°- 12y = 0 
d 6 
Slope of tangent is e = 2 =— 3y7 = 
dy 

If the tangent is vertical => he = 00 

=> y=4 ypu? 


Now y = —2 is ruled out as it makes x’ negative. Hence y = 2 -. x=t—= 
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m SLOPE OF NORMAL 


We know normal to the curve at P(a, f(a)) is a line 
perpendicular to tangent at P (a, f{a)) and passing 
through P, therefore the slope of the normal will be 
negative reciprocal of the slope of the tangent at that point. 


Q(x+6x,yt+dy) 


FIGURE 4.45 


1 


- 
dx }(a, (a) 


dx 
= -( and hence equation of normal is 
(a,f(a)) 


=> Slope of normal at P(a, ffa)) = - 


dy 
given by 
—] 
f(a) 


= 0, thereby slope of the normal = 0 


(x-a) and if slope of tangent 


y-f(a= 


Therefore equation is y = f(a) and if slope of tangent 
= 0, then slope of normal = ©. 


Therefore the equation is given by x = a. 


ILLUSTRATION 68: 
SOLUTION: 


ILLUSTRATION 69: 
SOLUTION: 


ILLUSTRATION 70: 


SOLUTION: 
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Find the equation of tangent and normal to the curve x* = 8y + 8 at the point (0, —1). 


Equation of the curve is x* = 8y + 8 


x*-8 


> y= 


d 
Slope of the tangent to the curve at (0, —1) is (#) at that point 
dy 2x x (#) 
—=—=— at(0,-1) > |= =0 
ee 4 es 
Equation of tangent at (0, —1) is given by y —- 1) = 0 @- 0) 
=> y+1=0@-0) 


=> y+1=0 1 
Normal is perpendicular to tangent, so slope of normal = 


= ce 
Z dy/dx 
(Since A 0) hence the normal will be a line parallel to y-axis and will pass through 
(0, — 1), therefore the equation of normal at (0, —1) is given by x = 0 
Find the equation of the normal at (a, a) to the curve x*y° = a° 


Equation of the curve is x *y *? = a>. Differentiating both sides w.r.t. x 


dy dy 2y 
Ixy34+3x2yp2 —=0 see 
5 Maal aaa ee Ay 
dy 2a 2 


the value of — at = 
So the value o 2) re 3 


2 
Slope of tangent at (a, a) = a 


3 
Slope of normal at (a, a) = > 
: 3 
Equation of normal at (a, a) is y—a = a & — a) or 3x —-2y-—a=0 


If the slope of the normal to the curve x* = 8a’ y, a > 0 at a point in the first quadrant is —2/3, 
then the point is 


(a) (2a, —a) (b) (2a, a) 
(c) (a, 2a) (d) (-a, a) 
x? 
(b) Let? =8ay > y=-> 
8a 
dy _ 3x" 
dx 8a’ 
8a’ 2 
Slope of normal = = ar (given) 
=> 4a =x 
=> x=2a (a >0, x > 0 in Ist quadrant) 


x _Qay _ 8a _ 
8a* 8a’ 


8a? ‘, required point is (2a, a) 
a 
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ILLUSTRATION 71: 


SOLUTION: 


ILLUSTRATION 72: 


SOLUTION: 


ILLUSTRATION 73: 
SOLUTION: 


The area bounded by the axes of reference and the normal to y = log x at the point (1, 0) is 


(a) 1 unit? (b) 2 unit? 
(c) 7 unit? (d) None of these 
+o 
=] => |= =1 
(c) y = log, x praca de a 
—1 
The equation of the normal at (1, 0) is y—0= or (x-l)orxt+ty=1 
es ee unit 
ziil=, q. 

Find the point on the curve ay” = x° where normal to the curve makes equal intercepts with 


the axes. 


Let the point at which normal be drawn is (x,, y,). Then it must satisfy ay’ = x’, 
3 


Le. ay," = x,’ or y,=+ es 

Now, differentiating both sides of the given curve with respect to x we get, 2ay Se = 3x 

= 63 - 3 Gi) 

dx (4,1) day 1 we 2 a 
a 
dx 2 
Thus, slope of normal = —} — ee le bet 

Dieyy 3N% 


We know that the slope of the line making equal intercept with the axes = +1 


= 2 {a 4 ns 4a 
cake) cee di 
3\ x, ' 9 


Hence, the required points are aa Be and (* ai 
> u a. Pe a ae 
ae 9°27 9° 27 
Find the equation of normal to the curve x + y = x’, where it cuts x-axis. 
Given curve is x+ y = x” ...(4) 


at x-axis y = 0, 
x+0=x° => x= 1 
Point is A(1, 0) 


Now to get slope at (1, 0) of the curve x + y = x. Take log on both sides we get, log(x + 
y) =y log x. Now differentiating with respect of x. 


1 dy 1 dy 
1+} =y — +(logx) = 
ye (log x) 


X+y dx 
Putting x = 1,y =0 

dy dy +4 
1+} =0 al a er (ae 
| a de ~ 3 


Slope of normal = 1 


0 
Equation of normal is, a =] 
XxX — 


=> y=x-1 
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NOTE: 
1. /fnormal is parallel to x-axis, then - [e =Oor [o =0 
dy (a,f(a)) dy (a,f(a)) 
2. /fnormal is perpendicular to x-axis (or parallel to y-axis), then (*) =0 
x (a,f(a)) 
dy 


3. Ifatangent is parallel to the axis of x theng=0. ... ae = tan@ = tan0=0 
IX 


Thus at the point the tangent is parallel to the axis of x we have “ =0 
x 
4. Ifthe tangent is perpendicular to the axis of x, (i.e. parallel to the axis of y) then 8 = 7/2 
dy dy 


: &Y =tanO =tan—=0 => —=0 
dx 2 dx 


d 
Thus at the point the tangent is perpendicular to the axis of y, we have = =0 


5. For finding the intercepts on the axes by a tangent, write equation of tangent in intercept form i.e., — i =] 
a 


‘, Intercept on x-axis = a and intercept on y-axis = b. 
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ILLUSTRATION 75: 


SOLUTION: 


ILLUSTRATION 76: 


SOLUTION: 


ILLUSTRATION 77: 


SOLUTION: 


Three normal drawn from the point (c, 0) to the curve y* = x, show that 'c' must be greater 
than 1/2. One normal is always the x-axis. Find 'c' for which the other two normal are 
perpendicular to each other. 


The slope form of the normal to the curve y ” = 4ax is 
y = mx —2am—am’ sul) 
For the curve given by y? = x, we have 4a =1 


Equation of normal is y = mx i 


The equation passes through (c, 0) then 


=> a=1/4 , 


m 


Janeen i.e. m pe =0 .. m=0, m +—-c=0 
2 4 2 4 


For m = 0, the normal is y = 0 which is the x-axis. 

The other two values of m are given by m=+2Vc—1/2 

for m to be real, c # 1/2 

If ¢ = 1/2, then m = 0 which is already considered, so c >1/2 

Now, for the other two normal to be perpendicular to each other, we must have 


c— 1/2=1/4 => c=3/4 


The point on the curve where the normal to the curve 9y” = x° makes equal intercepts with the 
axes 1S 


(c) (4,-§) (d) None of these 


(a), (c) Given 9y? = ¥ : 
Differentiating both sides, we get 18y— = 3x". 


| d 
Since normal makes equal intercepts on the axes therefore -———— = tl o Y= +1 
dy | dx dx 
6y (41) = x’ or 36)? = x* or 4x° —x*= 0 (-. 9y? = x’) 
x=4and y= = (x = 0 is excluded as = becomes zero) 


The values of parameter 'a' so that the line (3 — a) x + ay + a’ — 1 = 0 is a normal to the 
curve xy = | is/are: 


(a) (3, 2) (b) (2, 0) 
(c) (0, 3) (d) None of these 
1 dy 1 
b =— —S- = — 
(a ) ¥ x > dx x? 
Hence slope of the normal is x’ which is positive V x e R. If (3 —a)x + ay + a*—1=0 is the 


3- —3 —3 
normal then slope of normal is given to be — 7 == and equating a se 
a a a 
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m CONDITION FOR A GIVEN LINETO BE 
TANGENT TO A CURVE 


Let us suppose that the line ax + by + c = 0 be a tangent to 
the curve y = f(x) at point P(x,, y,). 
Then P lies on the curve 
=> y, =fx,) ...(1) 
And since P also lies on the line 
.. (11) 
Also, slope of the line = slope of tangent to the curve 
at P 


=> ax, t+ by,+c=0 


Q(x,,Y,) 
axt+by+c=0 
=f(x) 
FIGURE 4.46 


a (+) ii) 
b \dx }, 5) 
On eliminating x, and y, from the equations (i), (ii) 
and (111); we can get the required condition for the line 
ax + by + c = 0 to be a tangent to the curve y = f(x). 
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Let point Q be (x,, y,) 
m@ TANGENTS FROM AN EXTERNAL POINT 


Since Q lies on the curve, we have y, = f{x,) ...(1) 
Given a point P(a, b) which does not lie on the curve Also, the slope of PO = the slope of the tangent at the 
y = f(x), then the equation of possible tangents to the curve dy 


oint O on the curve y = f(x) = — 
y = f(x), passing through (a, 5) can be found by first finding P g y = fix) dx 


(4%) 
the point of contact Q of the tangent with the curve b d 
Slope of PQ =21— =~ 2) 
Ox.) X%—A AK, yy) 


Solving (1), (2), we can get the point of contact (x,, y,) 


P(a,b) 
y=f(x) 


FIGURE 4.47 


ILLUSTRATION 81: 


SOLUTION: 


ILLUSTRATION 82: 


SOLUTION: 
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Since this tangent passes through the point (2, 0) 


So, we have —x,'= 4x,° (2 — x); 
=> 3x} -8x; =0 or 3 x) -8x; =0 
=> x,=0 or x, = 8/3, 


so that the point of tangency are (0, 0) and (8/3, 4096/81). 


Therefore, the equations of the tangents are 


4096 2048 8 
yank A648, 8 


= x-—— 
81 27 3 


The tangent to the curve y = x” + 3x will pass through the point (0, —9) if it is drawn at the point 


(a) (3, 18) (b) (1, 4) 
(ce) 4,4) (d) (3, 0) 
(a), (d) Let (x,, y,) be the point of contact form (0, —9) to the curve y = x? + 3x. 
+9 d 
Then the slope of the tangent can be given by M1 , also a i.e., (2x, + 3) 
1 (41%) 
=> N+? oy 43 
x 
=> y,=2x +3x,-9 ...(1) 
Also since x,, y, satisfies the equation of the curve 
y, =x +3x, (ii) 


Comparing (i) and (ii); we get x; +3x, = 2x; +3x,-9 
=o = X43 
Point of contact are (3, 18) and (3, 0) 


The equations of the tangents to the curve y = x* from the point (2, 0) not on the curve, are 
given by 


(a) y=0 (b) y-lL=5(@+1) 
4098 2048 8 32 ~=80 2 
() ye 97 [» :] re PaaiG 2) 
(a), (c) Let the point of contact of the tangent at (2, 0) at the curve y = x* meets the curve 
y=x' 


be (h, k) where k = h* ...(1) 
d 
Then the tangent at (h, k) will be y—k = oa —h) 


=> y-k=4h (x-h) ...(2) 
Now, since it passes through (2, 0) 

. —k=4h (2-h) 

or —h* = 8h>— 4h* (from (1): k = h*) 

or 3h*-—8h°=0 

=> h=0or 8/3 
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.. k=0or (8/3) 


Points are (0,0) and (8/3, (8/3)* 


8 


g\ ; g 
Putting in (2), tangent are y = 0 and »-(5) = (5) «(x-$ 


ILLUSTRATION 83: Find all the lines that pass through the point (1, 1) and are tangent to the curve represented 
parametrically as x = 2t-f andy =t+ ?. 


SOLUTION: x = 2t—? (1) 
y=tt+P ...(2) 
dx dy 
— =2-2t — =1+2f8 
dt dt 
dy dy/dt 1+2t 
— aa = ‘3 
dx dx/dt 2-2t 2) 
x=f(t) 
y=g(t) 
(2t-t2,t+t2) 
(1,2) 
FIGURE 4.48 
Slope of the line passing through the points (1, 1) and (2t- #, t + #) is given by 
t+t-1 
m =—— 4 
2-2? -1 (4) 
dy t+t’-l 
Equating (3) and (4), t —=—_, — 
quating (3) and (4), we ge ra ar ee 
14+2¢ t+f-1 
a ae er 
2-2¢ 2t-t-l 
=> 2t-P-1+4f —-28 —-2t=2¢+ 2h -—2-2P —28 + 21 
=> 3f-4t+1=0 => 3f-—3t-t+1=0 
=> Gt-1)¢-1D=0 => t=lort=1/3 


Now, when ¢ = 1; point (2t— #, t + #) becomes (1, 1) and hence equation of tangent will 
be given by 
4 


5 
when ¢ = 1, then point will be (1, 2) when ¢ = 1/3, then point will be c =o = 3) 


dy 3 dy § 
and ar for t= 1 and ar for f= 1/3 


4 5 
Equations of tangents, will be y—2 = — (x- 1) and y-$=5{ x3), = 1;5x-4)-1 


m@ TANGENTS/NORMALS TO SECOND 


DEGREE CURVE 


1. To find the equation of tangent at (x,, y,) substitute xx, 


yry, 


x+X 
for x*, yy, for y’, 5 + for x, for y and 


XY, + XV 
on for xy and keep the constant as such. This 


method is applicable only for second degree conics, 
i.e., ax’ + 2hxy + by’ + 2gx + 2fy+c=0 
Proof: Differentiating both sides of ax? + 2bxy + 
by’ + 2gx + 2fy+c=0 
We get 2ax + 2hy + 2hxy'+ 2byy'+ 2g + 2fyy'=0 
=> axt+hy+hxy'+ byy'+2¢+f'=0 
ax+hy+g 

St a 

( hx +by+ f 


. slope of tangent at (x, y,) is 
7 {¢ +hy, *s 

(194) hx, + by,+ f 

.. Equation of tangent at (x,,y,) isy—y, =y' &«—-x,) 

=> V-Y,=y' (x—x) 


ax, t+hy,+2 (x—x ) 
hx, +by,+ f 


y 


> 9-»--[ 


And on solving the above equations, we get 
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ey, +24( 22%) +2g{ 2%) 


2f[2% Jre=0 


. Easy method to find normal at (x,, y,) of second degree 


conics ax? + 2hxy + by’+2gx+2fv+c=0 ©... (i) 
ah g 

then according to determinant | 0b ff |. Write first 
g fie 

two rows ax + hy + gand hx + by + fthen equation of 

aa 6 Xx = 

normal at (x,, y,) of (i) is eee ; i re 7 ew, a ’ 


Proof: Having already found the slope of tangent 
at (x, y,) on the curve ax’ + by’ + 2hxy + 2gx + 
2fy+c=0 

-( ax, thy,+g 


hx, + by,+ z . Therefore the slope of the nor- 


hx, +by,+ f 
mal to the curve at (x,, y,) will be | ———~—~—— 
ax, t+hy,+g 


‘. Equation of normal will be given’ by 
hx, +by,+ f 
=V)= ut L Ns) 


ax, +hy,+2 


Via yi = X—X, 
hx,+by,+f ax,+by,+g 


ILLUSTRATION 84: Find the equation of the tangent and the normal at the point (2,3) which lies on the curve 


x? + 3y* — 2xy + 4y —- 6x - 19=0 


SOLUTION: Equation of tangent can be obtained by replacing x’ by 2x; y* by 3y, 2xy by 3x + 2y, 2y by 


(y + 3), 2x by (x + 2) 


Equation of tangent will be 2x + 3 (3y) — (3x + 2y) + 2(y + 3) —-(x + 2) -19=0 


=> 9y—4x-19 =0 


And the equation of normal can be obtained by using the formula 


xX = Came 


ax, t+hy,+g - hx, eby +f 


Where a = 1,h =-1, g =-3,h =-l, b =3,f=2 


x-2 
l ———— SS —————SS EEE SSS 
(1)(2) + (-1)3)+(-3)  (-1)(2)+ B)G) + (2) 


Equation of norma 


v3 
—4 9 
=> 9x-18 =-4y+ 12 


=> 


¥—3 


=> 9x + 4y = 30 
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TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. 


Find the co-ordinates of the points on the curve 
2x? + 3xy + 4y* = 9 at which the slope is —7/11. 


. Show that two tangents can be drawn from the point 


A(2a, 3a) to the parabola y” = 4ax. Find the equations 
of these tangents. 


. Find the equation of the tangent to the curve 


y = 2x? — x’ + 3 at the point (1, 4). 


. Find the condition that the line ax + by + c = 0 may 


be normal to the parabola y = x’. 


. Find the tangents to the curve y= (x*° —1)(x-2) at 


the points where the curve cuts the x-axis. 


. Find the equation of the normal to the curve 


y =(1+x)’ +sin™'(sin’ x) at the point x = 0. 


. Find the points where the tangent is parallel to 


x-axis and where it is parallel to y-axis, for the curve 
25x? + 12xy + 4y*= 1. 


. Find the point on the curve y = 3x? — 2x — 4 at which 


tangent is perpendicular to the line x + 10y-— 7=0. 


. Find the point on the curve 2y = 3 — x’ the tangent at 


which is parallel to the line x + y = 0. 


Answer Keys 


1 


. (1, 1) and (-1, -1) 


10. 


11. 


2. y=xta,ly=x+t+4a 


Find the points on the curve y = x* — 6x°+ 13x’ — 10x 
+ 5 where the tangent is parallel to y = 2x. Also prove 
that two of these points have the same tangent. 


Find the equation of the tangent line to the curve 
y = V¥5x-3-2 which is 

(a) parallel to the line 2x -y +9=0 

(b) perpendicular to the line 5y + 2V2 x = 13 


. Prove that the sum of the intercepts on the co-ordinate 


axes of any tangent to Vx + Jy = Ja is constant. 


. Find equations of tangent and normal to the curve 


x + y =x’, where the curve cuts x-axis. 


. If the normals drawn to the curve y = x? — x + 1 at the 


points A, B and C on the curve are concurrent at the 
point P(7/2, 9/2), then compute the sum of the slopes 
of the three normals. Also find their equations and the 
co-ordinates of the feet of the normals onto the curve. 


. Find the equation of the tangent to the cycloid x = a 


(8 + sin 8), y = a (1 — cos 8) at the point 0. 


3. y=4x 


8. (2, 4) 


2a’ (b+ 2c) +b =0 5. 3x + y—3 =0 and 7x -y- 14=0 
xtryp= 1 7. (1/4, —3/8) and (—1/4, 3/8) 

.d, 1) 10. (1, 3) (2, 5) (3/2, 65/16) 

. i) 80x — 40y = 103 (ii) 22y—5x44V2 41=0 


13 


.x+y—1=Oandx—-y-1=014. Tit= y#1= Ol) =3y +10=0,-13):24+8y~ 43-0, 3,22) 


. x sin(8/2) — y cos(8/2) = a 8 sin(@/2) 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. 


x and y are the sides of two squares such that 
y =x-x’.The rate of change of the area of the second 
square with respect to that of the first square is 

(a) 2(1 —x’)x (b) 2x*-3x +] 

(c) 2(2x* — 3x + 1) (d) None of these 


2: 


Two cyclists start from the junction of two 
perpendicular roads, their velocities being 3v m/min 
and 4v/min. The rate at which the two cyclists are 
separating is 
(a) (7/2)v m/min 
(c) v m/min 


(b) 5 vy m/min 
(d) None of these 


10. 


11. 


12. 


Equation of normal to the curve x + y = x’, where it 
cuts x-axis; 1S 
(a) x +y—1=0 
(c) x +y =0 


(b) x-y—1=0 
(d) None of these 


The tangent to the curve y = e” at the point (0, 1) 
meets the x-axis at 
(a) (0, 0) 

(c) (1/2, 0) 


(b) (2, 0) 
(d) None of these 


The normal at the point (1,1) on the curve 
2y =3-x’is 
(a) x +y=0 
(c) x-y+1=0 


(b) x+y+1=0 

(d) x-y=0 

The equation of the tangent to the curve y = be~*” at 
point where x = 0; is 


x y y x 
ae | by SI 

Cae 7 

(c) ar (d) None of these 
a 


The slope of the tangent to the curve y = x’ — x at the 
point where the line y = 2 cuts the curve in the first 
quadrant is 
(a) 2 

(c) —.3 


If at each point of the curve y = x? — ax’? + x + | the 
tangent is inclined at an acute angle with the positive 
direction of the x-axis, then 

(a) a>0 (b) a< v3 

(c) -V3 <a<V3 (d) None of these 


(b) 3 
(d) None of these 


The points at which the tangent to the curve 
ax’ + 2hxy + by’ = 1 1s parallel to y-axis are 

(a) (0, 0) 

(b) where hx + by = 0, meet it 

(c) where ax + hy = 0, meet it 

(d) None of these 


The point of contact at which tangent to y = e* cuts 
off equal intercepts is 
(a) (1, e") 

(c) Cl, e) 

The slope of the tangent to the locus y = cos"'(cos x) 
at x = —1/4 1s 
(a) 1 

(c) 2 

The equation of tangent to the curve y = e*' at the 
point where the curve cut the line x = 1 is 


(b) (0, 1) 
(d) None of these 


(b) 0 
(d) -1 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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(a)xty=e (b) ex +y)=1 


(c) ytex=1 (d) None of these 


The distance between the origin and the normal to the 
curve y =x’ + e* atx =Ois 

(a) 2/3 (b) 2/V5 

(c) V3/2 (d) V5/2 


The tangent to the parabola x’ = 2y at the point (1, 1/2) 
makes with x-axis an angle of 

(a) 60° (b) 30° 

(c) 45° (d) 0° 


The point on the curve y = x’, where slope of the 
tangent is equal to the x-coordinate of the point is 

(a) (—1/2, 1/2) (b) (0, 0) 

(c) (2, 0) (d) (0, 2) 


The curve y — e” +x = 0 has a vertical tangent at the 
point 

(a) (1, 0) 
(c) (1, 1) 


The line x/a + y/b = 1 touches the curve y = be~” at 
the point 

(a) (a, b/a) 
(c) (a, a/b) 


(b) (0, 0) 
(d) at no point 


(b) (—a, b/ a) 
(d) None of these 


If 2x + my = 1 is anormal to the parabola )” = 4ax, then 
(a) a+ 2alm? = m? 

(b) a@’ + 2alm? + m’?=0 

(c) a@ — 2alm* — m?=0 

(d) None of these 


If the tangent to the curve 2y’ = ax’ + x? at the point 
(a, a) cuts off intercepts a, B on co-ordinate axes, 
where a’ + B? = 61, then the value of 'a' is equal to: 
(a) 20 (b) 25 

(c) 30 (d) — 30 


The equation of the tangent to the curve (=| + =) 
a 


= 2 (n € N) at the point with abscissa equal to 'a' 
can be: 


“BG © (0 

0 eo 8) 

The equation of the tangent to the curve, 

ss dt 
& aioe 


atx = lis 
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22. 


Z3. 


24. 


25. 


26. 


27. 


(b) V2y- Lax 
(d) None 


(a) V2 yt+1l=x 
(Cc) 
The equation of the tangent to the graph of function, 
fix) =| x? — |x || at the point with abscissa x = —2 is 
(a) 3x +y+4=0 (b) 3x +y-4=0 

(c) 3x -y+4=0 (d) None 


V2y =x 


The number of values of c such that the straight line 


2 
y = 4x + c touches the curve Ee y =1 is equal to 
(a) 0 (b) 1 
(c) 2 (d) infinite 


The equation of the tangent to the curve y = 2x *+ 5x 
at the point where the line y = 3 cuts the curve in first 
quadrant is 

(a) 14x —-2y -1=0 
(c) 14x + 2y-1=0 


(b) 14x-2y+1=0 
(d) None of these 


The equations of tangents drawn from origin to the 


circle x’+y-—6x-6y+9=Oare 
(a) x =0 (b) x=y 
(c) y=0 (d) x+y=0 


Sum of the square of the intercepts on the axes cut off 
by the tangent to x'? + y!? =q'3, a © R* at (a/8, a/8) 
is 2. Then possible values of a is/are 

(a) 4 (b) 2 

(c) 6 (d) 3 

The abscissa of the point on the curve ay” = x’, the 


normal at which cuts off equal intercepts from the 
coordinates axis is 


Answer Keys 
1. (b) 2. (b) 3. (b) 4. (c) 5. (d) 
11.(d)  12.(d) 13.(6) 14.(c) 15. (b) 
20. (a,b) 21. (a) 22. (a) 23. (c) 24. (a) 
30. (c) 31. (c) 


m@ TANGENT TO PARAMETRIC FUNCTIONS 


Given the equation of the curve x = f(t) and y = g(0), then 


28. 


29. 


30. 


31. 


(a) 2a/9 (b) 4a/9 
(c) —4a/9 (d) —2a/9 
Equation of a normal to the curve y = x’ — 6x + 6 


which is perpendicular to the straight line joining the 
origin to the vertex of the parabola is: 

(a) 4x -4y-1=0 (b) 4x-4y + 1=0 

(c) 4x-4y-21=0 (d) 4x-4y+21=0 

The point on the curve y > + 3x * = 12y where the 
tangent is vertical, 1s 


4 

+ _ -—2 

w a 
(c) (0, 0) 


» (fe 
0 (fe 


If a variable tangent to the curve x*y = c’? makes 


intercepts a, b on x and y-axis respectively, then the 
value of a*b is 


(a) 27 1 ee 
| 
——=C d) —c 
©) 5 @ 5 
The x-intercept of the tangent at any arbitrary point of 


a b ; 
the curve —~+—> = 1 is proportional to: 
x 


(a) square of the abscissa of the point of tangency 

(b) square root of the abscissa of the point of 
tangency 

(c) cube of the abscissa of the point of tangency 

(d) cube root of the abscissa of the point of tangency 


6. (c) 7. (b) 8. (c) 9. (b) 10. (b) 
16. (a) 17. (da) 18. (a) 19. (c,d) 
25. (a,c) 26. (a) 27. (b) 28 (c) 29. (d) 


The equation of tangent at any point '’ on the curve 1s 


g'(t) 


given by: y-g(t)= = (x- f (t)) 


f(t) 


The equation of normal at point ‘7 is given by 


PO). 
SN e-00) 


y=20)= 
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2/ 


: ; 213 213 3 : 
— XxX — ‘; — 
Some common parametric coordinate on a curve are Forx” + a3 a cos°0 asin°0 


as follows: (g) For Vx +Jy =Ja ;x =acos’8, y = asin‘@ 


(a) Forx? + y’=a’;x=acos 8, y =a sinO x" oy” 
(b) For x*—y’ = a*; x =a sec 8, y = a tanO (h) For a + is 1; x =a (cos6)””, and y = b(sin8) 
x? 2 . : ‘ 
(c) For ae RE =1;x=4acos8, y = b sin0 (i) For af - 7 =1;x =a (sec0)", and y = b(tan6)" 
a 


(d) For y’ = 4ax; x = at’, y = 2at 
2 2 
(e) For ae =1;x=asecO, y = btanO (k) For ay’ =x? => x = at’and y = at’ 
a 


Q) For c* (*+ y*) =x*y? => x=csec 0 andy =ccosec 0 


be 
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ILLUSTRATION 88: 


SOLUTION: 


ILLUSTRATION 89: 


SOLUTION: 


ILLUSTRATION 90: 


SOLUTION: 


If p, and p, be the lengths of perpendiculars from the origin on the tangent and normal to the 
curve x23 + y°3 = q?4 respectively, then 4p; + p; = 
(a) 4a? (b) 2a? 
(c) @ (d) None of these 
(c) Take the parametric equation as x = a sin’, y = acos*0 
Tangent is x cos® + y sin® = (a@/2) sin20 
Normal is y cos® — xsin9 = a cos20 
( /2)sin2 


eee Es ae 
(cos? @ sin’ 0) 

Pp, = tia 20 =acos20 
(cos? 6+ sin? 0) 


4p, + pi =a’ (sin? 20+cos’ 26) =a 


For the curve xy = c’, prove that 

(a) The intercept between the axes on the tangent at any point is bisected at the point of contact. 
(b) The tangent at any point makes with the co-ordinate axes a triangle of constant area. 
Let the equation of the curve in parametric form be x = ct, y = c/t and the point of contact be 
(ct, c/t) 

Equation of tangent is at point (x, y): 


_ 2 
en (X —ct) => PY-ct=-X+cet 


=> Y-clt= 
(a) Let the tangent cut the x and y axes at A and B respectively 
X Y 
Writing th ti + =| 
riting the equations as i ae 


=> X intercept = 2ct, y, intercept = 2c / t 


2ct+0 04+2c/t 


2 
=> A= (2ct, 0) and B= (0, 2 and mid point of AB = ( >’ 9 


= (ct, c/t) 


Hence the point of contact bisects AB 
(b) If O is the origin then: 


1 
Area of triangle AOAB = BOA O8) 


1 2c ee 
= Fe es = 2c’1.e., constant for all tangents because it is independent of t. 
Prove that the segment of the normal to the curve x = 2a sint + a sin t cos*t; y = — a cos*t 


contained between the co-ordinate axes is equal to 2a. 


dy dy/dt | 3acos’ tsint 3a cos’ tsint 


dx dx/dt  2acost+acos’t—2asin*tcost 2acost(1—sin?t)+acos’ t 


_ 3acos*tsint __ 3acos’tsint dy _ tant 
2acos’ t+acos’ t 3acos’t ” dx 
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(0,2a cos t) 


A(2sin at,0) 


FIGURE 4.49 


cost ; ; 
Equation of normal y + a cos*t = — ae (x — 2a sint — a sint cos? f) 
sin 


y sin t + a cos? ¢ sint = — x cost + 2a sint cost + a sint cos’t 
x cost + y sin t = 2a sin t cos t (1) 
at A (2a sin t, 0); B (0, 2a cos #) then AB = 2a 

ILLUSTRATION 91: Find the equation of the tangent and normal to the curve x = acos®, y = bsin®@ at the point '0' 


SOLUTION: Equation of the curve is: 
x=acosO? & y=bsin0@ ..(i) 
Differentiating both x and y with respect to 9. 


dx ad 
— =-asin0; aa = b cos0 


dé dé 
dy _dyd_ _ bcosd 
dx ded  asin@ 
bcos@ 


Slope of tangent at '0' = — 
asin 


Equation of tangent at ' 8 ' (a cos 9, 5 sin 8) is: 


bcos@ 
a (x — acos@) 
asin @ 


or ay sin — absin? @ = —bx cos 8 + ab cos’?® 


y — bsin@ = — 


or bx cos + ay sin® = ab (sin? 9 + cos?8) = ab 


Dividing by ab: = cosO + =" sind =] 
a 


Slope of normal at '0' = eon 
bcos@ 
ind 
Equation of normal '0' is y — 6 sin8 = = (x — acos@) 
bcos 


y af x 
— = —b —_—_ _ — 
se sind (= a| 


by ax 
or ——-P= —@ 
sin @ cos@ 
b 
or = y =@- p> 


cos@ sin @ 
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ILLUSTRATION 92: 


SOLUTION: 


ILLUSTRATION 93: 


SOLUTION: 


ILLUSTRATION 94: 


Find the equation of the normal at the point '6' on the curve x = 3 cos@ — cos*0, y = 3sinO 
— sin°@ and show that at the point, where 6 = 7/4, the normal passes through the origin. 


Equation of the curve is x =3cos0—cos’@0 & y=3sin8 — sin’ 6 (1) 
dx 
nT —3 sin® — 3cos’@ (— sin6) = —3sin9 (1 — cos?0) = —3sin® sin? 6 = —3sin*0 
d 
a = 3cos0 — 3sin’0 cos8 = 3cos8 (1 — sin?@) = 3cos8 cos’@ = 3cos*0 
dy _dy/d@ _ 3cos' 0 _ 
dx adx/d@ -3sin’@ 
Slope of tangent '6' = —cof 0 
Slope of normal at '6' = tan’ 0 


Equation of normal at '6' is y — (3sin 8 — sin ? 6) = tan? 0 [x — (3cos@ — cos’ 6)] 


or y— 3sin@ + sin°é = = [x — 3cos8 + cos?0] 
c 


os’ @ 
y 3 ee x 3 
sin’'@ sin’ @ cos @ cos’@ 
or x sec30 — y cosec?6 = 3 
] ] 
—.— -—— | = 3(sec? 8 — cosec 78 
sin? 5| ) 


At 0 = 7/4 equation of normal is x sec? ra y cosec? c =3 se’ 7 —cosec’ *) 


or x (V2 P—w(v2)=3[(V2¥- (V2) 
or 2V2x-2V2y=0 
or x—y = 0 which clearly passes through the origin. 


Find the length of the portion of the tangent intercepted between the co-ordinate axes at any 
point of the curve x = acos*t, y = bsin’ t. 


Equation of the curve are x = a cos*t, y = b sin’ ¢ 
dy dy dy/ldt bsint 

— =-3 acos’t sin t, —= 3b sin’*t cost —= =— 

at at dx dx/dt acost 


Equation of tangent at 't' (a cos*t, b sin’ f) is y — bsin*t = — (x — a cos’ f) 


or (a cos f) y—ab sin’ t cos t= —(bsin fx + ab sin t cos*t 


or (b sin ?#)x + (acos tf) y = ab sin t cos ¢ (sin’t + cos’f) = ab sint cost 
x 

a ae 

acost bsint 


Intercept on x-axis = a cos ¢ and Intercept on y-axis = 5 sin ¢ 
Length of the portion of the tangent intercepted between the axes 


= | (intercept on x — axis)’ +(intercept on y—axis)’ | = R a’ cos’ t+b’ sin’ t 


t t 
Prove that the equation of the tangent at any point '/' to the curves x = er “ys — 


x y a 


may be written in the form | g(f) wt) /f(@)|=90 
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m@ TANGENTS INTERSECTING THE CURVE ITSELF 


dy eA 


The tangent at P meeting the curve again atQ > (+) = 
X /p 


X,—% 


(x,,Y,) 


Q 
(x,,Y.) 


FIGURE 4.50 
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SOLUTION: 


ILLUSTRATION 96: 


SOLUTION: 


ILLUSTRATION 97: 


SOLUTION: 


(b) Given y* = x(2 — x)* Differentiating both sides wrt x, 2y y' = (2 — x)? — 2x(2 — x) 
dy 1-2 1 
— at (1,1) = ——-=-— 


Tangent is y— 1 =-1/2 @- 1) or 2y =3 -x 


oe 2 
Now, solving 2y = 3 — x with y = x (2 — x)’; we get (=) = x(2—x) 


[Putting the value of y] 
or 4x° — 17x? + 22x-9=0 => (x- 1) (4¢ - 13x + 9)=0 
(x — 1) (47 — 13x + 9) =0 
9 
=> (x-1)@-1) 4¢9)=0 = eS LOEL SF 
3 9 
3-x ~ 4 12-9 3 
then y =——_ =——= == 
2 2 4x9 8 


9 3 
Hence Q is (3.3) ; Also when x = 1, y= 1 


Hence (1, 1) point is rejected since it is the point p from where tangent is drawn 


If the tangent at the point P(a?’, af?) on the curve ay” = x? meets the curve again at Q whose 
parameter is 7 then 7 = 


(a) 2t (b) -t 
(c) #2 (d) —#/2 
(b) The tangent at t is y-— af = = (x-at?) ...(1) 


It meets the curve again at the point O whose parameter is 7 .. Q (at?’, af’) lies on (1) 
3t 

a (t?— #) = Es a(t? — ft”) 

(f?+ ft+7).2=3ta+Aast#l 


20? — tf — P=0 or ('— 1) (2f + 1)=0 
t =-4/2 


A curve is given by the equations x = sec? 6, y = cot 9. If the tangent at P where 0 = z/4 meets 
the curve again at QO, then length PO = 


3 
(a) v15 (b) 5¥5 
1 
(c) 5vi5 (d) None of these 
(b) AL rT when 9 = 7 ye ~S00t (=) = -, 


dx dxid@ x 2 


Now when 9-4; x=sec(=|=2 and =cot -)=1 


(x,y), = P=, 1) 
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P=y—1=—-1/2 x-2) orx + 2y—4=0 ...(1) 

Now, the Cartesian equation of the parametric function can be obtained by 
l 

eliminating 0 using the identify sec? 6 — tan? @ = 1, we get y’ = 2ay ...(2) 
x — 


xX 
Form (1); we get y= a 


4-x) 1 
Substituting this value of y in (2); we get (4) — oa 
XxX — 


l 
=> x=2,5 andy = 1 whenx = 2 and ar when x = 5 


Hence P is (2,1) (given) and OQ is 


(55) 

2 

: = 2 ] = 5 _3 5 
Po= | 2) (1 *) nee = . 


ILLUSTRATION 98: If the tangent at the point (x,, y,) to the curve x’ + y’ = a’ (a # 0) meets then curve again in 


x 
(x,, y,) then show that —* res ees | 


x Y¥; 
SOLUTION: x +y=a@ (1) 
dy x? 
ay x (2 
ax y (2) 
d x 
=> SB =-4 

dx mY J 

a — 
Slope of line AB; 2 =22—4 3) 

dx x,—%, 

2 
using (2) and (3) ——b = (=) (A) 
aA) Xy —% 
Now 
(x,,Y,) 
A 
(x,,Y,) 
FIGURE 4.51 

x+y =a" 
x+y, =a 


@=n==6=)) =-(,-y,) OF +H? +2) 


y2— ¥ --[ 2) (5) 
Xx, —% Ye+VV. + ¥2 
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XP +%X, +X} 
VV +H V2 — WX — Yi =0 

xy, wy, —xy,) + XY, -Yx,) @y, + y,x,) = 0 
(xy, —xy,) ay, + xy, + y,x,) = 0 


ise ee a ee 
x YS; 


x? 
put in (4) 2, --( 
y, 


ILLUSTRATION 99: The normal to the curve x = a (cos 8 + @ sin 8), y = a (sin 9, — 9 cos 9) at any 9 is such that 
(a) it makes a constant angle with x-axis (b) it passes through the origin 
(c) itis at a constant distance from the origin (d) None of these 


SOLUTION: (c) = =—asin? + a@cos@+asin@ = acosé 


D = acos0 — ac0s8+ a0 sin 8 = a0 sin 8 
ove = slope of tangent 
dx x cos 
cos 
Slope of normal =—— 
sin @ 


(Now, since slope = —-cot 0 .. slope is dependent upon 8. Hence it does not make a 
constant angle with x-axis) 


cos@ 
sin @ 


or ysin@ + x cos® = a(cos’@ + sin’6) = a 


Normal is [y-(asin@— a8 cos6)] = — x[x—(acos@ + a0 sin 6)| 


(Since the constant term in the equation of the normal is not equal to zero, 
the normal does not pass through (0, 0)) 
a 


—__________ = q i.e., constant 
(cos? 6+sin’ a) 


Now, its distance from the origin is given by 


Hence 'c' is the correct answer. 


ILLUSTRATION 100: Tangent at a point p, [other than (0, 0)] on the curve y = x* meets the curve again at p.. 
The tangent at p, meets the curve at p, and so on. Show that the abscissa of p,, p,, P,....p, a 


area (P,P, P;) 


G.P. Also find the ratio 
area (p,P;P,4) 


SOLUTION: curve > y =x 


d 
- = 3x’ similarly let p, on y = x’be (h, h’) 


= —| =3h" then tangent at p, pt = C8h, -8°h’) 


hi 


y — 1} = 3h? (x—h) (1) 


m@ TANGENT AT ORIGIN 


If a rational integral algebraic equation of a curve is passing 
through origin then the equations of the tangent at the origin 
is obtained by equating the lowest terms in the equation of 
curve to be equal to zero. 
Proof: Let Siax"’+a,x"'+...ta,x+by'+b, 
ba ace i OURS Ss de a ONE i are rae +C, xy = 0 
Then differentiating both sides w.r.t x, we get 
axnx™!+a_(n-1) x"? +...+ 2a,x + a,+ 
(6 xmy"'+b  (m—1)y" +....+ 2by + b)y' + 
Cig (NX™ Yt x" x NY" XY )+ oe +CL y+ xy’) =0 
Since, we need to find the slope at origin; therefore put- 
ting (x, y) as (0, 0); we geta, + by'=0 


ae 
> yr DB 
Equation of tangent at (0, 0) 1s y = y'x 
_ ax 
= > 
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=> bytax=0 

e.g.: for the curve x*— 4y? + x* + 3x*y + 3x47? + 4 =0, 
the tangents at the origin would be given by x’ — 4y* = 0 

Le.,x + 2y = 0 and x-2y =0 


Proof: Differentiating both sides of the equation, we get 
2x — 8y y' + 4x? + Ox2y + 3x%y' + bxy* + 6x" yy' + 4y*y' = 0 


2x+4x° +9x7 y+ 6xy" 
—8y+3x +6x° y+4y 
Now for the slope at (0,0); we find 
2 *49x* y+ Oxy” 
ee (eee ee 
fat oo —8y+3x +6x*yt+4y 
2 


= im-[ 2 = in| = =m 
yoo OY Say 
Equation of tangent is y = mx 


=> yagxaay x =0 


=> x+2y=Oandx-2y=0 
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tangent as well as anormal at x =0. 


NOTE: y 
1. If the curve x* + y* =x? + y”, then the equation of the tangent would be x* + y* =0 
which would indicate that the origin is an isolated point on the graph. 
2. There may exist curves on which one line could be the tangent as well as the normal toa 4 
given curve at agiven point. 
e.g. For the curve x’ + y* —3xy =0 (Folium of Descartes), the line pair xy=0 is both, a 
FIGURE 4.52 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. 


Find the equation of the tangent and the normal to the 
curve y’ = 4ax at the point (a?’, 2a?). 


Find the point on the curve y = x’ where the tangent to 
it at the point (x,, x,’) intersect the curve again. 


For the curve y = 4x? — 2x°, find all the points at which 
the tangent passes through the origin. 


Find the equations of tangent and normal at any point 
of the curve. 


Answer Keys 


1. ty = x+ at’; y = -tx +2at + af? 


2. (-2x,, —8x°,) 


5. 


(a) x =a(tsind); y=a(1 —-cosf) 

(b) x =a secO y = b tanO 

(c) x =acosO0y=asin’0 

Find the angle of intersection of the curves 
y’ = 2ax and y* = a* — x’. 


Z 2 


6. If the curve = 35 7 =1 and y’ = 16x intersect at right 
a 


3. (0,0),(1,2)and(-1,-2) 5. 0 an"| 


angles show that a* = 4/3. 


= 
Goi 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. 


The tangents to the curve, x = a(8 — sin 9); y = a(1 + 
cosQ) at the point @ = (2k + 1)z, (k € Z) are parallel 
to 

(a) the line y =x 

(b) the line y = -—x 

(c) the x-axis 

(d) the y-axis 


If the tangent at the point (af, at’) on the curve 
ay’ = x’ meets the curve again at P, then P is 


oe 


3. 


If the parametric equation of a curve is given by x = e' 
cos t, y = e' sin ¢, then the tangent of the curve at the 
point ¢ = 7/4 makes with x-axis an angle 

(a) O (b) 1/4 

(c) 7/3 (d) 7/2 


. For the curve x =?’-—1;y =f —t, the tangent line is 


perpendicular to x-axis, then 
(a) t=0 (b) t= 
(c) t = 1/N3 (d) t =-1/V3 


. Sum of squares of intercepts made on coordinate axis 


by the tangent to the curve x7% + y*? = a’? is 
(a) a (b) 2a’ 
(c) 3a? (d) 4a? 


6. If te lis a tangent to the curve x = 4t, y = 4/t, 
a 
te R- {0}, then 
(a) a>0,b>0 
(c) ax 0,5>0 


(b) a>0,b<0 
(d) a<0,b<0 


7. The abscissa of the point on the curve ay’ = x°, the 
normal at which cuts off equal intercepts from the 
axes is 
(a) 1 
(c) 3 


8. The tangent to the curve 3 xy — 2x’y = 1 at (1, 1) 
meets the curve again at the point 


6,7) 
5° 20 


(b) 4a/3 
(d) None of these 


9. If the tangent at P of the curve y* = x° intersects the 
curve again at QO and the straight lines OP, OO make 
angles a, § with the x-axis where 'O' is the origin, then 
tana 


has the value equal to: 


(a) —1 
(c) 2 


(b) —2 
(d) V2 


3 2 
10. The lines y = “ie x and y = — Pa intersect the curve 


3x? + 4xy + Sy? — 4 = 0 at the points P and Q respec- 
tively. The tangents drawn to the curve at P and Q: 
(a) intersect each other at angle of 45° 

(b) are parallel to each other 

(c) are perpendicular to each other 

(d) None of these 


11. Normal to the curve x = a (2 + cos 9) and y = a sin ® 


at 8' always passes through the point 


(a) (2a, 0) (b) (0, a) 
(c) (a, a) (d) (a, 0) 
Answer Keys 
1. (c) 2. (a) 3. (d) 4. (a) 5. (a) 
11. (a) 12. (b) 13. (a,c) 14. (a) 15. (a) 


12. 


13. 


14, 


15. 


16. 


17. 


1 
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Normal to the curve x = 3+ 1,y =f -—t+1 is parallel 
to x-axis at 

(a) t= (b) t=0 

(c) ¢=3 (d) t=-3 


Tangent to the curve x = # — 6 + 9t, y = f is 
perpendicular to x — axis at 

(a) t=1 (b) t=0 

(c) t=3 (d) t=4 


If the tangent at (1, 1) on y* = x(2 — x)’ meets the curve 
again at P, then the co-ordinates of P are: 


(b) (3, V3) 


(c) (4, 4) (d) None of these 


a Jcos 20 | cos 8; 


y =a cos 2@. sin at the point corresponding 
to 0 = 7/6 1s: 
(a) parallel to x-axis 


Tangent to the curve x = 


(b) parallel to y-axis 
(c) parallel to the line y = x 
(d) None of the above 


Let C be the curve y = x° (where x takes all real val- 
ues). The tangent at 4 meets the curve again at B. If 
the gradient at B is k times the gradient at A, then k is 
equal to 


(a) 4 
(c) —2 


(b) 2 
it 
(d) mr 


A curve is represented by the equations x = sec? t and 
y = cot ¢t where f¢ is a parameter. If the tangent at the 
point P on the curve where ¢ = 7/4 meets the curve 
again at the point Q, then |PQ| is equal to: 


35 58 


(@) > 6) > 
25 35 
oS o 
6. (ad) 7. (d) 8. (a) 9. (b) 10. (c) 
6. (a) ‘17. (d) 
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m@ ANGLES OF INTERSECTION OF TWO =6 anos tan a — tan £ _ {| mm —™m 
CURVES 1+ tana tan B l+mm, 
Let the two curves C,: y = f(x) and C,: y = g (x) intersect _ | m,—m, 
: => tan 0 = |——— 
at P(x,, y,) then angle between two curves at P is the angle l+mm, 
between their tangents at P “The angle of intersection of 
two curves is defined as the angle between the tangents to : 
the two curves at thier common point of intersection.” Algorithm 


Step 1: Solve both the curves to get point/points of inter- 
section P. 


d 
Step 2: Find slope of tangents at P Le., m, ee tana 
x 


d 
and m, = a = tan B 
x 


Step3: B+ 0=a>0=a-8 


FIGURE 4.53 
tan 0 = tan(a-f) ee 
Hence, if slope of tangents PT and PT of the two curves 1+ tan a tan 6 
at point P be m, (tan B) and m, (tan a) and 0 be the angle =< sang 
between the two curves at P, then 0=a-£ 1+m,m, 


NOTE: 
1. Acute angle of intersection 
-1| 7, —M, 
=> gqacute = tan 
1+mm, 


2. Ifangle of intersection between the curves be 90°, then curves are said to intersect orthogonally 


ie. (4) (2 =—1 orthogonally 
P P 


dx dx 
d d 
3. Twocurves are said to be orthogonal iff A esl em 
dx }\ dx 
4. if (4) 2 =—1 but{ a # —1. Then the two curves are orthogonal at P but not at Q hence they 
dx ),\ dx Jp dx ),.\ dx 
are not orthogonal. 
5. The angle of intersection of two curves is the same as the angle between the normals at the point intersection 
d d 
For e.g.: If y = f(x) and y = g(x) intersect at P oa =m, and oa =m, then angle of intersection 
P p 
=0 te = 1 pa and hence the angle between the normals is given by 
1+mm, 
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ILLUSTRATION 101: Find the total number of parallel tangents of f,(x) =x’ -—x+1 and f,(x)=x° -x* -2x+1. 


SOLUTION: Here, 4(x) =x’ -—x+1 and f(x) =x -x’ -2x+1 

= f/(x)=2x,-1 and f (x) =3x,? -2x, -2 
Let tangents drawn to the curves y = f, (x) and y = f,, (x) at (x,, f.@,)) 
and (x,, £(x’)) are parallel 

= 2x,-1=3x;-2x,-2 => 2x, =3x,-2x,-1 
Which is possible for infinite numbers of ordered pairs; 
Infinite Solutions. 

ILLUSTRATION 102: Tangent to the curve y = x° + 3x atx =—1 and x= 1 are 
(a) parallel 
(b) Intersecting obliquely but not at an angle of 45° 


(c) intersecting at right angles 
(d) intersecting at an angle of 45° 


d 
SOLUTION: (a) — 3x2 +3 


dy dy 
Rees a) Atx=1, 77 =3+3=6=(m,) 


Asm, =m, .. tangents are parallel 
ILLUSTRATION 103: The curves y = x’ and 6y = 7 — x° intersect at the point (1, 1) at an angle 
(a) 7/4 (b) 1/3 
(c) 2/2 (d) None 


d 
SOLUTION: (c) y=x => %Y = 2x 


dx a, 1) 
dy 3x x 

6y =7-x a De 

pero "awe 6. 2 

dy 1 1 

i 2 i a: 

dy |m,—m, 24+1/2 5/2 

Now “= a eae ee oe . O=n/2 
OW ie \l+mm,| (1421/2) oe ‘i 


ILLUSTRATION 104: If the tangent to the curve xy + ax + by = 0 at (1, 1) is inclined at an angle tan" 2 to axis of 
x then (a, 5) is equal to 


(a) (1, -2) (b) (-1, 2) 
(c) (1, -2) (d) (1, 2) 
SOLUTION: (c) Now since (1, 1) lies on the curve 
at+b+1=0 (1) 


Given xy + ax + by = 0; Differentiating w.r.t. x, xy’ + y + a + by'=0 we get 


= --(¢ And given that @ = tan =2 
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ILLUSTRATION 105: 


SOLUTION: 


ILLUSTRATION 106: Find the angle of intersection between the curves 
(a) Y=2x andx*+y=8 


SOLUTION: 


or 


(+2) 
x+b 


x+b 


(1D 


or a@+2b+3=0 
Solving (1) and (2), we geta = 1,5 =-2 


The curve y = a* and y = B* intersect at an angle tan” ( 


Above statement is 


(a) True 


(c) can-not say anything 


(a) Finding point of intersection, P 


v= 
x=0,y=1 
“=a Ina > m 


Similarly M, = In b 
m,—-m, _ _In(a/b) 
l+mm, 1+lnalInb 


(a) is correct. 


tan > = 


(a) Equation of the curve are y *= 2x 


or 


and x7 + y = 8 
Eliminating, y between (i) and (ii), x? + 2x -8 =0 
(x + 4)a~ -2)=0 . x=-4,2 
Of which x = —4 gives imaginary values of y and is rejected 
when x = 2, y = 4, . y=? 
Points of intersection are (2, 2) and (2, —2) 
d 
For the curve (1), 2y Y = 2 
dx 
dy 1 
dx y 
‘ dy 
For the curve (11), 2x + 2y ae 0 
es 
dx y ; 
At (2, 2) slopes of tangents are 5 and —1 
1 
a. BD 
tan = 42 = - “= => 6 = tan'(3) 


1 1/2 
1+—(-l 
~*~ ) 


(b) False 


log(a/b) 
1+logalogb 


> ag (-2*2) =2 + (Lta)+2(1+5)=0 
(11) 


o>. 


(b) y =x and 6y = 7-x* 


...(2) 


(ii) 


ILLUSTRATION 107: 


SOLUTION: 
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(b) Equation of curve are y = x° 
and 6y = 7-x 
Eliminating y between (i) and (ii), we get 6x*> + x*- 7=0 
By inspection its one root is 1 and therefore equation (111) becomes: 
-7+/49-168 
12 
The only real value of x is 1 .. from equation (1) y = 1 


The only point of intersection is (1,1) 


(x — 1) (62+ 7x + 7) =0 . x=, 


d 
For the curve (i): v= 3 


dx 
d 
For the curve (11): 6 = —2x 
¢ 2a 
dx 3 


1 
At (1, 1) slopes of tangents are 3 and 3 


< 4.69 


(i) 
ii) 
(iii) 


Since these slopes are negative reciprocals of each other. Hence the curves cut orthogonally. 


Prove that the curves xy = 4 and x? + y* = 8 touch each other. 


Equation of the given curves are xy = 4 
andx? +y°=8 P 
from (i), 1 y se = 0; 
Od) 
dx x % 
from (11), 2x + 2y aa 0; 
OY ie 
dx y 
Putting the value of y from (1) and (ii), we get 
x + = 8; 
or x4+16= & 
or x‘ — 8x? + 16=0 
or (@’-4/=0 
or x*-4=0 
or x*=4; 
x=+2 
Hence points of intersection of the two curves are (2, 2) and (—2, —2). 
Slope of the tangent to the curve (1) at point (2, 2) 
2 


m= -) =-] 


(i) 
(ii) 


(iii) 


...{iv) 


(from (iii)) 
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m@ ORTHOGONAL CURVES 


If the angle of intersection of two curves is right angle then 

the two curves are said to be intersecting orthogonally and 

such curves are called orthogonal curves. e.g. y = mx and x’ 

+ y? = r’ are two orthogonal curves for any value of m and r. 
If the curves are orthogonal then angle of intersec- 
tion 0 = 2/2 


=> ie (+) =0 
C, 


dx c,\ dx 


2,(8)~ 
ax) \ aX Je, 


FIGURE 4.54 


ILLUSTRATION 110: 


SOLUTION: 


ILLUSTRATION 111: 


SOLUTION: 


Application or Derivatives! < 4.71 
> m=y'= oad 

1 by 
And for the curve a'x* + b'y* = 1 
panies —a'x 

iy b'y 
If the curves cut orthogonally, then m,m,=-—1 
or [-2|- | =-lorad’x?+bby=0 2 2 (1) 

by b'y 


Now, we need to find the values of x? and y* corresponding to the points of intersection of 
ax? + by -1=0 and a' x’? + D'y -1=0 
x y 1 
b'-b a'-a ab'-a'b 


Putting the values of x” and y’ in (1); we get aa' 


(o'-6) | 


pp (PAO) 2g 
ab'—a'b 


‘ab'-—a'b 


— bb EEE (t-<] (4-1) =o 
bb' — aa' b b' a' a 
jee (eee eee Gane 7 
or ——— =—~—— is the required condition 
ab a b' 


Which of the following pair(s) of curves is/are orthogonal? 
—x/2a 


(a) y =4ax;y=e (b) y* =4ax;x* =4ay 


(c) xy=a’,x-y' =’ (d) y=axjxr ty =e? 


dy 4a 
2 =4a¢.——_=—_= 
(a) y dx 2y 1 
xia A —!l 4a 1 
x/2a 
= = v= mm, =—x| -— |y=-l 
y ws rar 2 ie 2y ( ay 
dy 4a 
* = 4ax,— =— = 
(b) y a 2y 1 
i= hay, © = = =m, mm, == 
dx 2a y 
dy dy__y 
=a’,y+x—=0 => —=-“=m 
(c) xy y ik hy 7 1 
dy x 
x-y =)’ => a 
(d) y = ax, —-=a=m, 
2,.2_ 2 dy dy x 
x +y =c 2x+2y—=0 —>—=-—=m 
y Vk dx 2 
mm, =-—=-l 
x? y x y 
Show that the curves Zoe + B +k =1 and Pek + +k, = l intersect orthogonally. 
x? y 
+ = (A 
a +k, b’ +k, () 
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= a 2 ¥ 20 

a+k, \ bo +k, )d& 
dy  (b’+k, )x 

Ma aie -- (5%): 


x? y’ 


+ — 
atk, b +k, 


2x m 2y dy _ 
atk, |B +k, )de 


(b° +k) (b° +k) x? | 
for orthogonally m,m, = — 1 then Gans) = 
(b> +k,)(b’ +k,) Ne z 
(a’ +k,) (a’ +k,) y’ 

2 


y 
rae ar 


using (1) and (2), we get ——— 


x? y’ 


+ = 
a+k, b’ +k, 


] 1 
+y'| =—->=— [= 
“es +h @ a te: a 
a’ +k,-a’ ing b’ +k, -b’ -k, s 
| GEEyG=En) saa = (b’ +k,)(b’ +k,) 


k, -k, 
(@ +k)(a’ +k) ree +k,) aod (b? +k) (Bb +k) 


b* +k) (b’ +k,) _y 
_ +k,) (a? mice x? 


put the value of ae in (4) 


(e —k) nue +h,)(a° A). 4 


(a? +k) (a? +k,))| @ +k) O +h) = 


ILLUSTRATION 112: In the two curves c,: x = y’and c,: xy = k cut at right angles find the value of k. 


SOLUTION: x=y" 


then x = k*8 
point of intersection (k", k'*) 


(2) 


(3) 


3) 


(4) 


(5) 


(1) 
(2) 
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=m COMMON TANGENTS 


A line which touches two given curves is called a common 
tangent to the curves. There are two cases: 


(i) The point of contact of the common tangent is same 
for both the curves. Here, the curves touch each other. 
In such a case the slope of the tangent is equal to the 
slopes of both the curves at the point of contact. 


FIGURE 4.55 


(il) 


P(x,,Y,) 


FIGURE 4.56 


The points of contact of the common tangents is dif- 
ferent for the two curves. In such a case the slope of 
the tangent is equal to the slope of the curves at their 
respective points of contact 


_ al” 
) ax 


C 


dy 
” dx 


Yi —~ J2 


X, — X4 


1.€ 


(x, VY (x V2 ) 
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ILLUSTRATION 114: 


SOLUTION: 


ILLUSTRATION 115: 


SOLUTION: 


=> 2x=y+7-12 
=> y=2x+5 (i) 
Which is also tangent to the circle x? + y? + 16x + 12y+c¢=0 


Show that the normals to the curve x = a(cost + ¢ sint); y = a (sint — ¢t cost) are tangent lines 
to the circle x7 + y = a’. 


x =a(cost+tsin f) (1) 
y =a (sin t—tcos 2) (2) 
tangent 
(Note : Perpendicular from centre 
on tangent is equal to radius) 
FIGURE 4.57 
dy _dy/dt _ a(cost+tsint—cos?) 
dx dx/dt a(-sint+tfcost+sinf) 
dy 
— = tant 3 
a 3) 
Find the gradient of the common tangent to the two curves y = x* — 5x + 6 and 


yHert+xtl, 

Let us suppose that y = ax + b is the common tangent to both the curves. 
Simultaneously solving y = ax + b and y = x* — 5x + 6, we get 

ax +b=x*-5x+6 


Now, since y = ax + 51s a tangent, therefore there will be only one point of intersection of 
the two graphs and hence putting discriininant = 0, we get 


a+10a+4b+1=0 .. (i) 
Simultaneously solving y = ax+b and y = x? + x + 1, we get 
axtb=x?4+x+1 


Now, since y = ax + bis a tangent, therefore there will be only one point of intersection of 
the two graphs and hence putting Discriminant = 0, we get 


a@—-2a+4b-3=0 ...{ii) 
on solving the equations (1) and (11), we get a = —1/3 and b = 5/9 
=> 3x + 9y =5 is the equation of the common tangent. 

And solving 3x + 9y = 5 with the curve y = x? — 5x + 6, 

we get the point of contact as (7/3,— 2/9) 

Similarly solving 3x + 9y = 5 with the curve y = x* +x + 6, 


we get the point of contact as (—2/3,7/9). 
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Equation of Normal Number of Solutions 


y—a(sint—tcos t)=— cot t(x—a(cost+tsin‘)) We know that the equation f(x) = g(x) can be solved by 
x cos t + y sin t— a = 0 then length of perpendicular | finding the points of intersection of the curves y = f(x) and 
from the centre of circle (0, 0) upon this normal | y = g(x). The concept of tangency between these curves 
0+0-a is an important tool in finding the number of roots. The 


5 ae reer bes following examples illustrate this method. 
cos f+sin' f¢ 


= Radius of circle. Hence normal touches the circle. 
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m@ SHORTEST DISTANCE 


The shortest distance between two non-intersecting 
curves is found along the common normal to the two 
curves. In fact, if the two curves also have the largest 
distance between them, then it is also found along 
the common normal to the two curves. This can be 
established with the help the concept of maximum 
minima. FIGURE 4.59 
In the figure 4.59 we notice that the shortest distance 

between the curves is AB and the largest distance between PQ, both of which are found along a common normal. 
them is Note that the common normal may different in two cases. 


B(x,,Y,) 


Q(x,,Y,) 
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NOTE: 


1. The distance along the common normal between the two curves are maximum or minima in their local regions 
only 


. Tofind the maxima/minima distance; we must also consider the end points of the curve 


More elaboration would be done on the maximum/minimum distance between two curves in the chapter of 
maxima and minima 


The concepts of coordinate geometry will be used extensively in such problems and hence it is advised to students 
to make sure that they are through with these concepts. For reference you can use our book of coordinate geometry 
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TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Find the angle of intersection of curves y = x* and 5. Find the minimum and maximum values of [(x + 2)?+ 
6y = 7—~x at (1, 1). (y—1)]'?, if -2P+(yt+1/<4 
2 2 


2. Find the angle of intersection of the ellipse = +—> =1 6. Find the co-ordinates of the point on the curve 
ab x2 = 4y which is at least distance from the line 


and the circle x* + y’ = ab at their point of intersection. 


. Find the angle of intersection of curves y = [|sin x| + 
|cos x|] and x? + y* = 5 where [x] denotes the integral 
part of number x. 


. Find the angle between the curves x = 3xy* =-—2 and 


y=x-4 


. Find the shortest distance between curves xy = 9 and 


r+y=1 


. Find the point on hyperbola 3x?— 4y* =72 which is 


nearest to the straight line 3x + 2y + 1 =0 


3x°y-y? =2, 
Answer Keys 
Leon/2 2. tn = 3. tan! (2) 4. 90° 
a 
5. 2V5 —2, 2V5 +2 6. (2, 1) 72 3N2 21 8. (—6, 3) 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


. The angle of intersection of curves y = x’ and 
6y = 7-x at C1, l)is 
(a) 1/4 


(c) 1/2 


(b) 2/3 
(b) None of these 


. The angle at which the curve y = ke* intersects the 

y-axis is 

(a) tan”'(k ’) 

(c) sin”! [| (d) sec” [| 
V1+k* V1+k* 


. The two curves x° — 3xy* + 2 = 0 and 3x*y —- y =2 


(b) cot“(i) 


(a) cut at right angles (b) touch each other 
(c) cut at an angle x/3 (d) cut at an angle 7/4 


. At (0, 0) the curve y* = x3 + x’ 

(a) makes an angle of 60° with OX. 
(b) bisects the angle between the axes. 
(c) touches x-axis 

(d) None of these 


. The angle of intersection of the two curves xy = a? and 
x? + y° = 2b" is 


(a) 1/3 (b) 1/6 
(c) 1/4 (d) None of these 
. The curves x? + pxy’ = —2 and 3x’y — y’ = 2 are 
orthogonal for: 
(a) p=3 (b) p=-3 
(c) no value of p (d) p=+3 


. The angle of intersection of the curve y = x? and 
6y = 7-x at (1, 1) is: 


(a) 
(Cc) 


(b) 
(d) 


wlyAwml|a 
NIAAA 


. The gradient of the common tangent to the two curves 
y=x?-—5x+6andy =x? +x + 1 is equal to 

(a) -1/3 (b) — 2/3 

(c) —] (d) —3 

. If the curves a,x? + by’ = 1 and a,x’ + by’ = 1 are 
orthogonal, then: 

(a) a,a, (b, —b,)*” + bb, (a, — a," =0 

(b) a,a, (b, — b,)** — 5, b, (a,- a," = 0 

(c) a,a, (a,—a,)*” + bb, (6, — 6," =0 

(d) a,a,(a, —a,)*’ —b, b, (6b, — 6," =0 
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P 2 2 2 


Ny y 


. If the curves, urea 1 and cae ee = 1 cut each 


a a, 2 
other at right angles then: 
(a) a,+a,=b,+b, 
(b) a, +b =a,+5b, 
(c)a,+b,=a,+b, 
(d) aa, (a,—b,) = 5b, (a, — 5,) 


. The angle between the tangents to the curve 


x? ye 

ata =1 at the points (a, 0) and (0, bd) is 
v/a [a 
ld by = 

(a) A (b) 5 

(c) a (d) None 


. The angle between the tangents to the curves y = sinx 


and y = cosx at a point of intersection is equal to 


(a) 7 (b) tan! 2/2 


(c) tan” (—] 


(d) None of these 


. If two curves y = a‘ and y = e* intersect at an angle a, 


then tana equals 


1-loga 1+loga 

(a) (b) 
1+loga l-loga 
loga-1l 

(Cc) | (d) None of these 
logatl 


. The equation of the common tangent to the curves 


y’ = 8x and xy =-1 is 
(a) 3y=9x+2 
(c) 2y=x+8 


(b) y=2x+1 
(d) y=x+2 


. Point on the line y = 2x + 11 that is nearest to the 


circle 16x? + 1l6y’ + 32x — 8y — 50 = 0, is 


o(43) o(-2 


(c) (-3, 5) (d) +12] 


. The co-ordinates of a point on the parabola 2y = x° 


which is nearest to the point (0, 3) 1s: 
(a) (2, 2) (b) (-Y2, 1) 
(c) (V2, 1) (d) (-2, 2) 
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x? y 
17. If curves ae oe =l1 and xy = c? intersect 
a 
orthogonally, then 
(a)a+b=0 (b) @=bh’ 
(c)at+b=c (d) None of these 


18. The set of values of p for which the equation |In x| — 
px = 0 possess three distinct roots is 


Answer Keys 
1. (c) 2. (b) 3. (a) 4. (b) 5. (c) 
11.(b) 12.(b) 13. (ac) 14. (d) = 15. (b) 


m@ LENGTH OF TANGENT, SUB-TANGENT, 
NORMAL, SUB-NORMAL 


Let P(x, y) be any point on curve APB whose equation is 
y =f (x) and the tangent and the normal at P meet the x-axis 
in JT and N respectively. Drawn a perpendicular PM on the 
x-axis and if 8 be the angle which the tangent at P makes 
with x-axis. 


Then ZMPN = 90° — ZMPT = ZMTP = 0 


dy 

tan @ = 

=> an Ay 
1 dx 
tO= => 
rae 


FIGURE 4.62 


Length of Tangent 


The portion of tangent intercepted between the point of con- 
tact and the axis of x is called the length of tangent and is 
denoted as 


] 
(a (0,2) (b) (0, 1) 
(c) (1, e) (d) (0, e) 
19. Number of roots of the equation x’. e?~*! = 1 is: 
(a) 2 (b) 4 
(c) 6 (d) zero 
6. (b) 7. (d) 8. (a) 9. (a) 10. (c) 
16. (ad) 17. (b) 18. (a) 19. (b) 


L, .. In the right angled triangle PTM: PT = PM 


cosec 0 = PM V1+cot? 0 


Length of Sub-tangent 


The sub-tangent for any point (x, y) on the curve is the 
projection of the tangent on the x-axis. 
In the nght angled triangle P7M: MT = PM 


_{_y 
cot 0 2. 
Length of Normal 


The portion of the normal at any point on the curve inter- 
cepted between the curve and the axis of x is called the 
length of the normal. 

In the right angled triangle 

MNP: PN = PM 


sec0 = PM v1+tan’ 6 
dy : 

_ | ee eas 

*y 4 


Length of Sub-normal 


The sub-normal for any point on the curve is the projection 
of the normal on the x -axis. 


In the right angled triangle MNP: MN = PM 
dy 


tan@ = VF 
x 


ILLUSTRATION 122: 


SOLUTION: 


ILLUSTRATION 123: 


SOLUTION: 


ILLUSTRATION 124: 
SOLUTION: 


ILLUSTRATION 125: 


SOLUTION: 
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The length of the sub-tangent to the curve x* + xy + y* =7 at (1, —3) is 


(a) 3 (b) 5 

(c) 15 (d) 3/5 
oe 4 

(c) Length of sub-tangent = dyldx 


Now differentiating both sides of the equation x? + xy + y’ = 7; 
we get 2x +xy' + y+ 2yy'=0 


,_—2x+y nd 


— a. 
x+2y dx 


=-2 +. ST = (3) (5) =15 


(1,-3) 


< 4.81 


Find the lengths of tangent, sub-tangent, normal and subnormal to y = 4ax at the point 


(at”, 2at). 
We have the given curve y2 = 4ax 


d 
Differentiating equation (1) both sides with respect to x we get 2y os = 4a 


EA 4a 1 
= — = SS SS 
ax (at ,2at) Aat t 


..(i) 


2 
| dx 
Now, the length of tangent at (x, = af’, y,= 2at) is = y,j1+ (=) = 2atv1+? 
J (9 Yo) 


d 2 
Length of normal at (a?’, 2a?) is y, i+(2) = 2atVl+1/2 =2avt 1 
(% Yo) 


Yo 2at 
[dy / dx 1/t 


= = 2at’ 
Jes Yo) 


Length of sub-tangent 


d 
Length of subnormal |e =2at.— =2a 
dX \5,,95) t 
Show that the length of the sub-tangent is constant for the curve y = a’. 
Equation of the curve is y = a” 
d 
Differentiating = =a loga=yloga [Using (1)] 


dx ] 1 
Length of the sub-tangent = y——- = y = 
dy yloga loga 


which is clearly a constant. 


Show that in the curve y = be**, 

(i) the sub-tangent at any point is of constant length, 

(ii) the sub-normal varies as the square of the ordinate. 

Equation of the curve is y = be** 

Differentiating with respect to = = bei = = [ of (1) | 


dx 
(1) Sub-tangent = y hae ara which is constant 
y 


dy iy y 
a 


(i) 


(i) 


(ii) Sub-normal = y hk =y— = « y’i.e., sub-normal varies as the square of the ordinate. 
x a 
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ILLUSTRATION 126: Find the equations of the tangent and normal, the lengths of the tangent and the sub-tangent, 


SOLUTION: 


ILLUSTRATION 127: 


SOLUTION: 


the lengths of the normal and sub-normal for the ellipse: x = a cost, y = b sin ¢; at the point 
M (x,, y,) for which t = 7/4. 


dx , d 
From the given equations, we find that Pr —asint; *Y = boost 


dt 
baer, ($) ot 
dx a AX Joni a y 


We find the coordinates of the point KM 
a b a 

of tangency M: x= (X),o2/4 Se ie (V) ania a ee ie X 
v2 2 


b b 
The equation of the tangent is:y a rs = ac -+| 


a FIGURE 4.63 
=> bx t+ay- abV2 = 
The equation of the normal is: ges = {| 
. OG tC RB 
=> (ax— by) J2-a’ +b? =0 
5/2 
The lengths of the sub-tangent and sub-normal are S, = |— ae = = 
bf b b’ 
and Ss = | = —_ 
_ J2 ( a aV2 


BIN Fe b/a) +1|= 


The lengths of the tangent and the normal are T = a+ Va? +b? 


Va’ +b’ 


and N = 1+(-b/ay 


n _» 
V2 a2 
Show that in the curve y = én(x’ — a’), sum of the length of tangent and sub-tangent varies as 
the product of the co-ordinates of the point of contact. 

y =a ln(? - a’) 


dy a.2x 
dx x*-a’ 


_y x‘ +a‘ —2a’x’ +4a’x’ _ y(x? +a’) 
2ax 2ax 
y_ yx'-a’) 
dy | dx 2ax 


YQ? +a") yi —at)_ 2x? _ yx 


Length of sub-tangent 


LT+ST= ; 
ax 2ax 2ax a 
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TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Show that sub-normal at any point of the curve 4. Show that the curve ay’ = (x + 5)’, the sub-normal 
y = x log (Ax) is the fourth proportional for abscissa, varies as the square of the sub-tangent. 


ordinate and sum of abscissa and ordinate. 5. Show that the sub-tangent and sub-normal of the 
2 


2. Show that the sub-tangnet at any point on the curve Pion. eg y 
curve y" = a”' are nx and —. 


x*y> = c**° varies as abscissa. nx 
3. Find the length of the sub-tangent to the curve | 6. Prove that the sub-normal at any point of the curve 
y = et, yx" = a’(x’ — a’) varies inversely as the cube of its 
abscissa. 
Answer Key 


3.a 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


1. The length of the subnormal to the parabola y* = 4ax 4. The subnormal at any point on the curve xy” = a”*!' is 


at any point is equal to 
(a) av2 (b) 2V2a 
(c) a/V2 (d) 2a 


. If at any point on a curve the sub-tangent and subnor- 
mal are equal, the tangent which is equal to 


constant for: 
(a) n=0 
(c) n=-2 


(b) n=1 


(d) no value of n 


. If the sub-normal at any point on y" = a'~". x”! is of 


constant length, then the value of 7 is 


(b) V2(ordinate) (a) -2 (b) 1/2 
(d) 2 


(a) ordinate , 

(c) 2 (ordinate) (d) None of these - 

6. The length of the normal at '¢’ on the curve x = a 
(¢ + sin tf), y = a(1 —cos A) 1s 

(b) 2a sin*(t/2) sec(t/2) 

(d) 2a sin (¢/2) tan (¢/2) 


3. Area of triangle formed by the positive x-axis and the 
normal and the tangent to x? + y? = 4 at (1, V3) is 


(a) 2/3 sq. units (b) V3 sq. units 
(c) 4/3 sq. units (d) None of these 


(a) asint 
(c) 2a sin (t/2) 


Answer Keys 
1. (d) 2. (b) 3. (a) 4. (c) 5. (d) 6. (d) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLES 


1. Tangent to the folium of descartes x° + y’ = 3axy at the 


point where it meets the parabola y” = ax are parallel to 
(a) x-axis (b) y-axis 
(c) y=x (d) None of these 
Solution: (b) x + y =3axy =0 
BD fe (- ay} 
dx y, {y? —ax} 
At the point where the curve meets y” = ax the value 
2 
FD x 
dx 0 


. Ifthe curve (=| + =) = 2 touches the straight line 
a 


aoe = 2, then find the value of 'n' 


a 
(a) 2 (b) 3 
(c) 4 (d) any real number 
Solution: (d) Given (=| (2) ws 

a 


Differentiating both side w.r.t. x, we get 


n-1 n-l 
“(=| +(2) S20 
a\a b\b 
n-l n-l 
#__*(5) (2) 3 ee 
dx a\a b\b dx a 
b 
Tangent is y— b =——(x-a) 
a 


or bx + ay = 2ab or oie =2 for all values of n 
a 


¢ ar independent of ' 
dx 

. If tangent at any point on the curve e” = 1 + x? makes 
an angle 8 with positive direction of x-axis, then 

(a) |tan 0) > 1 (b) |tan 0] < 1 

(c) tan@> 1 (d) |tan 6] < 1 


Solution: (d) Given e = (1 + x’) Taking log, on 
both the sides, we get y = In (1 + x’) 


_ 7 dy _ 2x 
Now, m = tanO = ie ee 
=> hei) =| pa line 
I+x°| 1+|x| 


But we already know that 1+ |x|” >2 |x| 


2 |x| 
(. AM# GM) < 


1+|>{° 7 


. The value of n for which the area of the triangle 


formed by the axes of coordinates and any tangent to 
the curve x” y = a” is constant 1s 

(a) 1/2 (b) 2 

(c) 3/2 (d) 1 


Solution: (d) Given x’y = a" 
Differentiating both side, w.r.t x, we get nx”! y + x"y' =0 


d n-l 
_ Ym y_ 
dx 7 ae x 


n 
Equation of tangent is Y— y = — ee = x) 
x 


If the tangent meets the x-axis at (4, 0) then 
putting y = 0 we can find the value of 4 
(1+ x) 

x 
And similarly, if the tangent meets the y-axis at 
(O, B) then putting x = O we get B = YU + x) 


ie, A=X 


lin) l+n)y i 
eet gpes OUT Ee 
2 2 én 2 nN x" 
It will be constant if x”! =1i1e.,n—-1=Oorn=1 
. The point P on the curve y = x tan a 
] x? 


Se -(0.5 | has a tangent parallel to 


2 
y =x +5. If the ordinate of P is a then a = 


(a) 15° (b) 30° 
(c) 45° (d) 60° 
' ] x? 
Solution: (d) Given y = xtanx- -———— 
2 u’ cos’ x 
dy xX 7 
ae ee a sul) 


d 
Now since it is parallel to y = x + 5 then =] 
X 


x 2 
tan x-——;sec’ a | 
u 


=> x = (tana —1)uv’ cos’ a and 


Z 
u 


= iven 
aaer (given) 
Put the value of x and y in given equation 


= = | tna | 
- 2 u’ cos’ a 


, 1 
- = (tan a -1)u* cos” a| tan ~ 5 (tan ar 0) 


t 1 

or = (tamer) o0s" | SST 

4 pi 

1 2 ( 2 ry ee 2 
or —=cos’ a@.{ tan a-1)=sin a—cos’ a 

2 

1 2 1 2 
or —=1-2cos’a@ or—=cos’@ 

Z 4 


1 a 
cosa =— only asa <(0.5 | 
2 2 
“Gi 0 
> a=—=60 
3 


. The tangent and normal at the point P(af’, 2at) to 
the parabola y’ = 4ax meet the x-axis in T and N 
respectively, then the angle at which the tangent at P 
to the parabola is inclined to the tangent at P to the 
circle through 7, P, N is 

(a) tan! ? (b) cot! # 

(c) tan! |¢| (d) cot” |¢ 


Solution: (c) The tangent to the parabola 
y = 4ax at (x,, y,) 1.e., a point on the conic is given 
by yy, = 2a (x + x,) 
=> Tisty=x+at (1) 
And N) isy = —tx + 2at + at 
Both meet x-axis 1.e., y = 0 in T= (-a?’,0) 
and N = (2a + at’,0) 
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Circle through T,P,N where TP and NP are L 
(being tangent and normal), is a circle on TN as 
diameter 


Equation of the circle in diametric form can be 
written as 


and (x + at’) (x —2a—af?)+y’=0 
x? + y— 2ax — at’ (2a + at’?)=0 
Now tangent to the circle at point (x,, y,) can be 
given as xx, + yy,— a(x + x,)—at (2a + at’) =0 
X-a at” —a _ 1-t° 

y at 2 
Also from (1), slope of tangent to parabola is 1/t 


Slope of tangent — 


8 = tan’ |t| 


. The points of contact of the tangents drawn from the 


origin to the curve y = sin x lie on the curve 
(a) x°—y’ = xy (b) xe t+ yaxy 
(c) r-y=xry (d) None of these 


Solution: (c) Let the tangent be drawn at the point 
d 
(x, y). Its equation is Y-y == (X-x) 
x 


But y = sinx 


Y—y = (cos x)(X— x) 

Since it passes through (0,0), therefore 

substituting (x, y) by (0, 0) we get —y = — x cosx 

a= —— 

or — =cosxandy=sinx 

x 

ye 
2 


Xx 


+y° =cos’ x+sin’ x =1 


or Ytxry=xrorxr-y=xy 
Hence the points of contact lie on x’?— y? = x’y’ 


. If the line ax + by + c = 0 is a normal to the curve 


xy = 1, then 
(a) a>0,b>0 (c) a>0,b5<0 
(c) a<0,b>0 (d) a<x0,5<0 


l 
Solution: (b),(c) y=— 
x 


os 


dx x? 
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9. 


10. 


Slope of normal = x? 
If ax + by + c = 01s normal, then its slope of —b/a 


ae => eee, Le, 
2 2 a 


1.e. a and 6 are of opposite signs 


The normal to a curve at P(x, y) meets the x-axis at 
N. If the distance of N from the origin is twice the 
abscissa of P, then the curve is a: 


(a) ellipse (b) parabola 


(c) circle (d) hyperbola 
| 

Solution: (a, d) Y—y= on (X-x). 
dx 


It meets the x-axis (Y = 0) at N. 
d 
n{y%+-x0) Given ON = + 2x 
x 


dy 
—+x=+2x 
j dx 
or y dy = xdx or y dy = —3xdx 
2 2 a y 
Integrating — =—-— or — =-— 
en Oe Oy OE Ge ey 
or *-y=dor3r+y=Fh 
Above equation represent hyperbola and ellipse 
respectively 


A curve C has the property that if the tangent drawn 
at any point P on C meets the co-ordinate axes at A 
and B, then P is the mid-point of AB. The curve passes 
through the point (1, 1). The equation of the curve is 
(a) xy =1 (b) wy =2x-1 

(c) x*=2y-1 (d) None of these 


d 
Solution: (a) Lets suppose Y—-y = (X — x) is 
Xx 
the equation of tangent at P = (x, y) 


Putting Y = 0, we get X = ae and putting X = 0, 
d dx 
we get Y=y-x— 
dx 
x-y dy 
A= ,0| and B=| 0, y-x— 
dy/dx dx 


Now given P is the mid-point of AB 


x-y dy 
2x= =y-x— 
x and 2y =y—-x 7 


dx 


12. If the 


d 
ee pena => xdy + ydx =0 
x dx 
[Now, since the portion differentiation of xy is 
xdy + y dx] 


[.. fxdy + ydx = xy] 

on integrating both sides, we get x y =A 

It passes through (1, 1) 

AK=1 

xy = 1 1s the required equation of the curve 


11. For the curve y = be“ 


(a) the sub-tangent is of constant length 

(b) the sub-normal is of constant length 

(c) the sub-normal varies as the square of ordinate 
(d) the sub-tangent varies as the radius vector 


(a), (c) The given curve is y = be** 

Let us consider a point (x,, y,) on the curve 

Then y, = be“ ...(i) 
Differentiating the curve y = be 


Solution: 


d ] 
with respect to we get &Y = be = 
dx a 


(#) = ona 
dx (x) 4 


Thus, the length of sub-tangent = 


. (ii) 


. (= 
al eee 
BY Js, 51) 


a x,/a a : 
= |Viraa| = |e" ——|=a (constant) [using 
be” be™ 
(1) and (11)] 


Again, length of subnormal = 


be*'? 
a be*/* 
a 


] x,/a 2 

= —(be i ) =—y’. Therefore, sub-normal 
a a 

varies as the square of ordinate 


relation between subnormal SN _ and 
sub-tangent S7J ay any point S on the curve 


by? = (x + a) is p(SN) = q (ST), then ~ = 
q 


a 8a 
(a) ab (b) Ib 
8b 8b 
(c) aa (d) 37 


Solution: (d) Here by’ = (x + a)?, differentiating 
both sides, we get 


2 


2by = 3(x+a) : 


Length of subnormal 


2 

dy _3(x+a) 
SN = y= x 
= eo. () 


And length of sub-tangent 


d 
=> ST =y/—=— ~ -..(2) 


13. The angle of intersection of curves, y = [|sin x| + |cos 


x|] and x* + y’=5 where, [.] denotes the greatest inte- 
ger function is 
(a) tan!(2) 


(c) tan! (V2) 


(b) tan“'(1//2) 
ya 
(d) 5 


Solution: (a) [Since (|sin x| + |cos x|)? = sin’x + 
cos*x + 2|sin x| x |cos x| = 1 + |sin 2x| > 1 


And 1 + |sin 2x| <2 


— /l+|sin2x|>1 


= |sinx|+|cosx|< J/2 and therefore 
V2 <|sinx|+|cosx|< 2 


. y = [|sin x| + |cos x]] =1VxeR 
Let P and Q be the points of intersection of given 
curves 
Clearly the given curves meet at points where 
y = 1 so, we get x*+1=5 
x=+2 


14. 


< 4.87 
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Now P(2,1) and Q (-2,1) 
Now, x? + y’=5 
Differentiating the above equation with respect to x, 


we get 2x+2yP 92-2 
X xX y 


d d 
em (8), 
dx (2,1) dx (-2,1) 


Clearly slope of line y = 1 is zero and the slope 
of the tangents at P and Q are (-2) and (2) 
respectively. 

Thus, the angle of intersection is tan”! (2) 


The acute angles between the curves y = |x*—1| and y 
= |x?_3| at their points of intersection is 


(a) tan” (+2 | (b) tan (22 


(c) tan” (22) (d) tan” (292) 


Solution: (a) Given curves are y = |x’?-1| _...(1) 
And y = |x*— 3] ...(2) 
x’ -1,V|x|>1 3) 
Ve whe 
l-x’,V|x|<1 


and =f" pa 4) 


3-x? V|x|< V3 
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15. 


Equating the two value of y from (1) and (2), we get 
Ix?—1| = |x*-3| 
or x*°-] = 4 (x?-3) > x =+2 


From (1), when x = + V2,y=1 


Let A= (V2.1) and B = (- 2,1) 


Here A and B are the points of intersection of curves 
(1) and (2) 
Angle of intersection between curves (1) and (2) at 


A(V2,1): 

From @),(2 Ces =(2x- 0) = =2/2 =m, (say) 
From (4), (#) is = ( —2x) (v5.1) = ~2./2 =m, 
(say) 


Let 6 be the acute angle between curves (1) and (2) 


at A, then 
_4v2 
7 


—m 
tan 0 = z 


4 ; aes 


=> @=tan" a 


With the usual meaning for a, b, c and s if A be the 
area of a triangle, if then the error in A, 
e., (6 A) resulting from a small error in the 
measurement of c tie. (dc) iS given by 


a= 2 (24 + 


Joc then find the 


K\s s-a s-b s-ce 
value of 'k' 
(a) 1 (b) 2 
(c) 3 (d) 4 
Solution: (d) Since 


1/2 


s(s—a)(s—b)(s—c) = {s(s —a)(s—b)\(s- c)} 
Taking logarithm of both sides, we get 
InA = {ins + In(s —a)+In(s —5) + In(s —c)} 
Differentiating both sides w.r.t 'c', we get 


Ilda _ljlds 1 d(s-a) | 1 d(s-b) 
Ade 2)\s'de (s—a) dc (s—b) 


~~” 
> 


But s =~(a+b+c) 


16. 


ds _ 1 (Z da db dc 
oo +—+— and 
dc 2\dce dc dc 


d. 

eG and 
dc dc 

ae ds 1 
dc dc 2 


d(s—a) _ ds_ da 


] 
dc de dc 2° 
d(s— b) _ ds db_1 
— —— =— and 
de de dc 2 


d(s-—c)_ds_dce_ 1 


Similarly and 


dc dc dc 2 
Therefore from (1), 


fl a 

A dc 4 (s- a)" —b) -c) 
Atl 1 1 

Therefore woA(l — - Joc 
4\s s-a s—-b s-c 


If the tangent at any point P (4m’, 8m’°) of 
x? — y* = 0 is also the equation of the normal to the 
curve x° — y?= 0 at some other point Q, then 9m’ 
is equal to 
(a) 1 
(c) 3 


Solution: 


(b) 2 
(d) None of these 


(b) Y=x3 (1) 


ida = 3x’ 
dx 


Therefore slope of tangent at 
_ ay) _ 3x" 
dx|, yy 


= 2x 


=3m 
(4m? 8m’ ) 


Equation of tangent at P: y — 8m? = 3m (x — 4m’) 
...(2) 
It cuts curve again at point Q, then solving 
(1) and (2); we get x = 4m? or m? 

Now putting x = 4m’; we get y = 8m? which will 
give us point P only 


y = 3mx — 4m 


Hence put x = m’ in equation (2) 
=> y= 3m(m’) —4n7=—- 

QO is (m*, —m?) 

Slope of tangent at 


17. 


18. 


3(m* ) 3 


_¥ 
dx 


(orm 2x(-m') 2 

2 
(-3/2)m 3m 
Since tangent at P is normal at Q 


Q 


Slope of normal at O = 


Equating the slopes of the two lines, we get 


2 
—=3m>9m’ =2 
3m 
For the curve x’ y’ = c (where c is a constant) the por- 
tion of the tangent between the axes is divided in the 
ratio 


(a) 3:5 (b) 2:5 
(c) 3:2 (d) 1:5 
Solution: (c) Given curve is x’y° =c . (1) 


dy -2 
Differentiating w.r.t.x, we get ean 
dx 3x 


=> equation of tangent at general point (x, y) Is 
2 
Y-y=-<2(X-x) B -(0.3y) 
oe: 2 
5 ; 5 
x - intercept = a y — intercept = 3) 


5 
= 4-(3x0] and Let AP: PB =k: 1 


p= 5x Sky 
(2k +1)’ 3(K +1) 


aL x an an 


=> = d = 
3(k +1) 3(k +1) 


3 
>k= 5 from both equations, 


Thus P divies AB in ratio 3: 2 
Alternate: For x”y" =c (m,n> 0) 
The portion of tangent between the axes is divided in 
the ratio n: m. 


Therefore required ratio is 3: 2 


Two curves C): y = x* — 3 and C,: y = ke’, keR 
intersect each other at two different points. The 
tangent drawn to C, at one of the points of intersection 
A = (a, y,), (a > 0) meets C, again at BCI, y,) 
(y, # y,). The value of 'a' is 


(a) 4 (b) 3 
(c) 2 (d) | 
Solution: (b) Point A(a, y,) lies on C, and C, 


hence y, = a” —3 and y, = ka’ 
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C,:y=x*-3 


B(1,y,) 


a = 2a = 271 (But y, = 1-3 =—2) 
AX ay.) l-a 


= —2-(a’ —3) 
l-a 
2 
(4g 
—a 


2Zka=1t+aq 2 a (2) 


=> 2ka = 


Substituting A = ——— from (1) in (2) we get 


2a(a’* —3) = 


Z 
a 


l+a 


=> 2@7-6=-ata => a@-a-6=0 
=> a=+3,a =—2 (rejected) 


. Ifthe side of a triangle vary slightly in such a way that 


its circum radius remains’ constant, then, 
da db CG. 
+ is equal to: 
cos A cosB cosC 
(a) OR (b) 2R 
(c) 0 (d) 2R(dA + dB + dC) 
b 
Solution: (c), (d) Given —— = —— = — 
sn A snB sinc 


= 2R (say) 
da = 2RcosA dA db=2R cos BdB 
dc=2RcosCdC 
da db dc 
cos C 


cos A cosB 


=2R (dA + dB + dC) (1) 
AlsoA+B+C=n 
So, dA + dB + dC =0 (2) 
From equations (1) and (2) we get 
da db dc 
+ + 
cos C 


cos 4d cosB 
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SECTION-II 


SUBJECTIVE SOLVED EXAMPLES 


1. Prove that all the points of the curve y* = 4a 


[+ asin= at which the tangent is parallel to the 
a 


axis of x, lie on a parabola. 


Solution: Let (x,, y,) be a point on y’~ 4a 


[a+ asin (1) 
a 


the tangent at which 1s parallel to x-axis 


«a 
. yam dal x, +asin2) ...(ii) 


d 
Differentiating (1), 2y 


ay. 

dx 
(+ aces) 
= 4q| 1+ acos—— 
aa 


or wy = 74(1 +c05 
dx y a 


2 x 
Slope of tangent at (x,, y,) -7(1 +0057] 
yi a 


Since tangent at (x,, y,) is parallel to x-axis 
Slope of tangent at (x,,y,) = 0 


7a 4 
—|1l1+cos— | =0 
J, a 


x, 
or l+cos— =0 
a 


sin “A = NM-cos?= = v1-1 =0 
a 


a 
From (ii), y,? = 4ax, 
(x,, y,) lies on y* = 4ax, which is a parabola. 


. The tangent represented by the graph of the function y 
= f(x) at the point with abscissa x = 1 form an angle 
7/6 and at the point x = 2 an angle of 7/3 and at the 
point x = 3 an angle of 7/4. Then find the value of 


[, FOF" ddr +f f"@dae, 


d 
Solution: Given at x = 1, = = tan 1/6 = 1/V3 
x 


or atx =1 

=> f'(1) = tan 1/6 = 1/V3 

=> f'(2) =tan 2/3 = V3 
=> f'(3) = tan 7/4= 1 
Then, | : Six) f(x) dx + [, f(x) dx 


Let f'(x) = t; f'"(x) dx = dt 


ss [i tH +[Foo]; 


also atx =2 
and atx =3 


lp .4/'G 
> "lq t¥@-F@} 


1 
=> 5 (FP OY- POY + t7'C)- FO} 


fh (es 6 ae 
=> {0 -[=) + {1-73} 


=> (1-3 }ea 
4 4-33 
=> 57¥3 > 3 


. The angles of a triangle are calculated from 


the sides a, b, c. If small changes da, 5b, dc 
are made in sides show that approximately 


5A =~ {6a—db.cosC —5c.cosB) where A is the 


area of the triangle and A, B, C are the angles opposite 
to a, b, c respectively. Verify that 64 + 
6B + 6C =0 


; b’ +c’ -a’ 
Solution: From cosine rule cos 4 = ——————— 
2bc 
bo He Ha 
or 2cosA = —————— (1) 
be 


Differentiating both sides, we get — 2sin A 64 = 
be {2b 5b + 2c dc —2ada}—(b* +c’ —a’)(bdc+c6b) 
(bc)’ 
— 2bc sind. 5A 
7 (b°c—c +.a°c)6b+(be* —b° +.a°b) 5c —2abc da 
bc 


= —2bc (= OA 
be 


c(a’ —b’ —c’)db+b(a’ +c’ —b’) dc —2abc da 
be 


A =—bcsin 4| 


= -4A.6A 


_ ce(2abcosC )6b+ b(2accos B) dc —2abc da 
be 


6A= 5, (oa ~ 5b.cos C — 5c.cos B} ii) 
Similarly, 6B = {6b —dc.cos A—da.cosC} _ ...(iii) 


and 5C = 54 ~ Sa.cos B - db.cos A} iV) 
Adding (ii), (i11) and (iv) we get 
O0A+6B+0C= “fa —bcosC—c.cos B} + 


ob 


—{b-—acosC -—c.cos A} + 
2A 


La eee, —b.cos A} 
2A 


Oa Ob OC 
= —(a-a)+—(b-b)+—(c-c)=0 
rae a) aA ) re c) 
Hence 6A+6B+6C =0 


. Find the condition that the line xcosa + ysina = p 


may touch the curve (=| + (=) =] 
a 


Solution: Given equation: (=| (2) =] 
a 


Differentiating the equation of curve with respect to x 
m-| m-1 
x y 1 dy 
e get, m | — + m| — etait 
we (=| m( 2] b dx 


. _ dy —p™y! 
on simplifying we get = a” ym 


Hence, at any point p (x,, y,) on the curve, 
dy ee ae ae 


Slope of tangent = G3 ee a 
“s (45%) ees 


Equation of tangent at p is 


—b" x" 
Ve), = grym FX) 


1 
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(since p lies on the curve at any point) 
Hence, the equation of tangent at P(x,, y,) on the 


curve is, 
m-| m-| 
x 
2\eo) ae letl sy ...i) 
a\a b\ b 
and x cosa + y sina =P ... (il) 


If equation (11) is the equation of tangent, then 
coefficients of (1) and (11) must be proportional for 


cosa sin a P 
pont Oy) ies 
1% eA 
a ( a Al b 
aE 
x COs m-| 
This gives — = (* 3 ; 
a | a 


1 
YN (Pama 
b P 


Since point P(x,, y,) lies on the curve, 


a b 
( eecse =" ( Ssine 
te. 2 =] 
Pp Pp 


i.e., (acosa)mi + (bsina)n-i = oe 


This is the required condition. 


. Show that if P(x) is a polynomial of odd degree 


greater than 1, then through any point P in the plane, 
there will be atleast one tangent line to the curve 
y = P(x). Is this true if P(x) is a curve of even degree? 


Solution: If y = P(x), where P(x) is a polynomial of 
odd degree d> 1, then through any point P (a, b) there 
will be atleast one tangent to the curve if and only if 


(y — b) = P(x) («-a) 
or {P(x)—b} = P(x) {(x-a)} has a real solution 

But xP'(x)—P(x)-aP'(x)+b =0 has a degree 'd' 
with leading coefficient (d -1) times the leading 
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coefficient of P(x) and by intermediate value theorem 
it has root (real) i.e., There is a real number x, for 
which tangent to y = P(x) at {x ,, P(x »)) Passes 
through P(a, 6). For even degree it may not be true 
(Consider y = x’). 


. Find the equation of tangents drawn to the curve 
y’— 2x*— 4y + 8 = 0 from the point (1, 2). 


Solution: y’— 2x’—4y + 8=0 


=0 
dx dx 
dy_ 4x 
dx 2y-4 
(] _ 4h Ah 
dx (nk) 2-4 2k —4 
4h 
Equation of tangent (y — k) = (2k 4) (x —h) 


Passes through (1, 2) 

(2 — k) (2k -4) = 4h (1-h) 

Ak—2k’—-8 + 4k = 4h — 4h? 

4k-—k’-4=2h—2h’ 
or —2h?+hk?+2h—4k+4=0 
or k?—2h’?—-4k +8=0 

2h-—4=O0orh=2 

k=0Oor4 

8 

Equation at (2,0), y= a —2) 

Or y =-2x + 4 or 2x =4 

Equation at (2,4) be y = 2x 
. The tangent to curve y = x — x° at point P meets the 
curve again at Q. Prove that one point of trisection of 
PQ lies on y — axis. Find locus of other point of trisec- 
tion 
Solution: (y—4,) = (1-34; )(x-h) 
(ky —k,) = (13h \(h, Ah) 


(h,.K,) P d : 


(h, —h, —h, +h;) = (1-3h; (A, —h) 

(h, —h,)—(h, -h, (hy +h; + hh.) = (1-3h; (h, -h) 
1-hy -hi -hh, =1-3h 

2h; —h; —h,h, =0 

2h° —2hh, +hh, —h; =0 


(h,—h,) (2h, + h,) =0 


h, =hy, 
u[=2% +7) 
‘373 
M,( A+ k, + 2k, 
“L373 
h 
| eds Tee 
as: 
15h? 
p= hs ory =x-5x° 


. Avariable AABC in the xy plane has its orthocenter at 


vertex 'B', a fixed vertex '4' at the origin and the third 


vertex ‘'C" restricted to lie on the parabola 
2 


a eee 
y 36 


. The point B starts at the point (0, 1) at 


time ¢ = 0 and moves upwards along the y axis at a 
constant velocity of 2cm/sec. How fast is the area of 


, I 
the triangle increasing when ¢ = 5 SEC. 


Solution: at =0 x=0,y=1 
Y = 2cm/sec 
dt 


36 
dA{ | Th? “E4 dh 
| | | J 
dt \ 2 36 2\ 36 t 
Ch = (84358). 8 - (44.7)x2 
dt 2 6 7 7 
OO OY ae 
7 


9. In an acute triangle ABC if sides a, b be constants and 


the base angles A and B vary, show that 
dA dB 


Va’ —b’ sin? A Vb’ -a’ sin’ B 


10. 


Solution: a z 
snA snB 
or bsinA=asinB 
bcos A dA =acosBdB 
dA _ dB 
acosB bcosA 
dA dB 


ee 
avl—-sin? BB bv1-sin’ A 


dA _ aB 
, |? = ae 4 a a’ sin’ B 
a’ b? 
dA 7 dB 
Va’ —b’ sin’ A - Vb’ —a’ sin’ B 


Find the equation of the normal to the curve 
y=(1 + xy + sin! (sin? x) at x = 0. 


Solution: given y = (1 + xp + sin |(sin? x) 
atx =0 

y =(1 + OY + sin (sin? 0) 
y=1+0>y=1 

then the point of intersection (0, 1). 
Now, y = (1 + yp + sin! (sin? x) 


dy du _ dv 
=X) ee al 
ie dx dx dx ) 
log u =ylog (1 +x) 
1 du 1 dy 
—— = y.— +log(1 +x). — 
u dx l+x oe) dx 
due y(l+xy dy 
— = ——— _ + (1 + xy. log (1 + x). — 
dx 1l+x i a dx 
d d 
 =y(ltxp'+(1+xy. log (lt+9. 2 
dx dx 
and v = sin! (sin’x) 
dv sin 2x t in (1) 
= ut in 
dx l—sin‘* x 
d 
qe Oy aay 
dx 
dy sin 2x 
bet] 2). -— = 
dx /1-sin‘* x 
Ree ae sin 2x 
- V1-sin* x = dy) 
dx 1-(1+x)’.log(1+~x) AX | 1) 
Hence equation of normal > y — 1 =— 1 (x— 0) 


= eo Val 


11. 


12. 


Application or Derivatives! < 4.93 
Find the point of the intersecting of the tangents 
drawn to the curve x’y = 1— y at the points where it is 
intersected by the curve xy = 1—-y. 


Solution: xy = x’y ..(1) 
xy (x-1)=0 

x=0,y=0,x=1 

xy=l-y ...(2) 


when x = 0 then y = 1 > (, y) = (0, 1) 


(2) (1)x2t=1-y ...(1) 


xy=1-y ...(2) 


I 1 
when x = 1 then y = 5 => (x, y) -(u5) 


when y = 0 then 0 = 1 (which not possible so reject it) 
using (1) and (2), we get y(x*+ 1) =1 


1 

a x’ +] 

dy 2x 

dx (l+xy 

dy _ 

AX| 0.1) 

Equation of tangent y — 1 = 0 

| 3) 
a ie 

dx 1.1/2) 4 2 

| l 

Equation of tangent y 5 = a (x —-1) 
2y—-1=-x+1 

dy tx=2 (4) 


so by using (3) and (4) point of intersection of tangent 
is (0, 1) Ans 


A straight line is drawn through the origin 
and parallel to the tangent to a _ curve 


| at an arbitrary 
a y 


point M. Show that the locus of the point p of intersec- 
tion of the straight line through the origin and the 
straight line parallel to the x-axis and passing thought 
the point M is x? + y= a’. 
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Solution: 


put y=asin 9 
x+acos@ [s*ac0s?) 
UG TOOMS 73 | oe ee 


2 asin@ 


é 
x+acos@ 2cos’ = 
pe =i, 


a esa 
2 2 


0 
x=aln cot —acos9 


dy — acos@ 


dx a 


re 
2 


(—cosec’ 9/2)+asin@ 


dy _ cos@ 7 dy 
dx 


fae sin @ 
sin @ 


M(afncot 6/2—acos0,asinée) 


k 
Now k = — tan0 h; k = — ———— h:: 


Va? 
—~h= va’ -k’ 


' k=asin0 


Vae—k? 
ake =h 
x* + y’ = a’ Ans 


3 


13. A line is tangent to the curve f(x) = 


(1) 


(2) 


at the point 


p in the first quadrant, and has a slope of 2009. 


This line intersects the y-axis at (0, 5). Find the 
value of 'B'. 


41x? 
3 


Solution: y= 


(1) 


= Ala’ (2) 


(0,y—x dy/dx) 


m=2009 


(x—y dy/dx, 0) 


and given m = 2009 ...(3) 
equate (2) = (3) 

41a’*= 2009 

a=7 


3 
Now b=y-x wy .°x=a then yo 
dx 3 


Ala’ 
= 41 = 41 (+1) 


a = 7 then )= 2 ns Ans 
3 


. A function is defined parametrically by the 


ae | 
2t+t?sin— ;t#0 


equations f/f(t)=x= t and 
0 -f=0 
| eee 
—sint’ ;t#0 
ej =y=it . Find the equation of 
0 2t=0 
tangent and normal at the point for ¢ = 0 if exist. 
d (t 
Solution: eye) (1) 
dx f(t) 
Lo 
—sint” —0 
en | COBO) |e. | 7 
g(= tin[ £080) = tin] |= 


15. 


Pras re DAI) 
FO tim <a 


t>0 


ort? sins 
= £=2+0=2 


t-0 


dy 1 
then aos , so the equation of tangent 
dx 2 


1 
ee) 


x—2y =0 Ans 
equation of normal y — 0 = — 2 (x — 0) 
2x + y =0 Ans 


Find all the tangent to the curve y = cos (x + y); 
—2m <x < 2n, that are parallel to the line x + 2y = 0. 


Solution: y=cos (x+y) (1) 
dy 4 
— =-—sin(x+ y),l+— 
dx ( » dx 
cae sin(x + yo = —sin(x+ y) 
dx dx 
dy —sin(x+ y) 
Se ...(2) 
dx 1+sin(x+y) 
x+2y=0 ...(3) 
dy 1 
eae (4 
dx 2 4) 


~—sinQx+y) 1 
1+sin(x+ y) 2 


equat (2) and (4), we get 


= 
put in (1) then points will be (0), (= .0| 


2 
—3 
for =| for (=.0) 
2 2 


equation of tangent 


1 4 
pet. |= 
4 Al | 


16. 


Application or Derivatives! < 4.95 


The chord of the parabola y = — a’x? + Sax — 4 touches 
1 

the curve y = = at the point x = 2 and is bisected 
—x 


by that point. Find ‘a’. 


1 
Solution: y= ae atx =2,y=-1 


dy 1 
dx (1-x) 

d 

oa. I (1) 
dx 2,-1) 


equation of tangent y + 1 = 1 (x-2) 


y=x-3 ...(2) 


curve y = —a’x’ + Sax —4 


x—3=—a’x’ + Sax—4x, 
ax’? + x(1—S5a)+1=0x, 


— Sal 


2 
a 


5+V25-4.4 
2 


2.4 
543 


— 


8 
a = 1 Ans 


= 4a*-5a+1=0 
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17. Determine a differentiable function y = f(x) which 


18. 


] 
satisfies f '(x) = [f(x)]* and f(0) = — a Find also the 


equation of the tangent at the point where to curve 
crosses the y-axis. 


Solution: (x) = [Ax)/P 


fo _, 
[foor 
put f(x) =t>f'(x) =dt 
1 
“J@y.** 
1 are 
x=0> f0)=- - 
ee re) 
2 Cc 
en 5 
_ _j dy) tl 
_ x+2 dx (0,-3) 4 


curve crosses y-axis 1.e., at y-axis x = 0 then (x, y) 


oh 


l l 
Equation of tangent [ +3] ge 
2y+l1 _x 
2 4 
x —4y = 2 Ans 


The curve y = ax’ + bx* + cx + 5, touches the x-axis 
at p(—2, 0) and cuts the y-axis at a point QO where its 
gradient is 3. Find a, 5, c. 


Solution: y =ax? + bx*+cx +5 
(—2, 0) satisfies the curve 


0=-—8a+4b—2c+5 (1) 


d 
Now oe 3ax?+ 2bx +c 
dx 


dy 2 


dx (0,5) 
then c = 3 put in (1) -8a + 45 = 1 


d 
Also ed 
x 


=c given md 
(0,5) ~ 


...(2) 
=( 


(-2,0) 


19. 


yi 


(—2,0) 

12a—4b +3=0 3) 
(2) + (3) > 4a =-2 

l 

=> a@=-—= 

2 
c=3 

3 
a, Ans 


The tangent at a variable point P of the curve 
y =x’—x? meets again at QO. Show that the locus of the 
middle point of PQ is y = 1 — 9x + 28x?— 28x° 


Solution: y =x*-x (1) 
oa = 2x —3x’ 
dx 
A ee | ...(2) 
dy a A 
AX],  X,—X 
Pam aa; (3) 
2x, -3x; = eae 
Xy —%X, 
(3) -(2) > y, -y, = 03-97) -(03 - 47) 
=v 
cata Fe) Px, 2 x,) 
xX, —% 
put in (1) (2h =x, + x, and 2k =y, + y,) 
2X, —3x? = (x, +x,)-(x + x5 + X,X,) 
2x,-3x° =2h—(2h)’ +x,x, (4) 


2 2 3, 3 
ty, =x +x, -(% +25) 


P(x,,Y,) 


(h,k) 
Q(x,,Y,) 


2k = (&, + xP 2xx,—[(e, +)? — 3xx, +x) 
2k = 4h? — [8h° — 3x,x, (2h)] — 2x,x, 


20. 


21. 


Show that the distance from the origin of the normal 


.@ 0 
at any point of the curve x = a e® [sin$ + 2e082 


0 a ee ; 
and y = ae’ cos —2sin | is twice the distance of 
the tangent at the point from the origin. 


dy _dy/d0 
dx dx/d0 


a ef (sin 9.5 ~20059.5 }+ cos —2sin et 
22 22 2 2 

a reeled 
22 22 2 2 


1 0 0 O 
— sin © —cos +-cos 5 ~2sin © 
E 2 2 je 


Solution: 


; 0 0 0 
A aid atta + sin—+2cos— 
2 za 2 Z 


2 
5/2sin@/2 0 
= __—____—— = — tan— 
5/2cos@/2 2 


Equation of normal 


=> y-ae’ [cos 5—2sin’) 


_ cosO/2 ( _@ 4 
x-—ae’ | sin—+2cos— 
~ gin@/2 2 2 
0 


86 o...9. 86 6.29 
=> y.sin— — ae’ cos—sin—+2ae’ sin* — = xcos— 
2 2. 32 2 2 


— ae® sin ee a cos’ ld 
Z Z 2 
=> pegs an = 2ae’ 
2 2 


=> Hees pn oe? =0 
2 2 


0+0-2ae’ 


its distance from origin eS 
eos? 2+ sint 2 

cos —+-sin — 

ee 2 


p, = 2ae 


Similarly find equation of tangent and solve. 


A curve is given by the equation x = af’ and y = a?’. 
A variable pair of perpendicular lines through the 
origin '0' meet the curve at P and Q. Show that the 
locus of the point of intersection of the tangent at 
P and QO is 4y*= 3ax — a’. 


22. 


Application or Derivatives! < 4.97 


Solution: x = at’ (1) 
y=ar ...(2) 
dy Z 3at? 

dx 2at 

dy 3t 

= (3 
dx 2 (3) 


3 
Equation of tangent at P is y — am?= > m(x — am’) 


3 3 : 
Ver ime + am 
3 am* 
im > mh — ; (4) 
Vy P(a/m?, —am)? 
—1 
at?=—at/m? 
m=—1/t 
(0,0) 
y=mx 
at?=mat? 
m=t 
3 
equation of t> y + — =——(x-a/m’) 
m 2m 
a 
=~ om Oe — 


(4) x (5) and solve (remove m) 


A and B are points of the parabola y = x’. 


The tangents at A and B meet at C. The mediam 
of the triangle ABC from C has length 'm' units. 
Find the area of the triangle in terms of 'm' 


Solution: y = x? 
ay = 2x 
dx 
tangent BC > y x? = Zi A= 2) 
Va 2 x (1) 
similarly tangent AC 
Va 2 x ...(2) 


point of intersection (1) and (2) is C 


—— 2 
2xxX,— X, = 2xx,— xX, 
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5 and y = x,x, 

x x] x x ] 
1 l l 1 l l 
er x x; rf glee oe xy,-x 60 

+ 

zt - Xl *2 ; “1 xX,—-x; 0 

L 
= (x, —X,) (x, —x,) l 
a 
l ] ] l 
= (x, —x,) [ ae +5] =F (x,—x,) 
(x, +x,/2,x* +x2/2) 
JM 

(X,.X5)A B(x, ,x?) 

Y= 2xx,-x2 y= 2Xx,-x? 
Now 
* CM=m 
Xx, +X, . 
5 xX x= mM 
Cero zi =m 


(x,—x,) =2m 
3/2 


1 m 
— am 3/2 — 
4 (2m) V2 


Ans 
23. Show that the angle between the tangent at any point 
'A' of the curve én (x? + y’) =c tan! (=) and the line 
x 


joining A to the origin is independent of the position 
of A on the curve. 


Solution: 9 =wyw-9O 
2x+cy y 
ce tany+tand _ cx-2y x _2 ad 
l-tanytand |,,2x+cey Y| co dx 
cx-2y x 
dy 


l d a eae? es 
= -(2x+2y.4) et ee 
x+y dx l+y°/x x 


24. 


25. 


dy 
2| x+y 
c yo cx” Gad 


ay x 


d 
2x + cy = (cx — 2y) ( 
x 


dy _ 2x+cy 
dx cx-—2y 
x? y 
Let a be the angle in radians between 36 +—=1 and 


the circle x* + y* =12 at their points of intersection. If 


k 
a = tan! ——, then find the value of k’. 
2/3 


For the points of intersection, we have 
2 2 
12-y a ey 


Solution: 


36 4 
=> y= +v3 andx =3 
Consider the point P(3, V3 ) 
Equation of the tangent at P to the circle is 


3x + V3 y = 12 slope of this tangent 1s _y3 
Equation of the tangent at P to the ellipse is 


x v3 


ee Ce 
2 4° 


l 
slope of this tangent is -——= 
p g 3 B 


oe 2 
if a is angle between these tangents, then tan a = a 


a = tan! — 
V3 
k = 4 and hence #? = 16 


Prove that there exist exactly two non-similar isosceles 
triangles ABC such that tan A + tan B + tan C = 100. 


Solution: Let 4 = B, then 24 + C= 180° and 
2tan A + tan C= 100 
Now 2A + C = 180° = tan 2A =—-tanC 


Also 2tan A + tan C = 100 


=> 2tandA-100=-tanC aaa. (2) 
From (1) and (2) 
2tan A 
2 tan A — 100 = ——_,— 
1—tan“ A 


2x 


2 
= 


= 2x—-100 


Let tan A = x, then 1 


=> x —50x*+ 50=0 
Let f(x) = x° — 50x? + 50 
Then f(x) = 3x? — 100x. Thus f(x) = 0 has 


100 100 
roots 0, ae Also f(0). {2 < 0. Thus 


f(x) = 0 has exactly three distinct real roots. There- 
fore tan A and hence A has three distinct values. 
But one of them will be obtuse angle. Hence there 
exists two non-similar isosceles triangles. 


26. Find the shortest distance between the curves 


9x? + Oy? — 30y + 16=0 and y” = x* 


Solution: 9x’ + 9)’ — 30y + 16 =0 can be rewritten 


5 2 
24 — =] 
as x [> | 


Any point on the curve y* = x° can be taken as (#, &) 
Let / be the distance between the centre of the given 
circle and the point (?, #), then L = P = 4+ (6 5/3). 
Now, we calculate the minimum value of 1, required 
distance = /— radius of given circle 


Now = 4¢° +f -5 a0 =0 
dt 3 


for maximum or minimum, ¢t = 0 or 1 


Z 


a’L 
Now, ae = 12/ + 304 —201 


d°L 


TE #0 


t=0 


But, 


=> there is neither maxima nor minima at ¢ = 0 
2 


Al ies >OQatt=1 
SO, att = 
dt’ 


= Lis minimum att = 1 


So, shortest distance = (value of / at ¢ = 1) — 


13 
(radius of the circle) = a 


Application or Derivatives! < 4.99 


Column-Matching 


27. 


Column-I 
(1) The ordinate of the point on the curve 


Vx + fy = Ja at which the normal is 


parallel to the x-axis is 

(11) The length of the perpendicular from the origin 
to the normal of curve x = a (cos 8 + @ sin 9), 
y =a(sin 8 + 6 cos 9), at any point 0 1s 

(111) The length of sub-tangent to the curve 
x’y = 16a‘ at the point (—2a, a) 

(iv) The abscissa of the point on the curve 
xy = (a + x)’, the normal at which cuts off 


numerically equal intercepts from the 
coordinate axis is] 
Column-II 
(a) a 
(b) 2a 
(c) a/N2 
(d) V2a 
Ans. (i) > (a), (11) — (a), 
(ii) — (b), (iv) > (Cc) 
Solution: (1) Vx+ Jy = Ja 
=> ae y'=0 
2x 2/y 
ya 
vx 
m, = 0 > m,=@ 
=> .V=O => 4 = 0 => iySa 


(ii) D246 pe a0 cos@; OY aaaee 

dO dé dx 
cos 0 
sin 0 


Equation of normal y — a(sin® — 8 cos@) =— 
(x — a (cos 8 + 8 sin 8)) 
—> xcos0 + ysinOd =a 


—a 


—s""""——/ -@ 
cos’ @+sin’ : 


| distance from (0, 0) = 


(iii) 2? = 16a’ 


may = 
ie » > xy =40 
y+xy=0 
ae A 
y= 

x 

ah ey Be = 
ual et = Xx —> Ld 
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(iv) xy = (a + x) 
y + xy = 2(a + x) 
y=H1 ytx=2(at+x) 
(a+x) 
AW"! +» = 2(aTx) 
xX 


=> ty =2(a + x) -b? = (2 + x) [x- a] 
> t?=x7-a@ 


a 
2x* = a > x=+—— 
af 


Solve Comprehension Passage: 


A: 


If y f(x) is curve and if there exists two points 

A (x,, f(x,)) and B (x,, f(x,)) on it such that 

fe) = - = fed=s@) 
f(x) x, 7% 

at x, is normal at x, for that curve. Now answer the 

following questions 


, then the tangent 


28. Number of such lines on the curve y = sin x is 
(a) 1 (b) 0 
(c) 2 (d) infinite 

29. Number of such lines on the curve y = |£n x| is 
(a) 1 (b) 2 
(c) 0 (d) infinite 

30. Number of such lines on the curve y’ = x? is 
(a) 1 (b) 2 
(c) 3 (d) 0 

Solutions: 


28. (b) f(x) =y = sinx 


d 
f(x) = = COS X 
dx 


l sin x, —Ssin x, 
COS X, = - es 
COS X, 


xX, —X 
1.€., COS x, cos x, =—1 


sin x, = sin x, = 0 ‘, there is no solution. 


29. (c) fix) =y = [nex 


os f(x, =- | _f(%)-Ff(%) 


f(x) xX, 7% 
én x, X, en %| len x,|—|én x,| (i) 
= ee oust 
x, len x,| £n x, Xm, 


=> fnx,. mx, <0 
Let 0<x, <1, then 1 <x, and x .x,=1 


from (1), we get 
I — tnx, +inx, _ 


x, 
x, xX, —X 


kn x,x Aone 
—__!'2 —() which is 
X, —X 


possible for infinite many value of x,, x,. 


30. (b)y =x 


thus =—> = 
x 3x, sy ais 
3yx%, 2 ete 
2 S6/%, 0 ae 
4 
XX ~9 
3x, fm -3ym x,=2)2 + 20m 
3 3x16 64 
3) = 
(Vm) 8i/x, —-729,/x3 
16 128, 
6 ie 57% = 799 x, 
, 16 _ 128 
Ore sneer me pe 
mB 2a 929 


729 x? — 432 x, — 128 =0 
Consider h(t) = 729 # - 432 t- 128 
h'(t) = 3 x 729 ? — 432 = 0 gives t = + 


o|s 


there are two distinct solutions of 729 5 — 432 
x =128 = 0: 


d 
B: a(?) is a function of ¢ such that = = 2 for all values 


of ¢ and a = 0 when ¢ = 0. Further y = m(a) x + c(A) is 
tangent to the curve y = x? — 2ax + a* + a at the point 
whose abscissa 0. Then 


31. 


32. 


33. 


C: 


If the rate of change distance of vertex from the origin 
with respect to ¢ 1s k, then k = 

(a) 2 (b) 2V2 

(c) V2 (d) 4v2 


If the rate of change of c(¢) with respect to t, when 
t=kis £, then @ = 


(a) 16V2—2 (b) 8V2+2 

(c) 10V2 +2 (d)16V2+2 

The rate of change of m(f), with respect to ¢, at t = @ 1s 

(a) —2 (b) 2 

(c) -4 (d) 4 

Solution: 

a =2>a=2t+c 

dt 
c=0 {* a = 0, when t = 0) 
a=2t 


the curve y = x? — 2ax + a’? + a becomes 
y=x-4tx + 4 + 2 
if x = 0, then y = 47 + 2t 


a =2x—-4t 
dx 
ON eek 
dx atx=0 


equation of the tangent 

Y—(4f + 2t) = -4t (x - 0) 

Le. y=—4tx+ 4 +2t 

vertex of y = x*-—4tx + 4f + 2t is (2t, 20) 
distance of vertex from the origin = 2V2 t 
rate of change with respect to t = 2 V2 
ie., k =2 V2 

c(t) = 4 + 2t 


: 2 =8t+2 
dt 
id =16/2 +2 
dt att=2/2 
£16V2+2 m(t) = — 4t 
dm _ Ya am) 
dt dt att=e 
Ans: 31. (b) 32. (d) 33. (c) 


The parametric equation of given curve are 
x =a(2cost+cos 2t),y=a(2 sint— sin 22) 
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34. The equation of tangent at any point ‘?’ is 


35. 


36. 


37. 


38. 


(a) xsin = + ycos G =asin (= 
(b) xcos G + ysin = =a sin (= 
(c) xsin G + ycos G = 3a sin (= 
(d) xcos G + ysin G = 3a sin (= 


The equation of normal at any point ‘?’ is 


t me ie: 3t 
a) xcos| — |+ ysin| — |= 3a cos} — 
“~ 2 . 8 ' a 
Ga) vag} seom( 3) 
xcos| — |— ysin| — | =3a cos} — 
2 2 2. 
Gs} +s} -225(5) 
xcos} — |+ ysin| — |= 3a sin} — 
2 2 2 
(5) (5)-299(5) 
xcos| — |— ysin| — |= 3a sin} — 
2 2 2 


The length of sub tangent at any point ‘?’ is 


(a) ly tan 7| (b) [y cot ¢ 
(c) |y cot (¢/2)| (d) |y tan (¢/2)| 


The length of subnormal at any point ‘?’ is 
(a) ly tan ¢| (b) [y cot ¢ 
(c) ly cot (¢/2)| (d) |y tan (¢/2)| 


If length of perpendiculars from origin on tangent and 
normal at ‘? are p and p, respectively, then the value 
of 9p* + p,’ is equal to 
(a) 9a’ 


2 2 3t 
(c) 9a° cos (= 


(b) 
(c) 


(d) 


(b) 9a? sin? (t/2) 
(d) a? 


Solution: “ = a(-2sin¢ —2sin 2r) 

=—2a (sint + 2 sin t cos f) =— 2a sint (1 + 2 cos 2) 
= = a(2 cost —2 cos 2t) = 2a (cost —2cos’ t +1) 

= —2a (2cos’t — cost -1) 


= — 2a(2cos*t — 2cos t + cos t— 1) 
= —2a (2 cost +1) (cos t—1) 

dy| _dy/dt _ —2a(cost—l) 
dx|, dx/dt — 
— =2sin’? t/2 

~ Qsint/2cost/2 


Now 


—2asint 


= —tan(t / 2) 
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34. (a) equation of tangent at point '7' 
y—a (2 sint — sin2?) 
= — tan(t/2) (x — a(2cos t + cos 21)) 
=> cos(t/2)y+sin(t/2)x 
(2cost+cos 2), 


~ | sin(t/2)+cos G (2sint —sin 21) 


= RHS =a /(2cost sin #/2) + (cos 2¢ sin ¢/2) + (2sint 


cos #/2) (sin2t cost t/2)/ 


= a[2(sin (t/2) cos t + cot (#/2) sin f) + (sin #/2 


cos2t — sin2t cos ¢/2)]| 


= a[2(sin(t + t/2)) + (sin(#/2 — 2#))] = asin(3#/2) 


35. (b) Equation of normal 
(y —a(2sint —sin 2r)) 


= tan(t/ 2) (x-—a(2cost+cos 2t)) 


=> ysin(t/2)) — x (cos(t/2)) 


= a[-(2cos t + cos 2) (cos (#/2)) + (sin (#/2)) 


(2sint — sin22)] 


= al— 2(cos t + cos #/2 — sin ¢ sin ¢/2) — (cos ¢/2 


cot 2¢ + sin #/2 sin 2f)] 
= a[-2(cos3¢/2) — (cos 32/2)| =—3a cos (37/2) 
= x(cos t/2) — y (sin t/2) = 3a cos (32/2) 


. (c) The length of subtangent at point 't 


t 


| y |_fa(2sint—sin 22) 
~ |dy/dx| | —tan(t/2) 
= ly cot (¢/2)| 


. (d) The length of subnormal at point '7’ 


=|y tan (¢/2)| 


dy 
7 » dx 


. (a) Length of perpendicular from (0,0) on the tangent 


at point 'f' is 
lOx sin (t/2)+0x cos(t /2)—asin(3t / 2) 
Vsin’(t/2)+cos’(t/2) 


=> P= Jasin 37/2| 
And length of perpendicular from (0, 0) on the 
normal at point 'f' is 


Ox cos (t /2)—Oxsin(t / 2) - 3a cos(3t / 2)| 
=> p, = |3a cos(37/2| 
9p* + p, =9a’ sin’ (3t/2)+9a° cos’ (3t/2) 


= 9a’ 
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TUTORIAL EXERCISE 


SECTION-III 


ONLY ONE CORRECT ANSWER 


l 
. The number of points where the curve y = sin x + 5 


Ls 
sin 2x + 4 sin 4x has a horizontal tangent in the 


interval (0, 7) is 
(a) 1 

(c) 3 

. Total number of parallel tangents of f(x) =x*-x + 1 
and f(x) = x° — x? — 2x + 1 is equal to 

(a) 2 (b) 3 

(c) 4 (d) None of these 


. Equation of normal drawn to the graph of the 


(b) 2 
(d) 4 


sin x” 
functions defined as f(x) = ,x #0 and f(0) = 0 


at the origin is 
(a)xty=0 
(c) y=0 


. The line y = mx + 6 is a tangent to the curve 
y =x—xat the point P(—1, 0). A line through (-1, 0) 
is also touching the curve at the point O(a, c).Then 
(a) a = 1/2, b =-2, c = 3/8 andm =2 

(b) a = 1/4, b =2, c = 15/64 and m = -2 

(c) a= 1/4, b =-2, c = 15/64 and m = —2 

(d) a = 1/2, b =-2, c = 3/8 and m = —2 


(b) x-y=0 
(d) x =0 


. Consider the curve represented parametrically by the 
equation x = ® — 4f — 3t and y = 2f + 3t— 5, where 
t € R. If WH denotes the number of point on the curve 
where the tangent 1s horizontal and V the number of 
point where the tangent is vertical, then 

(a) H=2andV=1 (b) H=landV=2 

(c) H=2andV=2 (d) H=landV=1 


ordinate of all the 


1 
= 2sin? x +3cos* x 


. The points on curve 


where the tangent is horizontal, 


1s 


10. 


11. 


12. 


13. 


(a) Always equal to 1/2 
(b) Always equal to 1/3 
(c) 1/2 or 1/3 

(d) None of these 


. Acurve passes through the point (2a, a) and a is such 


that sum of sub-tangent and abscissa is equal to a. Its 
equation is 

(a) (x—a)y’ =a’ 
(c) @-ayy=a’ 


(b) @-a)yy=a’ 
(d) None of these 


4 
. Equation of tangent to the curve y =,/101 -(¥ -x) 


at the point where the curve intersects another curve 
y = log, |x| 1S 

(a) y+ 10x = 101 
(c) x + 10y = 101 


(b) y— 10x =101 
(d) x— 10y = 101 


. Let / be the line through origin and tangent to the 


curve y =x? +x + 16. The gradient of the line | is 
13 
@) 5 


(c) 10 


(b) 5 
(d) 13 


Let a curve y = f(x), (x)= 0Vx e R has property that 


for every point P on the curve length on subnormal is 
equal abscissa of P. If f(1) = 3, then f(4) 1s equal to 


(a) -2V6 (b) 2V6 
(c) 3/5 (d) None of these 


If at any points on the curve the sub-tangent and 
sub-normal are equal, then the tangent is equal to 


(a) Ordinate (b) V2 ordinate 


(c) ./2( ordinate) (d) None of these 


The length of the normal to the curve 


x=a(0+sin0), y=a(1-cos@), at O=7 is 


(b) av2 
(d) a/V2 


(a) 2a 
(c) a/2 


The beds of two rivers (with in a certain region) are 
a parabola y = x’ and a straight line y = x — 2. These 
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rivers are to be connected by a straight canal. The | 21. Sl: The curve y = 2e* intersects the y-axis at an 


coordinates of the ends of the shortest canal can be angle tan”'(4) 
1d d mes S2: Length of normal to a curve at a point is directly 
(a) 2°4 es gg proportional to slope of tangent at that points 
11 ll 5 dy 
(b) +5) and (2-3) S3: Length to normal at (x, y,) = y E | 
2 4 8 8 os » | dx (415.1) 
(c) (0, 0) and (1, —1) S4: For the curve 12y = x’, ordinate always changes 
Y y 
(d) None of these faster than abscissa 
14. At (0, 0), the curve y? = x? + x’ (a) FTFF (b) TITT 
(a) touches x-axis (c) FITF (d) FFFF 
(b) bisects the angle penwcen the axes 22. At a distance of 4000 feet from the launch site, a 
(c) makes an angle of 60° with OX spectator is observing a rocket being launched. If the 
(d) None of these rocket lifts off vertically and 1s rising at a speed of 


600 ft/sec when it is at an altitude of 3000 ft, the 
distance between the rocket and the spectator 1s 
changing at that instant at the rate 
(a) —l (b) 1 (a) 300 ft/sec (b) 360 ft/sec 
(c) 2 (d) -2 (c) 420 ft/sec (d) 480 ft/sec 
16. The number of values of ‘hk’ such that line 
x + y = k* becomes tangent to y = —x* — x’ 
(a) 4 (b) 3 


15. The curve x + y— In (x + y) = 2x — 5 has a vertical 
tangent at the point (a, B ) . Then a+ is equal is 


23. The tangent to the curve 3xy? — 2x*y = 1 at (1, 1) 
meets the curve again at the point 


(c) 2 (d) None of these (a) se ect (b) 16 I 
5 20 5 20 
17. The ordinate of y = (a/2) (e + e*) is the geometric 
, 1 16 1 16 
mean of the length of the normal and the quantity: (C). |S (G):. ||| 
20 5 20° 1 
(a) a/2 (b) a 
(c) € (d) None of these 24. The tangent to the graph of the function y = f(x) at the 
18. Ifsl pya ‘i 5) eS ete point with abscissa x = a forms with the x-axis an 
Ac Pare rags b-x aU DDS 2 Mena e angle of m/3 and at the point with abscissa x = b at an 
b 
(a) 0 (b) 2 angle of 7/4, then the value of the integral, | Ff (x). 
(c) 1 (d) None of these a 
er ere : Xx ee f(x) dx [Assume f"(x) to be continuous] 
. One of the points on the curve f(x) = x , where the (a) 0 (b) 1 
tangent is inclined at an angle of ; to x-axis, 1S =) ey CONSID TES 
3 25. The point of contact of the tangents drawn from origin 
(a) (2,2 (b) (3,-2) to the curve y = cos x lies on the curve 
a (a) x°—y' = xy (b) x+y’ =xy 
© (2.2) (a) (v3 | 3 ()vtyaxy @ ¥-y~=xy 


26. A particle moving on a curve has the position 


20. Tangent of acute angle between the curves y = |x’ — 1| at time t given by x =f(f) sin t + f'(1) cos t 


and y = V7—x’ at their points of intersection is y =f() cos t — f"@ sin t, where fis a thrice differ- 
5/3 34/5 entiable function. Then the velocity of the particle at 
(a) 5 (b) , time f is 
53 3/5 @ fO+f'O  & fO-f"O 
(c) 47 (d) “4. (c) f'O+f"O (d) fio-f'"® 


27. 


28. 


. The 


Tangent at an angle increases four times as the angle 
itself. At that angle, sine of the angle increases at what 
rate w.r.t. the angle? 


l 
(a) 5 units 


(b) 7 units 


3 
(c) a (d) None of these 
The sub-tangent, ordinate and subnormal to the 
parabola y’ = 4ax at a point (different from the origin) 
are in: 


29. 
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(a) GP. 
(c) H.P. 


(b) A.P. 
(d) None of these 


A particle describes an ellipse whose semi-axes are 
4m and 3m with centre at origin and a constant speed 
of 1m/sec. The velocity of the foot of the perpendicular 
from the particle on the major axis, when the particle 
is at a distance of 1m from the major axis is 
equal to 

(a) 2/11 m/s 
(c) V(2/11) m/s 


(b) 11/2 m/s 
(d) None of these 


SECTION-IV 


MORE THAN ONE ARE CORRECT ANSWER 


2 2 


i 


. If the curve ne =1& y* =16x intersect at right 
a 


angles, then values of a is/are 


2 
(a) 3 (b) 2 


p) 
(c) BR (d) not possible 


equation of normal to the curve 


(=| (2) =2(neN) at the point with abscissa 
a 


equal to 'a' can be 
(a) ax + by=a—-b 
(c) ax—by=a@-b’ 


(b) axt+by=a +h’ 
(d) bx-ay=a@-Bb 


. Let the parabolas y = x* + ax + b and y = x(c — x) 


touch each other at the point (1,0).Then 
(a) a=-3 (b) b=1 
(c) c=2 (d) b+c=3 


. For the curve represented paramatrically by the equa- 


tions, x =2 fncott+1& y=tant+cott 

(a) tangent at ¢ =7/4 is parallel to x-axis 

(b) normal at t = 7/4 1s parallel to y-axis 

(c) tangent at ¢ = 77/4 1s parallel to the line y = x 
(d) tangent and normal intersect at the point (2, 1) 


. The angle at which the curve y = ke* intersects 


the y-axis 1s 


(a) tan” k* (b) cot™’(k’) 


(d) sec” (vi+e* ) 


(c) sin f —S 


6. 


The triangle formed by the normal to the curve 
fix) =x’? — ax + 2a at the point (2, 4) and the coordinate 
axes lies in second quadrant if its area is 2 sq. units, 
then a can be 


(a) 2 6) 
(©) 5 @) 


. If at each point of the curve y = x -— ax’? +x +1, 


the tangent is inclined at a positive acute angle with 
positive direction of x-axis, then possible integral 
value of 'a' 
(a) —1 

(c) 1 


(b) 0 
(d) 2 


£ 
. For function f(x) = aici which of the following 
x 


statements are true 

(a) f(x) has horizontal tangent at x = e 
(b) f(x) cuts the x-axis only at one point 
(c) f(x) is many one function 

(d) f(x) has one vertical tangent 


. A tangent drawn to the curve y = f(x) at P(x, y) 


cuts the x-axis and y-axis at A and B respectively 
such that BP: AP = 3: 1, given that f(1) = 1, then 


d 
(a) Differential equation of curve is x —3y =0 
Xx 
(b) normal at (1, 1) isx + 3y =4 
(c) curve passes through (2, 1/8) 


(d) Differential equation of curve is D4 3y =0 


XxX 
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10. 


11. 


A: Let f(x) = 


If the tangent to the curve 2y’ = ax* + x? at the point 
(a, a) cuts off intercepts a, B on co-ordinate axes 
where a’ + B?= 61, then the value of a is equal to 

(a) 20 
(c) 30 


Two tangents to the graphof function f(x) =4/17(1+ x’) 


intersect at right angles at a certain point on the y-axis. 
Then equations of tangents 1s 


(b) 25 
(d) —30 


(a) y=-x« +4 
(c) y=x-4 


(b) y=-x-4 
(d) y=2x+4 


12. A curve with equation of the form y = ax* + bx? + 
cx + d has zero gradient at the point (0, 1) and also 
touches the x-axis at the point (—1, 0). Then the values 
of x for which the curve has negative gradient are 


(a) x >-1 fora<0 
(c) x<-1 fora>0 


SECTION-V 


ASSERTION REASON TYPE 


: The tangent at x = 1 to the curve y = x* — x* — 


x + 2 again meets the curve at x = —2. 


: When an equation of a tangent solved with the curve, 


repeated roots are obtained at point of tangency. 


: On solving the equation of tangent with the 


equation of circle, we get only one solution. 


: Tangent touches the curve only at one point. 


: The ratio of length of tangent to length of normal 


is proportional to the ordinate of the point of 
tangency at the curve y* = 4ax. 


: Length of normal and tangent to a curve y = f(x) is 


h ay 
, where m = —. 
dx 


> — ang Pw 
m 


: The product of the ordinates of the point of 


tangency to the curve (1 + x’) y = 2 — x, where 
the tangent makes equal intercept with coordinate 
axes 1s equal to 1. 


: Slope of straight line making equal and same sign 


intercept with coordinate axes is equal to —1. 


5: 


A: 


(b) x<1 
(d) -1<x<1 


If S be the area of a circle having radius x and A is 
the area of an equilateral triangle having side 7x 


dA _ ds dx 
t tant, then — >— , when — 
at any instant, then a when a >0 
> A>S 
: If a quadratic curve passes through (0, 1) and 


touches the line y = x at the point (1, 1), then the 
values of x for which the curve has a negative 
gradient are x < 1/2. 


R: The equation of the curve is y =x’?-x + 1. 


SECTION-VI 


COMPREHENSION PASSAGE 


+. Let m be the slope, a be the 
l+x 


x-intercept and b be the y-intercept of a tangent to 
y = fx), then 


: Shortest distance between |x| + |y| = 


: Any tangent to the curve y = 


2 and 
x+y =16is 4-2 


: Shortest distance between the two smooth curves 


lies along the common normal 


Be aE 
2x+ 1 makes an acute angle with the positive 
X-axIS. 


: Any tangent to the curve y= a,x"! + axe"! + 


a,x" > +......ta x + 1 makes an acute angle with 
the positive x-axis, where @,,......€,_ 
OandneN. 


1. Abscissa of the point of contact of the tangent for 


which m is greatest 


l 
OR 
om 


(b) 1 


] 
Oe 


ey 


. Find the greatest value of b 
(a) (b) 


co|— oco|o 
col ON| Ww 


(c) (d) 


. Find the abscissa of the point of contact of tangent for 
which m is smallest 


] 

(a) a 
1 

(c) -l (d) “FB 


: Consider the function f(x) = x? fl) —f(2) + f"(3), 
such that /(0) = 2 


. The value of f"(1) 1s 


(b) 1 


(a) 0 (b) 1 
(c) 2 (d) —1 

. Equation of tangent to y = f(x) at x = 3 1s 
(a) y=x-7 (b) y= 5-7 
(c) y=4x-7 (d) None of these 


. The angle of intersection of y = f(x) and y = e**— is 


(a) tan! (=| 
(c) 0 


: In second degree curves, a line which once touches the 
curve can't meet the curve again but in cubic and non- 
algebraic curves the tangent can meet the curve again. 
If we solve the equation of tangent and a cubic curve, 
we will, in general, get three roots, two of which will 
be equal, since they will correspond to the point where 
the tangent was initially drawn. 


(b) tan'2 


(b) None of these 


. If P is a point (B, B*) different from (0, 0) on the curve 
y = x°. The tangent at P meets the curve again at O and 
tangent at O meets the curve again at R, then abscissa 
of the point R must be 

(a) 8B (b) —4p 

(c) 4B (d) —28 


. The tangent at (¢, ? — #) on the curve y = x° - x 
meets the curve again at Q, and then abscissa of QO 
must be 
(a) 1+ 2t 
(c) —1 —2¢ 


(b) 1—2t 
(d) 2t-1 


9. 


10. 


11. 


12, 


13. 
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If the tangent at '7' of the curve y = 8P —1,x =4P +3 
meets the curve at '/' and is normal to the curve at that 
point, then value of ¢ must be 


Oo 


a 


(d) None of these 


as 


B 
2 


(c) ar 


: Let y=f(x) and y = f(x) be the two curves, meeting 


at some point P(x,, y,), then 0 = angle between the 
two curves at P(x,, y,) = angle between the tangents 
to the curves at P(x,, y,). Clearly, 0 = +(0, — 9,). where 
Q and 9, are the inclinations of tangents to the curves 
y =f,(x) and y = f,(x) respectively at the point P. Also, 


d 
, where, m, = &3 for y =f,(x) = 
mn (414) 


m —m, 


l+mm, 


tan8 = 


d 
tan 0, and m, = (+) for y = f,(x) = tan 0,. If the 
(41%) 


angle of intersection of two curves 1s a right angle, 
then the two curves are said to be orthogonal. 


d d 
Therefore for orthogonal curves ( ( =], 
dx}, \ dx },, 


2 Z 


The angle between the tangents to the curve = ioe 
a 

= | at the points (a, 0) and (0, 5) is 

(a) 1/4 (b) 2/2 

(c) 1/3 (d) None of these 


The angle of intersection of the curves y = 2 sin’x and 
y =cos 2x atx = n/6 is 
(a) 1/4 
(c) n/2 


(b) 2/3 
(d) None of these 


The parabolas y” = 4ax and x” = 4by intersect orthogo- 
nally at the point P(x,, y,), where x,, y, # 0, then 

(a) b=a@ (b) b=a’ 

(c) F=a@’ (d) None of these 

The acute angle between the curves y = |x’ — 1| and 


y = |x’ — 3| at their points of intersection when x > 0, 
is tan”! (m), where m is equal to 


2/2 4/2 


aes cans 
(c) = (d) None of these 
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SECTION-VII 


COLUMN-MATCHING 


1. Match the following 


Column-I 

(1) Circular plate is expanded by heat from radius 
5 cm to 5.06 cm. The approximate increase in 
area 1S 

(11) Sides of a cube increasing by 1% then the percent- 
age increase in volume is 

(111) If the rate of decrease of 


2 
xX 


oe —2x + 5 1s twice the rate of decrease of x, then 


X 1s equal to 

(iv) Rate of increase in area of equilateral triangle of 
side 15 cm, when each side is increasing at the 
rate of 0.1 cm/s is 

Column-II 

(a) 4 

(b) 0.67 

(c) 7 
33 


(d) —— 
. Match the following 
Column-I 
1 
(i) If f(x) is a quadratic expression in x and 6 | F(x) 


dx =k f(1) + f(0) + 4f(1/2), then k is 
(11) If the sum of the squares of the intercepts on the 
axes cut off by the tangents to the curve x!? + y'2 


=a'? (a>0) at (<<) is 2, then a is 


(iii) The distance of the point on y = x* + 3x* + 2x 
which is nearest to the line y = 2x — 1 is r, then 


V5 ris 
(iv) If f(x) =—2 |sin x| +ae"' + 5 |tan x|? is differentiable 
at x = 0, then a is 


Column-II 
(a) 1 
(b) 4 
(c) 3 
(d) 2 


Letx=acost+atsint and y=a sin t—atcos t. Match 

the Column-for ¢ = 77/4. 

Column-1 

(i) Length of sub-tangent 

(11) Length of normal 

(111) Length of intercepts by tangent between co-ordi- 
nate axes. 

(iv) Perpendicular distance of tangent from origin. 
Column-2 


(a) 


- Column-1 


(i) The angle of intersection of y* = 4x and x’ = 4y is 
90° and tan”| “| then |m +n] is equal to (m and 
n 


n are cO-prime) 

(ii) The area of triangle formed by normal at the point 
(1, 0) on the curve x = e“” with axes is 

(iii) The angle between curve x* y= 1 and y = e*') 

(iv) The length of sub-tangent at any point on the 
curve y = be”? is equal to 

Column-II 

(a) 0 

(b) 1/2 

(c) 4 

(d) 3 
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SECTION-VIII 


NUMERICAL INTEGER TYPE 


. Acurve passes through the point (2, —8) and the slope 
2 


of tangent at any point (x, y) 1s given by —-— 6x . The 


maximum ordinate on the curve is given by A, then 
find (3A). 


. Find the abscissa of the point on the curve 4y* = x° 
, the normal at which cuts intercepts (x-intercept and 
y-intercept) in the ratio 3:4. 


. Find the least positive integer value of ‘a’ for 
which Rolle’s Theorem is applicable to function 


2_ ° 
x") log x ifx>0 _ 


[0, 1]. 
0 ifx=0 


feoy=| 


. The volume of a moth ball decreases at a rate propor- 
tional to its instantaneous surface area. If the diameter 
of ball decreases from 3cm. to 1cm in 4 month, then 
how long will it take to disappear completely? 


. A tangent at a point P, on the curve y= x’ meets the 
curve again at P, and the tangent at P, meets the curve 


Answer Keys 


SECTION-III 


1. (d) 2. (d) 3. (a) 4. (d) 5. (b) 
11. (b) 12. (b) 13. (b) 14. (b) 15. (b) 
21. (a) 22. (b) 23. (a) 24. (c) 25. (d) 

SECTION-IV 
1. (a,c) 2.(a,c) 3.(a,d) 4 (a,b) 5. (b,c) 
10. (c,d) 11. (b,c) 12. (a,c) 
SECTION-V 
1. (d) 2. (Cc) 3. (a) 4. (a) 5. (a) 
SECTION-VI 

1. (d) 2. (a) 3. (a) 4. (a) 5. (c) 

11. (b) 12. (d) 13. (b) 


again at P, and so on. If co-ordinates of P, are (2, 8), 
then find the abscissa of point P.. 


6. A and B are two tanks, such that the capacity of A 1s 3 


times that of B. Both tanks are completely filled and 
their inlets are closed. Now water is released from 
the tanks. The rate of flow of water from each tank is 
proportional to the water in the tank at that instant. If 
after 1 hours, the water in time A is 2 times the water 
in tank B. If both tanks have same quantity of water 
after time (log,,,(m)) , then fina . 


m 


. From a point P on the curve a*x+2b’y* =0, tangent 


2 2 


PQ and PR are drawn to hyperbola->— "> =1.If OR 


touches a fixed parabola, then find the length of latus 
rectum of that parabola. 


. A lamp post is of height 50m. A ball is dropped from 


same height and falls under gravity (g =10m/sec’) . 
If the horizontal distance between the ball and shadow 
of ball is moving along the ground — sec after the ball 
is dropped. 2 


6. (c) 7. (c) 8. (b) 9. (d) 10. (b) 
16. (c) 17. (b) 18. (b) 19. (d) 20. (c) 
26. (c) 27. (a) 28. (a) 29. (c) 

6. (c) 7. (a, b, c) 8. (a, b, c,d)9. (a, b) 

6. (a) 7. (d) 8. (a) 

6. (b) 7. (c) 8. (b) 9. (c) 10. (b) 
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SECTION-VII 


1. (1) > (b); Gl) > (©); Gl) > (a); Gv) > @) 
2. (i) + (a); (il) > (b); Gi) > (a); Gv) > @) 
3. (i) > (b); Cl) > (d); (il) > (a); Gv) > (©) 
4. (1) > (c); (il) — (b); Gu) > (a); Gv) > (d) 


SECTION-VIII 
1. 8 2. 1 3. 4 4. 6 


8. 3200 


Application or Derivatives! < 4.111 


HINTS AND SOLUTIONS 


RATE OF CHANGE TEXTUAL EXERCISE-1: (SUBJECTIVE) 


sao +4vi 
By ge Oe ee 
dt 2 2Vt t 
d’s 1 1 
a=" =142 t) =l-——~att=4s, 
ej (4) tt 
= CLUE aE ee eae Pe a ay 
dt 2 8 8 
3 2 
pate. <S. ae gg 
2 2 


=> t=2sec 


a =5(2t)=31=6 m/sec’ at t = 2sec 


= (kx yk _ E 
dx Soe 


=> x=16 => x=4,-4 


~31/3) 


=> 2y=8, 


= yH4.4 52 
(2, 4) is the required point 

vy =A aR 
3 

=> a 2 n(3R° a an? ok 
dt dt 


dR (, 1 
> —= : 
dt dt) 4nR? 
aA, dR (4) 


>A = 4nR? 


TO ae Rodi 


= ee) 10cm’ /s 
dt 5 


7. (i) Perimeter = P = 2(x + y) 
aE: -o 4). 2(-5 + 4) = —2 cm/ min 
dt dt dt 
(ii) A =Area=/ x b=xy 
LER 2 yo = 8(4) - 6(5) = 32-30 =2 cm?/ min 
dt dt 


2. 


R=3m;AHS nk a = 0.05cm / sec 


dA dR 


=> —=27R.— =27x3.2x0.05 =0.327 cm’ /s 
dt dt 
t=0,t=t ; 
xe? a a 
3 3 
2 
a Peg Ay? 4t-7’ =0 
dt 3 
=> +t4-n)=0 => t=0,t=4s 
=> x= (4) (2-4) =16x5= 22m 
3 a> 3 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. (b) < = 4cm/sec , enclosed area A = mr’, 


Differentiate, w.r.t. ¢ 
dA dr 

= === 27: —» 
at dt 

=> a. = 2n(10)(4) = 80x cm?/sec. 


where r = 10cm 


(c) die =a cm?/min 


at 
Surface Area A = 427°, V = Sar 


=> a. (4z\(2r) = .. (1), 


> 4 

=» ae 3r oe 
F 7( <= 

a a. 


Anr? dt 


=> 


...(2), 


a 2a 
> =—, where r=bcm 
r 


dA 
Put (2) in (1), —= 
ES 


GA 2-53. 
ae 


. (a) at <ijnls 
dt 


V=aL 
<= ry 


Where / = 5cm, “ = 3(5)°(10) = 750 cm’/sec 
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10. 


11. 


. (c) 


- (b) 


=> 


(a) 


(b) 


(b) 


(Cc) 


s=48t- 16? => & = 48-32 


/ 483 
32 2 
5 =48{ 3]-16x3.=72-36=36m 
2 4 


Greatest height above ground = 36 + 64 = 100m 


La and l=aV2 
dt 


—=qandA=a@ 
2 


2 
fiat 
2 
dA 1 dl 
— =—(2/)— =1(0.5 
dt 2 | Vt oP) 
When A = 400 cm’, ¥400x2 =/ 
1=20V2 cm? 
GA _ 402% =10V2 cm’ /s 
dt 10 
x=t-6f +P 
yo ais pearad Pe am 
dt dt 
—12+6t=0 => t=2 units 
x=34+ 8t-4t’ 
= ee ae ree GP 
at 
v=8-8(1)=0 
s=2f — 94 12t 
ds dv 
—=v=6f — 18t+ 12 and —=a=12t- 18 
dt dt 
12t-18=0 => pales 
12 2 
x = 80t — 16t? 


At maximum height, < =0 1e.,v=0 
t 


4X _ 9 397 =0 = ee 
dt 32 
dV 3 ; 
— = 30 ff /min 
dt I 
GE = where r = 15ft. 
dt 
4 
Now, arid 
FS apes ar _@ | 3 
dt 3 dt dt dt (Aar’) 
604 in 
dt 4zx(15)x (15) 307 
dr 


— =2cm/ min 
dt 


Fae 
3 


=> 


2dr 
dt 


. = 4n (5) x 2 = 200 cm?/min 


12. (c) Using similarity of As ABC & CDE using B.P.T 


13. (a) 


14. (c) 


15. (b) = 


=> = 20) =x +y-P 


formula, cos(120 ) = 


= 
4m i C 


and —=6km/hr 
at 


2m 
i E 
pe! 
2 it 
ot ais 
dt 


((2x 4x 6)(3) + (4)’(-4)) 
= (144-64) = 802 m’/s 


a m2 x 20) x 2 cm’/sec = 802 cm?/sec 


d ; ; 
=3cm/hr , the shortest distance be / using, cosine 
f 


r+y—P 


dxy 


16. 


17. 


18. 


19. 


20. 


=> P=Har+y+xy 


> (21). = 2x Bag Oe Oe 
dt dt dt” dt 


After 1 hour, x = (4 i =4x1=4km and y= (2): 
dt dt 


=3x1=3km 
= (3)? + (4)? +3(4) = V9+16412 = 37 
2(/37 < =8 x 4 + 2(3)(3) + 4(3) + 3(4) 


ais 2/37 = 32+ 18 + 24=74 
t 


ae ee ae ey 


dt 2137 37 
(a) x=100¢-2>?? 
2 
dx 
=> = =100- (21) = 100 —25¢ 
=> 100-25t=0 
=> t=4 
=> x=100(4) -> (16) = 400 — 200 = 200 m 


(a) s= 16-2144 31° 


2 
=> Ws | a 4o7 => Le 
dt dt 
After t = 2s, a = 36 m/s’ 
(a) s =22t- 122 
=> WS 49244 => 22-—24¢t=0 
dt 
_22~=11 
— 
ey aa 12 
2 
> s=2 a -12 *) =H y=! = 10.084 
12 12 12 12 


(d) am 1 cm/sec 
fe 


A= 
dA 

=> —=2.(2r)— 
. 7. = 
dA 
A= a(2%5).—— = 7 om? /sec 
dat 10 


(b) a = 35 cm’ / min 
dt 


,A=4nr 


dV =A =, = dr 
dr _ (dV) 1 
Put (2) in (1), we get as [< \ea eit) 


Application or Derivatives! < 4.113 
dA dV 1 2dV_2 
— = (42)(2r)| — |x — == =35=10 cm’ / mi 
dH (47r)( (F) 7 Naas wea 10 cm? / min 


21. (c) Volume shell, V = +7 ((10 +x) —(10)’) 


a 
LY 


Given, = —50 cm?/minute 


> | 3(10+x7. #|- 50 
3 dt 
de 50 
dt 4(10+xy 
dx —50 hae 


When, x = 15, —= = els cm/minute 
dt 42(25)° ~ 1007 50z 


22. (d) 2 +y? = 100 
<p oy oy. = aye 
dt" dx ae a 


> x(3)+y(-4) =0 


23. (c) y=x?4+ 2x 


Dy (i) 


24. (d) y=4- 2x 


= ao —(4)(1).(-5)  unit/s = 20 unit/ s 


25. (a), (b), (c) 
rat 


ds ] ; 
5 “57 = Vt=— ...(i) 
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26. 


27. 


28. 


2 — a 
= 0-2-2) 2 sey, 
de 29 Att 
= - me 3 
eee ee 8v — 2 
“aGla) 
2v J\ 2v 
> aow 
Bs. eee ay ge 
Jt 2s 
> yo— 
Ss 
(c) x =4 cos@ and y = 3 sin® 
Leaner pee 
at dt 
and eg e 
dt dt ; : 
Also as |y|=1, = (=) (2) =1 
dt dt 


a. aan aaa 
dt 16sin’?@+9cos’?@ 7sin?>@+9° 
3sin8 


= aoe 
3 


=—-—, Put in (1), 


ey 
dt z 49 2V22 


dx _-4( 3 =| 2mis 
dt 3\2/22 11 


(b) x = 3000 ft; y = 5000 ft; 
y = x2 + (4000); 


a = 600ft./sec 
at 


= () = (600)( Pr =120x3 = 360 ft/sec . 


dt 5000 


(b) Let y = Number of people at a time f¢ 


® ay ay 
dt dt 
dy 
=> —=kdi => Iny=hktt+c 
y 
=> yoo" => yee 
= c'>0 


.. (il) 
...(1) 
...(2) 
aty=1= 
we get 


Since according to question, population never increases L.e., 


decreasing with time and 2 = ky 


> k<0 


29. 


30. 


31. 


32. 


(a) s?=at?+ 2bt+c, 


=> 252. =2at+2b 
dt 


— 


ds (a5 d’s 
S 


= =att+b 
dt 


> s.ft+wvwe=a 


(eb) 
2 — 2 959 2 
a-v 5 as’ —a’t’ —b* —2atb 
— f = oF? 
Ss KY SxS 
Yu a’t? + 2abt+ca—a’t’? —b* —2atb _ ca —p? 
a s 
l 
Ss 


(d) so08/y > s=k(v) 


ds 1 +1dv 
=> —=(k)-(0vy — 
dt ( 3 dt 38 (4) 
k(v'®)=s 
ay (CS 38° 
=> =a\v"=—-— > —>=a 
k k k 
3 _ 5 
5 
=> Gas 
(a) s=kNt 
dt 2,/t 2Jt 
k 
=> Vt=— 
vt 2v 
d’s k (-1 1 —k 
=> — =—»x| — lire) =—— 
dt? 2 S*(v8) Att 
Ba pele 
Att 
ge ke a 23 
= 2 \3/2 4 
ica (3 
Ay’ 8 
> aav 
(d) s=ky, 
Bap ye" 
dt dt 


=> v=k(2v) (a) 


l ee od 
a =— ; which is constant 
2k 


—-=f= acceleration and 


(A) 


..(2) 


33. 


34. 


35. 


36. 


37. 


1. 


dA 
(d) A=4nr = <= 4n(2r)" n= 
=> Mf eux geeiow => caer 
dt dt 
(d) OY pecan and patae 
dt 3 
> (Sort aur( 
dt dt 
dr Cc dr l 
—— 5 > —x-—, 
dt Azr dt A4zr 
(c) t=as’+bs+e 
=- l= Pee eal ...(1) 
dt dt 
> 1=(2as+b)v S wyet a 
2as+b 
2 
=o ee 
dt’? dt dt at 
d’s 
2a (s.a'+ v’) =— ba’; a'=— 
(s.a ) a’; a °7 
—2av’ 


=> (2as+b)a’'=-2av’ > a'= 


(2as + b) 
=> @a'=-2av 
(c), (d) x =at?+bt+c 
2 
as SE Dgep Hy, ey 
dt dt 
(c) t=fiv) ...(1) 
dv 
> 1=f()— 
f'Y) A 
soe > fivy=+ 
dt f'(v) a 
dv -l da 
=> f"v).—=s— 
rw) dt a dt 
da _ 
=> = * re (2 
aoe “f"@) (2) 
Also f(v) = t 
dt 
=> f(vy=— 
f') rs 
d’t 
=> f"v=— ...3 
f"() We ; , (3) 
a t 
F 2) and (3), t —=-a’— 
rom (2) and (3), we ge 7 ae 
TEXTUAL EXERCISE-2: (SUBJECTIVE) 
dh 
Fiios k , semi vertical angle doesn’t change 


h 
=> —= ¢ (constant) => h=rt 
r 


Application or Derivatives! < 4.115 


(i) Total surface area = ar (r+2); l=Vr° +h? =rvl+e? 
=> A=ar(r+rvi+? )= ? (1+ ? +1) 


4-2" (141) 
= dA _ 71+ VF +1) 


dh t 


l oR 
ii) V =—a2r°h=—nx—.h 
(ii) 3 r 
- WF ey) 2h 
dh 3t° t? 
2 
ie ee ae 
V th h 


=> “ 100 = s( «100 - 3k% 


% age error in volume = 3k% 


. (i) Let f(x) =y=Vx 


d_ 1 
dx Ox 

dy 
Now, f(x+Ax)= Aco ear oa 
Here, x = 25, Ax = 1 


1 
=> f(x+Ax)= f(26) =V25 + pex1=540.1=5.1 
(ii) Let f(x)=Jx=y 
di 
= dx  Oalx 


Now, f(x + Ax) eae 
dx 


Here, x = 36, Ax = 1 
l 


1 
37) =V36+ x1=6+—=6.083 Ans 
eD) 2V 36 12 


dy _ 1 


dx 2x 


(iii) f(x) = Vx 
Here, x = 0.49, Ax = — 0.01 
f(xt Ax) = f(x) += dy <A 


=> f(0.48)=0.7+ ve i aa x (—0.01) = 0.7 — 0.007 = 0.693 


(iv) (82)* =(81+1)4 =? 


- _ 4.\U4 wii 
Let y= f(x)=(x)" => ik 4G 


(1) 
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Here, x = 81, Ax = 1 
1 


fortran = f(t Zar - (81)! n 


y >x1 
dx 


4x(81)4 


= oS. = 3.009 
108 


3. Here, f(x)=4x°+5x+2=y > 8x45 
n 


Now, f(x+Ax) ey era 
dx 


Here, x = 2, Ax = 0.01 
 f(2.01) = 164+ 104+ 24+ (21) (0.01) = 28.21 
4. f(5.001) =?, y=f(x) =x? — 7x + 15 
Let x = 5, Ax = 0.001 
=> f(x) = 3x’ - 14x 
“f(x + Ax) = fx) + f(x). Ax 
=> (5.001) = (5)? -7(5)? + 15 + [3(5)? — 14(5)] (0.001) 
= — 35 + 0.005 = — 34.995 
5. Ar=0.03m, r= 9m 


Area (A) = 4nr, => = =8zr 
r 


AA -Sa = 87 x9x 0.03 = 2.162m’ 
r 


6. 4061 (Given) (1) 
x 
A = 6x? => Faby 
ax 
AA =12xx dx =12x x — =— - x* =0.12x*m 
100 100 
7. r= 7m, Ar=0.02m 
Vasa S. Gh enge 
3 dr 
dV 3 
=> AV ae = Anr* x Ar = 4n x 49 x 0.02 = 3.922m 
r 
eS vioHt SS. Ae 
x 100 
Now, V=x La 
dx 


AV =32 x Ax 23 x —— = 0.03208 
100 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. (d) Let x = diameter of sphere, dx = error in diameter + 
0.04 cm 
3 
V = Volume of sphere Bae Maeda Ls 61) 
3 3. 8 6 
[x = 2r], differentiating w.r.t. x on both sides, we get 


dV 3x° mx? 


dx 6 2 


. (a) We know that, T= 27 fe 


W aa sy qv mx’ dx _ 4d 
oy " V 2 mx? x 
6 
dV ax 


— x100 =3—x100 
V x 


+ 
% age error in V = 3x2) «100 = +0.6cm 


; dr 
% age error in measuring radius ‘7?’ =—x100=2 


r 
(1) 


Surface area = A = 4nr°’, differentiating w.r.t. r on both 


sides, as = 8zr 
dr 


dA = 8nrdr 
© 02 9 sion 
A Arr r 


% age error in measuring surface area = 4% 


C = circumference of circle = 2nr ..(1) 


Different w.r.t. y on both sides, we get = =27 
r 


dC = 2ndr 
BN, BO a, 0) 
C 2ar r C r 


Area = A = nr’, different w.r.t. r on both sides, we get 
dA = 2nrdr 
dA 2ardrx100_ ,dC 


—x100= 5 2—x100 
A mr C 
= 70:02 oo = 

56 14 


% age error in A ari 


& 
Taking log on both sides, In7 = In2a + In/+ > Ing, 


Different w.r.t. ¢ on both sides, =< =0 gee +0 


21 
x100=— x100 


T 
% age error in T =—x2=1% 

, ; dh 
Given height (h) = radius (7), ; xl00=k 
Volume (V) = nr°h = th’, different w.r.t. h on both sides, 
dil = 32h" 

dh 

2 

a 100 _ 3ah xdh a x100 = 3x" 100 = 3K 

V 1th h 


% age error in volume = 3k% 


6. (c) 


Pat 
h 2 
=> 27=h ..(1) 
1 2 ] 2 2 3 
Volume (V) ==2r°h=—ar’ x2r=—ar ; 
3 3 3 
Different w.r.t. r on both sides, dV = 2nr’dr 
2 
=> WV 100 = 2 100 3 00 = 3k % 
V es r 
3 
1 
. (c) PV*=constant = k (say), 
Taking log on both sides, InP ts InV = Ink, 
Differentiating both sides, i ieee dV =0 
P 4YV 
= cles =F F100 eee 
P 4 V 4 2 8 
=> % age error in P==% 
, dy 
8. (d) Relative error in y=— dew 1) 
y 
Relative error in x =— ...(2) 
x 
dy 
From (1) and (2), = eS =nx"! x =n 
ax dx y 3 ai 
i 


(Relative error in y): (relative error in x) =n: | 


TANGENTS AND NORMALS TEXTUAL EXERCISE—1: (SUBJECTIVE) 


GY | Fo Ot) AEE OY | 
dx Ox] Oy 8y+3x 11 


=y => 2x?+3x.x+ 4x? =9 


=> (1, 1), (1, -1) are the required points 

dy 2a 1 
. Let (at’, 2at) be a point on parabola, — =—— =— and equa- 
dx 2at t 


tion of tangent at P(at’, 2at) is t, =x + at? 
Tangent passes through (2a, 3a) 

=> 3at=2a+ at’ 

=> PH 21t2=0 => t=lort=2 
Thus two tangents can be drawn with slope | and 1/2, 
having their equations, y= x + a and 2y=x+ 4a 


3. (+) =6x*°-2x=4 
AX) 4) 


> 7T:(yv-4)=4@- 1) 
=> T:y=4x 


S| Reside 


Application or Derivatives! < 4.117 


4. Equation of Normal to parabola y = x’ is given by y = mx + 


Peet 
a 
4m’ 2 
—C 


Comparing it with y = =F + (=) 


> —=m;—>~+-=— 
m 


Se 


=> bB+2ab=-4a’c 
=> 2a’ (b+ 2c) + b’ = 0, which is the required condition. 


. The curve cuts x-axis at x = 1, 2 


a = (x° -1)+(x-2)(3x’) 
ax 


m .=-3;m_,= 


x=1 vo 
T: y+3x-3=0Oatx=1,y=0 and 7: y—7x+14=0 
atx=2,y=0 
eRe sin 2x 
y = (14x) (In+y + Ea (x = 0), y= 
I+x/} V1-sin* x 


1 and y’= 1 + 0 = 1 and equation of normal will be y — 1 = 
—x 
=> ey 


: eu 
Je tangent is || to x-axis; =0 
bs 


dx 12x+8y 
=> 25x =-6y 
2 
=> 25x? +12( 25} 4{ 2 | =] 
6 6 
=> 400x*=9 


> x= + and for || to y-axis 


=> 12x=-8y 
2 
=> 25x? +12x{ -3]+4{— =| 
2 2 
= 16c= 1 
= xetl (t=) and (2 | 
4 4 8 
a and eee 
dx 0 
= ®Y _ 10 =6x-2 
dx 
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10. 


11. 


12. 


13. 


= S. 126% = Y=7 
=> y=3(4)-2(2)-4=4 


=> (2, 4) Is the required point 


ee eee 
dx 
— a i ee el | 
3—(1) 
=> = 1 
ae 


=> (1, 1) 1s the required point. 
Das — 18x? + 26x -10=2 


(x — 1) (4x? - 14x + 12) =0 
2(x — 1) (2x? — 7x + 6) =0 
2(x — 1) @ -— 2) Qx —3)=0 
x =1 or 2 or 3/2 
(1, 3), (2, 5) (3/2, 65/16) 
Ti y¥-3)=2@-1) 
y=2x + land T, . (v—5)=2 (x- 2) 
y=2x+1 
5 


de D538 


(a) m,=2 


4V5x-3=5 


=> 16(5x —3)=25 => S5x=—+3 


a UUUUUUUUES 


T’ (y-V2+2)= > (e-D 


= 22y—-5x+4V/2+1=0 
Let x = a cos*O; y = a sin*0 
—, 1 3 
dy _ oe eo ey 
dx  4acos @sin8@ 


T: (vy — a sin*®) + tan’O@ (x — a cos*O) = 0 
=> ycos’0 —a sin‘@ cos’0 + x sin’@ — a cos‘6 sin*0 = 0 
y bs 
me) a 
sin°@ cos’@ 
= Sum of intercepts = a sin*@ + a cos?@ = a = constant 


x + y =x’, Taking log on both sides, In (x + y) = y Inx, 

Differentiating w.r.t. x 

=> —a+yy=y'tnx+2 
x+y x 


Curve cuts x-axis at (1, 0); “(I+y) =0 


=> y=-l 
T:y+x=1 
Niy-x+1=0 


79 
14. Equation of line passing through point (2.5) 1s 


ene 


=> 


WY YUUUUIY y 


y 


jae 


Equation of parbola is y = [e-x+3}s3 or 


I-02 “ 


Equation of Normal to (11) 1s 


...(ill) 
9 Tm 


2. 12 


Comparing (1) and (111), we get as 5 
4 4m 
Sm? + 1 — 2m? = 18m? — 14m? 
12m? — 13m?+1=0 
12m? — 12m? -m’?+1=0 
12m? (m — 1)—- 1(@m’*- 1) =0 
(m— 1) (12m*-—m-—1)=0 
(m— 1) Bm-—- 1) (4m+ 1)=0 
1 -1 
° 3° 4 


Sum of slopes of Normals = = 


Eq. of normals will be (y-3}=(-J}, 


Gee ce lca ice 


They will intersect the parabola y = x? — x + 1, at (0, 1) 


and (2, 3); (- 1, 3) and (=), Gedieac 
4 9 2 4 4 16 


lls 
2 


m= 1 


Slope normal at (A, k) is given by (| 
Form=1,h=0 


9 | 
0, 1) is root of Lr | y-— |=] x-— 
a t 4 ( : 


For m=—,h=-1 
(— 1, 3) is root of Lr (y-3}=3{x-2) 


For m= yee 
4 


(52) is the root of Lr [y-3) -F{x-2) 
24 2) 4 2 
ese peal came Br ay 
Sy | [ 1) (os 
ee 7 
(os) al) 
( -3}=-4{x-2}{5 2) 
5) A DN 4 


15. x =a(0+ sin 8); y= a(1 — cos 8) 


=> 


=> 


“ = a(1+c0s0);-— = a(sin@) 


Slope of tangent = 


eae 
sinO _ a) =tan{ 
1+cos@ 2 


2cos”? — 
2 


Equation of tangent at (0) is [vy — a(1 — cos 8)] 
= tan (4) [x — a(O + sin 8)] 


_ oO 
sin — 
E = o(2 sn?) = 2 E = o( 04 dain cos | 
2 cos 5 Zz 2 


7 ey O 
=> y cos—-—2asin* —cos— 
2 2 2 


=> 


1. (b) 


2. (b) 


. 6 . 6 . 28 g 
=x sin ——asin—-—2asin* —cos— 
2 2 2 2 


. 8 é n( 5 
x sin —— ycos—=a@sin| — 
2 2 2 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


Area of first square A, = x’ and Area of second A, = y’ = 
(x — x’) 
dA,/dx _2(x—x’)(1-2x) _ 
dA, /dx 2x 


(1 — x) (1 — 2x) = 2x? — 3x 


+] 


Distance covered by them at time ¢ = 3vt and 4vt meters 
respectively. 


Distance (Separation) = «/(3)’ vt? +(4’ v’t?) = x (say) 
x=S5vt 
ad = Svm/min. 
dt 
on x-axis, y= 0 
x+0=x° => cel 
Now, x + y = x* (Given curve) 
In (x+y) =y Inx 
(42) eae rad 
x+y dx} x dx 
to -2- 2 in oo 
xty x dx x+y 
Putting, x = 1 and y=0 
dy 
1=—(0-1 
ea ) 
dy 
—=-] = Slope of normal = 1 
dx 


Equation of normal y = 1 (x- 1) ory-—x+1=0 
orx-y-1=0 


10. 


. (c) 


. (d) 


. (c) 


. (b) 


=> 


- (b) 


=> 


(b) 


Y 


Application or Derivatives| < 4.119 


Le ear (1 1); m=2 

dx 

Equation of tangent at (0, 1) is (v — 1) =2 (x - 0) 
2x-y+1=0 

It intersects x-axis, where y = 0, 1.e., x = —1/2 


(-5.0] is the required Point 


2 
2d dx 
Slope of Normal = at (1,1), m= 1 
x 


Equation of normal at (1, 1) isy-1=1@-1)orx-y 
=0 
—x/a 


ae 2P es eee 
dx a a 


Equation of tangent at (0, b) is y—b= =u or ay + bx 
a 


= ab or pea 
a b 
A eae ee 
dx 
2=x(x- 1) => x’-x-2=0 
(x -—2)(x+ 1)=0 
x=2 orx=-—l atx=2,m=3 and atx=—-l, m=-3, but 


since in first Quadrant 
x=2 andm=3 

dy 
dx 
of acute angle, m > 0 
3x? — 2ax+1>0 
D<0 


ae (-V3,V3) 


Given curve is ax’ + 2hxy + by’ = 1 


= 3x”? -2ax+1 


= 4a’?-12<0 


2ax + 2hy + jg + dby =0 
dx dx 


(2hx + 2by) = —2(ax + hy) 
i 


a = ar) , aS tangent is || to y-axis 
dx (hx+by) 
m= => hx+by=0 
dy ys 
dx 
for equals intercepts, tangent must be of the form 
sale ae (line form) 
a 
Slope of tangent = —1 


= SS Se" => e*= 
x=0 => yoera 1 
P(O, 1) is the required point. 


4.120 > Application or Derivatives | 


2m+x 3; xe(-22,-7) 
list ; xe(-7,0) 
ee x ; xe(0,z) 
2 =X 5. Xe 27) 


1 for xe(-2z,-7z) 
dy |-1 for xe(-2,0) 
dx 1 for xe(0,z) 

—-1 for x€(2,2z) 
At x = —7/4, slope tangent = —1 
i” if x>0 


12. (d) y= 
e if x<0 


Atx=1,y=e"'and 


dy _ —e’ if x>0 
dx e if x<0 


Atx=1,m=-l/e 


Equation of tangent at (1, e') is (y—-l/e) = any —1) 
e 


=> eyv-l=l1-x 
=> Cyrtx = 2 
= None of these 


13. (b) o =2x+2e" 
dx 


Slope of tangent atx =0 is m=2 
= Slope of tangent atx =0 = = 
Equation of normal at (0, 1) is y-—1= =) 
or 2y+x=2 
‘. Distance between (0, 0) and normal at (0, 1) is given by 
As 2(0) +0-2| eee 
V4+1 V5 
Bey 
2 ad 
= Required angle = 45° 


14. (c) u = Slope of tangent at (1, 1/2) ism=1 


15. (b) a =2x;A.T.Q.; 2x =x 
dx 


=> x=Oandy=0 
=> P(0,0) 


16. (a) Given curve is y-— e%+x=0 


= Boo( Bs y|e1=0 
dx dx 


=> ® 11 xe”) = ye” —1 
dx 


dy _ ye” -1 
dx 1-—xe” 
dy 


For vertical tangent — — 
dx 


=> 1-xe’=0 
=> -—=e” (1) 
x 
; | 
From given, equation y-—+x=0 
x 
1 


=) eae ato) 


From (1) and (2); Pe ae 
x 


=> Sag =— , which holds at x = 1 and y = 0 ie., at 
x x 
(1, 0) 
17. (d) bx + ay=ab 
ab bx b 
= Je HS ee 
a a a 
= Slope ea , Slope of curve = a TP o-sla 
a ax a 
Pee => x=Oie., at P(0, d) 
a a 
18. (a) y? = 4ax 
=> ay = 4a 
ax 
dy _2a 
dx y x 
Slope of normal is m, = ee pe, cc ~-: 
2a 2a a 
But /x + my = 1 1s normal 
= Slope baal 
m 
x al’ 
= SSS SSS =. x= 
m a 
m 
2 
=> (SJ em(222) = 
m m 
=> aP+2alm =m 
=> aP+2alm =m 
19. (c),(d) 6y yi. 2ax+3x? 
x 
2 2 
dy _ 2a ae oe ns 
dx 6a 6 
Y= 


Let the tangent be Eevee 
a p 


20. 


21. 


=> Ppx+ay=af => eee 
a 
a 6 
=> he Fei 
36 
=> oF =36 => @g=+6 
> Pp=F 6 
Mise 1 (*. (a, a) lies on care 
a £B a £B 
Case 1: Ifa =6 
= —5 
o- = =| =5a-6a =30 
6 
=> a=-30 


Case 2: Ifa =—6, B =5 


a a 
alee] 
6 5 


(a), (b) “(2) +a(zy dy _ 9 
a 


a 


Case 1: If y = 5, then d__b 
dx a 


Equation of tangent at (a, b) will be y-—b= 226 —a) 
a 


=> ay-—ab=-bx+ab 
=> bx+ay=2ab 


eg 

a b 
Case 2: Ify =—b ee 
dx a 


= Equation of tangent (a, —b) will be y+b= ae —a) 
a 


=> ayt+ab=bx-ab => bx-ay=2ab 


22. (a) 


Yi: 


23. (c) 


“YU UY Y 


24. (a) 


=> 


Application or Derivatives! < 4.121 


(s ee ee ee eee 
Le So ad WD r (Slope of tangent) 


my = an (Slope of normal) 
1 
Equation of tangent: y = —=(x-1 
q gent: y A ) 
J2y+l =x 


gy _ bl Ga) 


dx x°—(x) x 


4-2 
(*) (4-2) -14+y=3 | 
du), 4-2 -2 


y=|4-2|=2 

Equation of tangent at (—2, 2) will be y — 2 =— 3(x + 2) 
y—-2=—-3x-6 

3x+y+4=0 


2 
At then point of contact, a +(4x+cy =1 


2 
“ t16x? +e? +8cr =I 


65x* + 42+ 32cx — 4 =0; D=0 (for equal roots) 
(32c) — 4(4) (c? — 1) 65 =0 


c=+/65 


2 values of c 


D Rees 
du 

y=3 => 2x7+5x-3=0 
¥= 2351/2 

For first quadrant, x > 0 


= > m=24+5=7 
Equation of tangent at +3 | will be y — 3 = 7(x — 1/2) 


y-3=Tx-= => 14x-2y-1=0 


25. (a),(c) Given equation of circle can be written as (x — 3) 
+ (y — 3)? = (3) which has its centre at (3, 3) and radius 3, 
clearly x-axis and 
y-axis are tangents to circle and passing through origin, 
hence having equations x = 0, y= 0 


26. (a) 


=> 


Curve: x3 +y3 = gi? 
gp =() 
3(Vx ) 3(yy? dx 
% 

#2) at (a/8, a/8) => a yi 
dx x dx 

a a 
Equation of tangent at (a@/8, a/8) is ae [x-2) 
yrxas => 4x+4y=a 


4.122 > Application or Derivatives | 


i y Case 2: y=-2 => -84+3uW=- 24 
=> Aik Aik = => 3x? =~-16 which is impossible 
Ae ee 30. (c) Pe y=Hcr 
> —+—=2(A.T.Q.) —2y 
16 16 => 2xy + x*y'= 0 => y'=— 
2 x 
> 42) => a=4asacR 2y 
8 .. Equation of tangent at (x, y) 1s Y-—y=——(X - x) 
% 
, x y 
27. (b) Equat fN l: —+-—=1 
(b) Equation of Norma so 2. yy Py XE 3H ax stp! 
> m= —] => m,=1 oy . 
2 2 3x = 
Now, jy 3x Lae (1) 7 ae Rea 
dx dx 2ay ; i oo 
x 
= = 3/2 > @b=9—3y=— xr y=? 
Also, ay? =x? => Valy| =x e fo ee ae 
+ — x7? a 
Ne? i 31. (¢-) 2 -2 2-0 
x yp dk 
—— ee te Putting in (1), we have, 
q dy 2aly dy -ay 
=> —=--—|— = 
dy _ 3x" du x’ \ 2b du bx 
‘de =< Jax? 
; ay” 
Pe aux 3ux .. Equation oftangent at (x,y) willbe Y-y= goa —x) 
= ees = 
dx Wa 2Ja 3 
4a On x-axis, Y= 0 > -y= a= (X -x) 
=> > —— 9 bx 
28. (c) y=(x-3¥-3 i, HR cee ya rey’ bx’y 
=> y+3=(x-3) —ay° ~ay’ 
‘. Vertex of the parabola = GB, ~3) _ ~xy(ay? + bx?) Xo 2 
Slope of straight line joining vertex and origin Seg ey 
, —ay a 
eer ogee =) Moe 
=> m,=1 and < =2x-6 TEXTUAL EXERCISE—2: (SUBJECTIVE) 
x 
= - 1. Gi ion is y= 4 
= my => —=1 = x=5/2and y=—- iven equation is y ax 
xXx—- 


T: (y - 2at) =- (x - at’) 
; 11 5 

Equation of normal will be yott=[x-Z} or 4x — 4y Sy Sage Dap wae 

_21=0 fee Aiyt=% ae 

N: (y — 2at) = -t(x — at’) 


29. (d) 3y° 2D 6x=122 => ytxt=2at+ at 
dx dx 7 
a4 2 
2. |= = 3x. 
= 6r=(12-3y)2 = G. eal a 
dx ax 4-y 1%] 
For vertical tangent eae ae Let the tangent at P(x,, x,’) intersects the curve again at 
j 0 Olx,, x,') 
SF = ae = dy Se oes 
Case 1: y= 2 AX ix 3) Xq—X 
4 fo] 
=> 84+3x?=24 => x=1t-—— 3 3 
V3 => 3 a a4 Pt, 


4 
=> | +—=,2 | is a required point 
( 3B iia 


3. 


Application or Derivatives! < 4.123 


_-mt 9" _ 5 Sp Os = 
3 dx 2y y  +,/q? -(x?) 
=> x,=-2x,1e., O=(-2x,, — 8x,’) Solving curves together, x* + 2ax — a? =0 
=-qt 
® - 19x 10x! = x=-atv2a 
dx Since both curves are symmetric about x axis, we will 
T: (Y — y) = (12x? — 10x“) (¥ — x), get same angles for both values of x In 1* Quadrant 
Tangent passes through origin —y = (12x? — 10x*) (—x) dy, _ a _ l 
=> 4x) + 2x° =— x(12x? - 102°) aes SE a ULE? 
y2a°(V¥2-1) 2(V¥2-1 
=> x=0,+1 andy=0,2,-2 (v2 ) (V2 
(0, 0), (1, 2), (-1, —2) are the required points dy, =f. Na — 2-1 
(a) o_(o/ #\-— sint dx Ja2-na? V2 
dx \dt/ dt) sint+tcost 
: 1 vv2-1 
T: (vy — a(1 — cost)) fees (x — at sin f) 4 f2(al2 —T) V2 
sint+tcost 8 = tan |—-—_—_——— 
=> y(sint + t cost) — x sint = — at sin’t + a sint — at cos*t + 1+ l sect V2-1 
at cost — a cost sint Il ~1 af 
=> y(sint+¢cost) — x sint=(1 — cos?) (a sint+ at cost) — at i 
_,| 2 | 14+v2-1 : Z 
N: (y — a(1 — cos?)) = OEE EOS a 2a sint) = tan” |—=| —==— || = tan" | ——— 
sint V2 fd —] aD: —| 
int — a SI int int t) — at sin’t 
=> ysint—a sint + a cost sint + x (sint + ¢ cost) — at sin fi Beeb) bethepoutor mtersection 


— af cost sint = 0 


3 
=> ysint+.x (sint + ¢ cost) =a sint + at sin’t + (a+ at’) sint Be 
cos' ay? B =16 = jee Ae 
dy  bse’?@  »b dx dx 3y 3p 
(b) aa ; bey one 
x asec iis a For 1, 4 YY ~0 
T: (vy — 6 tan8)=— cosec@ (x — a sec®) or ay sin® — bx . 4 
in? O— , 4Af-x\ —-4a 
= ab tanO sin@ — ab secO agen g=) or ay sin9 — =f = y -+{=) mre: 
cosé y\a a’ B 
bx + ab cos0 = 0 "Curves intersects at right angle 
N: b(y — 6 tanO) = — a sinO (x — a sec®) => m,m,=-1 
= by+ax sin@ = b’ tanO + a’ tand 64 64 
> by +axsinO = (a? +B) tand See = —~"_-1 
3a° B° 3a’ (16a) 
‘2 
(c) dy _ 3s1n Zoe Sey: Ls Yh Aps 
dx -—3cos’ @sin8 
TEXTUAL EXERCISE-2 (OBJECTIVE 
T: (vy -— a sin’@) =- sus (x — a cos*0) or y cos0 + x : (0 
COs 
. s 1. (c) x=a(8 — sin 9); a(1 + cos 9) 
sinO = a(sin® cos@) or + =a 
( ) sinO cos@ & ~ a(1-cos6);™ = a(-sind) 
dé dx 
at cos@ : 
N: (vy — a sin?30) =—— (x — a cos?0) dy a(0-sin@) (-sin@) 
sin@ ca Ne 
| dx a(l-cos@) (1-cos@) 
y sin@ — x cos@ = a sin*O — a cos*0 
y sinO — x cos@ = a(sin’@ — cos’0) (+) 0 
> | = = 0 
oy 2 =24 dx 6(2k+1)" [> (- 1) 
dx = Tangent at x =(2k+ 1)n; k € Z is parallel to x-axis. 
dy la _a_ +9 
i 2y a y mit pyr 2. (a) ay’ =x has its parametric equations x = af’, y = af 
dy dx dy ; 
2y—=-2 => — =2at, —=3at 
. dt dt 


4.124 > Application or Derivatives | 


Y YY 


y 


) YU VN 


dy ald _3t 
dx dx/dt 2 
Equation of tangent to curve at R(a?’, af’) is (y — at’) 


3t 
= — (x-af 
a ) 


2y — 2at? = 3t x -3at > 22y=3n-ae 
It meets again the curve where x° = ay” 

Ay = 3x -aty 

=> 4ay =a(3tx-aty 

4e=a (9? x +a’  — bat x) 

43 -—9at x°+ 6a tOx-a tf =0 

x =a? sawflies it 


A Of 6a —a?’ 


? dat” =Sa't* a’f* 
a 
4 -Sat’? at* 0 
4x’? -—S5aPx+at=0 
4x’? -Aatx-—a?x+at=0 
4x (x — at’) — at’ (x — at’) =0 
2 
x =a orx= 
: at’ 3tx at? 
The other point will be x = —, y =——-—-—_ 
4 2 2 
58 aE) ESE ae 
2\ 4 2 8 2 


3. (d) x=e'cost,y= e'sint 


=> 


5. (a) 


dx : d : 
Fe a ee Oe ane - =e'cost+e'sint 
t t 


dy _cost+sint 
dx  cost—sint 


),-4. 


dx },_ 0” 


ae ’ 
Tangent subtends an angle 3 with x-axis. 


a 2t—1, DF 2t 

dx dx 

dy _ 2t-l 

dx 2t 

Tangent is Lr to x-axis 

oO 2 00 => t=0 
dx 


Parametric equations of given curve are x = a cos? 0, y 
=a sin? 0 
dy _ 3asin’@.cosO _ 


=—tand 
dx —3acos’ @sin@ 


=> 


=> 
=> 


=> 


Equation of tangent to curve is (y — a sin°@) = — tan 
6(x — a cos? 8) 
+3 


zs ae ee 
tan 


y-intercept = a sin’ 8 + a tan 6 cos’ 6 =k (say) 

h? + k = a’ [(sin? 8 cos 8 + cos?6) + (sin? 6 + sin 8. 
cos’ 8)? | 

= a’ [cos’ 0 (sin? 8 + cos”0)’ + sin’ 9 (sin? 6 + cos’@)*] 


a 


x-intercept = 


6. (a), (d) ma =| al) 


x=4t,y =4/t;t e R—- {0} 


= 


— 


dt dt t dx t 
| baa 4\ -1 
Equation of tangent at‘t’ is sae == (x-41) 


yt —4t=-x+ 4t => xt+yf=8t 
Ee. =1 => ab>0 
7. (d) Given curve is ay’ = x° 
d 
2ay = = 3x’ 
Slope of normal = = 


=> 


= 
=> 


For normal to cut equal intercepts, slope of normal = +1 


oe =+] => ay =—3x’ and 2ay = 3x’ 
% 

4a’ y* = 9x* => 4a(x*) = 9x* 

x3(9x — 4a) =0 => x=0orx=4a/9 


8. (a) 3xy’°-2x* y=1 


=> 


=> 


W YU 


3x (2y) Dat 299 Day =0 
dx dx 


(6xy — 2x’) vias A4xy — 3y° 
dx 
dy Axy -—3y° 
dx 6xy—2x’ 
Slope of tangent at (1, 1) = , 
Equation of tangent to curve at (1, 1) is (VV — 1) = ; 
ea 4.4 
= —x+— , It meets the curve’ where 
4 4 
2 
30223) —2x° (232) -1 1.e., 3x (x? + 6x + 9) — 8x’ 
4 4 
(x + 3) = 16 


3x> + 18x? + 27x — 8x? — 24x? = 16 
5x? + 6x* + 27x + 16=0 
(x -—1) @-1) 6x + 16)=0 


16 
x=lorx= —— 
5 


10. 


> 


Y 


Y 


—16 


The tangent would meet the curve again at x = ,y 
_ -l 

20 

y=x > y= 43 

~>0 > x20 

Let p(t, &) be any point on the curve y* = x° ...(i) 


Slope of tangent at p = - pi? 


Equation of tangent to curve at P is (y — #”) = 


=" (x-2) 


y= St(x-1) 40 


y= PMP 2? Rol 
2 2 
3 1/2 1 3/2 
= =/?x-=1 
—_ 2 


ve = vi (3x1) (ii) 


At the point of intersection of (i) and (11), we get ; (3x 
~fP=x3 

(9x? + f — 6xt) = 4x 

4x? — 90? + 6f x — P=0 

Clearly (x — #)’ is its factor as line (ii) is tangent to curve 
at (¢, 0°) 

(x — t) (4x —t) =0 

The tangent will again intersect the curve at QO 


Peery tp? 
=| — or | —,-— 
t\4 4 8 


From (11), put x = 1/4 


1 
$32 


tana = 6?2/t= Vt and tan B = 2. 


(c) y= -- x will intersect the curve 3x? + 4xy + 5y-4= 


0, where 3x? — 6x? + 2, —4=0 
2 
LL ee Tae 
4 33 


—> 


Application or Derivatives! < 4.125 


Next, y = ee will intersection curve where 
5 


3x° ~5x +x -4=0 


qi Pigs i ehe4 
5 5 
x= 2 ea 
1] 
y= Ze 2|> i.e., at af and 
5 11 11°55 


(figs) ee) (a 


Slope of tangent to curve is given by 6x + 4x < 
x 


+ 4y 
dy 
+ 10y —=0 
4 dx 


ay (4x + 10y) = — (6x + 4y) 
dx 


Tangent at P and Q and perpendicular to each other 


11. (a) x=a(2+ cos 9), y=asin@ 


YW UU 


dy __acos0 
dx a(—sin@) 
Equation of normal to the curve is (y — a sin 8) = tan 0 
[x a (2+ cos 8)] 
y—asin 0 =x tan 9 — 2a tan 8 —a sin 0 
y=xtan@-—2atan0 
y = (x — 2a) tan 0, which always passes through the 
point (2a, 0) 


=—cotd 


12. (b) x=37 + 1ly=f-t+1 


=— 


O64, = 24-1 
dt dt 
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13. 


14. 


(a), 


YVYUUGY 


dx 61 
dy 2t-l 
dx 
Normal is parallel to x-axis for =0 
Dy 
t=0 
(c)x=f-6P + 94,y=P 
Tangent is Lr to x-axis 
dx 30° -12¢ +9 
= > —— =0 
dy Zt 
—4t+3=0 => (t-1)(¢-3)=0 
t=lort=3 


Given curve is y* = x (2 —x)’ 


dy 
2 
oie 


(#) _(-2)+@__-1 
Bhi. “2 2 


Equation of tangent at (1, 1) will be 2(y— 1) = (1) @- 1) 
x+2y=3 

It again in intersects the curve, where (3 — x)’ 
9+ x — 6x =4x (4+ x — 4x) 

9+ x? — 6x = 16x + 4x3 — 16x’ 

4x? — 17x? + 22x-9=0 


= x(2) (2—-x)C 1)+Q-xy 


= 4x (2—x/y 


x=1, 1, 9/4 as 
The co-ordinates of P will be (7.23 


15. (a) x= avcos20.cos 6; 


y= avcos26.sin 8; 
= = avcos26(—sin@)+acos6. 


(—2sin 26) 


1 
2Vcos 
_ ~asin@cos26— acosOsin26 


7 Vcos 20 


_ ~a[sin(9+26)] + 26) | _ -asin36 - 
Vcos20 Vcos20 
1 
cos 208 (cos@)+asin 8@.—m——(-2sin 20 
a( ) 2V cos ( ) 
= ee end asain 
cos 20 
_ _ al cos(20+8) | 20 + A) | _ acos30 
Vcos20 vcos20 20 


Cd = Gide =-cot30 
dx dx/d@ 


Equation of tangent to curve at point (0 = m/ 6) will be 


oa) 
ene =>y= 


a. ; 
1.e., parallel to x-axis 


3 
20: 


16. (a) Let A (a, a*) be point A. 


17. 


=> 
=> 


“UY 


Equation of tangent at A will be (y — a°) = 3a’ (x — a) It 
meets the curve again. 

@t+3a(x-a)=x D> @&@+3a’x-30 =x 

3a x—- 2a =x 

(x — a) must be its factor 


The other factor is x + 2a = 0 
=—2a > y=-8a 
B = (2a, -8a°) 


Grandant at B = 3(—2a)? = 12a’ 
A.T.Q; 12a? = k(3a’) > k=4 


(d) x = sec? ae 


WY YUYY 


— 2 — 
Peo 
é 2sec’ tant 2 


Equation of tangent to curve at P(2, 1) is (vy — 1) = 


Bes 
xt2y=4 


; 1 
It again meets the curve x = 1+—> 


4—-a=14t => 47-2yp=y+1 
y 
2y>-3y+1=0 
Clearly y = 1 satisfies it, 
2yv—y—1=0 => 2y—-2yt+y—-1=0 
2v(y—1)+1@-1)=0 
y=lory=-l/2 . x=14+4=5,y=-1/2 
9=(5-5] = Po|= o+2=25 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


_— 2 _— 

($41) <2yaa{) ea! 
AX J) AX Joy 6 2 
Bees DAM 2 Ns op Ot 2 |) ae 
1-1/2x2 0} 2 


Curves are symmetric about axis, so will make same angle 
at all 4 points of intersection 


in SBR 4. aX 
vM= 2 i 
ay y 
bx x 
2 
6 =tan'|"* _* 
Le 
Also Se xa 
> b’ ab ab y »b 
fa 
@=tan|2 Vb Vb b Nb\_, 0-4 
2 
in? 2 ab 
ab 


3. y=  |sin | + lcos x|] = 


Sas aa 
Nie ak te Ge 


=> m=O in 1* quadrant. 

At the point of intersection in first quadrant x?+ 1 =5 
=> x =4;x=2; (2, 1) and 2x + 2yy"=0 

=> y=-x/y=-2 
—2+0 


6 =tan™ = tan 2 


Since both functions are symmetric about x and y axis, 
so angle would be same for other quadrants. 


S._ (= 2y') Sa —(6xy) Wy Wry 


dx -6xy |} dx 3x -3y?? de dx 
=> G42 


. The line AA'joining A(2, —1) and A’ 2, 1) is normal to 
circle and cuts it at O (#0) 


Minimum value of [(x + 2)? + (vy — 1)7]!* = (QA’') and 
maximum value of [(x + 2)? + (y— 1)?]!? = (A'P) 


Equation of AA ‘is y = -=3 
= Coordinates of QO and P are given by (x — 2)? + 
2 
[-F+1) =4 
2 
2 1 = 
=> x°+4-4x+ 4 x+1-x=4 


= 2x? -5x41=0 => 5x-20x+4=0 


_ 20+400-80 _ 85 4 
> y= SN fs x= 24 =24-, 
10 10 5 
2 4 2 
> y=-1¢+>P=|2+—~,-1-— | and 
aes 5 ( V5 A) 


=> Minimum value of [(x + 2)? + (y— 1) ]!? =(QA’) 


(a) C3) 


Application or Derivatives! < 4.127 


-[a(S-2)) -|2o{ 5-208 i 


Maximum value of [(x + 2)? + (y—1) ]!”?=A’'P 


[esa] 


= oseateey | = 25 (1+ 4z]=2v54+2 


6. Clearly, for shortest distance point P tangent must be parallel 


to line y=x—-—4Le., having slope 1. 


Equation of tangent to x? = 4y of slope 1 is x = a zs 
m 
am or x = +lory=x-1 


Put y=x-1 inx’*=4y 
> x =4(-1) => x-4x+4=0 
> (x-2y=0 > x=2,y=1 
. P=(2,1) 


7. Equation of tangent to circle x? + y’ = 1 with slope m is y = 


mx + Vm’ +1 ....(1) 


¥. 
A xy= 
\63) 
—EeE }-—__— —» xX 


Also slope of tangent C,: x? += 1 


= ty =0 
dx 


ty SOY 
dx y 

= Slope of normal at Q (cos 9, sin 6) = tan @ 
Cy: xy =9 

> Pde => yy 
dx dx x 


= Slope of Normal at 3.2] = Lae 
t 3/t 


tind 
3t—cos@ 
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2 
=> SD.=PQ= (3t-cos0) +{3-sina) 


“UUY 


> 


= (3t—cos6)" + (3t cos) t’ = (t—cos 0) v1+z2" 


= (3t— cos 8). sec 8 = 3t sec 8 — 1 | 
=Also equation of normal to xy = 9 at P is 


[y-3) = (x39 ory=fxt (3-30 
It paries through h Q (cos 8, sin 8) 


sin 6 = tan 0. cos 6 + = 34 


= 3° =0 —— ee eee | 
tan 86 = 1 => sec 9 = /2 


S.D = 3t sec 8 — 1 =(3V2-1) units 


x? y 
Equation of hyperbola is —-—-—— =1 el 

q yp TET: (1) 
Let P be the point of (1) atleast distance from 3x + 2y + 
1=0 


3x4+2y+1=0 


Slope of tangent at p = = 


Its equation will be y = =x + 24(2- 18 ory= = 


x+6 


Substituting in (i), we get 3x*— 4 2 x’ +36-1 sr =/2 


or 3x7 -— 4 [F.° +364+18x)=72 


3x? — 9x? — 144 + 72 x = 72 or 3x’?- 9x* — 144 — 72x = 
d2 

6x? — 72x + 216 = 0 or 6x* + 72x + 216=0 

(x — 6) or (x + 6 = 0 

x= 6or-6 => y=-3o0r3 

Required points are (6, —3) or (—6, 3) 


7 | 3(6) + 2(-3) +1| 
For P = (6, —3); PM = 7 = v13 
on ier 
pbeeedy ee ls i 
13 V¥13 13 


Clearly vi < V13 


(—6, 3) is the required point 


l 
1. (c) y, = 2x, y, = —— x? 


— 


Y Ys: 


3. (a) 


=> 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


2 
—1 
At (1, 1), y, = yy a 
—] 
tan 0, = 2, tan 0, = 7 
Angle between tangents = tan ' _tan@, — tan 6, 
1+ tan @,.tan 0, 


2+ 
= tan”! see 
142(3}| Y 
2 


. (b) y=k 4) 


Y _ pee 
dx 


Curve (i) intersects y-axis at (0, k) 
Slope of tangent to curve at (0, 4) =F 
tana =k? 
; 14 a -1 42 
Angle subtendent with y-axis = a = a tan” k* = 


cot! k? 


Given curves are 
x — 3x’ +2=0 ...(i) 
and 3x° y—-y =2 .. (il) 


3x* — 3x [2y)-3y =0 
dx 


x? — 2xy 2 


—-y=0 
x 


dy _ x? -y 
dx  2xy 


.. (iii) 
and 3x? ®Y 1 3y(0x)=37) = 0 
dx dx 


A een, See enw ...(1V) 


2 
Vi Vo- = Ze (|) =— ] at the point of inter- 


section 


. (b+) YH tx? 


2y uae 3x? + 2x 
dx 


dy 3x°+2x_ 3x*+2x 
de dy a 42 
(*) 7 3x +2) = 

AX )igg, *>° 2Vx+1 
At origin there will be two tangents at angle 7 and 
32 ; 
a 


5. (c) xy=a@’ andx*+y = 2b’ 
_ 
oe > and Sy ie ae 
dx x dx 


-a x 
=e Vg arn oe 


a’ 
—> y, J, ns 


a 
=> Mista on Xs 
=> tanOd=1 => 0=n7/4 


6. (b) Given curves are 
x? + pxy* =—2 
and 3x* y-y? =2 
=. BX py [aya py =0 
dx 
_ dy _-(3x’-py’) 
dx 2 pxy 


and 3x? 65.3) 3 
dx dx 


=> J, 


2 dx By? —3x? (5? -x?) 


For orthoginality, y,, y, =— 1 


Ya 
At (1, 1-9, y, =o! 1 
= Angle of intersection = 


8. (a) C,: y=x°—-S5x+6 


=> ® 94-5 
dx 
>.9 —26-S.ad C2 ya xe | 
=> een ee => Y= 2x F 1 
dx 


Common Tangent 


at the point of intersection, 


xy = a’ at the point of intersection) 


.. iii) 


.. ii) 


(ii) 


10. 


Application or Derivatives | 


< 4.129 


Yr. 7 Vy 


Slope of common tangent = 2x, — 5 = 2x, + 1 = -=—— 


=> 2 =e 


xX, —%, 
= Kh 
+5 
and (x, + x,) + (e455) Say 41 
= Sh Bh hy Su = Ox, 3 
=> AX Fe = 2 
=> 26 el 


Solving (ili) and (iv), we get x, = — 2/3, x, = 


Ce: -x7)+(x, +5x,) 


X,— X 


...(1v) 
7/3 


Slope of common tangent = 2x, + 1 =2 (=) +]= > 


- (aja rt+by=l 


anda,x*+b,y=1 


From (i), a,(3x?) + b, ay" 4 =(0 
Kc 


ie dy _ —3a,x° _ —a,x’ 
' dx 3by’ by’ 


From (ii), a, (3x7) + b, c y 4 =0 
a 


a dy _ —a,x° 


. dx by’ 


For orthogonality of curves at (A, k) 


— -ah’ -a,h’ 
Matas an pee = 
1 2 


4 
aa, h 


bb, ki 


.. iii) 


Also at point of intersection (h, k), a, h? +b, =a, 


De 1 
=> (a,-a)h=(6,-b) Fk 


h’ | (b, -b,) } 


ie (a, —a,) 


k‘ 


...(1v) 


From (iii) and (iv), a, a, (b, — 6, )* + (a, —a,)*” b, b, = 0 


2 2 2 
(c) HJ and +2 =1 cut each other orthogonal- 
a 4 Oy 5 
ity, 
<P A andy, Ba 
dx ka dx k a, 
h> bb ; 
> y= a= Hl ...(i) 
k* aa, 
rk Wh Fk 
At point of intersection (A, 4), —+—-=—-+—=1 
a, 1 


2 


Gi) 
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From (i) and (ii), we get y, y, = (-5)) __, 
(a, -4,) 
=> be =). = 4.4, => a, +b,=a,t+b, 
2 
x oy 2x 2ydy 
ll. (b) —+—=1 —+—— =0 
) a bh a b dx 
dy _-x bY 
dx ya 


(y,) (a, 0) =e and (,) (0, b) = 0 
= Angle between the tangents is ; 


Y COS X 


dx 
=> 


12. (b) y=sinx > 


» 
Xx 


And y = cos x =—sinx 
At the point of intersection sin x = cos x 


a 
=> tanx=1 > x=nntt+ Pious 


~ 1 onl pgj-—by et 
=> Y= 2’? a or (y,) yn”? 2 


1 
— + — — 
= Angle between tangent = tan” v2 V2 ap 
Ce 
2 
= tan ' (2V2) 
13. (a), (@)y=a' 
=> y =atna 
dx 
Andy =e: ee ee 
dx 


At point of intersection a* = e’ =x =0 
> y, =fna,y,=1 
fna-1 


Angle between the curves = tan ' 
1+ na 


14. (d) C,:y = 8x; C,: x= 1 


oA 2 2 
Tangent to C, is given by y= mx + — 
m 


If it is tangent to xy = —1, then x [m+] =—l 
m 
have equal roots 


=> mx*+2x+m=0 has Disc. = 0 
=> 4-4n3=0 > m=l 


i) 
Gi) 


i) 
...Gi) 


=| 


15. 


16. 


17. 


=> m=1 
= Equation of common tangent is y=x +2 


(b) Equation of given circle is x? + y* + 2x — i y-= = 


having its centre at (1 


Point on line y = 2x + 11 nearest to circle 16x* + 16y’ + 


32x — 8y — 50 = 0 1s foot of Lr from o{-14) to line 


1 1 
ae S|) 2) Sell 
y=2x+ lie, xt "4 a (cau ta “4 
2 4+(l) 


1 
x+1 %°4 -35 -7 
SS aS 
2 -1 46) 4 
7 7 1 
=> x= ——-ly=-+-— 
Z 4 4 


1 
(a), (d) Parametric equation of parabola is x = t, y= mi 


2y=x- 


8 


we 
4aio, 3) 
. l 
= Slope of normal at rf = (7 
t? : 
—-—3 -] 
=> 2 ———— 
t—0 t 
2 
S734 
2 
> P=4 —> t=42 
'. P=(, 2) or (2, 2) 
xy 2x 2y dy 
b) C.: —-=+=-1 a ae Eee 
(b) C, 2 BR eae 
2 
2 y-Gae5 () 
dx ya ‘ 
CL: xy=¢? = x4 y=0 
4 dx 
=> y=2-> (ii) 


For (1) and (11) to be orthogonal at point of intersection 
ha -k 


(h, k) ,¥, -¥, = rea —1 
> bP=-a@ > vw=bh=0 
18. (a) |€nx | =px ...(i) 
Let f(x) = |fn x] = on a ee and g(x) = px 
—£nx;x € (0,1) 


Graphically shown below: 


f- 4 


Clearly for three distinct roots of (1); x > 1 Le., 

fn x =px;x>1 .. (1) 
Let P(h, k) be they point tangent of two curves. 
P=(h,k =(h, €nh) = (h, ph) 


_, fh 
j P 
But At the point of tangency, 1 pif _t 
h h h 
=> fnh=1 > h=e 

1 
pS 
e 


| 
=> y= -—x is tangent to y= nx; (x > 1) 
e 
= For 3 distinct points of intersection p € (0.2) 
e 


19. (b) Let f(x) =x’ and g(x) = e"!-? 


»X 


Let h(x) = f(x) - g(x) 

Clearly, h(0) = ae <0 
e 

h(2) =3>0 

h(6) = 36-e& <0 


= By intermediate theorem there is a root € (0, 2) and 
other (2, 6) 
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TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Length of sub tangent is given by ys and that of sub 
y 


normal by ed 
dx 


Here y = x In(kx) .. (1) 


yy = ey + In(kx) = 1+ In(kx) 
dx kx 


Length of sub-normal 
= y B= y(1+inks)=»[1+2]-200+y) 64 
dx My ae 


Also if fourth proportion of x, y and (x + y) is t, then 
x x+y 
y t 


=> t=2(x+y) ..3) 
Xx 


From (2) and (3), the result follows. 


2. Given curve is x.y? = c**? 
> bx yy +ax!y =0 


Length of sub tangent = yo = »{ =] = 2 
dy a 


= Length of sub tangent 0 (x) 


3. Given curve isy=e"* => dy _i ela 
dx a 
dx da a 
= Length of sub tangent = y—=y.—_=y.— =a 
dy e y 
4. av =(x+ bp 
=> dayy'=3(x + by 
=> y's (x by (1) 
2ay 


Length of sub normal 


2/3 


= yy=l]= (x45) = 2G) and length of sub 
2a 2a 


2 2 
tangent =7 =], oe 
y' 3(x+b)° 3(ay’) 


3 ; Iq)? , 
L, a 9q"3 res & oO . 
= 2 _ Aq?” Aq? Iq)? 
cae eae a 
8 
? =—al 
2 97 1 
=> Lol, 
5, YSa'x ae 


= ny" y'= qn 
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= Length of sub-normal =~ and 


n-l 
n nn, 
=| > |- Ed 
y a’-l)} a 


=> Length of sub tangent = nx E =a = | 
a 


6. Given curve is y*x? = a’(x’ — a’) 


=> y (2x) + x(2yy’) = a?(2x) 
=> 2x*yy'=2a’x — 2xy* 


ee 
ay 


yy : 


— Length of sub-normal = 


= Length of sub-normal oS 
x 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


. (d) Given curve is y* = 4ax 
=> 2yy'=4a 

=> yy'=2a 

= Length of sub-normal = 2a 
. (b) Given, that yy'=~ 


— a ; 
Length if tangent = y i+(4] =yvl+l= V2y 
8 4 


. (a) Given curve is x’ + y* = 4 which is a circle with centre 
at (0, 0) and radius 2. 


—2x 


OL = length of sub-normal = y.y'= =a =—-x 
At P(1,V3)=|-1|=1 and LT = sub-tangent 
— Ea = y° — 3 
y'| |-x 
OT=1+3=4 


Area of A OPT = = (403 )= 2/3 sq. units 


. (c) Given curve is xy” =a"*'! 


=> xny"'y'+y"=0 


=> a = 
NXy 
2 2 ..n 
jf Ses ey, 
as = nx na” 
t —1 (n+2) 
=e ay a y 


= Length of sub-normal is constant for n = —2 


. (d) Given curve is y" —qi™ xr! 


=> ny" !.y'=a'"(n-—- 1). x"? 


2 a" (n-1).x"? 


= i n-1 
ny 
n-2 
, (n-Nal™ x"? (n-Da'"( x 
n y n y 


= Length of sub-normal will be constant for n = 2 and will 


be given by = 
2a 


. (d) x=a(t+sint),y=a(l —-cos?) 


Length normal at (x, y) is given by = a (1- cos 2) 


‘ 2 
sint 1+1+2cost 
+| ——— | =a(l-cost) ;————- 
1+cost (1+ cost) 


a(1—cost)(/2 2sin*t/2 
( \ } _a(2sin’t/2) 9 as t/2 sec /2 
1+cost cos t/2 


=2 asin ¢t/2 tan t/2 


SECTION—III (ONLY ONE CORRECT ANSWER) 


1. (d) y=sinx+ ssin2x+—sin 4x 


cos x + cos 2x + cos 4x = 0 


28, SOs 
d 


x 


=> cosx+2 cos 3x cos x =0 
= cosx (1 +2 cos 3x)=0 


= cosx=0Oorcos 3x = -. 


In x € (0, x), cos x = 0 at x = 2/2 


neo aca = aeavan= Sans 
2 3 3 3 
22 42 82. 
> x= —,—,— 1.e., 4 points 
9 9 9 


- (d) f@)=x-xt+1 


=> f(x) =2x-landf @) =x -x?-2x4 1 

=> J, @) = 3 S25 =2 

“ fC h,) =2h,—land f'(h,) = 3h, — 2h, -2 
For parallel tangents, 2h, — 1 = 3h,’ — 2h, — 2 for some 
hh 

=> 2h, =3h/-2h,-1 


=> 3h?,-2h,— (2h, +1)=0 


ie 2+,/44+12(2h, +1) 


=> A, 6 
2+,/24h, +16 
aa aan al 


= h,is real for h, 2 - 
5 2+.,/24h +16 
= (h,, h,), where h, = and h, = 2 74h +16 


=> Three will be infinitely many parallel tangents. 


sin x” 


- (a) fx) = 


3x #0, (0) =0 


: 2 
= iim2 ln ee FH 


hoo ff hoo fy? 


Fess in( SOLO) 


= Equation of normal to curve at origin is (y — 0) =-l(@« 


Slope tangent at P—1, 0) = 1-3 C1) =-2 
Equation of tangent to curve at P (-1, 0) is (vy — 0) = 
(— 2) «+ 1) 
> y=-2x-2 
Comparing with y= mx +b 
=> m=-2,b=-2 
Let (vy — 0) = m'(x + 1) be the line though (—1, 0) and 
touching the curve at O(a, c) 
y =m'(x + 1) 1s tangent to curve at Q(a, c) 
m'= 1 — 3a’ 
y=(1-3a’)@ +1) 
At the point of intersection O(a, c) 
x —x° = (1- 3a’) x + 1) has roots a, a, — 1 
=> x -3a’x+(1 —-3a’)=0 has roots a, a, — 1 


UE 


=> Sum of roots = 2a 1 = 7-9 
= -@= 1/2, 

At Q,y=x-x 

_ ;_ 1 1_3 
> c=a-@= —--=- 

2 8 8 
a= bie ia 
2 8 


5. (b) x= —4° —34, y=2P + 3t-5 


dy _dyldt  At+3 
dx dx/dt 3t’-8t 
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For Horizontal tangents, _ = 0 
Xx 


= t=-3/4 and for vertical tangents, =0 
dy/dx 


=> t=O0ort=8/3 
=> H=l1andV=2 


. (c) y=(2 sin’? x +3 cos? x)! 


=> ° = (2 sin? x + 3 cos’x ) * x[4 sin x cos x — 6 cos x 
Xx 


; sin 2x 
sin x] = 


(2sin’ x+3cos” x) 
dy 
For horizontal tangent, ee = (0) 
Xx 


=> sin2x=0 => 2x=nt 


nn 
= ae on 


y[atx= 2) = for x = ae n = odd and ae = 
2 2 2 3 


nit 
— ,n=even 
° d 
. (c) Length of subtangent is given by y 
y 
MiGs 5. Go aes 
dy dy 
=> dx _ dy er f dx = 2 
a-x y a-x y 
=> —n|a—x|=fny+ nk 
=> fnkyla-x|=0 = => kyla-ax|=1 
As it passes through (2a, a) 
=> kala—2a\=1 oe eee 
a|a| 


yla—x|=1lory (a—-xy=a* 


| 
Equation of curve 1s 
a 


a| 


=> y(a-—x)=+ a’ as it passes through (2a, a) 
=> y(a—-x)=-a 
> y-a=a 


. (b) y= 101-(J-x) 


For domain, 101 — (Vx) =0 


11> (Vox) ;-x>0 


=> 

=> 101>Cxy;x<0 

=> x<101;x<0 

> xe | -vi01,0] and y= V101—x? 
d 1 

> ae Moe 

a a 


ae rs ae “ 
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At the point of intersection of curves, ¥101-—x”? = 1+ cos? @+2cos@+sin’ 0 
log,, (>) = a(1 — cos 8) (1+ cos 0) 

=> 101—x’=log’,,(x«) > x=-10 ( | 29/2) 
Point of int f is (-10, 1 l—cos@ a(2sin 

=> : of intersection of curves is (—10, 1) = a(1-cos@) 2(1+c0s0) = iasi5 

= (+) -10 (1+ cos) (2cos 9/2) 

dx (-10,1) - G 
Equation of tangent at (—10, 1) is (v— 1) = 10 (x + 10) _ 2asin’ Ol2 _ Dy av? 
Le., y= 10x + 101 cos 0/2 1/2 
9. (d) Givencurveisy=x>+x+16  Laeeeeee. (1) | 13. (b) Given rivers beds are y = x* and y=x—2 

dy _ 5 Y 

gee + 


Let £ be given by y = mx and tangent to curve at P(h, k) 


Let OP be the shortest canal 


= m=3i +15 => 3h’ +h=k = QP is common normal. 
> 3+h=h+h+16> 2W=16 eee ree 
=> h=2 Z 2 
= Slope of tangent line # = 3(h)? + 1 = 13 = o=( i) 
2°4 
dy 


Also P is foot of Lr from Q on y= x -2 
= co-ordinates of pare given by 


10. (b) Length of subnormal = y rs 
x 


=> ATQ,y a a, 


dx l i 2 I hs 
=> ydy=xdx ah, A NO 
as 1-1) ay +c’ 
=> Saee aae ory =x? + 2k (1) (1) 
2 2 11 —5 
> x=—,y=— 
fl) =3 => 9=1+2k 8 8 
= he 14. db vartr > oy = 3x? + 2x 
'. Equation of curve is y = x’?+ 8 dx 
=> f(4)= +V24=+42V6 but fix) >0VxER dy 3x?+2x  3x°+2x 
> —=——__ Fr 
11. (b) Subtangent = subnormal => im =i oeeZ = 
dx dy dy x0 dx} x9 2J/x41 
neater yar al —=+ 
ee dy ~ dx = dx = = The curve bisects the angle between the axes. 
2 15. (b) x+y—€n (x+y) =2x-5 
dx 
= Length of tangent = y i &) =yJ2= V2 (ordi- dy 1 ( 4 5 
ly a. ae 
nate) dx (x+y)\ dx 
12. (b) x =a(0 + sin 8), y = a(1 — cos 8) an dy = 1 ie: 1 
dy 2 dx x+y x+y 
Length of normal = y,/1+ 7s 1 ; Z \ 
ie a tye se (+) -af* 
= a(1 —cos 8) ,/l+ sind _) a is a 
1+cos@ => at+tB-1=0 = Oa pS 


16. (c) y=-x+ F is tangent to y = —x? — x’ at (h, -h’ — 


17. 


18. 


19. 


=> 
=> 
— 


=> 


h’) 
—] =-3h? —2h => 3h+2h-1=0 

3h? + 3h-h-1=0 => (GhA-1)(h+1)=0 

h= 1/3 orh=-1 

y =-x + Fk can be tangent to curve at (— 1, 0) or at 


k* = —1 is impossible and k* = 5/27 


5 
=+ —_ 
3/3 


=> Two values of k are possible 


(b) y = (a/2) = (e*"* +e°*") 


=> 


y 


2 
Length of normal = (£) = y,{1+ (+) 
V x 


Let y= G.M of € and k 


=> 
=> pee, 
(e"" +e"") (ec +e**) 
_ ax 
(b) y= = 
, &_,[O-9O-10]_[b+1-x 
a (b —x) (b -x) 
= Slope at (1, = 7 my =2 (given) 
Also (1, 1) lies on y = 
- x 
ol er => a=(b-1) 
ak ls) ey ee oe 
(b-1) (b-1) 
=> b=2 
(a) fix) = _(I-2?)-+(-2) 
(1-x’) 
l+x 
=> f@)-= 
; (1-x?) 
f(%) = tan= => lta" 4 


4 (1-x*) 


20. 


yy 


y 


(c) y= 


— 


Application or Derivatives! < 4.135 


x* — 3x? =0 
x=Oorx= +/3 


The required points are (0,0), MG : . af 3 4 
V7—x° 


At the point of intersection (x* — 1)? = 7 — x’ 
xi—x?-6=0 

(x? — 3) @? + 2)=0 

D +/3 


Point of intersection is (V3 ,2)and(-V3 2) 


> (?-3)=0 


Ix? — 1] and y= 


Now y= |x*- 1| 
y = (x’ — 1) at the point of intersection 
dy _ 


—— = y = 2x 
dx “ 


y= 2/3 at (V3.2) and y, = ~2./3 at (-V3,2] 
V7—x? 


Also, y = 


Tae 
a md at (V3, 2) and y, = “ at (- V3,2) 


Acute angle between ” curves at 


And at (-V3,2) = tan” a 


54/3 


tan g- == 


21. (a) Sc y= . At the point of intersection, on y-axis P(O, 2) 


dy 


Also — = 4e”* 
ax 


2), 
dx (0,2) 


Curve intersects y-axis at P(O, 2) where the tangent has 
slope 9 = tan ! (4) 


=> @=tan'4 


> 


4.136 > Application or Derivatives | 


> o= 4% _g.#-—tan' (4) =cot' (4) 
5 
= S, is false (F). 


2 
S,: Length normal to curve at a point P= y,/1+ (*) 


= Length of normal is proportional to slope of tangent at 
point P. 
= Sy, 1s true (7) 


S,: Length normal at P(x,, y,) = 


=> S, 1s false (F) 
S,: 12y =x 
2 
~~ Px & 
dt 4 dt 
= Des for x? > 4 and a 
dt dt 
= S, is false (F) 
‘. Answer must be FTFF 


22. (b) (4000)? + (3000 + y)? = x? 


0 4000f  L 


=> 25000 + 6000 y+ y =x 


+s. 6000 & 49) 2 aoe 
dt dt dt 
dy 
a (3000+ y, 
=> — —— 
dt x 
=> AtR; dx _ (3000+0) | on 
dt (5000) 
=> Gee = 360 ft./ sec. 
dt 


23. (a) C: 3x’ -2x y= 1 
dy 2 2 ay 
=> 3x} 2y— |4+3y° -—2x° ——-2y(2x)=0 
( yf) 4 dx y( ) 


> pl ye = 4xy - 3y’ 
dx dx 


dy _4xy-3y’ 
dx 6xy—2x’ 


- (2) 
dx (1,1) 4 


Equation of tangent to curve at (1, 


Z-0 


1) is (vy — 1) = 


2 
It meets the curve, where 3x (= + 3) =2x’ (= + 3) =] 


=> 3x(x+ 3) —8x* x +3)= 16 
=> 3x3 + 18x? + 27x — 8x? — 24x? - 16=0 
=> 5x74 6x?-27x+ 16=0 
One of its root is x = 1 
= Other two roots are given by 5x’ + 1lx-— 16=0 
=> 5x’+ lox —5x-16=0 
x(5x + 16)— 1 (5x + 16) =0 
(x — 1) (5x + 16) =0 
x =-—16/5 is the other point 


-16 -1l —-16 25 
—— ,— |and} —— 
5 20 ie Oe 


24. (c) f(a)=tan — V3, 


Yi UY 


seegeee aee 
f (6) = tan j 1; 
f. f' Oo). f"(oax = er 


= <1 ¢@y = £p1-3]=-1 


ore 


25. (d) Equation of line through origin and touching the curve 
y =cos x at (h, k) is y = (sin h)x 
At the point of tangency k= cosh andk=—hsinh 
2 
ao a aie = =] 
h° 


= Required locus is xy’? + y =x’ or x? -y’ 


> PR+R=2 


= 
26. (c) x=f() snt+f"( cost, y=f'( cos t—f'( sint 
(F(Z) 
dt dt 
Here < = f(t) cos t+ f’(#) sint+ f"() Csind + f"(O 


cos f 


=O +f] (os 2) 
< =f Gsnd+f"@ cos t—f"(O cos t—f'"(D sin t 


=-—f'@ sint—f'"(@ sint 
=-FO+F'(O | sint 


(fO+S"O) =fO+L"O 

d d 

27. (a) ~ (tanx) ~ = > 
=> secx=12 


me (sin x)=cosx= + 
dx 


; 1... 
=> sin x increase at 5 units rate 


2 
28. (a) Subtangent = y = 2] ae as 
yy 


2a) 2a 
Ordinate = y, 
Subnormal = y a =2a 
dx 
.. y? = (2a) (subtangent) 
= (Ordinate)? = (subnormal) (subtangent) 
=> 1G.P 
x? y 
29. (c) Let the Equation of ellipse be ins = 


Any point on ellipse in (4 cos 8 , 3 sin @ ) 


velocity = (16sin? 6 +9cos’ a) = = | (given) 


At P, 3 sin 9 = 1 
# (4c0s6) = peng l= 4 ‘(j)————- 
at dt 3/J/16sin? 8 +9cos’ 6 
1 —4 1 
3 1 1) 3. he 72 
16} — |+9] 1-— oaks Soares 
G}[s] ° vers 
ee ee ee Ore 
3° /88 2/2 Jo Vil 


SECTION—IV: (MORE THAN ONE CORRECT ANSWER) 


1. (a), (©) in y aie: -~= 16x 
a 4 
For C;: cae AL 
a 4 dx 
dy - dy -4 
5 2o2S eis: 
4dx a dx a’y 
> (*)- > at (h k) and y3 = 16 x 
dx} ak 
dy dy 16 
> 3y—=—=l6>—= at (h, k 
v dx dx 3k? oe 
For orthogonal intersection at (h, k), (Se) =—] 
a’k } \ 3k 
64h ; 
=> eee 5 | .. Al 
3a°k? 
2 2 
At (A, k), li A+ = Land = 16h 


Application or Derivatives! < 4.137 


64h 
From (1), 3a? (16h) =] 
= eae => gee 
3a 3 
=> 4= ie 
3 
2. (a), (c) C: = +(2) =2:(neN) 
a b 
n-l n-1 
=> “(=| (2) +9(2] panda 
a a b b dx 
_ nl n 
ee 
dx y" a : 
When x = a, (1)? + (=) =2 
=> =) = aes > y=b 
b b 


(#) _ na") bY _-b 
AX) .-a,y-b) hb"! a" a 


Equation of normal at (a, b) is (y — b) = (4) 


by — b? = ax-—a@ orax—-by=a-b’ 
option (c) is correct . 


YJ 


If n is even, then =) -1>7=41 


b 
=> y=tb 
a n-1 n n-l n 
For y=-b, (+) ile eg 
dx (-b) a" ba" a 


(.. n—1=odd ) 


= Equation of normal at (a, — 5) will be (y + 5) a (x — a) 


=> axtby=a-b 


3. (a), (d) C,:y=x°+ax+ band y=x (c—x) 
At the point of intersection x? + ax + b=cx-—x’ 
=> 2x°+(a-c)x+b=0 
For tangency at (1, 0), roots must be 1, 1 


= option (a) Is correct . 


= 2-9) <9 ang 2 = 1 


=> a-c=-4,5b=2 

Also (1, 0) lies on y = x (c— x) 
=> 0=l1(c-]1) => c=1 
=> a=c—-4=—-3,b=2,c=1 


4. (a), (b) x=2 €ncott+ 1; y=tant+cott 
=> Oe —*_ (—cosec’t);® = sec? t — cosec? ¢ 
dt cott dt 


dy _ sec’ t—cosec’t 
dx —2cosec’ttant 


4.138 > Application or Derivatives | 


dy 
“” —( 
= &: iv 


4 


= Tangent is || to x-axis and normal is || to y-axis. 


- (b), (c) y= ke 


dy = k*e™ 

dx 

At the point of intersection of curve and y-axis, x = 0, y 
=k 

dy =k? 

dx 


= Angle that the curve makes with y-axis = — tan | (k’) 


or (Stan | i.e., d= cot! kK 


=> iy = sin”! [ato | 


. (ce) C.y=x?—-ax+ 2a 


he 
(4-a) 
Equation of normal to curve C at P(2, 4) will be (y — 4) 
— | we 2) 
(4—a) 
It intersect x-axis, where x = 18 — 4a and y-axis where 
_ 18-4a 
4-a 


= Slope of normal to curve (c) at P(2, 4) = - 


Area of A = s(4a-18)( $82) 


4-a 


= (4a—18=4 (a—-4) 
=> (2a-9yY=a-4 
= 4a’*-36a-—a+81+4=0 
= 4@—37a+85=0 
37 +,/(37) —4(4)(85) 
— ee 
2(4) 
_ 3749 
= th 
8 
17 


=> a=Sor — 
4 


But x intercept of normal 1.e., 18 — 4a < 0 
=> a5 


7. (a), (b), (c) C: y=x?-—ax?+x4+1 


=> Sd mee ee ee ee R 
dx 


= 4a*-—12<0 


= ae(-V3,¥3) 


Integral values of a € {- 1,0, 1} 


> @<3 


nx 


8. (a), (b), (c), (d) : ae ae. 


dy ee — fnx.1 


dx x? x’ 


For horizontal tangent, a =0 
dx 

=> fnx=1 

=> option (a) is correct 
f(x) intersects x-axis, where x = 1 1.e., at (1, 0) 

= option (b) is correct 

“. f(x) decrease for x > e and increase for x €(0, e) and f(x) 
is continuous on (0, 00) 

=> f(x) 1s many-one function 

= option (c) 1s correct 


=> x-€e 


dy _ 1-£nx 
dx x? 


= f(x) has one vertical tangent (asymptote) 
=> option (d) 1s correct 


Also >o asx 50 


9. (a), (b) y = f(x) 


= Equation of tangent at (x, y) is (Y-—y) = < (y —x) 
a 
...(1) 


It cuts x-axis, where Y = 0 


d 
> y= (X90) 


= sa sasreaig > A= pag G 
dy dy 
Further it cuts y-axis, where X = 0 
= Vajpee => B=(0,y-@) 
dx dx 
2 
|= 
BP dx 3 
2 it : 4 
2 2) 2 
—— | + 
y (# ¥ 
2 
& 1+() 
x 2 
=> —_ Ss 


10. 


11. 


= option (a) is correct 


ay, (Oa => fny=fnx+fne 
y x 

> y=cr 

7) = ce a Steel | 
> y=x 

Equation of normal at (1, 1) 1s (v—1)= (= 

(x-1) 

> xt+3y=4 = option (b) is correct 


Forx=2, y=x > y=8 
= Curve passes through (2, 8) and not through (2, 1/8) 


(c), (d) Given curve is 2y? = ax’? + x 


=> 2(3y 4 = a(2x) + 3x? 
dx 
dy _ 2ax+ 3x7 


2 


> 6” wy =2ax+ 3x7 => 
dx 


= (+) _5 
dx Ga 6 


dx 6y 


= Equation of tangent to curve at (a, a) is (y — a) -2 (x —a) 


=> 6y-6a=5x-Sa => 5x-6y=-a 
x y 
ee ae ee eee | 
= (-a/5)  (a/6) 


> a= ee and a’+ B* = 61 


a’ a’ 
=> —+—=6l => 61 a’*=61 x25 x 36 
25 36 
=> a=+30 


=> a’=25 x 36 
‘. Point (a, a) is (30, 30) or (30, —30) 


(b), (c) Let (vy — h) =m (x — 0) be tangent drawn through 


P(O, h) 


¥P(0, h) 


> y=mxth 
It intersects curve y = 17(1 +x? ) 


y 


mxt+h= 17(1+x’) 


=> mx’?+2mhx +h? =174+ 17x 
=> (m*—17)x° + 2m hx + (’ - 17) =0 
Its Disc. must be zero 


=> 4m h?—-4 (m —- 17) (? -17)=0 

=> mh?-(m hl’ —- 17h — 17m + 289) =0 
=> 17h + 17m’ — 289 =0 

=> hW+m=17 


Application or Derivatives! < 4.139 


=> m+W-17)=-0 > mm,=h-17=-1 
> h=16 => h=t 

But h <0 => h=4 
> m=l1 > m=+1 


Equation of tangent will be y= x —4 and y=—x-4 


12. (a), (c) Given curve is y = ax* + bx +cx+d 


= Ds + 3bx* +e 
dx 


Mie Se Ze=0 
ax 
ly 


=> y=ax'+ bx +dand d = 4ax’ + 3bx’ 


Also De 0 at (1, 0) 
dx 


=> —-4a+3b=0 
=> 3b=4a 
dy 
Xx 
=> 4ax’? (x+1)<0 
Clearly x = —1 and x = 0 are two of the three critical 
points as shown below. 


= 4ax? + 4ax* <0 


4ax? (x + 1) <0 
=> x<-lfora>Oandx>-1l fora<0 


SECTION—V: ASSERTION AND REASON TYPE: 


. (d) y=x-x?-x+ 2 


=> dy = 3x =—2x-1 
dx 


= Equation of tangent at (1, 1) will be V-1)=0@-1) 
Le., aty=1 

=> *P-x-xt2=1 > ¥-x-x+1=0 

> x (a«-1)-1@-l1=0 

> (x«-1P@+)=0 => x=lorx=-l 

‘. The curve is met by tangent again at x =— 1 

= Assertion is incorrect. 
Clearly reason is correct. 


2. (c) Let the equationof circle be x* + y’ = a’ and equal of 


tangent be y=mx+t+c 

At the point of intersection x* + (mx + c) = a’ , which 
being a quadratic equation would give us repeated 
single solution. 

Thus assertion is correct. But reason 1s incorrect as if the 
curve is of degree greater than or equal to 4, then it can 
have a tangent to curve at two points as shown below. 


4.140 > Application or Derivatives | 


a 


hot 
BT 
} 


3. (a) Clearly reason is correct and 


Lengthof Tangent | yv1+m’/m 
Lengthof Normal | yJ1+m’ 
Mey | 
= 2 =|“! =|24) = Pe i.e., proportional to ordinate 
m| |dx y 2a 


4. (a) Clearly reason is correct that straight line making equal 


5. (a) S= 1x 


=— 


=> 


and same sign intercept with co- ordinate axes is — 1 = 
tan 135° 


Substituting (= =—] 
dx 


(1 + x?) ® 4 (2x) y=-I 


dx 
(1 +x) 1) + 2xy =-1 
—x* + 2xy =0 => x(2y—x)=0 
x=Oor2y=x 


when x = 0, y=2 
when x = 2y, (1 + 4y’”) (v) = 2 — 2y 
4y>+ 3y—-2=0 


y= > (only real root) 


Product of ordinates = 2.— = | 
bi shone (i) 
A= v3 (mx) (i) 
4 
dS dx dA V3 ax 
—=2ax— and —=—zx— 
dt dt dt 2 dt 


B 


Clearly . > a as 21x > ——a”x 
dt dt pi 


Assertion is correct. Also A > S$ 

Also S and A are function of the form y = kx’; x > 0 

If f(x) =k, x’ and g(x) =k, x’ such that k, > k,, then f'(x) 
= 2k, x and g'(x) = 2k, x 

k, > k, and x, > 0 => 2k, x, > 2k, x, 

F(X) > &'%): 

Thus f(x,) > g(%)) => f@) > 8’) 

y=k, x,y=k, x where k, > k, 


x= ea oF and tee 
k, k, k, k, 


— > 


6. (a) 


8. (a) 


=> 


x7=(1/k, jy 
‘ 


x2=(1 /k,Jy 


fa) ps >> 


= 2 — 2. 
Ax,) =k, x,7 and g(x,) =k, x73 k, > k, 
f (x,) = tan a > tan B = g’(x,) 
Both assertion and reason are correct and reason cor- 


rectly and explains the assertion 


Let the curve be y = ax* + bx +c 


(+) =2a+b= (1) 
(11) 


Also curve is passing through (1, 1) 

l=at+bte ...(2) 
From (1) and (2); a+(1—c)=1 

c=a 

Curve is y= ax*+(1—2a)x+a 

Also curve is passing through (0, 1) 

l=a d 

Equation of curve is y = x?—x+ 1 and = 2x—-1<0 


x<- 


Assertion as well as reason both are correct and reason 
correctly explains the assertion. 


Obviously reason is correct 1.e., shortest distance between 
two smooth curves lie along the common normal . 
Graph of | x|+|y|=2 and x? + y’ = 16 drawn on same 
frame of reference is as shown below. 


Here the shortest distance between two curves is AB = 
2 and the distance between the common normal = LT = 


OT -OL=4- J2>2 


Assertion is incorrect (As the two curve are not smooth) 
but reason is correct 


= 2n+1 2n-1 2n-3 
VG GE ee OM aed oua? ete 

d 

Y = (n+) a KOPN ANY aXe Sas cue +a>0 
dx 0 1 n 


as a, > 0 for each i € N anda > 0. 


1. (d) f "= -2 


= Tangent to curve makes an acute angle with positive 
X-axis. 

=> reason is correct 
By above reason assertion is also correct 


SECTION-VI: (PASSAGE) 


Passage A: 


l 
1+x° 


fx) = — (1+)! 


—2x 


(1 +x) 


= Equation of tangent to curve at (x, y) is (Y — y) = 


(ya) Gi) 


(1+?) 


=> f'@= <0 Vx>Oand>0Vx<0 


pa SS | —_. 

2x Ce) 
(142°) —x.2(1+x?)(2x) eee 
(14+.x?)-4x? (1-3x7) 2(3x?-1) 

(1427) 1+x7) (1+27) 


Ff") =0 X= 


( 1 )- 243-3 9-9 


3) (43) B16 83 


(F)-28 2. 9 = 9 


IB “(43y V3 83 83 
9 I 


—= ax = 
83 V3 


is as shown below. 


= Tangent has greatest slope = 


2 


2. (a) Graph of y= 5 


+e 


H1/v3)|0 1/3 
fix) has greatest slope at x = _ 1.e., at point ¢. 3) 
B .e., B ] 


Greatest value of 5b will occur at same point 
2x 3 2/3 


[= 3) given by b= y+ =—+ = 
v3'4 (1+x’) 4 (144) 


Application or Derivatives! < 4.141 


1 9 
3. (a) ‘m’is smallest at x = B and equals 3 ; 


Passage (B): 


Ax) = x° fl) — x f(2) + £3); AO) = 2 


=> f(x) = 2x fl) -f(2) ..-(i) 

=> FX) = 2) .- (il) 

=> f"B3)=2/0) ...(il1) 
Also f(0) = 2 

=> f"GB)=2 ...(iv) 


=> f(1) =1 (using (i) and (iv)) from (1) f’(2) = 4 fl) —f 
(2) 

=> f(2)= 2) =2 (Ce fd) = 1) 

=> f(x)=x-2x4+2 


4. (a) f(x) =2x-2 > fd)=0 
. (c) Equation of tangent at (3, 5) will be (vy — 5) = 4 & — 3) 


Le., y=4x-7 


» (b) y= fx) =x°- 2x +2 


=> y, =f'(*) = 2x—2 and y= g(x) = e*—? 
=> y,=gi(x) =2e% © 
Clearly x? -2x+2=e* "holds atx =1 
(1, 1) 1s the point of intersection of two cures 
=> 7, =0,y,=2 
G= 2). I. 


Oo! 
=> @6=tan' (2) 


Passage (C): 


y=x°; P= (B, B’) # (0, 0) 
Equation of tangent at P(B, B*) is (v — B°) = 3 B* ( — B) or 
y = 3B? x — 28° 
It will intersect the curve y = x° at O, where 3? x — 2B? =x? 
=> x~-3P?x+ 28> =0 
It has two repeated rots x = B 
=> («-— f) is factor of polynomial on L.H.S 
=> (x- By (2B +x)=0 
> x=28 
=> Q= (2B, — 8B*) = (B', B® ) (say) 
The tangent at Q(B’, B’?) will again intersect the curve at 


R= (-28’, — 8B") = (2 (2B), -8(-28)") = (4B, 64 B?) 


. (c) 
8. (b) The tangent at P( t, f —f ) is given by y— (P — F) = 


(2(t) — 30°) (x — 0) 
ie. y = (2t-3f)x + (PF —P)-—2f + 3h 
ie., y= (2t—3f)x + 22 -—P)=0 
It would intersect the curve again at O where (2t— 3f)x + 
(28 —P) =x —x ie, 8-2? + 2t-—3P)x + 22 -—P)=0 
Its two roots are x = t¢, t 

= (x-?) isa factor of polynomial on L.H.S. 

> («-?t’(«+(2t-1))=0 

= Abscissa of Q will be x = 1 — 21 


9. (c) y=86—-1;x=4F +3 


Slope of tangent at ¢ = =3t 
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yy 


Equation of tangent at ‘f° is [y — (82 — 1)] = 3t[x -— (40 + 
3)] 1e., y = 3a + 8P — 1 —12f — 9tie., y= 3% + C48 
—9t-1) 


_ {yt * f(xS3y 
Equation of curve is ar _ 


4 
3 3 
(ante) = = — | (At the point of intersec- 
8 4 
tion) 
Ot? x? + 161+ 81 — 240 x + 72 — 54 x =x3 — 27 — 3x 


(3) + 3x (3)° 

3+ (9 —9P) x24 (27+ 244 + 54”) x— 27-161 — 812 
— 72°=0 

Its two roots are x = 40 + 3, 4f + 3, 


[x— (4° + 3)? >-@G+P)] =0 
ke 
Given that y = 3tx + (48# — 9t— 1) is normal .. (i) 


To curve atx=3+P 


=3+4 (1) ora. (=) 
1 2 
+t\ +t)’ ae es eee 
42) 32] -1}-0(2) = Ot’) (say) 


when ('= ¢/2 or -t/2 


Equation of normal at QO will be [y — (+ & — 1)] = 
= G-e)| 


— 


Comparing (1) and (11) we get, 37 = = or 3t= = 
> pas pau ¥2 
9 3 
Passage: D: 
aes 2x 2ydy 
10. (b) rT aa => a fa 
=s 2 
=> iz eae 
dx ya 
dy —ab’x 
+ me, (2) -{#) 
1 dx (2,0) a ab’ — hx? (2.0) 
= 0,=7n/2 and tan 0, = (+) =0 
* (0) 
=> 0,=0 
= Angle between tangent = 1/2 


11. (b) y=2 sin’ x; y= cos 2x 


=> 


(*) =4sinx cos x = 2 sin 2x for C, and () =—2 
Xx 


sin 2x for C, 


12. 


13. 


yy 


(b) 


YU 


tan @, —tan@, | __ 23 
tan 9, = 2 sin 1/3 = V3, tan 0 = 1+ tand,.tand, lias 
0 = n/3 
C\: 7 = 4ax 
2 2 =4a > ald = ze 

dx dx y 
(#) ee tan 0, = eo 
dx (x11) y 1 
C,:x?=4 by 
ax = 4p & eee ee 
dx dx 2b 
(#) -4 
ax (x,y) 2b : 
For orthogonality of curves (#) (4) =-1 
ax), \ ax Jo, 
oF} Py i) 
2by, by, 
Also (x,, y, ) lies on y* = 4ax and x’ = 4 by 
y~ =4ax, andx?=4by, 
) 2, 
“| =4 ax, 
4b 
x, = 64 ab’ (x, #0) 
oi 4 gis b23 
1 e 
y,= + = 40% pb” .. (il) 
4b 1/3 4.2/3 
: - a(4a b ) 
From (1) and 911), we get 6(4a°75") =— 
a? 
pal s+ Pa _ pr 


a’ = —b’ , which impossible i.e., the above two curves 
can’t intersect orthogonally at any point other than ori- 
gin. 

x’? -1;x<-lorx>1 
CAiy> : 

—x°+1;-l<x<l 
e x? -3:x<-V30rx> V3 
iy= 
: -x743;-V3<x<v3 


Clearly, x*- 1 =-x*? + 3 or -x* + 1 =x°-3 
2x° = 4 


x= +/2 
C, and C, intersect at x = =p) and at x = nO 
For x > 0 =. = NG) 


Cay Cosa 8 
(+) =2x=2v2 ; 
dx J) 


XxX 


dx 


Gai =-2x=-2J2 


=> Q=tan =tan ! 


AS 


SECTION-VII: (COLUMN MATCHING) 


. (i) > b; Gi) > ¢; Gi) > a; (iv) > d 
(i) Given, r=5 cm, dr = 0.06 


A=mntr 
=> 6A =2nrdr = 102 x 0.06 = 0.6 x 
(i) > b 
(ii) Let V=x? => 6V=3x' dx 
ae 100 = 3 x 100=3 x 1=3 
V 
(ii) > ¢ 
dx 
iii) Since, (x — 2) — = 2— 
(iii) ( 4 a 
> x=4 .. (iil) a 
(iv) A= be 


. (i) a; Gi) —b; (ili) —a; (iv) -d 


1 
(i) 6 [(@& + bx+c)dx = 2a+ 3b + 6c 


0 


=k(at+bt+c)+c+4 [442+ 


4 2 
k= 
(i) >a 
wy loop, 1 on & 
ly —xX + — 3. ee) 
oy 3 oe dx 
Oy ax=—.y = = 
dx 8 8 
Equation of tangent is y a 
a=4 or——+—— 
al4 ald 
a’ a 
aay beers 
16 16 
=> a=16 => a-—4 
(ii) >b 


Gi) 2 = 43 + 6 4+2=2 
dx 
23+ 3x=0>x=0,y=0 


Point on the curve at the least distance from the line y = 


2x — 1 is (0, 0) 


= Least distance r= 


o> 


(4) 


Application or Derivatives! < 4.143 


=> V5r=1 


(iii) > a 


(iv) f(0°)=/f'(0 ) =: 29-20 
> a=2 


(iv) >d 


3. (i) > b; (ii) > d; (ili) > a; (iv) > c 


x =a cost + at sint; y = a sint — at cost 


dy _ acost+atsint—acost 


—> 
dx  —asint+atcost+asint 
d 

— DY Ltant 
dx 


(i) Length of sub tangent = ~ = (a sint — at cost). cott=a 


cost — at cost cot f 
At, t= 7/4, length of sub tangent 


eee 
(i) >b 


(ii) Length of normal 


Sea (2) -(5- aN 


dx 
-(e-ze) 4-4) 
(ii) > (d) 
(iii) Equation of tangent at ¢ = 7/4 will be 
(4-5 | -(x-(4+25)] on y-axis, 
V2 4V2 V2 4v2 
Y=0 


an 
=> X =—= ony-axis, X=0 
22° 


_ an 
2/2 
= Length of intersect of tangent between the axis = ma 
(iii) > (a) 
(iv) Perpendicular distance of tangent from origin 
an 
0-0-—— 
a WD an 
J2 4 
(iv) — (c) 


4. (i) > (©); Gi) > (b); Gill) > (a); (iv) > (d) 


(i) Let the point of intersection be (x,, y,) 


Now x’ = 4y ies 
dx 2 

m -(2) = Wo and for y’ = 4x, ee 

dx (%9,¥o) dx y 


no(#) 2 
° dx (Xo) Yo 
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X%y_ 2 
ee 2 VN eset Xoo —1 
Le 0 2 2(xX) + Yo) 

2 Vo 


Clearly 0 = 90° at x, =y, =0 
2 
At the point of intersection y, = a and y,” = 4x, 
4 
=> %=4x, 


16 
> x,=0orx,=4,y,=4 
=> @=tan"! 2 = tan”! Es 
8 4 


=> |m+n\=7 
(i) > (C) 


(ii) Given curve is, x = e%" 


= Inx = siny = u = (cos Red 
x dx 
=> ® oN secy > () =1 
dx x aX 6) 


Equation of normal at (1, 0) is (v — 0) =—-1(@—- 1) 
> xt+y=l 


= Areaof A= (0) =1/2 sq. units 


(ii) > b 
(iii) Given curve is x’y = 1 


=> x’y'+y (2x) =0 => je” 


x 
~2 
tie (1) 
Xo 
Also, second curve is y = e-» 
=> y=-2e-% 
m, =—2e? ...(2) 


y 


me, 7 
om + 2e7 0) Ix er) 9 

w| & _)|Z2X,e “= 
@ = tan '|—*—______| = tan" |—° ; Xo 
(1-x9) 


4 oe?) 
1+ ia lalla 
Xo 


Xy +4ye 


At the, point intersection, x,y, =land y, =e" 


= X)=Y=!1 


0 = tan |2%0%0 7 2 Yo] _ 9 
x, +4 Vo 
(iii) > (a) 
(iv) Given curve is, y = be? 
' b x/3 
=> =—e 
aa 
3he*? 
=z a= 7 = b x/3 
y = er e 
3 
(iv) > (d) 


SECTION-—VIII: (NUMERICAL INTEGER TYPE) 


d 
7 = slope of tangent at 
2 3 
P(x, y) =~ 6x -2 (2-30 +e] 


3 
= y= * _3x? 4¢. Since it passes through (2, —8), 


6 
Seen Dee 
3 
8 
=>. ic=— 
3 
x 8 
=> 23 ee 
aaa 3 
2 
Now 26 = ~ _6x=0 
dx 
2 
= x=Oorx=12 and Y= x-6 
2 2 
= (<7) =-—6 an [ | 6 
dx x=0 x=12 


= Ordinate ‘y’ is maximum at x =0, given by 2= 1 
=> 3A=8 


4y’=x 
=> R.HS. 20 
rv 
=> x20 and y=+,/— =+t— 
4 2 3 
: vie 
Let x=t => y=t 5 
3 
=> jot 


2 


el 

= Abscissa of point is x =f? =1 

f(0)=0 and f(l)=0 

Thus f(0)= f(1) 

Also f'(x)=x* “7? +(a@? -4a+3)x” * logx , which 
exists finitely in (0, 1) VxeR. 


Also f(x) is continuous Vx € (0,1}. 

Thus Rolle’s Theorem will be applicable to f(x) in [0, 1] 
if lim f(x) = f(0) =0 

=> lim x(-44+3) log x = 0 


If a’? —4a+3=0, then above is false 
If a’ -—4a+3<0, then lim x42) Jog x =-co #0 


logx 
If a? —4a+3>0, then lim—2*— 
x30" x & —4a+3) 


l 


= lim ——__—_._—_—_ 
x2 0+ ~(a’ —da + 3)x —4a+4) 
(a*-4a+4) 
= lim ————_——— = 
x>0° -(a° —4a+3 
- §6a’—4a4+3>0 
=> (a-l\(a-—3)>0 


a €(-—0,1)U (3,0) 


y 


y 


Least positive integer value of a = 4 


. Given eee 
dt 


~ ae oe = £{ Sar’ |= kar? 
dt at\ 3 
=> Sa{ 3° | bar 
3 d 
=> ges a => ee 
dt dt 4 
(2) ~k 
> —|—/=— 
dt\ 2 4 
=> aD = dt => pee 


According to Question, when t=0,D=3 and when 
t=4,D=1 
=> 3=Cand1=-2k+C 


=> t=6 


. The parametric equation of curve is (t, t*). 

= Slope tangent = 3t’ 
Equation of tangent to curve at P(t) is given by 
(y-f) = 31° (x-t). 

It meets curve y=x°, where x° —f° =3t7(x—-1) 


=> (x-t)(x’ +40’) =30'(x-2 


Application or Derivatives! < 4.145 


=> (x-A(x*? +4 -307)=0 

=> (x-A(x? +m%-20)=0 

= (x—1)[(x-1)(x+ 2t)] =0 

=> x=torx=-2t 

> If P=(t,t) 

=> P,=(-21,-21), B =((-2)*,(-2)%"), 
P, =((-2)°t,(-2)’2°) and 
P, =((-2)*t,(-2)"2°) = (162,2"2° ) 


Now, if P =(2,8) =(t,t°) 
t=2 

P, = (32,2'5) 

Abscissa of P, =32 


) v 


. Let V, and V, be volume of water in tank at an instant ¢, then 


dV, 
dt 


=> I1V,=—-kt+C, and LV, =—-k,t+C, 


“ =-kV, 


=-kV, and 


Now initially, +=0,V,=V, and V, =v, 


=> 1 v,=C, and 1 v,=C, 


> 1 (4 =—-kt and 1, (4 =-k,t 
Vv V, 


a 


7 kt = kt 
=> V,=v,e" and V,=v,.e 


After 1 hour, V,=2V,; => ce 2 
V; 
-k, 

=— 2 a 

vy, @€ ° 

-k, 

=> 23 =, te 3v,) 
=> - Se ———C Os (1) 


Now, if both tanks have same quantity of water after 
time‘?’, then V, =V, 
> v 


ae" 


= Vie hat 


= 3(em") <1 


= @ =1 (Using (1)) 


3 
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7. Given curve is y’ = 


a, a 
parametric equation o-oo) 


=> 


=> 


7 x, which a parabola is having 


Slope of tangent = ——_—— =- 
—2a 


y 
<> =1 have points of 


2 
The tangent to hyperbola = 
a 


2 


contact QO and R 
OR 1s the chard of contact of point P 


aoe eae 
Equation of QR will be a ae ae or 
a’ a’, 
Gr epee 
: 2 
oe I as I a’ tx 
ae) (ae) ae 
4b? 4b? 4b° 
ppeacd. 
2b? a? 
ap! 


Comparing with y=mx+ cs 
m 


Length of latus rectum = 4a'=4(2) =8 


8. Ball is falling under gravity g =10m/sec’ 


A ° 


| 
St? 
| 


50m 


B 20m Fx C 
l 
s=ult— at’; u=(0 


= s=5t’ is the displacement travelled by ball in ¢ sec- 


onds. 
= DE=5t’ 
EF =50-5t’ 
In similar As, ABC and EFC, = = abe 
EF FC 
50 20+x 
=> =a ee ee 
50-5 x 


=> 50x =1000-10027 + 50x —St?x 


(= = —400 x 8 = —3200m/ sec, 
dt },_} 


t=—sec. 
2 


Here — ve sign indicates that the image distance from point 
F is decreasing with time. 

Thus in magnitude, shadow of ball is moving with 3200 m/ 
Sec. 


Application of 
Derivatives II 


CHAPTER 


MONOTONICITY 


m@ INTRODUCTION 


The word 'monotonicity' derives its meaning from the word 
‘monotonous’ which means without variation so "monotonic 
functions" are functions which are either strictly increasing 
or strictly decreasing throughout. 

It has great use in practical life e.g. an organization 
may be interested to know whether after spending 'x' 
thousand amount for advertising etc. the sale S(x) increases 
between x from 20 to 50 thousand. Or other company may be 
interested in knowing the rate of increase in cost or revenue 
and profit as a function of quantity of production etc. 

In the present chapter we are going to study the 
monotonic nature of different kinds of functions and their 
applications. 


m@ MONOTONICITY 


It 1s study of increasing decreasing/constant behavior of 
function over an interval as we travel form left to mght 
along its graph’. 


y=f(x) 


FIGURE 5.1 


e.g. The function shown in the figure is decreasing 
Vx €(—00,a) and increasing vx € (a,b) - Again decreasing 


Vx € (b, c) and remains constant over the interval (c, 00). 


m@ MONOTONICITY AT A POINT 


If a function f(x) follows any one of the four natures given 
below, then it 1s said to be monotonic at x = a. Following 
four terms shall be clearly defined in order to understand 
monotonicity of f(x) in an interval. 

(a) Strictly increasing 

(b) Increasing (non-decreasing) 

(c) Strictly decreasing 


(d) Decreasing (non-increasing) 


(a) Strictly increasing functions 


A function f(x) 1s said to be strictly increasing at the point 
x =a. Iff fla —h) < fla) < fla + h), where h 1s a positive 
infinitesimal. 


q ath 


a—h 
FIGURE 5.2 


5.2 >» Application of Derivatives II 


e.g. fix) = e; fx) = mx and f(x) = 2x + 3. Similarly y 
observe the function f(x) given below, which is discontinuous 
atx = 0. 
1-2x*; x<0 
34+x7; x20 


fo) | 


+ 


ath 
b-h bth 


FIGURE 5.5 


Also f(x) is strictly decreasing at the point x = b, since 
fb —h) > flb) > flé + h). 
e.g. f(x) =; f(x) = e* and f(x) = cot!(x) 


FIGURE 5.3 
Clearly (0) = 3 (d) Non-increasing functions 
fO—h)< land f0+h)>3 A function f(x) 1s said to be non-increasing at the point 
flO —h) < f(0) < f0 + h) x=aiff f(a-h)2 f(a)= f(ath), where h is positive 


= f(x) 1s strictly increasing at x = 0 infinitesimal. 


(b) Non-decreasing functions 


A function f(x) is said to be non-decreasing at the point 
x =a iff fla — h) < fla) < fla + h) where fA is positive 
infinitesimal. 


O|} a-ha ath c-hc cth 


FIGURE 5.6 


Important Points to Remember 


We can talk of monotonicity of f(x) at x = a, only ifx =a 
lies in the domain of f. Continuity and differentiability of 
(x) at x = ais not necessary. 


a-h @ athb-hb bth 
FIGURE 5.4 


"We observe that the function shown in above graph is y 
non-decreasing at x = a as well as at x = b" 


fla-h)< f(a)= f(ath) 
and f(b —h) = f(b) < fb +h) 


(c) Strictly decreasing functions 


X=a 


A function f{x) is said to be strictly decreasing at the point 
fx) : 8 P O} increasing at x=a 


x =a iff fa — h) > fla) > fla + h), where A is positive 
infinitesimal. FIGURE 5.7 


Application of Derivatives ll < 5.3 


X=a 
O} Increasing at x=a 
FIGURE 5.13 
FIGURE 5.9 
We have f(a+h)< f(a), and hence f(x) strictly 
y decreasing at x = a. And for the functions of the form 
po 
x=a , 
O| Increasing at x=a 
FIGURE 5.10 


UL) If f(x) is constant in the neighborhood of the point 
x = a, then it is called either non-decreasing or 
non-increasing. 


FIGURE 5.14 


L) If x = a is an endpoint, then we use the approximate 
one-sided inequality to test monotonicity of f(x) at x = a. 


(i) If x = a 1s the left endpoint, then we check only 
the right neighbourhood of a and compare f(a + h) 
with f(a). 

e.g., for the function of the form 


FIGURE 5.15 


FIGURE 5.11 FIGURE 5.16 


5.4 >» Application of Derivatives II 


(il) 


We have f(a + h) > f(a); then f(x) 1s strictly increasing 
atx =a. 

If x = ais the right end point, then we check only the 
left neighborhood of 'a' and compare f(a — h) with f(a) 
e.g., For the functions of the form 


ah a 


FIGURE 5.17 
v 


fla-h) 
Ha) 


ah a 


FIGURE 5.18 


FIGURE 5.19 


We have f (a — h) > f(a) and hence the function 1s 
strictly decreasing at x = a. 


Similarly for the functions of the form 


7 


*f(a) 


f(a-h) 
ah a 


FIGURE 5.20 


* f(a) 


ah a 


FIGURE 5.21 


* f(a) 


FIGURE 5.22 


We have, f (a — h) < f (a) and hence the function is 
strictly increasing at x =a. 
fix) may still be increasing/decreasing at x = a even 


if (+) =0. 
die, 


Application of Derivatives Il < 5.5 


dy 
Atx =0; —=0 
dx 
If the derivative at a point is zero, even then the function can be monotonic. 
i.e., derivatives can be the criterion for determining monotonicity but it is not the sole 
criterion. 


(ii) We have f(x) = — 


! i ! 
0-h)=—___ = ___> — if h > 0 then 2-h<2=> ——> 
LO =F Ch ~2-h 2 os - 2h 2 
1 1 

0)= ——=— 

A= F072 

fO +h) = = cl Cl ifh> Othen2+4>25 ——<-) 
a 2+h 2+h 2 2+h 2 


Since f(0 — h) > f(0) > (0 + h) 
hence f{x) is a strictly decreasing function at x = 0. 


(iii) f=; : 
—x 


1 
0-—h)= >1 
K ) 1—h? 
f0)= ——=1 
1-0 
1 
+ hy= >1 


Now /(0 — h) > (0) and f(0) < (0 + h) therefore the function is neither increasing nor 
decreasing at x = 0. 


(iv) g(x) = sin x 
Ax) = [g(x)] = [sin x] 


Now since f & | <f (=) and 


(Spi 


The function is neither increasing nor decreasing at 
V4 

x=— 
2 


FIGURE 5.24 


5.6 >» Application of Derivatives Il 


ILLUSTRATION 2: Find whether the following functions are strictly increasing/strictly decreasing/non-increas- 
ing/non-decreasing/neither increasing nor decreasi = 


(i (ii 


(iii 


(iv) 


x=a 


(Vv 


(vii (viii 


SOLUTION: (i) Neither increasing nor decreasing as f(a — h) < f(a) and f(a) > fla + h) 


FIGURE 5.25 


(ii) Strictly decreasing as f(a — h) > fla) > fla + h) 


FIGURE 5.26 


Application of Derivatives II 


(iii) Strictly increasing as f(a — h) < f(a) < fla + h) 


FIGURE 5.27 


(iv) Neither increasing nor decreasing as f(a —h 


> fla) and fla) <fla + h) 


FIGURE 5.28 


(v) Strictly increasing as fla —h)<fla)<flat+h 


FIGURE 5.29 
(vi) Neither increasing nor decreasing as f(a — h) > f(a) and f(a) < fla + h) 


FIGURE 5.30 


(vii) Strictly decreasing as f(a — h) > fla) > fla + h) 


FIGURE 5.31 


< 5.7 


5.8 > Application of Derivatives II 


(viii) non-decreasing as f(a — h) < f(a) and f(a) = fla + h) 
f(a) 


f(a-h) Haan) 


a-h x=a ath 
FIGURE 5.32 


ILLUSTRATION 3: Check the monotonicity of the following functions at the specified points 


(i) f(x) = sgn(x) atx =0 
(ii) f(x) = [x] at x = k, where & is any integer and [.] denotes the greatest integer function. 
(iii) f(x) = —|x | at x = k, where k is any integer and| | denotes the least integer function. 


SOLUTION: (i) f(x) = sgn(x) atx =0 


FIGURE 5.33 


As is evident from figure 5.33 we 
have f(0 — h) < (0) < (0 + h) 
‘, f(x) is strictly increasing at x = 0. 
(ii) A(x) = [x] at x = k where k is any integer. 
Ak —h) = [k-h] = (k-1) 
Sk) = [A] = 
Kk +hy=[k +h] = 
fk —h) < fk) but fk) = fk + h) 
. f(x) is non-decreasing at integral values. 
(iii) fx) = x] at x = k where k is any integer 
Ak-h)=1t-[k-hl=-k 
Ai) =4tkl=-% 
fk +h)y=Tk+hl=-k-1 
Now, f(k — h) = f(A) but f(A) > fk + A) 
*. f(x) is non-increasing at integral values. 


FIGURE 5.35 


m@ TEST OF MONOTONICITY AT A POINT 


For a differentiable function at x = a. 


(i) If f(a) > 0, then f(x) is strictly increasing (1) at 
x=a. 
e.g. consider y = f(x) = x’ at x = 3, then f(x) = 2x 

=> f{G3)=6>0 


FIGURE 5.36 


Therefore f(x) = x is strictly increasing (71) at 
x= 3: 

(ii) Iff(a) <0, then f(x) is strictly decreasing (J) at x = a. 
e.g. consider y = f(x) = x* at x = 3, then f(x) = 2x 
=> f(-3) =-6 <0 


(—3,9) 


FIGURE 5.37 


Therefore f(x) =x? is strictly decreasing (1) at x =-3 
(1) Iff(a) =0, then examine the signs of f(a —h) and f(a 
+h) 
(a) Iff(a—h)> 0 and f(a + h) > 0 then f(x) 1s strictly 
increasing at x = a. 
Consider y = f(x) = x? at x = 0 then f(x) = 3x’ 


y 


FIGURE 5.38 


Application of Derivatives Il < 5.9 


=> f(0)=0 
S(O — h) = fh) = 3 (hy = 3h? > 0 
and f(0 + h) = fth) = 3h’ > 0 
Now since f(0 — h) > 0 and f(0 + h) > 0 
function is strictly increasing at x = 0 


(b) Iff(a—h) <0 and f(a + h) < 0 then f(x) 1s strictly 


decreasing at x =a. 
Consider f(x) =—? 
fa)=30 


=> f(0)=-3(07=0 


f(-h) =-3(-hy =-3h <0 
and f(0 + h) =—-3(hy =-3h’ <0 


FIGURE 5.39 


Now, since f' (0 — h) < 0 and f(0 + h) <0 
Therefore f(x) is strictly decreasing at x = 0. 


(c) If f(a —h) and f(a + h) are of opposite sign then 


fix) is neither increasing nor decreasing (non- 
monotonic) at x = a. 

Consider f(x) = x? atx =0 

f(x) = 2x 


=> f(0)=2(0)=0 


f(0—h) =-2h< 0 and f(0 +h) =2h>0 


FIGURE 5.40 


Since f(0 — h) < 0 and f(0O + h) > 0; therefore 
f(x) is neither increasing nor decreasing at x = 0. 


(d) If f(a +h) =0; then f(x) is constant 


Consider f(x) = 5 atx = 2 
f(2+h)=0and f (2-—h)=0 


5.10 > Application of Derivatives Il 


m@ NON-DIFFERENTIABLE BUT 
CONTINUOUS FUNCTION AT x=a 


Given f(x) 1s continuous function, not differentiable at 'a' 
but derivative of f(x) exists in neighborhood of x = a 


(a) If fis increasing (T) for x > a as well as for x <ai.e., 
f(a) > 0, f(a*) > 0. FIGURE 5.44 


= fis strictly increasing at x = a. f(0)=1>0 
S(O") =3 > 0 
f is increasing for x > 0 as well as x < 0 


(b) If fis decreasing (1) for x > a as well as for x < a. 
1e., f (a) <0, f (a') <0. 


= fis strictly decreasing at x = a. 


FIGURE 5.43 


LHD > 0 and RHD > 0 at x =a; 
.. f(x) is strictly increasing at x = a. 


x, x<0 
e.g., f(x) = 


3x; x>0 


FIGURE 5.45 


Application of Derivatives Il < 5.11 


1.e., Atx =a; LHD # RHD but still LHD and RHD <0 For x <0 
“. f(x) 1s strictly decreasing at x = a. f(0) = 3x’ 
—x; x0 (0—h) =3(0—-h)y’ = 3h? >0 
e.g., f(x) = ‘ . 
—3x;. «20 Also L.H.D. at x = 0 ie., f(0-) =0 20 
y Now for x > 0 


y=—-x R.H.D. at x = 01.¢e., f(0*) = 5x* =020 
f(x) = 5x* 

f(0 +h) =5(0 + h)* = 5h* > 0 

then f(x) is strictly increasing at x = 0. 


(d) If f(a —h) < 0. f(a) < 0, f(a + h) < O then f(x) 1s 
strictly decreasing at x = a. 


FIGURE 5.46 
Here 
- \ f(a)<0 

1 ea \, and f(a-h)<0 

f(0"') =-3 <0 ‘. 

fis decreasing for x < 0 as well as x > 0 ae 0 

(c) If f(a —h) > 0. f(a + h) = 0, f(a") > O then f{x) is and f'(a-h)<0 Rhone | prs 

strictly increasing at x = a. ns F(a*)=0 
Here f(a — h) represent the derivative at the point on Here \, ‘y f'(ath)<0 
the left of a and f(a) represents the left hand deriva- F(a*)<0 : 


tive at the point x =a 


Similarly, f(a + h) represents the derivative at the 
point on the right of a and f(a") represents the night 
hand derivative at the point x = a. 


Here 
f(a*)>O 
f(ath)>0 } 
Here / # Here 
F(a7)=0 ou" F(aty=0 


but f'(a—h)>0 but f(ath)>0 


f(a-h)>0 
FIGURE 5.47 


e* 0 


x 
e.g. f(x) = e 


See 


FIGURE 5.50 


For x < 0; f(x) =—- 3x" 
f(O—h) =-3(0- hy =- 3h° <0 
f(0) =-3(0 =0 <0 

Similarly for x > 0; f(x) =— 5x* 
FIGURE 5.48 S(O + hy=— dh <0 


5.12 > Application of Derivatives Il 


f(0*) =-5(0)* = 0 <0 
Here f(x) is strictly decreasing at x = 0. 


(ce) If f(x) changes its sign across x = a then it 1s non- 
monotonic at x = a. 
—2x; x<0 
3x; x>0 


e.g. Let us consider f(x) = 


FO \y==2 FIGURE 5.51 


S(O) = 3 


.. f(x) changes its sign when it crosses x = a, then it is 
non-monotonic at x = a. 


Application of Derivatives Il < 5.13 


m NON-DIFFERENTIABLE AND \ 
DISCONTINUOUS FUNCTION AT x=a 
Given f(x) is discontinuous function, not differenti- : 
able at ‘a’ but derivative of f(x) exists in neighbourhood : 
ofx =a 
O fla) < fla) < fla’) and f(a—h), f(a + h)>0 FIGURE 5.57 
= fis strictly increasing (1) at x =0 Ny 
| f(a-)=f(a)<f(a") x 
: FIGURE 5.58 
FIGURE 5.55 


L) f(x) can be monotonic at x = a, even if derivative of 
fix) changes its sign across x = a provided basic defini- 
tion of monotonicity is satisfied. 


— + 


: f(a-)<f(a)=f(a*) ney 


FIGURE 5.59 


FIGURE 5.56 
f (a—h)<Oandf (a+h)>0 


UO) f(a) = f(a) = fla*) and f(a—h), f(a + h) <0 
=> fis strictly decreasing (LY) atx =0 


f(a—h)> fla) > fla + h) 


‘. atx =a; f(x) 1s strictly decreasing. 


5.14 > Application of Derivatives Il 


m@ MONOTONICITY AT THE END 
POINT OF INTERVAL 


Given x = a be the end point of interval and f(x) be function, 
differentiable atx =a 

UL) Ifx =a be the left end point 

(Qi) f(a") > 0 

=> fis strictly increasing (1) atx =a. 

(ii) f(a") <0 

= fis strictly decreasing (V) at x =a. 
(ii) f(a*)=0, f(a +h)>0 

= fis strictly increasing (T) atx =a. 
(iv) f(a*)=0, f(a t+ h)<0 

= fis strictly decreasing (V) at x =a. 

(v) f(a*)=0 and f(a + h)=0 

= fis constant atx =a 


f(a‘) > 0 


eo 
“” F(a*)=0, F(ath)>0 


me f'(a*)=0, f(ath)=0 
Fig5 


eee 
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. 
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FIGURE 5.62 


L) Ifx =a be the right end point 
(i) f(a) >0 


= fis strictly increasing (T) atx =a. 
(ii) f(a) <0 

= fis strictly decreasing (V) atx =a. 
(iui) f(a)=0, f(a—h)>0 

= fis strictly increasing (T) at x =a. 
(iv) f(a) =0,fla—h) <0 

= fis strictly decreasing (V) atx =a. 


(v) f(a) =0 and f(a —h) =0 


= fisconstant atx =a 


x=a 


FIGURE 5.63 


LJ For function discontinuous at x = a we refer to basic 
definition of monotonicity. 


Application of Derivatives Il < 5.15 


ILLUSTRATION 7: Test the monotonicity of the function f(x) atx =—3,0,1; f(x) -{ 


2x+3 ;-3<x<0 
SOLUTION: f'(x)=4 1 
lax? 
At x =-3; f(x) =-3 <0 
strictly decreasing at x = 3 
At x = 0; LHL = 0; RHL = 0 “. f(x) is continuous 
LHD =>; RUD =0 . f(x) is non-differentiable FIGURE 5.64 
Also f(0 —h) =h* —3h=h(h-3)<0 
f(0) = 0, (0 + h) = sin th > 0 
=> fl0—h)<f(0) </f0 +h) “. f(x) is strictly increasing at x = 0 
Atx=1;f(1-A)>0 .. strictly increasing at x = 1 


a S| 


in the neighborhood of the function concerned is not 
adequate to decide the monotonicity of function. 


m CONCLUSION 


1. So we conclude that sign of derivative f(x) in the | 2: If 4 function 1s monotonic at x = a it cannot have 


neighborhood of the point is sufficient to determine extremum point at x = a and vice versa 1.e., A point on 
the monotonicity of continuous function f(x) at the curve can not simultaneously be an extremum as 
x = a. But for discontinuous functions sign of derivative well as monotonic point. 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. For each of the following graph comment whether f(x) f(a)e 
is increasing or decreasing or neither increasing nor 


decreasing at x = a. oN‘, 3 
: (i) —_______»x (ii) +x 


>» | x=a x=a 
LA -~ 3. Let f(x) = x — 3x? + 3x + 4. Comment on the mono- 


tonic behavior of f(x) at 


(i) (ii) —— oes 
(1) x= 1 
a 4. Find the monotonicity of the following functions at 
3 indicated points: 
: : (a) y=(x—-2)(2x+1)* at x=0,2 
(111) jy, (lv) —— 24. 


] 
(b) y=x-e* at sia 
2. Consider the following graphs of functions which 
have x = a as an end point. Find the monotonicity (c) y ae = Lee 
at x=Q. Inx € 


5.16 > Application of Derivatives II 


O0<x<] 6. Test the behavior of f(x) = x{x} at x = 0, where {.} 
represents fractional part function. 


Xx 


5. Draw the graph of function f(x) = a eo 


Comment on the monotonic behavior of f(x) at x = 0, 


1 and 2. 
Answer Keys 
1. (4) Non-monotonic (11) Strictly decreasing (iii) Strictly decreasing 
(iv) Strictly increasing 
2. (i) Strictly increasing (ii) Strictly increasing 
3. (i) Strictly increasing (11) Strictly increasing 
4. (a) Strictly decreasing at x = 0, Strictly increasing at x = 2 (b) Strictly decreasing 


(c) Strictly decreasing at x = 1/e; non-defined at x = 1; non-monotonic at x = e, Strictly increasing at x = e’ 
5. Strictly increasing at x =0, non-decreasing at x = 1, x = 2. 
6. Strictly increasing at x = 0 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. Find the possible set of values of k, for which the (11) g(x) = fi\x]) 
x41 el (a) 1 (b) 2 
function f(x) = 4k ;x=I1 is strictly 7 (c) 3 (d) 4 
or rer (ii) etx) = fw) 
(a) 2 (b) 3 
increasing at x = 1 (c) 4 (d) 5 
(a) [1,3] (b) [2,5] (iv) g(x) = |fx\)| 
(c) [1,2] (d) none of these (a) 2 (b) 3 
4 d) 5 
2. If function f(x) be defined as f(x) = {x}; where {x} | (c) | () 7 
represents the fractional part of ce then 5. Find the points of non-monotonicity of fix) = max 
(a) f(x) is increasing at x =n + 1/2 where x € Z {1 + sin x, 1 —cos x, 1} for x € [0, 27] 
(b) |f{(x)| is increasing at x =n wheren € Z (a) m/2 a — 
(c) f(x) is monotonic at x =n wheren € R~ Z ht 28 
(d) None of these 6. Find the number of points of non-monotonicity of 
f(x) = |sin x + 1/2] for x € [-27, 27] 
3. The number of points in [0, 27] where the function (a) 7 (b) 8 
fix) = max {sinx, cos2x} 1s non-monotonic is (c) 9 (d) none of these 
(a) 4 (b) 3 7. Find the number of points of non-monotonicity of 
(c) 5 (d) none of these Ax) = min {\x\, x — 1), fe + 1)} 
2x41 x<l (2 Ores 
4. Let function f(x) be defined by f(x) = P ; (c) 6 (d) 7 
—x° +4 x>1 


Then find the number of points where the function 8. Find the point of non-monotonicity of foflx) where 


g(x) is non-monotonic, when Aya l+x ;0<x<2 
(1) g(x) = f(x) =x 2<x<3 
(a) 1 (b) 2 (a) 1 (b) 2 


(c) 3 (d) 4 (c) 3 (d) 0 


9. In the previous question; which of the following 
statements(s) is/are correct: 
(a) f((x)) is non-monotonic at x = 1 
(b) f(f(x)) is strictly increasing at x = 0 
(c) f((x)) is strictly increasing at x = 2 
(d) fif{x)) is decreasing (but non strictly decreasing) 
atx = 3 


Answer Keys 


1. (b) 2.(a,c) 3.(c) 4. (i) (a) (ii) (c) 
8. (b) 9. (a,b) 10. (b) 


m@ MONOTONIC FUNCTIONS 


Functions are said to be monotonic if they are either increas- 
ing or decreasing 1.e., monotonic in their entire domain. 


Monotonicity Over an Interval 


A function y = f(x) is called monotonic over its do- 
main (D) iff f(x) satisfies any one of the following four 
conditions. 
(i) f(x) 1s strictly increasing V x € D, 
L.e€., X, > xX, Sf(x,) > flx,) V x, x, € D, 
Also known as monotonically/steadily increasing 
function. 


y=x° 


FIGURE 5.65 


(ii) f(x) is strictly decreasing V x € D, 
1.€.,x, > x, & flx,) <flx,) Vx, x, € D, 
Also known as monotonically/steadily decreasing 
function. 


Application of Derivatives I 


< 5.17 


10. Let x. V i e€ N be the values of x for which the 
function f(x) = max {x’, (1 — x)’, 2x (1 — x)} is 


non-monotonic; then find be 


(a) 2 (b) —3/2 
(c) 1 (d) none of these 


(iii) (6) (iv) @ 5. (a,b,c) 6. (b) 


y=log 12% 


FIGURE 5.66 


(11) (x) is non-decreasing V xe D, 
L.€.,X, <x, <> flx,) <fx,) V x,,x, € D, 


e.g. f(x) = [x] 


FIGURE 5.67 


a<b<c 
we have, f(a) < f(b) and f(b) = fic) 


xX, <x, >f{x,) <fx,) 


7. (a) 


5.18 > Application of Derivatives Il 


(iv) f(x) is non-increasing V x e D, 


1.€., x, > x, > flx,) <fx,) V xx, €D; 


e.g. f(x) =-[x] 


FIGURE 5.68 


a<b<cand f(a) = f(b) and f(b) < f(c) 
x, <x, 


=> fx) 2A) 


REMARKS: 


Monotonicity of Differentiable Functions in 
an Interval 


If for a differentiable function in some _ interval 
xth-x>0 ©= f(x+h)-f(x)>0 
en ant ee 


dx>0 dy>0 


= tin Lt D-IL 


h>0 h 


>0< f(x) >0, then fis said 
to be monotonically (strictly) increasing in that interval. 


And hence the ratio him h sin =Q= eee >0 
>0* 


for increasing function and its limit for h > 0. 


F(x+h)- F(X) py, DY 
h ere 


i.e., lim 
h>0 
dy . sce tate 
Hence a >0 in some interval then y is said to be an 
6 


d 
increasing function of x in that interval. Similarly if oe <0 
x 


then y is decreasing in that interval. 


(a) Thus f'(x) = 0 in an interval | with f(x) = 0 on one or more subintervals of I, then f(x) is said to be a non-decreasing 


function in the interval I. 


(6) But, if f'(x) vanishes at a finite/infinite number of isolated points, provided it be elsewhere uniformly positive, then 


f(x) will strictly increase. 


ILLUSTRATION 9: 


SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


ILLUSTRATION 11: 


SOLUTION: 


Application of Derivatives Il < 5.19 


The length of a longest interval in which the function f(x) = 3 sin x — 4 sin*x is increasing, is 
(a) 1/2 (b) 1/2 
(c) 3x/2 (d) x 
Let f(x) =3 sinx—4 sin*x =sin3x = /f(x)=3cos 3x20 for 3xe ane 20 += 
Thus the longest interval in which sin 3x is increasing, is of length 1. 
So, the length of largest interval in which f(x) = sin 3x is increasing, is a 
Find the intervals of monotonocity for the following functions and represent your solution set 
on the number line. 
(a) f(x)=2e°* (b) fix) = xe 
Also plot the graphs in each case and state their range. 
(a) f(x) =2e" 
=> f(x) =2e “(2x-4) = 4e" * (x-2) 
4e**>0VxeR 
so sign of f'(x) depends only x — 2 
Now, f'(x) > 0 when x € (2, «) FIGURE 5.69 
so f(x) is T on (2, 0) 
And f(x) < 0 when x € (—«, 2) 
so f(x) + on (-~, 2) 


= + 
=< —___________+______ © 
4 


(b) fx) =x? & - + = 
f'@) =-e*x(e-2) [e*>0V xe R] a rr ad 
f 
So, by wavy curve of f(x) FIGURE 5.70 


f'(x) > 0 when x € (0, 2) ie., Ax) T on (0, 2) 
and f'(x) < 0 when x € (-o, 0) U (2, «) 
so fix) L on (co 0) U (2, «) 


Find the intervals of monotonocity of the functions in [0, 27] 


4sin x —2x-—xcosx 
= sinx — b 0S 
(a) Ax) = sin x —cos x (b) f(x) eae 


(a) fx) = sin x —cos x; x € [0, 27] 
=> f'(x) = sinx + cosx = V2 sin(x + 2/4) 
O<x<2n 
w4<x+n/4< 9n/4 
Now, if 0<x + 1/4 <1, then f'(x) > 0 
if — 1/4 < x < 32/4 then f'(x) > 0 
if x € (7n/4 2] VL [0, 32/4) then f'(x) > 0 
so f(x) fT on [0, 32/4) U (77/4, 27] 
and if m<x + 1/4 <2n; f'(x) <0 
=> if 3n/4<x<7n/4; f'(x) <0 

so f(x) ¥ on (37/4, 72/4) 


YU 


5.20 > Application of Derivatives II 


ILLUSTRATION 12: 


SOLUTION 


ILLUSTRATION 13: 


SOLUTION 


: p-['- 


4sinx—2x-—xcosx 


;x €[0,2x] => f'@)= cos x(4—cos x) 


(b) fix) = 


2+cos x (2+cos x) 
4-cosx>OVxeER (2+cosx¥>O0VxeER 
so sign of f'(x) depend on cos x only F'(x) > 0 for x € [0, 1/2) U (32/2, 27] 
f(x) <0 for x € (n/2, 32/2) so f(x) T on [0, 2/2) U 3x/2, 27] 


and fix) + on (x/2, 32/2) 


1 
Find the values of 'a' for which the function f(x) = sin x — a sin2x — 5 sin3x + 2ax increases 


throughout the number line. 


1 
: f(x) = sin x — a sin 2x — 3 sin 3x + 2ax. 


Now f(x) = 0 

=> cos x-—2a cos 2x —cos 3x + 2a20 => cos x—cos 3x -— 2a cos 2x + 2a2>0 
= 4cosx sin’x + 4a sin’x 20 = 4sin’x (cos x + a) 20 

=> cosxta2z0VxeR > a>l 


Find the set of values of 'a' for which the function, f(x) = x +5x4+V7 is 


i V¥21-4a-a’ 
atl 
increasing at every point of its domain. 


= bee 2 
V21-4a—a" Jeeseost 
atl 


Given that f(x) increases V x € R, therefore f'(x) > 0 


pose 


3x7+5>0VxeER 
a+l 


(ax* + bx + c>0, then D <Q) 


_ _ 2 
eae Bee sco 
a+l 
¥21-4a-a’ 


(i) holds in the following cases 
Casel: Ifa+1<Oand21—-4a-—a’20 
=> a<-—1land(a+t7)(a—3)<0 
=> a<-—land-7<a<3 
=> aef[-7_-1) .. (il) 
Caselli: ifat+1>0 => ae(-l,«) 
¥21-4a-a’ <1 
atl 
=> (a+ 7)(a-3)<Oand(a+ 12> (21 -4a- a’) 
=> -7<a<3 anda’+ 3a-1020 


=> 21-4a-a’2>0 and 


ILLUSTRATION 14: 


SOLUTION: 


ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


SOLUTION: 


Application of Derivatives Il < 5.21 


=> as-Sora22 anda eé [-7, 3] 
Seel2s| sees (111) 
From (11) and (ii), we get a € [-7, — 1) U [2, 3] 

If f(x) = 2e* — ae* + (2a + 1) x —3 monotonically increases for every x € R, then find the 
range of values of 'a'. 
Aix) = 2e& -— ae* + (Qa + 1)x-3 

‘* f(x) increasing for x « R 

=> f'(~20VxER 
2e* + ae* + (2a +1)20 
2e*>+a+Qat1lye20 
(e + a) (2e*+ 1)20 
e+a>0 >-eVxeR [ 2e®°+1>0Vx eR] 
=> a>=0 


If f(x) = xe», then f(x) is 


1 1 
(a) increasing on (+. (b) decreasing on 3.1] 


=> 
=> 
=> 
—> 


(c) increasing on R (d) decreasing on R 

Given, f(x) = xe -») 

=> f(x) =e0 + xeC 9 1 - 2x) = et [1 +x 1 — 2x)] = eC PC + x — 2x’) 
=— el-») (2x7-x- 1) 
=— eh) (x- 1) Qx + 1) 


1 
Which is positive in (5.1) and f(x) = 0 on 3.1] 


1 
Therefore, f(x) is increasing in Pal 


If Ax) = sin*x + cos*x + bx + c, then find possible values of b and c such that f(x) is monotonic 
for all x € R. 

Ax) = sin* x + cos*x + bx +c 

F(x) = 4 sin*x cosx — 4 cos*x sinx + b = 4 sinx cosx (sin’x — cos*x) + b =—sin4x + b 

Hence for f(x) to be monotonic b € (co, -1] U [1,00) andc e R 


Find possible values of 'a' such that f(x) = e* — (a + 1) e* + 2x is monotonically increasing 
forx e R. 


fix) = e* -—(a + Le* + 2x 
=> f(x) =2e"-(atl)e +2 


Now, 2e” — (a+1) +220 for allx e R 
=> afer +2) -(a+1)20 for allx e R 
=> (a+1)<2{ e+ for allx e R 
> at+1<4 ¢ e tae minimum value 2 


> as3 


5.22 > Application of Derivatives Il 


Monotonicity for Continuous but Non-differ- Clearly, the function is continuous and non-differentia- 
entiable Functions in an Interval ble at x = a,, a,, a, but still the function is strictly increasing 
at these points. 


f(x) <0 V xe[a,b] ~ {a,} 
=> f(x) is strictly decreasing (1) 


Let f(x) is continuous V x €[a,5]. But not differentiable at 
finitely many points say a,; k = 0, 1, 2,..., 
f(x) >0 V xe[a,b]~ {a,} 


hy 
=> fix) is strictly increasing (7) 


x=a, X=a, X=a, 


FIGURE 5.74 


Clearly, the function is continuous and non-differentia- 
ble atx =a,, a,, a, but still the function is strictly decreasing 


FIGURE 5.73 : 
at these points. 


Application of Derivatives Il < 5.23 


Monotonicity for Discontinuous x, >x, => f(%)> f(x) for strictly T 
Functions in an Interval x >x, > f(x)> f(x) for non ¥ 


For functions discontinuous at some point a, in [a, 5] x, >x, => f(x,)<f(x,) for strictly J 


monotonicity can't be adequately determined on the basis 
of sign of derivative, in such cases the basic definition of 
monotonicity must be followed 1.e., 


x,>x,=> f(x) f(x,) for non T 


5.24 > Application of Derivatives II 


(vii) 


SOLUTION: (i) non-decreasing 


(11) f(x) is a non-increasing function in [a, 5] 


(iii) Monotonic (non-increasing) 
y 


Here, x, <x, => f(x,) <Ax,) 
and x, <x, => f{x,) > Ax,)} discrepancy 
This can happen only in a discontinuous function. 
So, if point, 'c' is not considered, even then also the function can't be called monotonic 
over [a, b]. 
(v) Monotonic (strictly increasing) 
(vi) non-monotonic 


(vil) Strictly decreasing 


ILLUSTRATION 21: State which of the following statements are true: 


(a) Functions which are increasing as well as decreasing in their domain are said to be non 
monotonic. 


(b) f(x) =x- sin x is monotonically increasing in (0, 47) 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. Which of the following statements is true/false? 
(a) The function y = 1 + 3 (log sinx + log cosecx) is 
non-monotonic on (0, 7) 
(b) The function y = 1 + 3 (log sinx + log cosec x) 1s 
Monotonic on (0, 7) 
cos 2| 


(c) The function y= { COS* is decreasing 


for [0, 7] 
(d) The function 
1+ 3(log | sin x | +log|cos ecx|,x #0 
y —e 
0 x=0 
is monotonic for [0, 1/2] 


Application of Derivatives Il < 5.25 


(2 
(ec) The function y = sin (25) is monotonic 
x 
in [—1, 1] 
Re ee ad 
(f) The function y=sin i is strictly 
x 


increasing in its domain 
(g) The function y = e”!, where [.] denotes the great- 
est integer function 1s monotonic on [0, 7] 


. Match the functions in Column-I to the intervals of 


monotocity in Column-II 

Column-I 
(a) sin”'(sinx) 
(b) cos '(cosx) 
(c) tan”! (tanx) 


Column-II 
(i) [0, 7] 
(11) [0, 2] ~ {x/2} 
(111) [—10/2, 1/2|~{0} 


5.26 > Application of Derivatives II 


(iv) (—n/2, 1/2) 
(v) [n/2, 32/2] ~{n} 
(vi) (0,7) 


(d) cosec (cosecx) 
(e) sec (secx) 
(f) cot! (cotx) 


. Test whether the following functions are monotoni- 


cally increasing/decreasing 
(a) log(3x? + 2) + e* | (b) log(x — sinx) + e*s™ 
(c) eu-l _ glx 


. For what values of m does the function f(x) = (m + 2) 


x? — 3mx’? + 9mx — 1 strictly decreases for all x. 


= 


7-1 
If f(x)= (: ; Js +(a-1)x? +2x+1 is monotonic 
increasing for every x € R, then find the range of 
values of ‘a’. 


At what values of coefficient a does the function f(x) 
= x? — ax increase along the entire number scale? 


At what value of b does the function f(x) = sinx — bx 
+ c decrease along the entire number scale? 


Answer Keys 
1. (a) F (0)T (c) T (d) T (e) T (iy-E (g) T 
2. (a) (itl), Gv), (Vv) (6) @), @), (I) (©) — Gv) Gn), © GH (wv) 
3. (a) increasing (b) increasing (c) increasing 
4. m € (-o, -3] 5. a € (-0, -3] U [I], «) 6. (co, 0] 7. b> 1 
TEXTUAL EXERCISE-2: (OBJECTIVE) 
1. The function f(x) = 2log(x — 2) —x* + 4x + 1 increases 6. If f(x) = x + bx? + cx + d and 0 < b? < c, then in 


in the interval 


(a) C1, 2) 


5 
0 (53) 


(b) (2, 3) 
(d) @, 4) 


. An interval of increases of the function y = x —2sinx 


if0 <x <2n, is 


(b) (0,7) 


vA a 52 
—, d —,— 
© (Z| @ (2.2) 
. The interval of increase of the function 
y=x-—e+tan a 1S 
7 
(a) (—00, —1) (b) (0, 00) 
(c) (-%, 0) (d) (1, ©) 
. fix) = tan ‘(sin x + cos x) is an increasing function in 


(a) (—n/2, 0) 
(c) (1/4, 1/4) 


(b) (0, 2/2) 
(d) None of these 


. For what value of 'a' does the curve f(x) = x(a’? — 


2a —1) + cos x is always strictly monotonic V x e« R 
(a)aeR 

(b) a>0 

(c) 1-V2<a<1+V2 

(d) None of these 


. If the function f (x) = ( 


(—00, 00) 

(a) f(x) is a strictly increasing function 
(b) f(x) has a local maxima 

(c) f(x) 1s a strictly decreasing function 
(d) f(x) is bounded 


If f(x) = sin x + a’x + b is an decreasing function for 
all values of x, then 

(b)aeR 

(d) None of these 


(a) a € (-~,-1) 


(c) ae R- (1,1) 


If f(x) = ver! is an increasing function then 
(for a > 0), x lies in the interval 

(a) [a, 2a] (b) (co -a] U [0, a] 

(c) (a, 0) (d) None of these 


Consider the following behavior of function in (1, 1) 
I. Increasing in [0,1) II. Decreasing in (1, 0] 

IV. Derivability 

Which one of the following four function exhibits 

atleast three of the four mentioned above? 

(b) max {x, x’} 


(d) max{x, [x]} 


III Continuity 


(a) max {x, x°} 
(c) max {x, |x|} 


Asinx+2cosx) . 
—.——— | Is strictly 
sin x + cos x 


increasing at all values of x in its domain, then 


(a) k< 1 
(c) k<2 


(b) k>1 
(d) k>2 


11. Let f(x) =x — [x]. In which of the following interval 
fix) 1s increasing? 
(a) [0, 1) 
(c) [2,3] 


12. If the function f(x) = 2x? — kx + 5 is increasing in 
[1, 2], then 'k' lies in the interval 


(b) (I, 2) 
(d) (2, 3] 


Answer Keys 
1. (b,c) 2.(a,c,d) 3. (a,c) 4 (a,c) 5. (c) 
11. (a,b) 12. (a) 13. (c) 14. (c) 


m@ INTERVAL OF MONOTONICITY 


An interval belonging to the domain of function, in which 
the function f(x) remains monotonic, is called interval of 
monotonicity. e.g., for the function y = x? —3x + 2 


sin x 
ILLUSTRATION 25: Show that 


3 sin 2 > 2 Sin 3: 


sin x 
SOLUTION: y= 
x 
, xcosx—sin x 
= = 


Application of Derivatives Il < 5.27 
(a) (—2, 4] (b) (4 2) 
(c) (—2, 3) (d) (8 «) 


13. If f (x) = ke — 9x? + 9x + 3 is monotonically 
increasing 1n each interval, then 


(a) k<3 (b) k<3 
(c) k>3 (d) none of these 
14. f(x) = kx + 2 cosx is monotonically decreasing if 
(a) k<2 (b) k>2 
(c) k<-2 (d) k>-2 
6. (a) 7. (c) 8. (b) 9. (b, c, d)10. (d) 


3 a — ; 
xe (3) is interval of monotonic increasing (N) 


3 
xe [—«,3) is interval of monotonic decreasing (\) 


is a decreasing function in the interval (0, =) and hence prove that 


_ cos x(x — tan x) 


2 
X 


VWxe (0,2) 
A 
VWxe (=.2) 
2 


decreasing uniformly. Now 2 < 3 and 2, 3 € (0, 7) 


sin x 
And hence 


=> f(2) > fG3) 


sin2 sin3 


3sin2 > 2sin3 


2 3 


m CRITICAL POINTS 


L) A point belonging to the domain of function f(x) where 
f(x) = 0 or it is not defined/discontinuous. 

LI At these points, it is possible that the function may 
change its monotonicity but it is not always the case. 


LJ The points where f(x) = 0 are known as stationary 
point. 


L) The stationary points of f(x) are x—intercepts of the 
graph of f(x). 


5.28 > Application of Derivatives Il 


y=F(x) 


FIGURE 5.75 


U) Ifx =a is acritical point of f(x), then it is also a criti- 
cal point of the function g(x) = f(x) + k, where k is 
a constant. i.e., vertical transformation does not have 
any effect on the critical points 


UO) If x = a is a critical point of the function f(x), then 
x =a+k isa critical point of g(x) = fx — k), where 
k is a constant. 
Similarly x = a—k is acritical point of h(x) = f(x + k), 
where & is a constant. 


To find interval of monotonicity for y = f(x) 
Given a function f(x) = x’: e*. 


Step 1: Find Domain 
Step 2: Find the derivative of function 


f (x) =e" (2x-x’) = e*x(2-x) 
Step 3: Find the critical points 1.¢., x = 0, 2. 


Step 4: Locate these critical points on real number line. 


Find the sign of f(x) in these intervals obtained. 


Step 5: f'(x)>0Vxe(0,2) is interval of monotonic 
increase 


FIGURE 5.77 
and f(x) < 0 Vxe (—o, 0) and (2, 0) 


= ix) is monotonically decreasing in (—°0,0) and (2,00) 


ILLUSTRATION 28: 


SOLUTION: 


ILLUSTRATION 29: 


SOLUTION: 


Application of Derivatives Il < 5.29 


=> b+(2+V3)<sinx Vx eR or(b+2-V3)>sinxVxeER 
=> b+(2+v3)<-1 or (b+2—V3)>1 

=> b<-3t+ V3) or b> V3 

= be (o,-3 + ¥3)) U (13 - 1, «) 


Find all the values of 'a' for which f(x) = (a? — 3a + 2) cos (= + (a—1)x posses critical points. 
Given, fx) = (@ — 3a + 2) cos + (a—1)x 

1 
=> {x= —_@ —1)(a-2) sin( = + (a-1) 


=> f(«)=(- {1-3 @-2)sin(Z) 


If f(x) possesses critical points, then f(x) = 0 


=> (a-1) (25? }in( =) =0 => a=land1- (#5? )ain{ >) 0 


x 2 
2 | d 1 —/|= 
a an: sin( 


=> 
a-—2 
=> az=1and!—— <l 
=> a=l1and|la—-2|2>2 => a=landa-22>20ra-2<-2 
=> a=landa>4ora<0 > a=landa>4ora<0 
=> a=landae(—~,0)UG, ~) 


Therefore, a € (—00, 0) U {1} U , «) 
(a) Find the set of all values of the parameter 'a' for which the function, f(x) = sin 2x — 8(a + 1) 
sin x + (4a*+ 8a — 14)x increases for all x € IR and has no critical points for all x € R. 


(b) Find all the values of the parameter ‘a’ for which the function; fx) = 8ax — a sin 6x — 
7x — sin 5x increases and has no critical points for all x € R. 


(c) Find the set of values of ‘a' for which the function f(x) = (a? + a — 6) cos2x + (a — 2) 
x + cos 1 has no critical points. 

(a) fix) = sin 2x — 8(a + 1) sinx + 44a’ + 8a- 14)x 

=> f'(x) =2 cos 2x — 8(a + 1) cos x + 4a*+ 8a — 14 = 4cos’x — 2 — 8a cos x — 8 cos x + 
4a* + 8a— 14 


“* fix) TV x © R and has no critical points, therefore f'(x) > 0 
=> cos’*x—2(a+1)cosx+(a+1P-—5>0 

=> (cosx—(a+1)¥>5 

=> cosx—(a+1)> V5 or cos x —(a + 1) <- V5 

Casel: a<-— V5 —1+cosx 

Now minimum value of cos x = —1 

= minimum value of —V5—1+cosx =—J5 —2 

=> a<—v5-2 


5.30 > Application of Derivatives II 


Casell: a> V5 —1+cosx 
Now maximum value of cos x = 1 


=> maximum value of V5 —l+cosx= V5 


=> ar>vJ5 
From (1) and (2); we get ae€ (-c0, -/5 — 2) Uae (5,00) 
(b) f(x) = 8ax — asin6x — 7x — sin5x 
F(x) = 8a — 6acos6x — 7 — Scos5x 
‘* f(x) increases and has no critical points. 
. f'@)>OVxeER 
=> 8a—-6a cos6x-— 7-5 cos 5x>0 
=> 8a—7- 6a cos 6x-—5 cos 5x>0 
=> 8a—7> 6a cos 6x + 5 cos5x 
Case (i): Fora>0 
8a—7>6at5 
*" fora > 0; maximum value of 
6acos6x+5cos5x will be 6a+5 
at point where cos6x = cos5x =1 


=> 2a>12 
> a>6 
ABE(6, 0) 
Case (ii): Fora<0 
8a—7>-6at5 
*: For a <0; maximum value of 
6acos6x+5cos5x will be —6a+5 at 
a point where cos 6x = —cos5x =-1 


= 14a>12 

= a> 6/7 which is impossible as a < 0 

7 a 
Taking union of (1) and (2); we get a € (6, «) 

(c) f(x) = (a + a-—6) cos 2x + (a—2)x + cos 1 

=> f'(«%)=-2(e¢ + a—6) sin 2x +a-2 

** f(x) has no critical points 


. f'(x%) #0 
for f'(x) = 0; we have 
=> -2(a + a—6)sin2x +a-—2=0 => 2(a+a-—6)sin2x =a-2 
; —2 
=> sin 2x = ~~ _ Now sin 2x € [-1, 1] 
2(a° +a—6) 
ae a-—2 ee ie a-2 2 


<—————_ <]l 
2(a* +a—6) 


Application of Derivatives Il < 5.31 


a-—2 
Case (i): —;——— 2-2 
0 a’ +a—6 
a-—2 a-—2+2(a* +a-6) 
—.—— +220 => 20 
a’ +a—6 a’ +a—6 
2 = _ 2 te 
2a = 12+a-2 £6 = as 14 0 
a +a-—6 a +a-—6 
2 
2a wigs Sh (2a+7)(a-2) , 
a +a-—6 (a+3)(a-2) 
+ - + 
a a 
—7/2 —3 
FIGURE 5.79 
ey 
> ae (2. orae(-3,0)- {200 neers (1) 
—2 
Case (ii): Se <2 
a“ +a—6 
ote 0 
a’ +a-6 
2 — — — 
= 2(a a 6)—(a 2) 50 
a +a—6 
2 — — 
2a 2a 12 at+29 
a +a—6 
2a*+a-10 
> ————— 20 
a’ +a-—6 
mn (2a+5)(a—-2) . 4 
(a—2)(a+3) 
+ - + 
ET |e 
-3 —5/2 
FIGURE 5.80 
5 P 
> ae(~,-3)U F) aeied (ii) 
. oe —7 —5 a 
From (1) and (11); we get a € OS U Ber et CA (111) 
Any a € R for f'(x) = 0 is given in equation (111) 
5 
Hence for no critical points 1.e., f'(x) # 0, a € (-7,-5] U{2} 


as at x = 2; f(x) = 0; therefore it is also a critical point. 


5.32 > Application of Derivatives Il 


NOTE: 
L) While expressing the intervals of monotonic increase/decrease, do not use union symbols without taking adequate 
care. 
".” it may happen that f (x) decreases in two intervals but fail to behave so in their union. 
Consider f(x) = x* e* 
Here f(x) + for (-c0, 0) and also for (2, ©) 


2-\2 2x. 2+v2 


3 


FIGURE 5.81 


But as is evident from the graph of the function x, < x, => f(x) > f(x,) but x, < x, ® F(x,) > Fx,) 
Rather x, < x, => f(x,) < f(x,) 
“. (x) is not decreasing on (-:9, 0) U (2, °) 
L) Although when f (x) is discontinuous then this may happen that if f(x) increases in [a, b] and [c, d] both, so its also 
increases in [a, 6] U [c, d]. 
For instance, see the graph function y = f(x) 


FIGURE 5.82 


Here, the function increases in the intervals (a, b), (c, d) and we may proceed to write that it in (a,b) U (c,d). 


".” Here we have f(b) > f(c) 


Application of Derivatives Il < 5.33 


value of f(x) V x € [a, b] is greater than the maximum 


m CONCLUSION value of f(x) V x € [d, e]. ie., f(b) > fd). 
1. If f(x) 1s f in [a, b], decreases in [c, d]; again 7 in y=f(x) 
[d, e]. Then f(x) increases in [a,b]U[d,e] is true iff 
maximum value of f(x) V x €[a,5] should be less than 
min. value of f(x) Vx €[d,e] i.e., {b) < f(d) 


For example consider f(x) as shown in figure 5.83 


y=f(x) 


FIGURE 5.84 


3. Conventionally interval of monotonicity is expressed 
using open interval but, ideally use of closed interval 
is more informative particularly for discontinuous 
functions. 


FIGURE 5.83 4. For continuous functions (defined over closed interval) 


the open intervals of monotonicity can be replaced by 


2. If f(x) is ¥ in [a, 5]; T in [c, d] and again J in [d, e]; closed interval. 


then f(x) is decreasing in [a, b] U [d, e] iff minimum 


SOLUTION: /' (x) =2- 


5.34 > Application of Derivatives II 


.. f(x) is strictly increasing in [a, 5] and strictly decreasing in [B, c] 


y=f(x) 


FIGURE 5.89 


2. Yes, x,,x, € [a, b] then x, <x, > f(x,) <flx,) 


=> fx) 1s strictly increasing 1n [a, 5] 
For x,, x, € [b, c] 

Then x, < x, 

fix) > fl) 

=> f(x) 1s strictly decreasing in [8, c] 


y 


2 


No, For x,, x, € [a, 5] 
Xx, <x, > flx,) <Ax,) 
= fix) 1s strictly increasing for [a, 5] 
For x,, x,, € [B, c] 
Xx, <x, © flx,) > f{x,) 
b<b+h but f(b) + fb +h) 
. f(x) 1s not strictly decreasing in [J, c] 
4. No, For x,, x, € [a, 5] 
Xx, <x, & f{x,) <fx,) 
b—h<b but f(b —h) > f(b) 
‘. f(x) is not strictly increasing in [a, 5] 
For x,, x, € [b, c] 
x, <x, ® flx,) > Kx,) 
b<b+h but f(b) </f(b + h) 
*. f(x) is not strictly decreasing in [8, c] 
1 1 
+x I+x 


ILLUSTRATION 31: /(x) = | (2 are ses | dx , then fis 


(a) increasing in (0, 0) and decreasing in (—00, 0) 


(b) increasing in (—co, 0) and decreasing in (0, «) 


(c) increasing in (—00, 00) 


(d) decreasing in (—00, 00) 


eax —V1+x 


1+x 


Ld | 20+ x*)-1-vi+? 
l¢x? fia 1+x? 


5 >0 VxeER = option (c) is correct. 


; x 
a b C 


FIGURE 5.90 


> XK 
a b C 


FIGURE 5.91 


: : ‘ x 
a b  & 


FIGURE 5.92 


Application of Derivatives II 


< 5.35 


ILLUSTRATION 32: Investigate the behaviour of the following functions for monotonicity in the given intervals, 


SOLUTION: 


ILLUSTRATION 33: 


SOLUTION: 


ILLUSTRATION 34: 


SOLUTION: 


Gi) f(x)=—-sin’ x+3sin’ x+5,x €[-2/2,7/2] 
(ii) f(x) = sec x — cosec x, x € (0,7 /2) 
(i) f(x) =—sin’ x+3sin’ x+5,x €[-2/2,7/2] 


=> f'(x)=-3 sin’ x. cos x+6 sin x. cos x =3 sin x cos x(2-sin x) 


For xe (0,5); sinx>0; cos x> 0 and 2 sinx>0 => f(x)>0 


And for re(-Z.0}, sin x < 0; cos x > 0 and 2 —sinx >0 => f(x) <0 


= f(x) is increasing in (0,7 /2) and decreasing in (7 / 2,0) 
(ii) f(x) =secx—cosecx,x € (0,72 /2) 
= f'(x)=secxtanx+cosecxcotx > 0Vx € (0,7 /2) 

Thus f(x) is increasing in (0,7 /2) 


The interval in which f(x) = fe (t—1)(t—2)dt is decreasing, is 
0 


(a) (1, 2) (b) (1, 3/2) 
(c) (1, 3) (d) (1, 4) 


Given f(x) = f e' (t-1)(t -—2)dt 


=> f(x) =e @-1) ~-2)dt 
For decreasing function f"(x) < 0 
Hence, e*(x -1) (« — 2) <0 
=> (x-1)@-2)<01e,x é€ (1, 2) 
Hence (a), (b) are correct. 
The function fx) = sin*x + cos*x increasing if 


5/4 4 37 
<yx<— se ee oe 
(a) 0<x 3 (b) 4 x 3 


37 57 Sa 32 
Or eae (aS 
Here f (x) = sin* x + cos* x 
=> f'(x) = 4sin*x (cosx) + 4cos*x (-sin x) 
=> f'() = 4sinx cosx (sin’x — cosx) 
=> f(x) = 2(sin 2x) (-cos 2x) => f'(x) =-sin 4x 
Now /’(x) > 0 if sin 4x < 0 
=> m<4x<2n 
a, Cees 
4 2 
Here (5) is only subset ice., (#5) 


5.36 > Application of Derivatives Il 


ILLUSTRATION 35: 


SOLUTION: 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 


SOLUTION: 


ILLUSTRATION 38: 


SOLUTION: 


‘ x : : 
The function y= ax decreases in the interval 
x 


(a) (-l, 1) (b) [1, ~) 
(c) (-«, - 1] (d) (— 2, ~) 
, At+x’?)-2xx 1-x 
ee 4x?) 
Since (1 + x”)? > 0 for all x, we have y' < 0. 
When, 1 — x? < 0, whence x > 1 orx<-—l. 
Therefore, x € (—00, —1) or x € (1, 0). 


Thus =e decreases in (—0, —1] or [1, 0). 
l+x 


The function f defined by f(x) = (x + 2) e* is 

(a) decreasing for all x 

(b) decreasing in (—o,—1) and increasing in (—1, «) 

(c) increasing for all x 

(d) decreasing (—1, ©) and increasing 1n (—°0, —1) 
f@=-@+ De 

Obviously f'(x) < 0, when x > — 1 and f’(x) > 0 when x <-1 


Hence f(x) is decreasing in (—1, 0) and increasing in (—co, —1). 


The interval of increase of the function y = x — 2 sin x for0 <x < 27 is 
a 
@ ($7) (b) (0, 2) 
a SH 

c) |—.4 d): | — 

(c) (Z (d) ( ae 
— _. ay 
The function increases when its derivative k = 1 —2 cos x Is greater than zero. 
1 5 

It happens when cos x ar) => xeE (=.=) 


This is the interval of answer (d), and it includes that of answer (a) and (c). 


The function f(x) = cos x — 2 px is monotonically decreasing V x € R for 
(a) p< 12 (b) p> 1/2 

(c) p<2 (d) p>2 

For f(x) to be monotonically decreasing, f'(x)<0 Vx ER 


1 
=> f'x)=-sinx-2p<0VxER => > Sinx + p> 0 
1. 
=> p>, sinx VxER 


1 
=> p> 5 = option (b) and (d) are correct. 


Application of Derivatives Il < 5.37 


ILLUSTRATION 39: If a <0 and f(x) = e* + e@. Suppose that S = {x : f(x) is monotonically decreasing} then 
(a) S= {x:x>0} (b) S= {x:x<0} 
(c) S={x:x>1} (d) S= {x:x< 1} 
SOLUTION: /'(x) =a(e*-e™. 
So fis monotonically decreasing iff e “— e “> 0, i.e., e > 1, which is true iff 2ax > 0. 


Since a < 0, we must have x < 0. 


2 2 


; (x) = —__*____ where 0<x< 1, then : 


ILLUSTRATION 40: If f(x) = aa PE een 
- x x= x 


(a) both 'f and ‘'g' are increasing functions 
(b) 'f is decreasing and ‘g’ is increasing function 
(c) 'f 1s increasing and 'g' is decreasing function 
(d) both 'f and 'g' are decreasing function 
SOLUTION: Put x = 7/6 and 7/3 and observe the behaviour of f(x) and g (x). 
1 | (1 —cosx) 2x — x’ sinx 
Alternatively f’(x) = > ia soee) 2e— ose 


x ; 
~ 3a—cosx [2 (1 — cos x) — x sinx] 
| Asin’ 57x sin cos | 
=. _* ___* “1 (-* for © (0, 2/2) and hence for 0 € (0, 1), (tan 6)/0 >1) 


2(1—cos) 
2xsin~ cos~ | "5 
2(1—cosx)’ 5 


= Hence /is increasing. 


and g’ (x) = - ea spad 2a oat esa) 


Consider x — 2 sinx + x cosx, we get 


S x x 
2x ” ies Se 4 sin— pas 
cos’ 5 sin 008 5 
x 
x tan — 
os 9) tan x/2 
= 2x cos? 1 - 0|° 1 
COs’ 5 x ( x2 
2 
=> g'(x)<a Hence g is decreasing. 


2 a peed 
ILLUSTRATION 41: If f(x) = (tan! x) + A a , then fis increasing in 
x +1 


(a) (0, «) (b) [1, 10] 
(c) [3, 5] (d) [2, 5] 


5.38 > Application of Derivatives II 


SOLUTION: Given f(x) = (tan ‘x)? + 


ee 1, % 
> y= [as al 


Let g(x) = tan! x - 


x +1 


=> g(x)= 


] 
5 1-1} 0fratts« R 
x +1 


Ve +1 

=> g(x) is increasing for allx e R 
But g (0) =0 => g(x)>0forx>0 
So, f'(x) > 0 for x > 0 


ILLUSTRATION 42: Find the interval of increase or decrease of the function f(x) = [@? +2t)(t* -1)dt 
4 


SOLUTION: / (x) = G + 21)(t? —1)dt 


=> f(x) = (2 + 2x) (2-1) 
When f’(x) = 0 = x=0,-2,-1,1 
Sign scheme for f’(x) is as below 
+ve -ve +ve —ve +ve 


o_O! o_o F000 
—2 <-1 90 1 


FIGURE 5.93 
Clearly, f'(x) > 0 
When —00 <x <-2 or -1<x<0 or 1<x<o 
While f’(x) < 0 
When —2 <x<-l or 0<x<1. 
Hence f (x) increases when —o < x <—2 or -—1<x<0 or 1<x<o 


i.e., in the interval (—co, —2), (1, 0), (1, 0) and decreases when —2 <x <-1 or0<x<1 
1.e., in the interval (—2, —1), (0, 1) 


ILLUSTRATION 43: Find the interval of monotonicity of the following functions: 
(i) y = log (x+Vi+2"] (ii) y = (xVax—2° | for a > 0 


10 


wy 4x? —9x* + 6x 


SOLUTION: (i) The derivative of the given function, 


dy Care _ 1. 
dx x4 14x? 14x 14x 


is greater than 0 for all x, showing that y increases on (—00, 0) 


Application of Derivatives Il < 5.39 


(11) Differentiating the given function, 


dy FE x(a—2x)  2(ax—x’)+ax-2x 
= NX YC [0 Ga] 
dx 2Vax—x? 2Vax—x’ 


-24{ x- 

7 x(3a—4x) 7 4 

- 2Vax—x? - Vax—x’ 
+ve —ve 
0 3a/4 a 
FIGURE 5.94 


3 
Thus dy/dx > 0 when 0<x< = , and less than 0 otherwise. Since the domain of the given 


3 3 
function is [0, a], we see that y increases on (0, 4 and decreases on (2.2) 


dy 10 (12x? -18x+6) 
(iii) The derivative of the given function is —- = -—~———_——* 


(4x° —9x? + 6x) 
60(2x? -3x+1) _ 60(2x-1)(x-1) 


(4x —9x7 + 6x) (4x? —9x7 + 6x) 
-—ve -ve +ve -ve 
0 1/2 ~«» 1 
FIGURE 5.95 


It is greater than 0 when > <x < 1, and it is less than 0 for other values of x. Since y is 


not defined at x = 0, we therefore see that it increases on 
l 
(—x0, 0), (0.2) > (1,00). 


ILLUSTRATION 44: Find the intervals of monotonicity of the function y = 2x” — log|x|, x ¥ 0. 


1 
(F.1) and decreases on 


SOLUTION: The given function y = 2x? — log |x|, x 0 can be re-written as 
7 ‘ —log(-x); x<0 


2x” —log x; x>0 
POEL aE Oy ar eae x<0 
dy _ (-x) x 
dx 
eae x>0 
x 
dy 1 4 1 l 
Le.,—-= 4x -— —= —| x+— |] x-— |; x40 ll 
Le. x ‘{ Al 5) (1) 
Using the sign rule 


—ve tve -ve tve 
—00 ° 0) 


FIGURE 5.96 


5.40 > Application of Derivatives II 


1 1 1 1 
We have Lae ee es or 0 <x <— and ay > 0 for -— —<x<0QOorx> — 
ax 2 2 dx 2 2 


1 1 
Hence y is increasing in (+. 0| ; (J) 


1 1 
and y is decreasing in (—, -;| (0, 5) 


1 x 
ILLUSTRATION 45: Let f(x) = [i +] ; x > 0, then prove that f(x) is increasing. 
x 


SOLUTION: f(x) =(1 + 1/xy 


fx) = (1+ Ixy tog(.+1/2)-— | 
x+1 
The sign of a) depends on (In(1+2)-) [144 > 0f0rx>0] 
x) xtl = 
Let (x) = In(1 + 1/x) — — 
“x)= ar, Vx>0 
=> o'(x)=- uy x 
=> so o(x)t onx>0 
(x) > Lim d(x) = 0 
=> ox)>0Vx>0 i lim #(x) = 0] 


1 
=> log (1+ 1/%)- ——->0 Vx>0 
x+1 


Now, from (1), we can say that f(x) > 0 Vx >0 
Hence f(x) increase for x > 0 
ILLUSTRATION 46: Find the intervals of monotonicity of f(x) = (3* — 1) G7 -9/. 
SOLUTION: /{x) = (3*- 1) G7 -9/ 
. Sx) =3 In3 @*-9Y +2 3-9) x3? nB*-1 
= 3* In3 (3* — 9) [G* —9) +2 3*- 1)] = 3* In3 G* - 9) [3 - 11) 
. fx) =0> 3 =9 or3**!=11 
=> x=2orx = log, (=) 


+ + 
ool 


FIGURE 5.97 


11 
Thus f(x) is increasing in (- log, @) and (2, 0) 


11 
And f(x) is decreasing in (tog, (2.2) 


(1) 


Application of Derivatives Il < 5.41 


ILLUSTRATION 47: Find the intervals of monotonicity of the following functions: 
(i) Ax) = 4x?— In |x| (ii) f(x) = 


(ii) f(x) = = 
x 


SOLUTION: (i) Given f(x) = 4x2— Injx 


x? 
x* -27 


Then f(x) = 8x -— 1 = 


8x" ~] _ (2V2x-1)(2V2 +1] 


Wavy curve of f(x) will be 


FIGURE 5.98 


1 1 
= f(x) is strictly increasing in |} -——~—,0 |and 5] 
I) : : ( 2/2 2/2 
0 


1 1 
d is strictly d ing in | —0,-——= | and | 0,—= 
and f(x) is strictly creasing in ( om) an ( - 7 
x? 3x? (x* — 27) —4x° (x’) 
11 SS th ene 
(ii) f(x) xf 97 then f'®) (x*-27) 


—(x° +81x*)  —x’(x* +81) 


—> ‘ = = 
PO=— ant at 27) 
.. f(x) is strictly decreasing in its domain 1.e., R ~ {4/27 
x-3 
(iil) fy =F 
3 2 oe _x? a 
S 423 x nate 3) _ x =o 8 3 
joe tl nay he ae 
~ yx<3,x#0 eg) 
x x x x 


Clearly, the function f(x) is continuous at x = 3 and is non-differentiable at x = 3 


3 -!1 
LHD atx =3 == =— : 
3 9 
and RHD at 3 =e 
x= — 
3 9 
For x > 3 
x-6 FIGURE 5.99 
r=! - ) 


Wavy curve of /(x) is 


5.42 


> Application of Derivatives II 


(x-6) 


Forx = 3; [x)= 
x 


At x = 3; f(3°) < 0 and f'(3*) > 0 is not monotonic at x = 3 


‘. f(x) is strictly increasing for x € (—0, 0) and (3, 6) 
And f(x) is strictly decreasing for x € (0, 3) and (6, «) 


x=3 
FIGURE 5.100 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


. Compute the intervals of monotonicity for the func- 


tion f(x) =x + In(1 — 4x). 


. Compute the intervals of monotonicity for the 


function f(x) = ie 
Inx 


. If the function f(x) = ax — sin x is monotonic V x € R, 


then find the range of 'a'. 


x 


dt 
. Prove that f(x) = | ie (x >0) is always increasing 
n 


2 


function of x in its domain. 


. Test the monotonicity of the given function and find 


their intervals of monotonicities. 


3x ae | 
O Tee ©) Fal 
(c) x!* (d) ex In ex 
Answer Keys 
1. in (-, —3/4] and decreasing in [—3/4, 1/4) 


2 
3. 
5 


10 


. [e, ©) and decreasing in (0, 1) and (1, e] 
For a => 1 and decreasing for a < —1 
. Increasing: Decreasing 


10. 


Inx 
(ec) — 
ex 


(g) f(x)=2e" 


() x +x? 


(h) fix) = xe 


. If tan (x cos 8) = cot (z sin 9), f(x) = (cos 9 + sin 0), 


then determine the interval of monotonicity of f{x). 


. Check whether f(x) = cos (cos x) increasing or 


decreasing in [0, 7/2]. 


. Find the interval in which f(x) = x*— 14x? + 24x-—3 


is strictly increasing or strictly decreasing. 


. Find the intervals in which the function f(x) = 3cos* x 


+ 10 cos*x + 6 cos” x — 3, 0 < x < m; is monotonically 
Find the range of values of 'a' for which the function 


fix) = 2° + (2a +3)x? + 3 (2a + 1) x + 5 is monotonic 


in R. Hence find the set of values of 'a' for which f(x) 
invertible. 


(a) (—oo, —1] and [1,0] 
(d) [1/e?, 0); (0, 1/e7] 
(g) (2, 00); (—00, 2) 


(b) (co, —1] and [1,°0); [-1, 1] 
(e) (0, Ve]; [Ve, «) 
(h) [0, 2]; (co, 0] and [2, «) 


(c) (0, e]; [e, 20) 


(f) (—co, —1] and [1,); [-1, 0) U (0, 1] 


. Monotonically decreasing VxeR 


p2ye= 
2 


7. increasing 


. Increases on [—3, 1] and [2, ©); decreases on (—co, —3] and [1, 2] 
. Increasing in x € (n/2, 27/3) and decreasing in [0, 2/2) U (22/3, 7] 


Application of Derivatives Il < 5.43 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. 


5. 


6. 


. The interval in which the function f(x) = 


sin? 6 cos” 6 
A function g(0) = [| f(xdx+ | f(x)de ; where 0 
0 0 


is defined in the interval (-=,5) and f(x) is an 


increasing function, then g(8) is increasing in the 
interval 


NED 
o (of 


sin 
(£n x) — cos (£n x) is strictly increasing. 

(a) xe( ore. preety, eT. 

(b) xe fern. ee, ne L 

(c) xe [e2"", eeer 2m) 


(d)xeR 


J If f()=a': g(x) = al" 8" for a> 0, a # 1 and 


x € R, where {} and [] denote the fractional part and 
integral part functions respectively, then which of the 
following statements can hold good for the function 
h(x), where (£n a) h(x) = (én (f(x)) + Ln(g(x))) 

(a) ‘'h' is even and increasing 

(b) 'h' is odd and decreasing 

(c) 'h' is even and decreasing 

(d) ‘h'is odd and increasing 


. The number of critical points of the function f(x) = |x| 


e* is 
(a) 1 (b) 2 
(c) 3 (d) none of these 


The number of critical points of the function 
fix) = (ax? + bx + c) |x|; where ac < 0 is 

(a) 1 (b) 2 

(c) 3 (d) 4 


The number of critical points of the function 


fix) = (1 — x) |x — 3} 1s 


(a) 1 (b) 2 
(c) 3 (d) 4 
. The critical points of f(x) = x? — 2 |x| are 
(a) {0} (b) {-l, 0} 
(c) t= 0, 1} (d) {0, 1} 


11. 


The number of critical points of f(x) = (& —- 1) 
(x —2)+(x- 2) |x - 1] 1s 

(a) 2 (b) 3 

(c) 4 (d) None of these 

The function f(x) = 2 In |x| — x |x| decreases over the 
interval 

(a) (20, -1) (b) (-l, 0) 

(c) (0, 1) (d) (1, ~) 


pat. . 
. | = is an increasing function of x for 
] 


(a) x>0 
(c) x<0O 


(b) x20 
(d) none of these 


2x - 1 
The function y = 7 
5 ey 


(a) 1s its own inverse 


(x # 2): 


(b) decreases for all values of x 
(c) has a graph entirely above x-axis 
(d) is bound for all x 


. The values of p for which the function f (x) = 


fz 


— } x3 — 3x + In5 decreases for all real 


l-—p 
x 1S: 
(a) (— ©, 00) 
(b) 4 at) U (1, 0) 
(c) 3, aed U (2, 0) 
(d) [1, «) 


. Let f(x) =x + ax’? + bx + 5 sin’ x be an increasing 


function in the set of real numbers R. Then a and b 
satisfy the condition: 
(a) a -3b-15>0 
(c) a —3b-15<0 


(b) a -3b+15<0 
(d) a>Oandb>0 


. On which of the following intervals, the function 


x' + sinx — 1 is strictly increasing? 


(a) (-1, 1) (b) (0, 1) 
(c) (n/2, x) (d) (0, 7/2) 


. In which of the following intervals the function 


f(x) = x? log3x is an increasing function 


5.44 > Application of Derivatives II 


(b) [0, e'] 
(d) none of these 


(a) [9, e] 
(c) (0, e'7] 


16. f (x) = tan’ (sin x + cos x) is an increasing 
function in 
(a) (0, 7/4) 
(c) (—n/4, 1/4) 


(b) (0, 2/2) 
(d) none of these 


17. If the function f (x) = cos | x | — 2ax + b increases 
along the entire number scale, the range of values 
of a is given by 
(a) a<b 
(c) a<-1/2 


(b) a=b/2 
(d) a>-3/2 


18. The function f(x) = x—cot™' x+log (Vx +1-x) is 


increasing on 


(a) (—«, 0) (b) (0, 0) 
(c) (6, 0) (d) [0, «) 
Answer Keys 
1. (d) 2. (a,b) 3. (d) 4. (b) 5. (c) 
11. (a,b) 12.(b) 13.(b) ~~ 14. (b,c,d) 15. (d) 
20. (d) —-.21. (a) 


m@ PROPERTIES OF MONOTONIC FUNCTION 


By application of increasing (fT) function, the sign of 
inequality does not change. But the sign of inequality 
reverses on the application of a decreasing (|) function. 1.e., 


fas f(s fb) if fist 
f(a)> f= f) if fisd 

If f(x) is continuous and increasing function for 
all x €[a, b] then R,: [fia), f(b)]. 


ifa<x<b; | 


¥ 


FIGURE 5.101 


19. The function sin’ 2xV1-x’ is decreasing on 


o (heh 
o [gr 


0 (od 
0 (bs 


20. The function f defined by f(x) = (x + 2)e™ is 


(a) decreasing for all x 
(b) decreasing in (—00, —1) and increasing (—1, «) 
(c) increasing for all x 
(d) decreasing in (—1, 0) and increasing (—0, —1) 


21. Let f(x) =x e"~-”, then f(x) is 


(a) increasing on [— 1/2, 1] 
(b) decreasing on R 
(c) increasing on R 
(d) decreasing on [—1/2, 1] 


6. (b) 
16. (a,c) 


7. (c) 
17. (c) 


8. (d) 9. (a, b, d)10. (a) 
18. (a,b,c,d)19. (a,c,d) 


(i) Iff{x) is continuous and decreasing V xe D, : [a,5] 


Then R, : [f(6), f(@)] 


FIGURE 5.102 


(ii) If fis increasing for 
xe [a,a) &\ for x €(a,b] 
and f(x) is continuous, 


then R, : [min {f(@), S()}, f(a) | 


(ct, f(ax)) 
M 
B 


(b,f(b)) 
A * (a,f(a)) 


FIGURE 5.103 


(iii) If f{x) is monotonically decreasing function 
Vxe [a,a@)and increasing function V x €(a,b] 


Application of Derivatives II 


and is continuous in_ fa, 


R,:| f(a), max{ f(a), £(b)} J. 
y 


a ata) 


B 
(b,f(b)) 
M 
(a.,f(a.)) 


FIGURE 5.104 


b, 


< 5.45 


then 


5.46 > Application of Derivatives II 


(iv) If f(x) is monotonically increasing, then 
kf (x) is T when k >0 
kf (x) is + when k <0 


(v) If fand g are both increasing functions, then [f{(x) + 
g(x)] is increasing. Converse is not true 
If fand g are both decreasing functions, then [f(x) + 
2(x)] is decreasing. Converse is not true 
If fis increasing and g is decreasing function, then 
[fx) — g(x)] is increasing. 
(viii) If fis decreasing and g is increasing function, then 
[f(x) — g(x)] is decreasing. 

f(x) and g(x)>0 and both T 

f(x) and g(x)<0 and both Y 


(vi) 
(vil) 


(ix) 


=>y = f(x).g(x) t. Both converse is not true. 
(x) If fis tT => 1/fis decreasing function wherever de- 
fined. 
If fand g > 0 and fis increasing and g is decreasing 
Lo 
g(x) 
_ fx) 
g(x) 
f(x).8 0) — £).8'@) 
g(x) 
—+HN-WO _ 
+ 
Composition of two monotonically increasing func- 
tion is always an f function. 
Ifx, > x, 
=> g(x,)>e(,)  (- g(x) is an increasing function) 
=> fg(x,)) >Ag&,)) C. fed) is an increasing function) 
=> fig(x)) is ft if f(x) and g(x) are 7 functions. 
(xi11) Composition of two monotonically decreasing func- 
tions is always an ¢ function. 
ie es 
=> g(x,) <g(x,) 
(‘.. g(x) is a decreasing function) 
=> fgx,)) > Ag,)) 
(.’ f(x) 1s a decreasing function) 
=> f(g(x)) is T if fx) and g(x) are ¥ function. 
When fand g have opposite monotonicity, then /f(g(x)) 
is a decreasing function. 
e.g. y = flg(x)) 
y' = f(g(x)). g'@) 
if f(x) is T and g(x) is \, then y' <0 
(. f(g(x)) > 0 and g'(x) < 0) 
Similarly if f(x) is V and g(x) is T, then y' < 0 


(x1) 


=> 


== 


+ve 


(xii) 


(xiv) 


(xv) If y = g(t) and ¢t = f(x), then y = g(f(x)) and 
dy _ os ; 

oe 7 8 (F (2) F') 

Casel: If f(x) is strictly ¢ in [a, 5] and g(x) is strictly 7 in 

[fia), f(b)], then gof is strictly f in [a, 5]. 

eg.a<x<b 

fla) < fix) < fle) 

gof (a) < gof(x) < gof(x) 

e.g., the function y = tan ' (e’). 

Let f(x) = e* is strictly increasing and g(x) = tan”'(x) is 
strictly increasing Vx e R 

y = g(f(x)) is strictly increasing. 

Case Il: If fis strictly decreasing in [a, b] and g is 
strictly decreasing in [/(b), f(a)], then gof is strictly increas- 
ing 7 for all x. 

e.g.: The function y = cot (log, , x) 


Let z = log, x; then z is a decreasing function 
2 
Vx € (0, 0) 
=> log,, x € (0, ©) and cot 'x is strictly decreasing 
forxe R 


=> yis acomposition of two decreasing functions 
=> yis strictly increasing 


Case Ill: If fis strictly increasing in [a, b] and g is strictly 
decreasing in [f(a), {b)| then gof is strictly decreasing in [a, 5] 
e.g., y = cos(sin !x) in [0, 1], 
z = sin’ x is increasing in [0, 1] 


then, range of z in 0, 4 and cos(z) is decreasing in 
A 
Z 


CaselV: If fis strictly decreasing in [a, b] and gis strictly 
increasing in [/(b), f(a)], then gof is strictly decreasing in 
[a, 5] 

e.g. the function y = In(cot'x) 

Let z = cot'x is a decreasing function, then y = /n(z) is 
a decreasing function 


y = cos (sin! x) is decreasing in [0, 1] 


(xvi) fand f' have same monotonic nature. i.e., either both 
are increasing or both are decreasing. 
Proof: If g(x) =f' &) 
= flg(x)) = x 
= f(g(x)).g'(x) = 1 


“x)= l 
== Cay 


fist => gist 
> 

fis) > gist 
Now g(x) has the same sign as f(x) and hence g(x) 
has the same monotonocity as that of f(x) 


g(x)=F"(x)=e* 


strictly increasing f(x)=Inx 


strictly increasing 


FIGURE 5.106 


Similarly if y = f(x) = -tan x V x € C-2/2, 0] and 
g(x) = tan'(—x) V x € [0,00). 


Application of Derivatives II 


y=f(x)=—tanx 


strictly | 
decreasing : 


FIGURE 5.107 


y=9(x)=F"(x)=tan (—x) 


strictly 


. 
See. 
on 
See awsedic 
meee 


FIGURE 5.108 
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5.48 > Application of Derivatives II 


(a) fla) = sin 7 oe in| 


(c) y =x — 5x4 + 5x° +1 in [-1, 2] 


SOLUTION: (a) f(x) = sin” (Geabe Vxe Gane | 
x + 
= p@-t-let - (==) 


) x x(1+x’) x(1+x’) 
=> Forx>0;x?-x+1>0;1+x>0 
=> f(x)<0 
=> f(x) 1s strictly decreasing for x > 0 


“| (b) fix) = 12x*3- 6x!3, x € [-1, 1] 


1 
=>f a = greatest value and f (V3 )= least value 
1 1 
Now (+]- 7 +7083 and f(V3)=% -Flog3 


1 
Maximum value = Aa 5 log3 


Minimum value = = _“10g3 


(b) f(x) = 12x*? — 6x'*; x e -1, 1] 
=> f'®) i 16x)4 _ 9x23 


. f'i@)>0 = 16? > 2x" 
1 
=> 1l6x>2 => x> rs 
And f(x) <0 = 16x!3 < 2x23 
1 
8x < 1 => x<- 
8 
1 
‘. f(x) increases on . 1 and decreases on = ;) 
Also f(1) = 6 
ft-1) = 18 
fh) eee 
8 4 
ahd 9 
Minimum value = — 4 and Max value = 18 


(c) fix) = 2° — 5x44 5x°+ 1x © [-1, 2] 
F'(&) = 5x4 - 2007 + 15x? 
= 5x? (x? — 4x + 3) = 5x? - 1) &-3) 
Wavy curve of f(x); 


FIGURE 5.111 


‘. f(x) increases on [-1, 1) and decreases on (1, 2] 
Also f(1) = 2, (-1) =- 10, A2) =- 


Maximum value = 2 and Minimum value = — 10 


Application of Derivatives I 


< 5.49 


d 
ILLUSTRATION 51: Let a + b = 4; where a < 2 and let g(x) be a differentiable function. If = >0O for all x, 


SOLUTION: 


ILLUSTRATION 52: 


SOLUTION: 


ILLUSTRATION 53: 


a b 
prove that | e(aax + | g(x)dx increases as (b — a) increases. 
0 0 


Letb-—a=kandat+b=4 
4-k 4+k 
a= 5 and b = 5 
k > 0 because a <2 and b>2 
ak ave 
a b 2 2 
Let f g(x)de+ [ g(x)dr = f() = fi= | g(x) dx+ | g(x) dx 
0 0 0 0 


1 A+k 4-—k 
Differentiating both sides, w.r..t 'k'; we get f'(k) = | g ($=) — (S*) 


2 2 


Now, given that g(x) is an increasing function 


aubes ” m (4+), (+-*) 
2° 2 S\> J" Fl 9 
=> f'(K>0 


Hence fg) +{ g(x) increases if (b — a)t 


Let h(x) = f(x) — {£(«)}? + {f£(%)}° for every real number 'x', then : 


(a) 'h' is increasing whenever '/f" is increasing 


(b) 'h' is increasing whenever '/' is decreasing 


(c) 'h' is decreasing whenever '/" is decreasing 


(d) nothing can be said in general. 
(a), (c) Here h (x) = f(x) — {f@)}? + {F@)}P 


> 


=> 
=> 
or 


h’ (x) =f" &)-2f@)f' @+3 FOS @) 
=f" (x) [1-2 f(%) +3 @)}] =f" @) By — 2y + 1); where y = f(x) 
The discriminant of 3? -2y+1=4-12=-8<0 
and so its sign is the same as the co-efficient of y’ i.e.,3y°-2y+1>O0VyeER 
h’ (x) =f" (x) (a positive quantity) 
sign of h’ (x) is the same as that of f’ (x) 
either h’ (x) > 0 and /’ (x) > 0 
h’ (x) < 0 and /” (x) < 0. Hence h/ (x) and f(x) increase and decrease together. 


Let f(sin x) < 0 and f‘(sin x) > 0, Vxe (0, and g(x) = f(sinx)+ f(cos x), then g(x) is 


decreasing in 


(#2) © (05] 
(0.5) @ (55) 


5.50 > Application of Derivatives II 


SOLUTION: 


ILLUSTRATION 54: 


SOLUTION: 


ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


Given g(x) = f(sin x) + f(cos x) 

Differentiating w.r.t. x; we get g'(x) = f(sin x). cosx — f(cos x).sin x 

Again differentiating w.r.t. x; we get g"(x) = —f(sin x). sin x + /"(sin x).cos? x —f' (cos x). 
cos x + f"(cosx).sin’x 

Now, given f(sin x) <0 Vxe (o, 4 .-.(1) 


=> f {sin(Z-x]) <a vee (0,5 
+ #e(05}5-*<(03)] 


=> f(cos x) <0 .. (ii) 
Similarly, given f"(sin x) > 0 Vxe (0,4) ..-(ii1) 

=> p*{sin{ =x) >0 = f"(cos x)>0 ...(1v) 
g"(x) > 0 (Using equation (1), (11), (ii) and (1v)) 

=> g(x) Is increasing in (0, =) Also g' (=) = 0 


= g'(x)>0Vxe (=,2) and g'(x)<0Vxe (0,4) Thus g (x) is decreasing in (0,4) 


Let f(x) be a monotonic polynomial of (2m — 2) degree; where m ¢ N, then the equation 
F(x) +f Gx) + f (Sx) +....+ f (2m — 1)x) = 2m — 1 has 

(a) atleast one real root (b) (2m — 1) real roots 

(c) exactly one real root (d) none of these 


(c) f(x) is monotonic > f'(x)<0 or f'(x)>0 VxeER 

=> f'(px)<Oor f'(px)>0VxeER 

=> f(px) is also monotonic 

=> f(x)+f(3x)+....+ f[(2m-1)x] is a monotonic polynomial of odd degree (2m — 1), 
so it will attain all real values only once. 


Given that f(x) > g' (x) for all real x, and f(0) = g(0), then f(x) < g(x) for all x belonging to 
(a) (0,-) (b) (—°,0) 
(c) (—00, 00) (d) none of these 


(b) Let h(x) = fix) - g @) 
=> h'(x) = f'(x)-g'(x)>0 VxeR 

h(x) is an increasing function and h(0) = f(0) — g(0) = 0. 

Therefore, h(x) > 0 V x € (0,0) and h(x) <0 V x € (-~,0) 
Let domain and range of f(x) and g(x) are [0,). If Ax) be an increasing and g(x) be a 
decreasing function, also h(x) = f (g(x), A (0) = 0 and p (x) = h(x? —2x? + 2x) —h(4), then 
for all x belonging to (0, 2) 


Application of Derivatives Il < 5.51 


(a) p(x) €(0,-A(4)) (b) p(x) <(-h(4),0) 
(c) p(x) <({-A(4),4(4)) (4) p(x) (A(4),-A(4)) 


SOLUTION: (a) Here h(x) f(g(x)) and h' &%) = f'(g(x)).2'(x) <0 => A(x) <0 Vx €[0,00) 
Also h (0) = 0. 
Therefore, h (x) <0 V x €[0,00) 
Now, p(x) = h(x? -2x? +2x)—-n(4) 
=> p' (x)= h'(x? — 2x? +2x)(3x’ -4x+2) <0V x e(0,2) 
Since h(x? —2x? +2x)<0 V x€(0,0) and 3x*-4x+2>0V xeER 
=> p (x) is a decreasing function or p(2) < p(x)< p(0) for all x €(0,2) 
= h(4)-h(4)<p(x)< h(0)-h(4) 
=> 0< p(x) <-hA(4). 


ILLUSTRATION 57: Find a polynomial f(x) of degree 5 which increases in the interval (co, 2] and 
[6, 00) and decreases in the interval [2, 6]. Given that (0) = 3 and f(4) = 0. 


SOLUTION: Since /(4) = 0; therefore x = 4 is a repeated root of the polynomial f(x), hence f(x) contains 
(x — 4). Also since x = 2 and x = 6 are critical points, therefore f(x) must contain (x — 2) and 
(x — 6). The wavy cure of derivative will be like 


=> f(x) =kx-2) ~-4Y &- 6) andk>0 
=> fix) =k [(x? -8x+12)(x? -8x+16) dx 
=> fix) =k [(x* -16x? + 64x? + 28(x? -8x)+192) dx 4 


x” 4,92 3 2 
=> fxy=k eee tae —112x° +192x |+c 
FIGURE 5.112 
Now as f(0) = 3 => c=3 


5 
=> f(x)= kas seg 


~112x* + 192] +3, k>0 
3 2,2 = 
ILLUSTRATION 58: Let f(x) = b? +3b+2 
2x —3; l<x<3 


Jtx) has the smallest value at x = 1 


. Find all possible real values of b such that 


SOLUTION: At x = 1, fx) =-1 
= Smallest value of f(x) =-1 
= at all other points of the interval, Ax) >—1. 
Now, for x 2 1, f(x) = 2x -—3 
=> f(x)=2>0= Ax) is an increasing function => least value exists at x = 1 
Again, for x < 1, f(x) =-3x? < 0 => Ax) is decreasing function in the interval 0 <x <1 
Therefore, f(x) is smallest at x = 1 provided 


5.52 > Application of Derivatives II 


3 4,2 _ 
Al — 0) = lim se 


b°+3b+2 © 
b* +1)(b-1 b* +1)(b-1 
> - Pcl +) ee +1)( ) so 
(b+1)(b+2) (b+1)(b+2) 
=> os (ee 20 [since b’ + 1 is always positive] 
(6+1)(b+2)— 


=> be (-2,-1) VU [1, «) 


ILLUSTRATION 59: The number of solutions of the equation x° + 2x? + 5x + 2cosx = 0 in [0, 27] is 
(a) 0 (b) 1 
(c) 2 (d) 3 
SOLUTION: (a) Let f(x) =x + 2x*+ 5x +2 cosx 
2Y 11... 
> f(x) = 3x° + 4x + 5-2 sinx = 3 oe Tagine 


11 
Now] -2 sinx >0 V x (as-1 <sinx <1) 


=> f(x)>0V x= Ax) 1s an increasing function. 
Now /(0) =2 => f(x) > 0) > Ax) > 2 

=> f(x) =0 has no solution in [0, 27] 
Hence (a) is correct 


ILLUSTRATION 60: If/: [1,10] — [1, 10] 1s a non-decreasing function and g: [1, 10] — [1, 10] 1s a non-increasing 
function. Let A(x) = f(g &)) with A(1) = 1. Then A(2) 


(a) lies in (1,2) (b) is more than 2 
(c) is equal to 1 (d) is not defined 
SOLUTION: (c) Since fis non-decreasing and g is non-increasing, so h is a non-increasing function 
Now A (1) =1 
= h(x) is aconstant function => h(2)=1 


ILLUSTRATION 61: Let g(x) = 2 =) + f(2 — x) and f"(x) < 0 V x e€ (0, 2). Find the intervals of increase and 
decrease of g(x). 


SOLUTION: We have, g(x) = 2f (=| + f(2—x) 
= ge)-2r(2) (3) +7e-9e0 


=> gx) =f (=| oe Cae, 9) a (i) 


We are given that /"(x) < 0, V x € (0, 2). 
It means that f(x) would be decreasing on (0, 2) which gives arises two cases 


ILLUSTRATION 62: 


SOLUTION: 


Application of Derivatives Il < 5.53 


Case I: 5 > (2 - x) and f(x) is decreasing 
=> f (=| <fQ—x),Vx>> 
x 4 
or g'(x) -s(3| —f(2-x)<0V re($.2] 
__. (4 . 
“. g(x) is decreasing in (+2) ...(11) 
Case Il: 5 < (2 — x) and f'(x) is decreasing 


=> rz] >f'(2—x), Vx< 


or g(x) =f (=| ~f 2-2) > 0, V0<x< 5 


4 
g (x) is increasing in (0, ‘) ...(iil) 
From (1i) and (iii), we conclude that 


4 4 
<) and decreasing in ($2) 


g (x) is increasing in (0, 3 3 


Determine the range of f(x) = log (2sin x + tan x — 3x + 1), where 2 <x 7 


Let g (x) =2 sinx + tanx — 3x +1 
=> g(x) =2 cosx + sec? x —3 


_ 2cos’ x—3cos’ x+1 


cos’ x 
.2'(x) > 0 
= 2cos’x—3cos’?x+1 >0 = (cosx—1) (2cos* x—cosx—1)>0 
neg ative 
=> (2 cos*x —cosx-1)<0 = (cos x — 1) (cos x + 1/2) <0 
=> cosx+1/2>0 = for all x € [x/6, 2/3] 


: ; ; La 1 
=> g(x) is an increasing function of x for 6 <x<— 


3 
=> 8 (=}<2a<e(=| 


=> 24-% < g(x) <142N3-2 


V3 


— log, (2+--2 < log, g(x) < log, (1+ 2V3 -z) 


v3 
Range of f (x) is oe [2 + -*) log, (1+ 2/3 - | 


5.54 > Application of Derivatives II 


ILLUSTRATION 63: 


SOLUTION: (x)= 


ILLUSTRATION 64: 


SOLUTION: 


If f(x) = Ioana , then calculate range of f(x). 


sin 3x.COS Xx 
sinx.cos3x _ 4sin’ x—1 


sin3x.cosx  4sin?x-3 


4x-1 3 3 3 
Let = ;x #0,—,1;x €[0,1] i.e.,| 0,— JU} —,1 
Cea ogee se ( j ; 


(x)= — > <0 for allx € [ 0, 1] ~ (3/40 
4 (4x —3)° or a xel[ > ]~{ ) } 


=> g(x) is a decreasing function of x 


Also lim g(%)=—© and lim g(x)=+0 
x9(3/4) x—3/4" 


FIGURE 5.113 


Graph of g (x) will be as shown below: 
=> g(x)< 1/3 forx e (0, 3/4) and g(x) > 3 for x € (3/4, 1) 
= Range of f(x) is (—, 1/3) U(3,0) 
Find the set of values of x € (0, 27) for which the following functions are strictly decreasing. 
(a) 27°” +log(x+cos x) (b) log (cot ((sin x—cosx) ) 


(a) Let f(x) = x — sin x and g(x) = (x + cos x) 
=> f(x)=1-—cosx20 VxeR 
=> f(x) is an increasing function Vx eR 
=> ftx)> f(0)=0Vx>0 
=> f(x) Tx € (0, 2n) and g(x) =x + cos x 
g(x) =1-sinx20 VxeR 
g(x) is an increasing function Vx eR 
g(x) > 0) =1Vx>0 
In (g(x)) Vxe(0,27) 
=> y=2 f(x) +1n(¢(x)) is an increasing functions Vxe (0, 27) 
(b) f(x) = In (cot(sinx — cosx)°) 

1 1 
cot (sin x—cos x) ri (sin x —cos x)’ 


=> 
=> 
=> 
=> 


x 5(sinx — cosx)* x [sinx + cosx] > 0 for 


=> f= 
(sinx + cosx) > 0 


= Visin{ x+) 0 


= sin( += >0, here xe (0, 27) 


=> (x+7/4) © (1/4, 97/4) 


ILLUSTRATION 65: 


SOLUTION: 


ILLUSTRATION 66: 


SOLUTION: 


ILLUSTRATION 67: 


Application of Derivatives Il < 5.55 


Find whether the function cos(sin (cos #)) is increasing or decreasing on the closed interval 
[x/2, 1]? 


As ad <t<a 
2 
=> O02>cost>-l = 02sin(cost) >—-sin 1 
=> 12cos(sin(cost)) > cos(sinl) => y=cos (sin(cos))) is a decreasing function 
Solve the equation for x: e**(x* +1) =2x 


Fn a 


The graph of LHS i.e., e* will be as shown below: 


y 


(0,1) 


FIGURE 5.114 


za will be as shown below: 


And the graph of RHS 1.e., 
x +1 


FIGURE 5.115 


Thus graph achieves its maximum value (1) at x = 1 but the graph of e” will be greater 
than 1 for x > 0. 


Therefore, from the graphs, it is very obvious that e* (x? + 1) = 2x will not have any solution. 


Solve the equation x*+ 3x*- x + 2 =0 for x. 


SOLUTION: x4+ 3x°+2 =x>(0?+1) 0? +2) =x 


x | 1 
x+1  x4t+1/x 


=> x#+2= 


The minimum value of LHS = x2 + 2 is 2 


1 
Where |x + 1/x| >2> Elo 
x+— 
x 
1 = 
=> < 5 or : a => can never be equal to 2 
Xt Pe 2 x+— 


x x xX 


5.56 > Application of Derivatives II 


‘. LHS can never be equal to RHS and hence, no value of x satisfies the equation 
Aliter: x4+2x°+1=-(Q?-x+1) 
LHS 1s always greater than or equal to | 
D 
4a 


And the maximum value of RHS = -( 


And hence no possible solution. 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Let f(x) = sin(cos x), then check whether it is increa- 3. Solve for x: (« + 3) —(«— 1) = 244 


sing or decreasing in 05 | 4. Find range of 
(a) x* (b) log[(sin x)*"* + 1] 
2. Show that x? — 3x’ — 9x + 20 is positive for all values 


ofx>4 5. Show that e*~' + x = 2 has only one real root. 


Answer Keys 


1. Decreasing 
4. (a) [e'”, 0) 


3. [0, «) 
(b) [log(e” + 1), log 2] 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


1. Iff: IR — R is decreasing and g : R — R is increasing 
then which of the following functions is increasing 


(c) increases in [0, 2/3) 
(d) increases in (2/3, 1] 


b 
i jv a ahr 5. If (x) = f (x) + f 2a — x) and f" (x) > 0, a > 0, 
2 = 0 <x < 2a then 
| Horupe . . . . (a) o(x) increases in (a, 2a) 
2. The function f(x) = igs tne eee function (b) (x) increases in (0, a) 


of x if (c) o(x) decreases in (0, a) 
(a) ab > cd (b) ad = be (d) (x) decreases in (a, 2a) 


Ot Ce NencOnties’ 6. Let f and g be increasing and decreasing functions, 


respectively from [0° 00) to [0°0). Leth (x) = f[g (x)]. 
If h (0) = 0, then h(x) — A(1) 1s: 
(b) strictly increasing 


3. Ifthe function f(x) increases in the interval (a, 5), then 
the function (x) = [f(x)}’: 
(a) increases in (a, b) 
(b) decreases in (a, b) 
i ] 
(c) ae say that o(x) increases or decreases 7. chon Re fae ee Sead 


(d) None of these = (1 + 2) 


(a) always zero 


(c) always negative (d) always positive 


for all t > 0, then fis : 


. Let g(x) = 2f(x/2) + fl — x) and f(x) < 0 in 
0<x <1, then g(x): 

(a) decreases in [0, 2/3] 

(b) decreases in [2/3, 1] 


(a) increasing in (0, 3/2) and decreasing in (3/2, 0) 
(b) increasing in (0, 1) 
(c) increasing in (0, ©) 
(d) decreasing in (0, 1) 


10. 


11. 


12. 


13. 


+b 
. The function f(x) = one 
Cx 


is a strictly increasing 


function for all x € IR - {-d/c}, if 
(a) ad— bce <0 (b) ad—bc > 0 
(c) ad—cd>0 (d) ab -cd <0 


. For the positive values of the domain of the function 


(a) an increasing function 

(b) a strictly increasing function 
(c) a decreasing function 

(d) a strictly decreasing function 


The value of a in order that f (x) = V3 sinx—cos x—2 
ax + b decreases for all real values of x, 1s given by 
(a) a<l (b) a=1 

(c) a> V2 (d) a< V2 


If f (x) = (ab—b’ -2)x+| (cos O+sin* 0)dO is a 


decreasing function of x for all x e R and 6 € R, b 
being independent of x, then 


(a) a<(0,V6) (b) ae[-2,2] 
(c) ae (V6 ,0) (d) None of these 


Let f’'(x)>0 and g(x) <0 for all x e R. Then 
(a) fig(x)}> fig +)} 
(b) fig(x)}> fig(x—D} 
(c) stf(x)}>st{fr+)} 
(d) st{f(x)}> st f(x-D} 


If f:[l1,10]—[1, 10] is a decreasing function and 
g:[l,10]—[1, 10] is a non increasing function. Let 
h (x) =f (g(x)) with A(1) = 1. Then A (2) 

(a) lies in (1, 2) 

(b) is greater than 2 


(c) is greater than or equal 1 
(d) is not defined 


14. 


15. 


16. 


17. 


18. 


19. 


Application of Derivatives Il < 5.57 


If o(x)=3f =) f0-2 for all x © (-3, 4) 


where f(x) >0 for all x € (— 3, 4), then o(x) is 

(a) increasing in [3/2, 4) 

(b) decreasing in (—3, —3/2] 

(c) increasing in [—3/2, 0] 

(d) decreasing in [0, 3/2] 

For what values of a does the curve f (x) = x 
(a* — 2a — 2) + cos x is always strictly montonic for 
allxe R 

(a)aeR (b) a>0 

(c) 1-V2 <a<1+V2 (d) None of these 


If f and g are decreasing functions such that gof and 


fog are defined, then 


(b) gof is increasing 
(d) gofis decreasing 


(a) fog is decreasing 
(c) fog is increasing 


If f (x) = g (x) &@ — a)’; where g(a) # 0 and g is 

continuous at x = a, then 

(a) f (x) is increasing in the neighbourhood of a if 
g(a)>0 

(b) f (x) is increasing in the neighbourhood of a if 
g (a) <0 

(c) f (x) is decreasing in the neighbourhood of a if 
g(a) >0 

(d) f (x) is decreasing in the neighbourhood of a if 
g(a) <0 

Let g(x) = f(x)+ f(l-x) and f"(x)<0, O0<x<1. 

Then 

(a) g (x) increases on [1/2, 1] 

(b) g (x) decreases on [1/2, 1] 

(c) g (x) decreases on [0, 1/2] 

(d) g (x) increases on [0, 1/2] 


+ x? 
(a) increasing in (0, «) 


= 2 
The function is cos Z 


(b) decreasing in (— ©, 0) 
(c) decreasing in (0, «) 
(d) increasing in (— ©, 0) 


Answer Keys 
1. (a,b) 2. (b) 3. (c) 4. (b,c) 5. (a,c) 6. (a) 7. (b,c) 8. (b) 9. (a,b) 
10. (b,c) = 11. (b) 12. (a,c) 13. (c) 14. (a,b,c,d)15. (a) 16. (b,c) 17. (ad) 18. (b,d) 


19. (a,b) 


5.58 > Application of Derivatives Il 


oe Jey) ve. x, 
x2x, => fx) =f) 

In order to prove that a function f(x) 2 k for all x 2 x, it is But f(x,) 2k 

sufficient to prove that f(x,) 2k and f’(x) 20 V x2x,. S feel xex, 


m@ APPLICATION OF MONOTONICITY 


Method I: Rearrange the terms so that LHS and RHS be- 
> MEO Or nose eens come the value of a function f(x) at two different inputs a, B. 


(USING MONOTONICITY) i.e., inequality takes the type f(@) > f(A) (say), then 


In order to prove some inequalities any one of the following f'(x)>0 ifa>B 
two methods can be conveniently adopted. f(x) <0 ifa<f 


it is sufficient to prove that 


Application of Derivatives Il < 5.59 


Method Il: To prove f(x) = g (x) for all x = a. Consider the h(a) = 0, then h(x) = h(a) = 0 
function h (x) = f(x) — g @) => h(x)>0Vx>a 


ed ae A aC => fix)-2g(x%)20Vx2a 
L Test the monotonicity of h(x). If h'(x) > 0 V x =a and 


=> fix)2>2e(x)Vx2za 


5.60 > Application of Derivatives II 


Now A(x) >h(0) Vx e 0,2) 
> fx) — (x) > 0) - 2(0) Ve 0,2) 


=> fx) — (x) 20 vie) 0.= 


=> fix) 2 g(x) on [0, 17/2) => 2sinx + tanx>3x Vxe 0,2) 


tan 


x rm 
ILLUSTRATION 71: Prove that > —— for0<x< 5 
S 


nx 


tan x x 
SOLUTION: We have to show that ———_ >—— for xe (0,2) 
AG sin x 2 


1.e., ee > 0 for0<x<x2/2 

xsin x 
Since x sin x > 0 for 0 <x <7x/2, 
it is enough to show that tan x - sin x —x? > 0 for0<x< 1/2 
Let f(x) = tanx sinx — x’ for 0 <x <x2/2 
(x) = sinx sec’x + tanx cosx — 2x = sinx sec*x + sinx — 2x 
Sx) = cosx sec*x + sinx. 2 sec*x tan x + cosx — 2 


= sec x + cosx — 2 + 2 sinx tanx sec*x 
2 
= (Vsec x - eos x) + 2 sinx tanx sec*x > 0 for 0 <x < 2/2 


.. f' is strictly increasing in [0, 1/2). Also f' (0) = 0 
=> f'()>0 for0<x<n2x/2 
= fis strictly increasing in [0, 2/2). Also f(0) = 0 
=> f(x)>0 for 0 <x <. 1/2 
=> tanx sinx —x*?>0 for 0 <x < 7/2. 

tan xsin x — x? 


; >0,0<x<x/2 
xsin x 


tan x 


x N 
> — forO0<x< —., 
x sin x 2 


ILLUSTRATION 72: Establish the inequality of the following by examining the sign of the derivative of an 
appropriate function: 


: < to(1+2} <2 forx>0 
x+(1/2) i) Ss 


2 1 
SOLUTION: Consider / (x) = rar —£n [1 4] : 


' = 4 a ae (-5 | = ee ae a ee 
PO" Gary Ta) OF)” xe) Gav? xG+ x40) 


which is always +ve for x > 0 


Application of Derivatives Il < 5.61 


hence f(x) is T for x > 0 
i.e., f(x) < Lim f(x) 


ba im 7G) ie == -mn( 144] 7 
meas x0 | 2x+1 x 


2 1 
<ta{ + 2) issives (1) 


so f(x) < OLe., 
2x 
1 1 


a |. Oe 
Similarly consider g(x) = tn(14)-1 ;2(x)= <a ead = ayaa 0Vx>0 
g'(x) is +ve for x > 0 => g(x) 1s increasing for x > 0 
so g(x) < Lim g(x) but Lim g(x)=0 
so g(x) <0 = inf 1+] <4 as (ii) 
Ry ok 


Thus result follows from (i) and (ii). 


ILLUSTRATION 73: If f(x) = /n(/n x), where x > e, prove that < fim + 1) - fim) < 


(m+1)In(m+1 m-\n(m) 


for m> e. 


SOLUTION: f(x) = In (Inx) 


' — | Pie race. eer tion ests virioee Noma eerterot 
a(x) =f! &) = ae g(m) 
1 1 1 : 
oO)" anne -\5 Lt | 
<0 forx>e 


Hence g(x) is a decreasing function for x > e, hence g(m) 
> g(m + 1) form>e 


From the graph of y = g(x); 
it can be inferred that area of ABCD < area of ABCF < area of ABEF 


g(m+1) Ueto | NC eres asa oo ee 
B 
m m+1 


FIGURE 5.116 


=> gm+1)(m+1-m)< f g(x) dx <g(m)[m+1-m] 


=> gmtij< | fe) d& <g(m) 


1 
=> (a2nnGasD <fim + 1)—flm) < 


m-In(m) 
ILLUSTRATION 74: Prove that sin x <x <tanx,x € (0,5) 


SOLUTION: Consider f(x) =sinx-—x 
=> f'() =cosx — 1=— 2sin? ; 
= f') <0 
a 


=> f(x) is decreasing V x € (0,2) ie, O<x< 2 


5.62 > Application of Derivatives II 


ILLUSTRATION 75: 


SOLUTION: 


ILLUSTRATION 76: 


SOLUTION: 


= f(0)>f()> (3) => f(x)<fO) => sinx—x<0 


=> sinx<x 
Similarly we can prove x < tan x 


Combining (i) and (11), we get, sin x < x < tan x. Hence proved 


(i) 
(ii) 


If f(x) = ae and g(x) = = where 0 < x < 1, then in this interval f(x) and g(x) are 


increasing or decreasing. 


Here f (x) = uae 
sin x 

; sin x.1—x.cosx 

= 5 = 


sin’ x 
where sin’x is always +ve when 0<x< 1 


Method 1: Since sinx < x < tan x (as proved in the previous problem) 
sin x 


=> x<tanx > x< 


=> sinx — xcosx > 0 
=> f(x)>0, when0<x<1 
Hence, f{x) is increasing when 0 <x < 1. 
Method 2: But to check N, we again let, h(x) = sin(x) — x cosx 
= h'(x) = cosx — 1.cosx + x sinx = x sinx, 
(which is + ve for 0 <x <1) 


.. hA(x)>0 

= h(x) is increasing when 0<x<1 

=> h(0)<h(&) => 0<sinx - xcosx 
=> f(x)> 0, when 0 <x < 1. Hence, f(x) is increasing when 0 <x < 1 


: x : 
Again g(x) = ad (given) 


tan x.1—x.sec? x 
Ba 
where tan? x > 0 

for tanx — x sec? x we let o(x) = tan x — x sec*x 

'(x) = sec?x — sec*x — x(2secx).(secx tanx) 

o'(x) = —2x sec*x tanx > o'(x) < 0 forO<x<1 

'(x) is decreasing when 0 <x < 1 => (0) > o@) for0<x<1 
or 0 < tanx — xsec2x .. in (ii), (tanx — xsec*x) < 0 
=> g(x) <0, when 0<x<1 

.. g(x) 1s decreasing when 0<x< 1 


yy 


Show that 1 + x In(x tx? 41 )> V1+x for allx>0. 


Let f(x) =1+xIn (x t+vx74+1)- V1l+x’ for all x20. 


(ii) 


Application of Derivatives Il < 5.63 


f In(x-+-Vx" +1).1 See 2x 


Ho ———— (1+ tas] 
(x+ V3? +1] 2Vx* +1 Wx? +1 


__ * __(vettex) ot ae a 
ma ES) os ad er 


= In (x+ Vx? +1)+ ee = In(x+ 41 
V1+x? x? +1 
Since, x + Vx? +1 >1 forx>0 
In (x + Vx? 41) >In 11., /@) > 0 for all x > 0 


1.¢., f(x) increases for x > 0 
x20 = fx) 2f\0) 


ey 1 +x In(x+-v3? +1] tag Sh 
> 1 +xIn (x+-vx? +1] 


> v1l+x? Hence proved. 


“ee” 


2 
V4 x 
ILLUSTRATION 77: If 0 <x <a prove that cos x > 1 — > f(x) =-smx+x=x-sinx 


SOLUTION: Let f(x) =cosx-1 rom 

f'(x) =-sinx+x 

f(x) =1-cosx=2 sin’ *>0 
f'(x) is 
f'(x) > f'(0) for xe (0, 2/2) 
f(x) for xe (0, 1/2) 

F(x) > f(0) x € (0, 2/2) 


2 
cosx-—1+ = > 0 Vxe (0, 2/2) 


VY YUUYYY 


2 
=> cosx>1l- for xV (0, 2/2) 


az tanx, x, 
ILLUSTRATION 78: Prove that for 0<x,<x,< —, a 
2 tanx, x, 


tan x, x, 1 
SOLUTION: We have to prove that > — for 0<x,<x,< > 
tanx, x 2 


; 1 
Lé., x, tan x, > x, tan x, for 0 <x, <x,< a 
Let f (x) = x tan x => f'(x) =x sec? x + tanx 


(sec x, tan x) > 0 for0<x< = 


f'(x)> 0 for0<x< ; 
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1.¢e., f (x) increases in (0, 4 Hence, x, > x, 


=> f(x,) 2Kx,) 
1.€., x, tan x, > x, tan x,. Hence proved 
ILLUSTRATION 79: For all x € (0, 1) 
(i) &#<1+x (ii) In(1 + x)<x 
(iii) sinx > x (iv) Inx>x 
SOLUTION: (i) Let f(x) =e-1-x => f(x) =e-1>0,Vxe (0, 1) 
so, f (x) is increasing, when 0 <x < 1 
=> f(x)>f0) or e—1-x>0 
=> e>1+x. Hence (1) is false. 
(11) Let g (x) = In(l+ x)-x 
1 
— ay =—-1=-" <o,v 0,1 
8Q) 1+x 1+x i 


so, g(x) is decreasing, when 0 <x < 1 


=> 2(0)>2(x) = In(1 + x) <x. Therefore (11) is correct 
(iii) Let A(x) = sin x —x => h(x) =cosx-—1<0,V xe (0, 1) 

so, h(x) is decreasing, when 0 <x < 1 
=> h(x)<h(0) => sin x <x Hence (iii) is false. 


(iv) Let 2 =Inx-x 
1 
=> g(x) —-1- = —— 30 forx € (0,1) 
x 
g oa >0, Vx € (0, 1) => g(x) is increasing for x € (0,1) 
=> g(x) <e2(1) => logx-x<0 
=> log x<-x. Hence (iv) is false. 


ILLUSTRATION 80: Show that ie <In(1 +x) <x forx>0 
x 


SOLUTION: Let f(x) = In(1 + x) - a SS JG) e a 


Then f'(x) > 0 when x > 0 and f(0) = 0 
Thus f (x) is monotonically increasing in the intervals (0,00) 
=> f(x) >f(0) = 0 when x > 0 
Hence / (x) is positive for every positive value of x so that 
In(1 +x) > —— whenx>0 (i) 
1+x 
Again let g (x) = x-In(1 + ’ 


1 
so that g(x) = aa ae => g(x) > 0, when x > 0 and equality holds for x = 0 


Application of Derivatives Il < 5.65 


Therefore g is monotonically increasing in the intervals (0,00) 
Also g (0) =0 . g(x)>g (0) =0, whenx>0 
Hence g (x) + ve for + ve values of x, so that x > In(1 + x) when x > 0 ...{11) 
From (i) and (11), we have ae < log (1 + x) <x when x > 0. 
x 
3 


x : A 
ILLUSTRATION 81: Prove that x — 7 <sinx<xfor0<x< a 


(i) 


; a ; 
SOLUTION: we know that sinx < x from 0 <x < a and sinx <x forO<x< 


Nm|a 


x? 
let g(x) =x- 6 — sin x 


g is continuous for 0<x< 


N/a 


2 


2(x) = 1—cosx— a (ii) 


g is differentiable for 0 <x < a 


2 
To find the sign of g'(x) we consider h(x) = 1 — cosx — a 


h'(x) = 0 — (-sinx) -5 (2x) => h'(x) = sinx — x 


From (i), sinx <x for0<x< 


N] a 


= Wx) <0 for0<x< 7 
h is decreasing for 0<x< - 


= h(0)>h(x)>h (=) for 0 <x <7 


Note that 4(0) = 1-—1=0 = h(x)<0for0<x< 


N|a 


2 
=> 1 - cose ~-> <0Qfor0<x< . ...(111) 


from (ii) and (iii), g'(x) < 0 forO<x< 


Na 


g is decreasing for0<x< ; 


> 2(0)> a> (5 for 0<x< 7 


Note that 2(0) = 0 -0- sind = 0 
3 
=> O>x—— — sinx for 0 <x <> 


3 
x : 
¥— < sinx for0<x< 


N/a 


...{iv) 


3 
From (1) and (iv), we get x — = <sinx <x forO<x< 


N/a 
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ILLUSTRATION 82: Show that 
3 5 


(i) sinx <x tae for x > 0 


120 

x? x? 
SOLUTION: (i) Let fx) = sinx—x + ——-—~— 
(i) Let f(x) = sinx -—x ey 

2 4 

x x 

= f'(x)=cosx-1+—-— 

P@) 2 24 


3 
x 
= f"(x)= ae 


f(x) = sinx -x 


y 


for x >0, f'"'(x) is always negative. 


f(x) v f"(0) = 0 

f"'(x) < 0 for x >0 

f(x) \ for x > 0 and f"(0) =0 
f"(x) < 0 for x > 0 

f'(®) ¥ for x > 0 and f'(0) =0 
f'(x) < 0 for x>0 

f(x) V for x > 0 and f(0) =0 
f(x) < f(0) = 0 forx>0 


3 


5 
sinx <x—---+—— forx>0 
6 120 


e+e*>2+x forx 40 
f(x) =e +e€%* -2-# 


VY VUYUVY VUY 


ji a 
fan 
ena” 


x’ x x* x 
= | 1+x+—+4+— 4+—4+— 4..... —|1- 
| 2 23 |4 [5 | | 


= aoe aie | 


f(x) is +ve for x > 0 from (1) 

f(x) is increasing for x > 0 

f(x) > AO) forx > 0 
e*+e*-2-x'>0 

also f'(x) =--ve for all x <0 

Ff (x) is decreasing for all x < 0 

f(x) > f (0) for x < 0 

=> e+e*-2-x’ >0 forallx<0 

e*+e* >24+x 


WY YU Y 


YU 


From (ii) and (111) we have 
for allx #0; e*? +€7% >24+x° 


(ii) 7 +e*>2+-x forx #0 


x? 
= f"™x)= sa ar 


=> f'(x)=e -e%* -2x 


2 3 4 5 
ee ace lA a elo — 2x 
2 |3 |4 {5 
....(i) 
=> e+e*>2+x’ forx>0 (ii) 
(from (i)) 
....(iii) 
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3 -3 
a 1 
ILLUSTRATION 83: Find the minimum value of the function fx) =x? +x? — a{ 4] for all permissible real x. 
x 


3. (3 
SOLUTION: f(x) = x? +x? -4{ x4 *\- x r4— en a(t +) 


xix 


Put ¢= Vx: let us say +ve new function as g(?) 
1 a | 1 a ok 
=P.¢+ —-4 ¢+—| =f4+— -4/¢4+— 
a =0.t ? 4 ( ) e 2 ( *) 


1) if. 1 \ae| 
=> 2(H = Ge — 3.4. GH =A (+2) -ae1 
1) Ly 1 

=> a(t)= (r+2) -4{ +2] -3{t+1)+ 


1 
Put oe andt>O>a>2 


a a ac ee F © 
g(a) = a? — 4a’ -3a+8 ~1/3 ) 3 
g'(a) = 3a*- 8a-3 FIGURE 5.117 


= 3a°-9a+a-—3 
= 3a (a—3)+ (a-—3) = Ba + 1) (2-3) 
g(a) decreases from 2 to 3 and increases from 3 to « 
Hence g(a) has minimum value ata =3 => fla). = f(3)=—-10=f,,,@) 


32 
ILLUSTRATION 84: Prove that tan2x + 6@n secx + 2 cosx—8+6secx>0O forx e€ (22), 


32 
SOLUTION: tan2x + 6 én secx +2 cosx+4>6secxVxe (= 20 


Let f(x) = tan’x + 6£n (sec x) + 2cosx + 4 — 6secx 
6 
=> f'(x) = 2tanx. sec2x + ——. secx. tanx —2sinx — 6 sec x. tanx 
sec x 


= 2tanx. sec*x + 6tanx — 2sinx —6sec x. tan x 
= 2tanx. sec*x — 2sinx + 6 tan x — 6sec x. tanx 
= 2tanx. sec’x — 2tanx. cosx + 6 tan x (1 — secx) 
= 2tanx(sec*x — cosx) + 6 tan (1 — secx) 

S'(x) = 6tanx (1 — secx) + 2 tanx (sec2x — cosx) 


3 
for x € (20; 


we have tanx < 0 

and 1 — secx > 0 

and sec2x — cosx > 0 

Now, f'(x) = 6tan x(1—sec x) + 2 tan x(sec” x — cos x) 


<9 <0 


=> f'«)<0 
. f(x) >fQnyVxe (=. 2"] 


5.68 > Application of Derivatives II 


ILLUSTRATION 85: Find the set of values of x for which the inequality @n (1 + x) > x/(1 + x) is valid. 


SOLUTION: 


ILLUSTRATION 86: 


SOLUTION: 


= tan’x + 6én(secx) + 2cosx + 4- secx > 0 


tan*x + 6én(secx) + 2cosx + 4>6 sec x 


Let fix) = In(Q1 + x)- Sane E (-1, ©) =D, 


gis a oo 
f'&) = G+b* 
s f'(x) > 0 V xeE(0, 0) 
so f(x) T on (0, 2) 
Aix) > fimin) = 0 at x — 0* 
=> fix)>0 Vx e (0, «) 
x 
=> In(1 + x)> 4 V x € (0, 2) 
Also f'(x) < 0 V x e€ (-1, 0) 
fix) + on x € (1, 0) 
so f(x) > Amin) = 0 at x > 0O- 
fix) > 0 V xe (-1, 0) 
(i) and (11), we have f(x) > 0 V x € (-1, 0) U (0, «) 


In(1 +x) > —— Vxe(-l, 0) U (0, «) 
1+x 


= 
Suppose that the function Ax) = In. — 
° x+2 


(1) 


__{ii) 


is defined for all x in the interval [a, 5] and is 


monotonically decreasing. Find the value of 'c' for which there exists 'a' and 'b' (b > a > 2) 


such that the range of the function is [log c(b — 1), log, c(a — 1)]. 


=) 
Given ffx) = log. (=) 


x+2 


c>OQOandc + 1 


—2 
And >> 0 => x € (-, -2) U (2, «) 
x 
og, =—2 
fx) = x+2 


Cc 


or f(x) = — [In (x — 2) — In (& + 2)] 


4 
Differentiating w.r.t. x; we get f'(x) = (ney(x—2) (842) 
Casel: If0<c<1;thenInc<0 
Now f(x) < 0 
(Inc)(x — 2)(x + 2) 


(1) 
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=> i er, 

(x-—2) (x+2) 
Case ll: Ifc>1,thenlnc>0 
Now f(x) < 0 

— 4 eg 

(in c)(x — 2)(x + 2) 

4 

? @-2)(@+2) 


= x<-Jorx>2 


<0 >xe (2,2) 


—2 
but for —2 <x < 2; log —_ not defined. 
* x+2 


Hence Case II must be ignored 
Therefore c € (0, 1) and x € (—, —2) or x € (2, ») for f(x) to be decreasing 
Now given that range of f = [log c(b — 1), log. ¢ (a — 1)] 
“. fx) is max at x = a, min at x = b as f(x) \ and x € (a, b) c (2, &) 
Hence f_, (x) = f(b) = log, c(6 -1) 


b-2 
= log —— =lo b-1 
8.550 g.c(b—1) 


b-2 
Taking antilog on both sides; we get arg c(b-l) 


=> b-2=c(b-1)(6+2) => ch’*+(c-1)b-2¢+2=0 
Now; D=0 ['. bis real] => (c-1)-4c (2c +2)20 
=> 0<c<1/9asc é (0, 1) according to case analysis (i) and (11). 


ILLUSTRATION 87: Let f(x) and g(x) be two differentiable functions for x > 0 such that f(0) = g(0) and the slope 
at any point of g(x) is greater than or equal to the slope at any point of f(x); then prove that 
a(x) > f(x) V x20. 
SOLUTION: (Given) f(0) = 2g(0) and /'(x) < 2'(%) V x20 
=> f'x)-2'@)<s0Vx20 
Let us consider h(x) = f(x) — g(x) 
=> h(x) =f'@)-3'@) 
h(x) <0 
h(x) is a decreasing function 
h(x) < h(0) Vx 20 
=> fix) - 2x) <0) - 2(0) Vx20 
=> f(x)-2x%)<90Vx20 
. fase) Vx20 


ILLUSTRATION 88: Show that the equation x” = x sinx + cos x has exactly two real roots. y 
SOLUTION: Let us consider a function f(x) such that, f(x) = x — x sinx — cosx 


=> f(x) = 2x —-x cosx — sinx + sinx 


=> fe) =x COOSA) : 
. f(x) is a decreasing function on (—, 0) and increasing function ra 


on (0, 00) 
FIGURE 5.118 
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and lim f(x) = 0 and lim (x)= . Also (0) =-—] 
hence, f(x) = 0 1.e., x? — x sinx — cosx = 0 has exactly two real roots. 
ILLUSTRATION 89: Prove that e’ > 1+xVxeR- {0} 
SOLUTION: f(x) =e-1-x 
Differentiating w.r.t x; we get f'(x) = e - 1 
f(x) > 0 V x € (0, «) and f(x) < 0 V x € C~, 0) 
Casel: x < (0, «) 
jx) is an increasing function on x € (0, ©) 
. fix) >f(0) V x € (0, «) 
=> @-1-x>e&-1-0 > &>1+xVxeE(0,0) 
Case ll: x € (-~, 0) 
fx) is | function 
=> fix) >f(0) V x € -~, 0) 
=> @&-1-x>e-1-0 
=> @>l1+x 
e>1+xVxeR- {0} 


1 
ILLUSTRATION 90: Using the relation 2(1 — cos x) <x’, x #0 or otherwise, prove that sin (tanx)>x Vx eé 0,2 | 


SOLUTION: Let f(x) = sin (tan x) —x 
= f'(x) = cos (tan x). sec2x — 1 = cos (tan x) (1 + tan’ x)- 1 
= tan’x { cos (tan x)} + cos (tan x) - 1 
tan’ x 
2 
": 2(1—cosx) <x’; x#0 


x? 
ieee 


> tan’ x cos (tan x) — 


x 
= 1—cos(tan x) < tan” 5 


= cos(tan x)—1>-—tan’ A 
l 
=> f'(x) > tan? x cos(an x) + => tan’ | costa X)— COs (=) >0 


= fix) is increasing function V x € [0, 7/4] | -- g<x< q =< fan ee le m 


=> cos(tan x) > cos (=) 


as f(0) = 0 > fx) 20, V x € [0, 1/4] 
=> sin(tanx)2>x Vx é [0, 1/4] 
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TEXTUAL EXERCISE-5: (SUBJECTIVE) 


1. Prove the following inequality: 


(a) 2+cos2<e+cose 
(b) In( 2+" +1] > in(3+-V10} 


Prove that the expression (x — 1)e* + 1 is positive for 
all positive value of x. 


Prove that 2x > 3 sinx—x cosx Vxe 0,5 


Establish the inequality given below by examining the 
sign of derivative of an appropriate function: 


<tn(1+2) <2 for x>0. 
x) x 


] 
x+(1/2) 


Prove the following inequality: 
tan x . x 


a 
for 0<x<—. 
x sin x 2 


Prove the following results: 
(a) 3+sn3>e+sine 


(b) log(e+ Ve? +1) > log(2+V5) 


(c) e* > n° using f(x) = x'*, x >0 
(d) (1/2)° > 1/e? using f(x) = (sinx)"™ V 0 <x <n/2 


Answer Keys 


12. 1, 0) U (0, «) 


7. Prove the following results: 


10. 


(a) ecosx — sinx < 1-sinx 


Vx € (0, 7/4) 
l1—cosx 
(b) sin?x < x sin (sin x), (0 <x < 2/2) 
(c) x >tan'x V x € [0, 0) 
(d) (tan 1) ze 2 
e/ Ve’ +1 Ve’ +1 
(e) cos(sin x) > sin(cos x) V x € (0,37 /2) 
(f) (2sin x + tan x) > 3x;0<x< 27/2 


(g) et (x4vl+x? )<e™ V x € (0,0) 


<(tan™' e)° + 


. Prove that, x? — 1 > 2x In x > 4(x —- 1) - 2 In x for 


x>1. 


. If0<x <1, prove that y = xInx — (x7/2) + (1/2) 1s 


a function such that d’y/dx* > 0. Deduce that x In 
x > (x?/2) — (1/2). 


Prove that 0 < x. sinx — (1/2) sin’x < (1/2) (a - 1) 
for 0 <x < 1/2. 


. Show that x? > (1 +x) [In(1 +x) V x= 0. 
12. 


Find the set of values of x for which the inequality In 
(1 +x) >x/(1 + x) 1s valid. 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. 


Which of the following is/are true? 

(a) e" > 1° 

(b) (1 + sin 7/3)! +873 > (1 + cosn/3)! +0" 
(c) 1017 > 202'° 

(d) (4/3)*4 > (9/4)*? 


2. Forx> 1, y = Inx satisfies the inequality 


3. 


(b) x*-1>y 


x-l 
(d) ——<y 
X 


(a) x—-1>y 


(c) y>x—-] 


The set of values of x for which In(1 + x) > ae 1S 
x 


(a) R (b) R ~ {0} 
(c) (0, 2) (d) None of these 


4. 


The set of values of x for which sin*x < x. sin (sin x) 
1S 

(a) R 

(c) (0, 2/2) 


(b) (Qnn, 2nn + 1/2); n €Z 
(d) None of these 


For x € (0, 2/2); which of the following is correct? 
(a) 0 <x sinx — (1/2) sin*x 

(b) x sinx—'% sin’x < ae 

(c) both (a) and (b) 

(d) None of the above 

(x + 3)— (x —- 1) = 244 is satisfied for 


(a) [0, «) (b) (-~, 0] 
(c) R (d) None of these 
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7. Find the range of y = x 13. 
(a) R (b) [e ",00) 
(c) (0, e?”) (d) None of these 


8. Find the range of y = In (sin x™ + 1) 


(a) [In(e'’+1), In2] = (b) [Ine"'”, In2] 14. 


(c) [Ine?, In2e] (d) None of these 


9. Find the range of y = In(x* + 1) 
(a) [In(e’’+1),1n2] (b) [Ine!”, In2] 


(c) [Ine ’’, In2e] (d) None of these 
ae 4 
10. If g(x) = (s-2- =) — sin x. Then In{g(x)}, 
(for x > 0), is 15. 


(a) Not defined 

(b) >0 

(c) <0 

(d) defined but can't be estimated > 0 or <0 


_ tan™' x , 
11. If fx) = Ind + x) — = (for x > 0); then sgn f(x) 
l+x 


1S 
(a) 1 (b) —1 
(c) 4 (d) None of these 


12. Let g(x) = (in(1 + x)y'! —x"', x > 0, then 


(a) 1<g(Q)<2 (b) —-1 < g(x) <0 
(c) 0< g(x) <1 (d) None of these 
Answer Keys 


1. (a,b,c,d) 2. (a,b,d) 3. (c) 4. (c) 5. (a,b) 


16. 


The mapping f: R — R given by f(x) = x° + ax? + 
bx + c is bijective if and only if 

(a) a? < 3b (b) a? > 3b 

(c) a—3b=0 (d) None of these 


If f: R — R, f(x) is a differentiable bijective function, 

then which of the following may be true ? 

(a) (f(x) -x)f"(x)<0VxeER 

(b) (f(x) -xnf'~)>O0OVxeER 

(c) If ({x) — x) f(x) > 0, then f(x) = f' (x) has no 
solution 

(d) If (f(x) — x) f"(x) > 0, then f(x) =f" (x) has at least 
one real solution 


Which of the following is true? 


(a) | +xIn(x+Vx? +1)2 V4 for all x > 0 
(b) 1 taIn(x+vx? +1)>Vi+x for all x > 0 
(c) 1 +xIn(x+Vx? +1) <Vi+x for all x > 0 
(d) 1 ta ln(x+vx? +1) <vi4+2" for all x > 0 


Let f(x) = ~*~ where 0<x<2, then 
x 


(a) sin? x < x sin(sin x) 

(b) sin?x > x sin (sin x) 

(c) sin’ x > 1 + x sin (sin x) 
(d) None of these 


6. (a) 7. (b) 8. (a) 9. (a) 10. (a) 


W.(a) 12.(c) 13. (a) ~—-14. (abc) 15. (2) —‘16. (a) 


m CURVATURE OF FUNCTION 


The curvature can be defined as a measure of rate at which 
the curve curves (bends). “The rate of bending of curves 
at a point is known as curvature of the curve at that point." 

Given a curve y = f(x) along which slope of tangent at 
P be tan 6 and at QO be tan(@ + 50) 

The change in the direction of the curve is 50 

whereas the length of arc to achieve the above change 


is os (1.€., PO) 
Average rate of bending (average curvature) 

— og 

Os 


FIGURE 5.119 


As Q > P, the arc PO can be regarded as a 
circular arc. Also 6s > 0 and 50 > 0 


Application of Derivatives Il < 5.73 


*) _ de re = lim og = lu . This is constant for a given circle. 


Instantaneous rate of bending = = lim 
. m( 26 ds s0ds Tr 


called the curvature of f(x) at point P 


m CURVATURE OF A CIRCLE 


Circle is a curve of fixed curvature and its curvature can be 
defined as reciprocal of radius (1/1). 
Its centre is called centre of curvature. 


Proof: Fora circle of radius 'r’; we have ¢ = Poe, 9 = 1 
rs 


r 
_, O_1 FIGURE 5.120 
os Ir 
NOTE 


If radius(r)=O0 => curvature is ~. 

point circle 
If radius (r) =00 = curvature is 0 

straight line 
So curvature of any curve can be measured with the help of a circle. 
Let Pand Qare two points on the curve y = f(x) and Normal at them intersect at R. 
As point Q approaches to P. the point R > N then PN becomes radius of curvature at P. 
In A PQR: 

i _ ie eae sin B 
sinB  sindd¢ sindd 
[°.. when Q > P; we get 5s >0 and PQ-> PQ ] 


=> 660—0;PN=PRandB- 90° 


PO.si 
PN = lim(PR) = in 
“tim ?Q PO 5 ain 


~ 540 PO 6¢ sindd 


= 4m{ 22). $5. cE ae } sin B 
4->0\ pQ) dp \ sind@ 


= PN=lim (3) Gs 


FIGURE 5.121 


"lim sed =1; lim a =1; limsin# =1 
5¢—>0 PQ d¢—>0 sindg d¢—0 


x 
as Bo 
B 2 


ds 
Radius of curvature (rn) = (PN) = ae . Thus curvature at a point P= 1/(radius of curvature at P). 


5.74 > Application of Derivatives II 


m@ IF THE FUNCTION IS GIVEN IN (% 2 (4% 2 (a 2\3/2 
CARTESIAN FORM (2) (2) (2) 
z) - d*y 
2 


a. 
On the curve y = f(x), consider an arc PQ. Such that P(x, y) 5 . > | 
and O(x + dx, y + dy) si os 
N Conclusion 


For any curve y = f(x) at point P(curvature) = ae 
KY 


1 
= —— =—. where PN = radius of curvature (p) 


2 3/2 
(i + (#) | 
ds dx 


FIGURE 5.122 _ as 
O rs) d ie 
tang=— > lim tan @ = lim 5 => tango =~ 
Ox QP 6x0 Ox ax 
Differentiating both sides with respect to s; 
dp d’y dx 
we get sec? — =——.— mre 
: ds dx’ ds ) 
Now; since (6S)? = (6x)? + (6y)? 
2 Z 
=> lm (=) = lim (i + $2 
6x0 Nv dx 0 Ox 
2 2 
gue 
dx dx 
2 
ele 1+(2] FIGURE 5.123 
dx dx E 
Substituting this value of ks in (1), we get Clearly the sign of curvature depends on ie 
x 
ds : 
Ae. “UE tan’ ee = 2 >0 = positive curvature 
aie : x 
dd d*y 1.€., Be 
de ee <Q => negative curvature 
x 
NOTE: 


Since above derivation is independent of choice of axes and depends only on nature of curve, the curvature of the 
curve remains same by interchanging x and y axes. 


Application of Derivatives Il < 5.75 


d’y di a A? -x’)-x | 2 a 


dx’ (r° — x" (? - Wr -x? (rx OE me —x? 


d 2 3/2 ; 
s4(2) | 2 ‘ 2\3/2 
_(r-x') 
d’ y ie r- 
that curvature is downward. 


=-r => radius of curvature = r and -ve sign shows 


ILLUSTRATION 92: (a) Find the radius of curvature of the curve y = xln x at x = 1, also show that its curvature 


has uniformly positive sign throughout its domain. 
2 2 


ind the radius of curvature of the curve Spe) at the point (2, V3). 
(b) Find the radius of f th 16° 4 


SOLUTION: (a) 7= 


(<3 
dx? 
For y=xInx;x>0 
d d*y 1 
oe =1+Inx —> Pea = = 
1+(1+Inx)’}’ 
Now rn HOI) 
x 
Now x > 0 => r>0 
Hence the radius of curvature of the curve y = x In x has a uniformly positive sign throughout 
its domain. 
3/2 3/2 
em  alaeey, 
x x=l 

i => x4 4y = 16 

16 4 7 
=> 2x+ 8yy'=0 => x+4yy'=0 
> y= 

J Ay 
And yt=—1y)~4y'ea) 

l6y’ 


—* 
t t ed 2 2 
n_ Ay t4ay! _-y tay 4y)  -(4y?+x7)_ -16 -1 


16y’ 4y> Ay’ 16y’ l6y y’ 


5.76 >» Application of Derivatives Il 


m= SIGN OF CURVATURE y 


Nature of bending can be classified in two ways. y=f(x) 


P/ Tangent 


FIGURE 5.125 


Type Il: Decreasing function with decreasing rate of 


2 
decrease 1.e., a <0 and ey >0 
dx dx 


FIGURE 5.124 


(a) When the curve bends above its tangent (the sign of 
curvature is positive). 


(b) When the curve bends below its tangent (the sign of 
curvature is negative). 


Concave Upwards (Convex Downwards) 


FIGURE 5.126 


A curve is said to be 'concave upwards' at P iff the curve lies 
above its tangent in the neighbourhood of P. Concave Downwards (Convex Upwards) 


Type |: Increasing function with increasing rate of | A curve is said to be ‘concave downwards’ at P iff 
the curve lies below its tangent in the neighbourhood 


i.e., —->0O and — 
increase 1.¢€., 7 an ce of P. 


Application of Derivatives Il < 5.77 


Type I: Decreasing function with increasing rate of | Type II: Decreasing function with decreasing rate of 


decrease i.e., ae <0 and —— <0 increase 1.€., a > 0 and —— <0 


FIGURE 5.127 FIGURE 5.128 


NOTE 


1. Chord corresponding to the concave upward part of the curves always remains above the curve but for the concave 
downward curves, it lies below the curve. 
2. The student can get some help in the identification of the curvature using the BUCKET RULE. If the graph of the 


function y = f(x) on an interval is concave up then y" > 0; if the graph of the function is concave down, then y" < 0. 
Writing these inequality in the form y">0 and y"<0, we note that the signs of the inequalities correspond to the 


directions of concavity of the curve (+ve for upwards, that is the bucket holds water", and -ve for downwards, that 
is the bucket spills water’) 


f’(x)>0: 
Holds water, 


concave Up 


f”(x)<0: 
Loses water, 
concave down 


FIGURE 5.129 FIGURE 5.130 


3. fandf' have same monotonic nature i.e., either both increasing or both decreasing but the same can't be said for 
their curvatures. 
Proof: lfg=f', then f(g(x)=x=>Pf(g(x)) xg'(x)=1 
1 


~ F'(g(x)) 


Now g'(x) has the same sign as f(x) and hence g(x) has the same monotonocity as f(x), differentiating again; 


—1 
we get g"(x)= ———_, xf"(g(x))xg"(x) 
2 (F'(g(x)) 


Now, if f is increasing then g is increasing; therefore g'(x) > 0 and hence g" and f" have opposite signs 


=> g'(x) 


Therefore for increasing functions, the curvature of the inverse graph is opposite to the curvature of the original 
graph. 


5.78 > Application of Derivatives Il 


However, if fis decreasing, then g is decreasing; therefore g'(x) < 0 and hence g" and f" have same sign. 


Therefore for decreasing functions, the curvature of the inverse graph is same as the curvature of the original 
graph. 


This can be observed in the graphs of f(x) = 2nx and g(x) = F(x) = e&* 


/g(x)=F"(x)=e" 


Strictly increasing 


and concave up y=Inx 


Strictly increasing 
and concave down 


FIGURE 5.131 


Now let y = f(x) = -tan x; x € (-1/2, 0] and g(x) = -tan'(x); x € [0, o) 


strictly 
decreasing 
and concave up: 


FIGURE 5.132 FIGURE 5.133 


Application of Derivatives Il < 5.79 


Gi) y =e 
d’y 
ax 


the curve is everywhere concave upwards (or convex downwards). 


=e >0 for all values of x. 


ye 
7 X 
FIGURE 5.135 
(iii) y=x° 
d’y 
ie = 6x (1) 
2 2 
Here ie is negative for x < 0, and ie is positive for x > 0 


Hence for x < 0, the curve is convex upwards and for x > 0 the curve is convex downwards. 


y 


y=x° 


FIGURE 5.136 


ILLUSTRATION 94: The curves y= a(x) and y =(x) are concave on an interval (a, b). Prove that in the given 


interval 
(1) The curve f(x) = a(x) + b(x) is concave 


(ii) If a@&) and d(x) are positive and have a common point of minimum, then the curve 
y = a(x) b(x) is concave. 


SOLUTION: y=a(x); y=D(x) 
y'>0 
a"'(x)>0; b"(x)>0 given in the interval (a, 5) 
Gi) f(x) =a(x)+ d(x) 
=> f'"(x)=a"(x)+b'(x) 
fx) >0 
a(x); b"(x) >0 


(x) is concave in the given interval (a, b) 


5.80 > Application of Derivatives Il 


m@ HYPER CRITICAL POINT 


In general, a function may be concave up or concave 
down in different parts of its domain and there may exist 
infinite/finite such intervals. 

Suppose a function 'f' defined in (a, 5) is such that it is 
concave up in (a, c) and concave down in (c, b). Now, the 
question arises as to what must have happened at x = c and 
how do we get c. To answer these questions, we should first 
define the term ‘'hyper-critical points' or 'critical points of 
the second kind' or 'second order critical points’ 

A hyper-critical point of a function 'f is either the 
value(s) of x for which f"(x) = 0 or the value(s) of x where 
f(x) does not exist. 


m POINTS OF INFLEXTION 


The point of inflexion is a point which separates the convex 
portion of the curve from its concave portion. 


y y 


FIGURE 5.137 


e.g., consider y = x° 


Application of Derivatives Il < 5.81 


2 
For x < 0; “= <0 
dx 
=> concave downwards 


a y 
For x > 0; —>>0 
dx? 
= concave downwards 
2 (0,0) 
For x = 0; d z =0 is the point 
ax of inflections 


=> point of infraction FIGURE 5.138 


NOTE: 


At the point of inflexion, the tangent line (if it exists) always intersects the curve i.e., the curve crosses its 
tangent line. 


1. Continuous function 'f' need not have an inflection point at all the points satisfying f'(x) = 0. If 
f(x) = x‘, we have f"(0) = 0, but the graph of f is always concave up and hence, there is no point 
inflection. 

Let us take the function y = x°- 5x. 
Here y" = 20x? (x - 3). 
Now y'= 0 for x = 3, the second derivative changes sign, and thus x = 3 is a point of inflection. But when 


x passes through the point x = 0, the second derivative retains constant sign, and therefore, the origin 
is not a point of inflection (since the graph of the given function is concave down on both sides of 


the origin). 

2. lfx=Ccis a point of inflection of a curve y = f(x) and at this point there exists the second derivative f"(c), then f"(c) 
is necessarily equal to zero (f"(c) = 0). 

3. The point (1,0) iny =(x- 1)°, being both a critical point and a point of inflection, is a point of horizontal inflection 
(Q the tangent at (1,0) on yis parallel to x-axis). 

4. Ifa function fis such that the derivative f" is continuous at x = c and f"(c) = 0 while f"(c) # 0, then the curve y = f(x) 
has a point of inflection for x =c 

5. It should be noted that a point separating a concave up arc of a curve from a concave down arc; may be such that 


the tangent at that point is perpendicular to the x-axis i.e., vertical tangent or such that the tangent does not exist 
This can be demonstrated easily by the behavior of the graph of the function = /x inthe vicinity of the origin. In 
such a case we speak of a point of inflection with vertical tangent 


y=x3 


FIGURE 5.139 


5.82 > Application of Derivatives Il 


6. Anumberc such that f'(c) is not defined and the concavity of f changes at c will correspond to an inflection point if 
and only if f(c) is defined. In other words, for a point'c' to be a point of inflection; f(x) must be defined at x= c; even 


if f"(x) is not defined at x =c. 


m@ METHODTO FIND THE POINTS OF 
INFLEXION OF THE CURVE Y = F(X) 


2 2 
d 
and get all possible x where = =0 
2 
(say a, b, ...) or where 7 a does not exist. (Say a, B, ...) 
x 


d 
Step 1: Find 


2 


Step 2: Locate them on real number line and find the sign 


scheme for ——. 
dx 


d’ 
Step 3: The point x = a is a point of inflexion if z: 
dx 


changes it sign at x =a. 


y 


Concave 


Concave 


FIGURE 5.140 


FIGURE 5.141 


FIGURE 5.142 


Application of Derivatives Il < 5.83 


ILLUSTRATION 98: Show that every point at which the sine curve y = c sin — meets the axis of x is a point of 
a 


inflexion of the curve. 


SOLUTION: 


x ay Cc. x 
oS— 5 — = — il — and 
a dx a a 


; , 
The given sine curve is y =c sin — 
a 


th) 
dy -c 
eee cos — 


‘ , ‘ ‘ _ 
The given curve (i) meets x-axis at the point where y = 0 1.e.,sin — =0 
a 


x 
— =nn;neZLorx=nnanel 
a 


Now for x = nma, —>} 


c 
== cosnn #0 
a 


(ant, 0) n € Z are the point of inflexion for the curve (i). i.e., every point where the curve 
meets x-axis is a point of inflextion of the curve. 


m SOLVING INEQUALITIES USING CURVATURE 


Curvature of a graph is highly useful in proving/solving 
some inequalities, which makes the process easy and time 
saving. 


m@ JENSON'S FUNCTIONAL EQUATION 


Equation Jenson observed that for the function 'f{(x)' which 
are either increasing with a constant rate of increase or 
decreasing with a constant rate of decrease; 
(™ +nX, 3 mf (x,) + nf (x)) 


m+n 


- where m, n are constant 
m+n 


real numbers and x,, x, « D ; 


Discussion 
For increasing function with constant rate of increase. 

Let y = f(x) be a function such that f(x) > 0 and 
f(x) =O0VxeED, 

The curve is neither concave up, nor concave down 


(- f"(x) = 0) 


Mx) 


FIGURE 5.143 


Let the point B divides the line PQ in the ratio n : m 
The foot of perpendicular from B on the x-axis 
(i.e., M) will divide the line segment joining (x,, 0) 
and (x,, 0) in the ration : m 


mx, + nx 
x-coordinate of M =——~——= = x, (say) 
m+n 
Similarly y-coordinate of poimt 8B _ will be 
mf (x,) + nf (%) 
m+n 


And the value of the function f(x) at x = x, will be 
mx, + nx, 
ery 
And as is evident from the diagram; we get 
5(™ “nh ) mf (x,) + nf (x) 


m+n m+n 


Similarly; the same can be derived for decreasing func- 
tion with constant rate of decrease 


FIGURE 5.144 


It is from here that Jenson derived two very useful de- 
ductions named as Jenson's inequality 


5.84 > Application of Derivatives II 


Deduction 1: For increasing function with decreasing | Considering a point B dividing chord PQ in the ratio n : m, 


rate of increase: + Es 
er (= mi) mf (x,) + nf (2) 


If f(x) > 0 and f” (x) <0 for all x € D,, then the graph of f(x) m+n m+n 


increases with decreasing rate and remain concave down- (.. AM < BM) (Similarly you can think of the inequali- 
ward ("." f” (x) < 0). Therefore chord of the curve lies below | ties for decreasing functions) 
the curve. Considering a point B dividing chord PQ in the 


mx, + nx, q mf (x,)+ nf (x, ) 


m+n 


ratio n : m, we get f [ 
m+n 


(.. AM> BM) 


FIGURE 5.147 


Similarly for decreasing function with decreasing rate 


. a d* 
of decrease 1.e., Beg 0 and — >0 
dx dx 
FIGURE 5.145 y 
Similarly for decreasing function with increasing rate a P 
of decrease. 1.e., f(x) < 0 and f(x) < 0 mix, tnt) as 


m+n " 


m+n 


FIGURE 5.148 


FIGURE 5.146 Conclusion 


; : : : sian! : For concave up curve; 
Deduction 2: For increasing function with increasing P ; 


rate of increase soe hae (™ + NX, 7 mf (x,) + nf (x,) 


m+n m+n 
If f'(x) > 0 and f” (x) = 0 for all x € D,1.¢., graph of f (x) 
increases with increasing rate and remains concave up (’.’ f | down curve; we have s( (dames . mf (x) + nf (%) 
(x) > 0). Therefore chord of the curve lies above the curve. m+n m+n 


and for concave 


Ze"+e% 
ILLUSTRATION 99: Prove that for any two number x, and x,, ao >e 


SOLUTION: Assume f(x) = e*and let x, and x, be two points on the curve y = e* 
Let R be another point which divides PQ in ratio 1:2 
2e" +e” 


3 


2X4 +X2 


y-coordinate of point R is ; 


and y coordinate of point S is e , since f(x) = e718 


concave up, the point R will always lie above the point S. 


Application of Derivatives Il < 5.85 


2x,tX, 
3 


FIGURE 5.149 


2et+e% Mtn 
—_>e 
3 
Aliter: (above inequality could also be easily proved using AM-GM inequality) 
sin x, + sin x, + sin x, 


. (+e +x 
ILLUSTRATION 100: If 0 < x, < x, < x,< 2m, then prove that sin ~ > : 


33 
Hence show that in a A ABC, (sind + sinB + sinC) < = 


sin x, +sin x, +sin x, 


SOLUTION: Point A, B, C form a triangle, y coordinate of centroid G is 3 and 
: ; . . | YX, +X, 
y coordinate of point F is sin a 
xX, +x,+x sin x, +sin x, +sin x. 
Hence sin [A*B*) > ————— 
if4+B+C=n, then sin( 473) : —s e sin > —r 


_ [XK +X +x 

in( 4 2 ) 

ee) 
3 


\C(X,,SINX,) 


FIGURE 5.150 


= >sinA+sinB+sinC 


3V3 
2 


= maximum value of (sind + sinB + sinC) = 


2 
nS 


5.86 > Application of Derivatives Il 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


1. Test the curvature of the following curves and find i 
the convexity (concavity) and therefore determine the . Letg(x)=2f (=| + f(2—x) and f" (x) <0, V x € (0, 2). 
points of inflections, if any. 
(a) f(x) =x — 6x (b) y=e-e* 
(c) fx) = 2x7 -—3x°+1 (d) y = 2x” 


ine . Given a function f(x) such that f"(x)<0, (x,,f(x,)) 
(e) ae (f) y=xInx 


Find the interval of increase and decrease 
of g(x). 


and (x,, f(x,)) be two points on y = f(x), then prove that 


Application of Derivatives Il < 5.87 


igen ay Al x,)+ t ( x,) 8. For an acute angle triangle ABC, prove that 
f [AS] a Vox, x, € domain (a) sind + sinB + sinC > 2 for any A 
of f(x). (b) cos (2/4 + A/4) + cos (1/4 + B/4) + cos (a1/4 + C/4) 


; sa tekun B : < 3/2 fe A 
4. If f(x) is monotonicity increasing function Vx <R = ura. 


such that f"(x) <0 & f"'(x) exists, then prove that (c) cos A+cosB+cosC < 2 for any A 
: : J 2 
J: GS eS), pater) \ 
3 3 (d) cos A.cos B.cosC < : for any A 
5. If 0 <A < 7/6, then show A(cosec A) < 77/3. y R C4 
6. If 0 < A, B, C < n/2, then show that 4A cosec A + (e) sin—.sin—.sin— <—for any A 
37 2 2 2 8 
P Cosa FC Cosec G's oa 9. Prove the following inequalities 
7. Test the curvature of following curves and find the erty? _(xtyy 
interval at which they are concave and draw their (i) a 2 5 
graph and also find the points of inflexion, if any: a a > 
(a) y=(x- 1) (ii) x: +y "Z (244) 
(b) y=x*-2x7+ 1 3 3 
= -_ - = 2n+l 2n+l 2n+] 
(©) y= (= 1) (2) (3) eee 2( 4) ee, 
(d) y=(«- 1) &-2) 2 2 
— 2,2 9,3 = ; 
(e) y= 3x°- 2x (f) y = In sinx 10. Find the set of value(s) 'a' for which the function 
(g) y =x*-x (h) y= x° 3 
bo nie ee er Se fx) = ~+(a +2)x’+(a—-1)x+2 possess negative 
@) y=, al pra 3 
é.- Fe ; ' ; 
2 point of inflection. 
(k) y=e 
Answers keys 


1. (a) x € (%, 2) concave downward, x € (2, ©) concave upward, x = 2 is point of inflection. 
(b) Concave downwards for x < 0, concave upwards for x > 0, Point of inflection x = 0 


(c) xE Ga concave downward, x € +] concave upward x = 1/2 is point of inflection 
(d) Concave upwards for x € (0, 0) 
(e) Concave downwards on (0, e*”) and concave upwards on (e*”, 0) and point of inflection = e*”. 
(f) Concave upwards on (0, «) 
2. g(x) \ on(—0,0)and on +.) and g(x) T on{ 0 ] 
Z 2 


d°y 


dx? 


d 
7. (a) forx <1, 


he > 0, the curve is concave upwards; for x > 1, < 0 the curve is convex up-wards. 
Xx 


(b) concave upward if x € (—2,0) U(1,%) , point of inflection at x = 0, 1 


4 
(c) concave up, Vx € (2,0) (d) concave up, Vx € $0] 
(e) concave up, Vx € [5 (f) concave downward in entire domain 
(g) concave up: x€ (-Va,Ja) and y > 0, concave down xe | -1.-Va )u(Vva,1| and y>0; q@= 9-33. 
12 
For y < 0, concavities are opposite in above intervals. 
(h) concave up if x, y > 0 (i) concave up Vx > 0 (j) Vx <0 concave up 


1 1 
(k)xeR~ Sd , itis concave up 10. (-~, —2) U (0, ~) 


5.88 > Application of Derivatives Il 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


1. For which values of 'a' will the function f(x) = x* + ax’+ (c) f(x) g(x) does not have a critical point [—1,3] 


2 
xX Bs * 
a +1 will be concave upward along the entire real line 


(a) a € [0, o] 
(c) a € [-2, 2] 


(b) a € (2, 2) 
(d) a € (0, «) 


. For the cubic, f(x) = 2x?+ 9x? + 12x + 1 which one of 

the following statement, does not hold good? 

(a) f(x) is non monotonic 

(b) increasing (—co, —2) U (1, «) and decreasing is 
(—2, -1) 

(c) f: R — R is biective 

(d) Inflection point occurs at x = —3/2 


. Let h be a twice continuously differentiable positive 
function on an open interval J. Let g(x) = In (A(x)) for 
each x € J Suppose (h'(x))? > h" (x) (A) (x) for each 
x e J. Then 

(a) g 1s increasing on J 

(b) gis decreasing on J 

(c) g 1S concave up on J 

(d) g 1s concave down on J 


(d) f(x) + g(x) 1s concave upwards on [—1,3] 


. Let p(x) be a polynomial of degree 5 and suppose that 


p(x) has as many inflection points as possible for a 
polynomial of degree 5. Then the number of inflection 
points of p(x) 1s 
(a) 5 
(c) 3 


(b) 4 
(d) 2 


. The function f(x) = (x + 2)'% at x =—2 


(a) is monotonic 

(b) is differentiable 

(c) is such that no tangent can be drawn at this point 
(d) changes its concavity 


. For the function f(x) = x*(12Inx — 7) 


(a) the point (1, —7) 1s the point of inflexion 
(b) x = e» 1s the point of minima 

(c) the graph is concave downwards in (0, 1) 
(d) the graph is concave upwards in (1, «) 


. If fis continuous in [a, b], differentiable in (a, b) and 


f (a) = f (6), then there exist at least one point 
c € (a, b) such that f'(c) =0. This result is known as 


(x - 1) ( 6x — 1) 1 
= a (a) Lagrange's theorem (b) Euler's theorem 
Let f(x) = oo 7 then at x = 4 
" f 1 (c) Rolle's theorem (d) Cauchy's theorem 
0 ifx=— 
2 10. If f(x) = ke — 9x* + 9x + 3 is monotonically increas- 


(a) fhas a local maxima 

(b) fhas a local minima 

(c) fhas no inflection point 

(d) fhas a removable discontinuity 


. Function f(x), g(x) are defined on [—1, 3] and f"(x) > 0, 
2"(x) > 0 for all x € [—1, 3], then which of the follow- 
ing is always true ? 

(a) f(x) — g(x) 1s concave upwards on [—1,3] 

(b) f(x) g(x) is concave upwards on [—1,3] 


ing in each interval, then 
(a) k<3 (b) k<3 
(c) k=>3 (d) none 


. If f(x) is a monotonically decreasing function and have 


concavity up, then its inverse f! (x) will be 
(a) decreasing and has concavity upwards 
(b) decreasing and has concavity downwards 
(c) increasing and has concavity downwards 
(d) increasing and has concavity upwards. 


Answer Keys 


1. (c) 2. (a,b,d) 
11. (a) 


3. (d) 4. (c) 5. (d) 6. (c) 7. (d) 8. (a,b,c,d) 9. (c) —«:10. (c) 


Application of Derivatives Il < 5.89 


MEAN VALUE THEOREM 


=> fict+h)<flo) and fle—h) < fic) 
fle+W)- FO <9 anq LE-W-LO , 9 
h 7 —h 7 


m ROLLE'S AND MEAN VALUE THEOREM 


Rolle's Theorem 
tim J t= SO. <0 


Let a function f(x) defined on [a, b] be such that ran h 


y 


LJ it is continuous in the interval [a, b] 


LI it is differentiable in the interval (a, b) and jim =O) > 0 
h>0 _ 
U fla) = flo), 
then there exist at least one c € (a, b) such that f(c) = 0 => f(c)20 and f(c)<sO but « fF is 
differentiable at c. 
Analytical proof: ae ao 
| oo | fC)=fe) 
Since f(x) is continuous in closed interval [a, 5] 
> f(x) is bounded ie., m < f(x) <M Vxe[a, b] => f(c)=0 
fia) and f(b) are either both maxima (minima) or 
both are neither maxima nor minima. Case III: 
So there exist at least one point c € (a, b), where f(c) 
= M #m and let there lie a point c € (a, b), where f(c) =m 
=m or M. 
Case I: 
M=m => f(x) 1s constant VxeE(a, b) 


=> fix) =0 Vxe(a, b) 


FIGURE 5.157 


=> fic t+h)= fic) and f(c—h) = f(c) 


FIGURE 5.155 
f(e+h)- $0), , 
— > rai 
Case Il: h 
M +m and let there lie a point c € (a, b), where f(c) a: 


=e jim HELO 5 9 


and lim 
ho0 


fle-W)- SO <9 
_h = 
=> f(c')20andf(c) <0 
But °.: fis differentiable at ‘c' 


fle) =f(C)=0>f(c) = 0 
FIGURE 5.156 Similarly for the function of the type 


5.90 > Application of Derivatives II 


y c, and c, are the points of local maxima and c, and c, 
(a) are the points of local minima. 
Hence f(c,) =f(c,) =fle,) =fle,) 00... = (). 
Conclusion 


There is atleast one point on curve lying between A and B, 
X the tangent at which is parallel to x-axis. 


FIGURE 5.158 


REMARKS: 


LY Rolle's theorem fails for the function which does not satisfy at least one of the three conditions. 


f(x) is non-differentiable 


FIGURE 5.159 


f(x) is discontinuous 


FIGURE 5.160 


b 
f(a) # f(b) 
FIGURE 5.161 


L) The converse of Rolle's theorem may not be true. i.e., f'(c) may be zero at a point in (a, b) without satisfying all the 
three conditions 


Case I: 
y 
P f'(c)=0 

As : Ng 

fla) i f(b) 

a6 s 

f(x) is discontinuous 

FIGURE 5.162 
Case Il: 


f(x) is non-differentiable 


FIGURE 5.163 
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Case Ill: 


f(a) + f(b) 
FIGURE 5.164 


In all the above there cases, we observed that all the condi- 
tions Rolle's theorem are not satisfied because atleast one 
of the three conditions is being violated. But still, in each of 
the three cases, there exists a point 'c’ such that c € (a, b) and 


(= 9 


5.92 > Application of Derivatives II 


x 


(©) $@) == on 2,3 


x? —2x” —5x+6 
(d) f(x)= x—-l 
— if x =1 


if x #1, on [-2,3] 


SOLUTION: (a) discontinuous at x =1 => not applicable 

(b) fx) is not continuous at x = 0 hence is not applicable. 

(c) discontinuity atx = 1= not applicable 

(d) Notice that x° — 2x? — 5x + 6 = (x-1) (x —x -4). Hence, fx) = x —x-6ifx #1 and 
fU)=-6 

= fis continuous at x = 1. So fx) = x* -x — 6 throughout the interval [—2,3]. 
Also, note that f{—2) = (3) = 0. Hence, Rolle's theorem is applicable, f(x) = 2x —1. 

 f@M=090 = x = 1/2 which lies between —2 and 3. 


ILLUSTRATION 105: The function f(x) = x(x + 3) e”” satisfies the conditions of Rolle's theorem in [-3, 0]. 
The value of c is 


(a) 0 (b) -1 
(c) -2 (d) -3 


SOLUTION: (c) Given f(x) = (x?+ 3x)e0™ 
 f'(X) = G2 + 3xje (+ +(2x+3)e0™* = —s 6 ae 6} 
Since f(x) satisfies the Rolle's theorem 


. f(x)=0> -ae) (c?-c-—6)=0 => f(co) =3, -2 


But c =3 ¢ (-3, 0) => 2€(-3,0) 
c=—2 


ILLUSTRATION 106: If f(x) = sinx/e* in [0, x], then f(x) 


(a) Satisfies Rolle's theorem and c =7 , so that f (3) —4 
(b) does not satisfy Rolle's theorem, but 6{4) >0 


(c) satisfies Rolle's theorem and f (=) =0 


(d) Satisfies Lagrange's mean value theorem but / (5) #0 


SOLUTION: (c) Given, f(x) = a Here f(0) = 0, f(m) = 0 


Also f(x) is continuous in [0, 2], Since every exponential function and trigonometric function 
is continuous in their domain and it is differentiable in the open internal. 
e* (cos x—sin x) 


Now, f(x) = (e y 


Application of Derivatives Il < 5.93 


m@ ALGEBRAIC INTERPRETATION OF ROLLE'S 
THEOREM 


Let f(x) be a polynomial having roots ‘a’ and 'b’ where 
a < b, so that we have f(a) = f(b) = 0. Also a polynomial 
function is continuous and differtiable everywhere. Thus f(x) 


satisfies the conditions of Rolle's Theorem. Consequently, 
there exists atleast one number a € (a, b) such that f(a) = 
0. In other words x = y is a root of f(x) = 0. 

Thus, Rolle's theorem can be interpreted algebraically 
as between any two roots of a polynomial f{x), there is a 
always a root of its derivative f(x). 


m APPLICATION OF ROLLE'S THEOREM 


If f(x) is a polynomial function, then it is continuous 
and differentiable in its domain; thereby the following 
deductions can be made. 


1. If all the roots of f(x) = 0 are real, then all the roots of 
f(x) = 0 are also real, and the roots of f(x) = 0 separate 
the roots of f(x) = 0. 


FIGURE 5.165 


5.94 > Application of Derivatives Il 


Here, a, b, c, d, e are the 5 roots of f(x) = 0 and a, B, 
y, 6, are the 4 roots of f(x) = 0 

2. If f(x) is of degree ‘n'; then f(x) 1s of degree 'n — 1’ and 
a root of f(x) = 0 exists in each of the n — 1 intervals 
between the 'n’ roots of f(x) = 0 and in such a case, 
the root of f"(x) = 0, f/"(x) = 0,... are also real and the 
roots of each of these equations separate those of the 
preceding equation. 


3. Not more than one root of f(x) = 0 can lie between two FIGURE 5.166 
consecutive roots of f(x) = 0. 


4. If f(x) = 0 has 'n' real roots, then f(x) = 0 can't have | = there must exists a root of f(x) = 0 lying between a and 


more than (” + 1) real roots. B (and the roots is x = 5) 
Now, if f(x) = 0 has no multiple root, then none of the Similarly x = c is a root of f(x) = 0 lying between two 
roots of f(x) = 0 is a root of f(x) = 0. roots of f(x) =O1e.,.x =Bandx=y 
Here a, b, c are the 3 real roots of f(x) = 0 and a, B, y, 5 Also, there is no real roots f(x) = 0 lying between y and 
are the 4 roots of f(x) = 0. f(a) > 0 and f(B) < 0 5 because f(y). f(d) > 0 

NOTE: 


Here ;f(x) = 0 will have 5 roots because f(x) = 0 has 4 roots . However, only 3 of the roots of f(x) = 0 are real. 


5. If f” (x) is the n™ derivative of f(x) and the equation roots of f(x) = O by considering the signs 
f(x) = 0 has some imaginary roots, then f(x) = 0 has of f(a), f(B).... 
atleast as many imaginary roots. A single root of f(x) = 0, or no root, lies between @ and 
6. If all the real roots a, fB, y, 6..... of f(x) = 0 B according as f(a) and f(B) have opposite signs, or the 


are known, we can find the number of real same sign. 


Application of Derivatives Il < 5.95 


SOLUTION: Consider f(x) = e'™ - P (x). 
Now f(a) =f (6) =0 {as P (a) = P (b) =0} 
Also as P (x) is polynomial 
= f(x) is continuous and differentiable in [a, 5] 
= Rolle's theorem can be applied 
=> dc eé (a, b) such that f/(c) =0 
Now f'(x) = e!* (P(x) + 100 - P(x) ) 
=> e!%-(P(c)+ 100- P(c))=0 
=> P%c)+100- P(c))=0 (as [e'* # 0]), hence proved. 
ILLUSTRATION 111: If fand F are continuous in [a, b] and derivable in (a, b) with F(x) # 0. Prove that 5 ¢ € (a, 
f'©) _ fO)-f@ 
b) such that Fc) = F(b)—F(a) 
SOLUTION: Let K, = /(b)—/(a) and K, = F(b) — Fla) 
f')_K, 
F'(c) K, 
Consider a function @ (x) = K, F(x) — K, f (x) (1) 
‘. f(@&) and F() are continuous in [a, 5] and derivable in (a, 6b) hence © (x) will also be 
continuous and differentiable 
also > (a) = K,F(a) — K, f (a) and 6 (6) = K,F(6) — K,fd) 
now 9 (a) — o (b) = K, (F(a) — F (6) )-K, (f@-Ff()) 
=[f()-f@)]LF@ - FH) 1 -[L FQ) -FOUS@-F)]) 
=[f)-f@ 1{ F@— Fe) + Fe) -— F(@ ]=0 
=> 9@=9() 
Hence Rolles theorem 1s applicable for 9 (x) 
'. Hsomec é (a, db), such that, o’(c) =0 
= 9(x)|_, =K, P@)-K,f@ =, 
or K, F'(c) = K, f(c) 
ft.) _ K, _ f®-f@ 
Fc) K, F(6)-F(@) 
ILLUSTRATION 112: Let f(x) be a differentiable function on [—1, 1]. Iff{1) = 0 and f(x) > 0 for all x in (1, 1), prove 
that the equation 7. A—x) f(x) = s f'(—x) Ax) has solution in (—1, 1) (r and s € R) 
SOLUTION: Let A(x) =[f(X)P [f/CxoY 
".” f(x) is continuous in [-1, 1], so A(x) will be continuous in [—1, 1] and 
h'(x)=-1[fO)) or. [f(T fC) + fl -s- fF" -f'(%) which exists in the 
open interval (—1, 1). 
So h(x) is differentiable function 
Now A(-]1) =[f(-D)°-f WM" =[f(CDY.0 =0 (.” £01) = 9)) 
and A(l) =f)". f(-D)’ = 0.1F(-DY =0 
h(-1) = hQ) =0 


‘. To prove: 


5.96 > Application of Derivatives II 


Thus h(x) satisfies all the three conditions, hence Rolle's theorem is applicable. As such 
there is atleast one number c in (1, 1) for which h’(c) = 0 


Now h'(c) = 0 

=> -[fOl'rLfCOor f'Ce) +[fCoyl s. SOT .£'©) =0 

=> [LOM LOM sf’ OFC) -r fo). f (OE) = 0 

=> [s.f'(e)f(c)-r f'(-c).f(c)] =0 "" c eC, 1) andfx)>0Vx € C1, 1) 
So r.f'(x)f(-—x) =s f'(-x).f(x) has one root in (-1, 1) 


ILLUSTRATION 113: Find the condition for the polynomial equation f(x) = 0 to have a repeated real roots by using 


Rolle's theorem. Hence or otherwise prove that >= =0 can't have a repeated root. 
r=0 F 
SOLUTION: Since f(x) = 0 has at least two real roots let be a and r (a < B) 
. f(a)=Oand f(B )=0 = f(a) =f(B)=0 

and f(x) being a polynomial which is continuous and differentiable everywhere. 
By Rolle's theorem f(y) = 0 such that y € (a, B) 

If f(x) = 0 has two real repeated roots, then f(a) = AB) = fy) = 0 and a = B =. 
i.e., f(a) = 0 and f(a) = 0 


Now let g (x) = >= = 
r=0 r 


Suppose, if possible g(x) = 0 has repeated root a, then g(a) = 0 and g’(a) = 0 


re aire es (i) 
1! 2! 3! (n—-1)! n! 
12a 30° na"! 
=> T ry 31 ncawe A = 
2 n-1 
Qa a 
=> 14+—+—H.....4+——=0 (Il 
i! 2! (n—1)! a) 
Subtracting (ii) from (i), we get —- =0 
n 
a=0 
The repeated root must be zero. 
But a = 0 is not a root of (i) (.. 140) 


Hence equation (i) can not have a repeated root. 
ILLUSTRATION 114: Ifa, b, c be non-zero real numbers such that 
f, (1+cos® x)(ax? +bx+c)dx = f. (1+cos* x)(ax’ +bx+c)dx =0 then equation 
ax? + bx +c = 0 will have one root between 0 and 1 and other root between 1 and 2. 
SOLUTION: Let f(x) = (, (l+cos®x)(ax?+bxt+ec)de a... (i) 
=> f'(x)=(l+cos*x)ax?+bxtce) a (ii) 
From given conditions, f(1) = f(2) = 0, Also f(0) = 0 >f(0) = (1) =f2) = 0 


Application of Derivatives Il < 5.97 


. By Rolle's theorem, for f(x) in [0, 1] 
f(a) = 0 for at least one a such that 0 < a < 1 and by Rolle's theorem for f(x) in [1, 2] 


f(B) = 0 for at least one B such that 1 < B <2 
Now from (ii) f(a) = 0 
(l+cos* a)\(aa’ +ba+c) =0 


aoe’ + ba +c = 0 


1+cos' a #0 


Similarly , B is a root of the equation ax* + bx +c = 0 


Equation ax? + bx + c = 0 has one root a between 0 and 1, 


and other root B between | and 2. 


ILLUSTRATION 115: 


SOLUTION: 
We also have f(a) = f(b) = fic) 


Let fix) = (x — a) (x — b) (x -—c), a< b<c. Show that f(x) = 0 has two roots one belonging to 
(a, b) and other belonging to (4, c) 


Here, f (x) being a polynomial is continuous and differentiable for all real values of x. 


If we apply Rolle's theorem to f (x) in [a, b] and [b, c] we would observe that f(x) = 0 would 
have atleast one root in (a, b) and atleast one root in (5, c) 


But f(x) = 0 is a polynomial of degree two, hence f(x) = 0 can't have more than two roots. 


It implies that exactly one root of f(x) = 0 would lie in (a, 6) and exactly one root of 


f(x) = 0 would be in (4, c). 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


. Show that f(x) = 4x° — 6x’ + 4x — 1 has at least 
one root in (0, 1). 


. If equation ax? + bx’ + cx + d = 0 has one 
real root then prove that the equation 


4 3 2 
= +E de te=0 can't have more than 2 


distinct real root. 


. If equation ax* + bx? + cx* + dx + k = 0 has three 
distinct real roots, then prove that the equation 
4dax? + 3bx? + 2cx + d= 0 will have atleast 2 distinct 
real roots. 


. Let f(x), g(x) be differentiable in [a, b] and f(a) = g (a) 
and f(b) = g(b). Show that there exists at least one c in 
(a, b) such that f/(c) = g'(c); will the statement be true 


if fla) = f(b) and g(a) = g(6). 

. If f(x) and g(x) are differentiable functions for 
0 <x < 1 such that f(0) = 5, 2(0) = 1, fl) = 10, 
g(1) = 3, then show that there exists atleast 
one c satisfying 0 <c < 1 where 2/(c) = 5g’(c). 


10. 


. Suppose that the second derivative of f exists every- 


where and that f(x,) = /(x,) = flx,) = 0 where x, < x, < 
x,. Show that f"(c) = 0 for some no. c with x, <c <x,. 


. If f(x) is differentiable functions V x € [a, b] such that 


a and b are both positive, then show that there exists 


atleast one c € (a, b) where 2VJc fic)= a ae 
— Va 


. Show that between any two roots of the equation e* cos x 


= | there exists at least one root of e* sin x — 1 =0. 


. Are the conditions of Rolle's theorem satisfied for the 


following functions: 

(a) Aix) = |9 — x*| in [-3, 3] 

(b) f(x) = In{(x’? + ab)/[(a + b)x]} in [a, b]; ab > 0 

(c) f(x) =x? — 3x? + 2x in [0, 2] 

(d) f(x) = e*(sinx — cosx) in [7/4, 52/4] 

(ce) fix) = (x — a)” (x — 5)" 1n interval [a, 5]; where m, 
neN. 


If f (x) = x*-2x°+2x*—x, then prove by Rolle's 


theorem that the equation 4x° —6x*+4x-1=0 has 


5.98 > Application of Derivatives Il 


. If cy +(e,/2)+(c, /3)+ 


atleast one real root in (0, 1) and hence/otherwise 
prove that f(x) has exactly one real root € (0, 2). 


ste +(c,/n+1)=0, where 
(GA Ce Ce RT C,4, € R, then prove that the equation 
CAO RO essdae +c,x" =0, has atleast one real 
root 1n (0, 1). 


. Show that the equation (x — a)? + (x — by + (x-—c) + 


(x — d)} =0, where a, b, c,d € R are not all equal, has 
only one real root. 


Answer Keys 


4. yes 


14, All the roots are real, one belongs to (0, 1) 


Second root = 2, third lies between 3 and 4. 


13. 


14, 


15. 


Prove that the equation 3x° + 15x — 8 = 0 has only one 
real root. 


Discuss the nature of roots of the equation x’ — 6x” + 
9x — 2 = 0 and locate them. 


Let f" exists for all x € [ab]. Let o(%) = f(x) + (6- x) 
f(x) + A(b —x/y where A is constant so chosen that o(b) 
= o(a). Apply Rolle's theorem to calculate that f(b) = f(a) 
+ (b—a) f(a) + [f'(c)/2] (b- ay for some c € (ab). 


9. Condition of Rolle's theorem are satisfied for (a), (b), (c), (d) and (e) 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. Rolle's theorem is not applicable to the function 


ftx) = |x| for -2 <x <2 because 
(a) fis continuous for —2 <x < 1 
(b) fis not derivable for x = 0 


(c) f-2) = f2) 


(d) fis not a constant function 


. If fix) = x*log x and f(0) = 0, then the value of a for 


which Rolle's theorem can be applied in [0, 1] is 
(a) —2 (b) -1 
(c) O (d) 1/2 


. If Rolle's theorem holds for the function f(x) = x 


+ bx? + ax + 5 on [1, 3] with c = [2 + 1/V3], then 
(a, b) is 

(a) (3, —5) 
(c) (11, -6) 


(b) (6, —11) 
(d) (11, 6) 


. To which of the following Rolle's theorem can be 


applied? 

(a) f(x) = tan x in [0, 7] 

(b) f(x) = cos (1/x) in [-1, 1] 
(c) f(x) = x* in [2, 3] 

(d) f(x) =x(x + 3)e~? in [-3, 0] 


. The c of Rolle's theorem for the function f(x) = sin x 


in [0, 7] is 
(a) 0 (b) a 
(©) 57 () 57 


10. 


Polynomial x? + 3x — 10 has 
(a) at least one real root 

(b) exactly one real root 

(c) two real roots 

(d) all the three roots are equal 


The function in which Rolle's theorem is verified 


is 
2 
x’ +ab 


(a) f(x) =log G=Bn 


(b) fx) = (x — 1) (2x — 3) in (1, 3) 
(c) fx) =2 + (x — 1) in [0, 2] 
(d) f(x) = cos(1/x) in [-1, 1] 


Jin [a, b] where (0 <a <b) 


If a + 6b + c = 0, then the quadratic equation 
3ax*+ 2bx + c = 0 has 

(a) imaginary roots 

(b) at least one real root in (0,1) 

(c) one root in [2, 3] and other in [3, 6] 

(d) none of these 


Of the equation x*— x7-x +1=0, lisa 
(a) double root 
(c) triple root 


(b) simple root 
(d) None of these 


The equation 3x’+ 4ax + b = 0 has at least one root in 
(0,1) if: 

(a) 4a+b+3=0 
(c) b=0,a =-4/3 


(b) 2a+b+1=0 
(d) None of these 


Application of Derivatives Il < 5.99 


11. If f(x) = (« - 1) (« — 2)(x - 3) & — 4), then out of the | 15. Number of roots of the equation x”— a = 0, in (0, 1) is 


three roots of f(x) = 0 (a) 1 (b) at most 1 
(a) three are positive (c) 0 (d) nothing can be said 
(b) three are negative 
(c) two are imaginary 16. In (0, 1) the equation x* + 2x* — 2 = 0 has: 
(d) three are real, some positive, some negative (a) one root (b) two roots 
12. Ifthe function f(x) = x? — 6x? + ax + b defined on [1,3] (c) no root (d) nothing can be said 
(2V3 + 1) 7.1 , ; ; 
anncaceqhe Rolletsthesrenm fone = hen: . In which of the following functions, Rolle's theorem 
V3 is applicable? 


(a) a= 11, b= 6 (b) a=-11,5=6 (a) f(x) = |x| in-2<x<2 
(c)a=11,beR (d) None of these (b) fix) =tanxinO<x<x 


13. Using Rolle's theorem equation a,x" + a,x™! +...+ (c) fxy)=1+@-2)77%inl<x<3 
a, = 0 has at least one root between 0 and 1, if: (d) f(x) =x(@-2Yind<x<2 
a a 
(a) a ea a,.=9 18. The Rolle's theorem is applicable in the interval 
a, a, - —1 <x <1 for the function 
(b) oa (a) fx) =x (b) fx) =x 
(c) na,+(n—l)a,+...+a,,=0 (c) fix) = 2x’ + 3 (d) fix) = |x 
4% -& 
(d) aga 2 19. If the function f(x) = ax’ + bx* + 11x — 6 satisfies the 
14. The number of values of a for which the equation condition of Rolle's theorem in [1,3] and £ (2+) 
x*° — 3x + a = 0 has two distinct real roots lying in the 3 
interval (0, 1) are: = 0, then the values of a, b are respectively 
(a) 2 (b) 3 (a) —1, 6 (b) —2, 1 
(c) 0 (d) infinite (c) 1,-6 (d) -1,% 
Answer Keys 


1. (b) 2. (d) 3. (c) 4. (d) 5. (d) 6. (ab) 7. (a) 8. (b) 9. (a) 10. (b) 
HW.(a) 12.(c-) 13.(d) 14(¢) 15. (b+) 16. (a) 17.(d) 18. (6b) 19. (c) 


m LAGRANGE'S MEAN VALUE THEOREM 


If a function f(x) defined on [a, 5] 1s such that it is 
LJ Continuous over the interval [a, 5] 
LJ Differentiable in the interval (a, b), then 4 at least 
f(6)— f(a) 
b-a 


one ce (a, b) where f'(c) = 
FIGURE 5.168 


y=f(x) 


FIGURE 5.167 FIGURE 5.169 
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y=f(x) where A is an unknown constant, such that they satisfy the 
condition of Rolle's theorem 

Clearly F(x) is continuous on [a, 5] and differentiable 
on (a, b). [F(x) taken as in equation (1)| 

For F(a) = F(b), we need f(b) — fla) + (b-—a)A =0 
—f(4)- f(@) 


=> A= 
pu nea ee => F(x) = fo) eee satisfies all condi- 
—a 
1.e., where slope of tangent becomes equal to slope of tions of Rolle's theorem 
the chord AB. = atleast one c € (a, 5) such that F'(c) = 0 
b a 
= FQ=f(-LO-LO~0 


Proof: Considering functions like F(x) = f(x) + Ax ...(i) 
or F(x) = f (x) —f(a)—(x—a)A 4 #e= f(h)-f ) 


or F(x) = f(x) + (x—a)A b-a 
REMARKS: 
f(b) -—f 
Rolle's theorem is a special case of LMVT since f(a) = f(b) => F(c)= aa = f'(c)= —- =0 
- —a 
The function is discontinuous at x = x, 
m@ PHYSICAL SIGNIFICANCE y=f(x) 
b) — 
" a is average rate of change of function f(x) 


on the interval [a, b] and /(c) is the instantaneous rate of 
change of the function at x = c. 

Thus, the average rate of change of a function over an 
interval is also the actual rate of change of the function at 
some point of the interval". 


FIGURE 5.172 


In particular, for instance, the average velocity of a par- The function is non-differentiable at x = x, 
ticle over an interval of time is equal to the velocity at some Gal TheconverserOr LAM V Tomy abt be ruse. 
instant belonging to the interval. f(b)— f(a) 
may be equal to a at a point c in (a, D) 
—a 


LJ Lagrange's mean value theorem fails for the function 


which does not satisfy atleast one of the two conditions. without satisfying both the conditions of L.M.V.T. 


¥ 


y=f(x) 


FIGURE 5.173 


The function is discontinuous at x = Xi ; but still there 


FIGURE 5.171 emiisabe: AG, MOE Wiel (c) = Lo — 
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The function is non-differentiable at x = x,; but still 


there exists c' € (a, b) for which f'(c) = IE I) a =I) 
—a 


FIGURE 5.174 
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The number,’c’which lies between a and a + Ah, 1s 


m@ ALTERNATIVE FORM OF LMVT 


greater than a and less than a + h so that we may write 


If a function f(x) is continuous in a closed interval | c =a + 0h, where 0 is some number between 0 and 1. Thus 
[a, a + h] and derivable in the open interval (a, a + h), | the equation (i) becomes 
then there exists at least one number '0’e (0, 1) such that 


ieee tr ce eee LOHOALO ~ $(a+ 6h) 


Proof: Substitute b—a=h 


+ h) = + hf'(a + 8h 
So that denotes the length of the interval [a, 5] =D NEB) a) iG ) 
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Given, Ser FO) = f'(x+Oh) 
7 
= CHA _5(2+0n) 
x +h’ +3xh(x+h)—-x° 
aE =3 (x2 + OH? + 2x08) 


h 
=> H+ 3x2 + 3xh = 3x2+ 30H? + 6x0h 
=> h+ 3x =30h + 6x0 

Taking limit on both sides, we get lim(h+3x) = lim(36°h+ 6x0) 


h=0 


=> 3x = 6x limé => lime =1=0;5 
h-0 2 


ILLUSTRATION 121: If the mean value theorem is F(b) — f(a) = (b — a) f(c). Then , for the function x? — 2x + 3in 
us the value of c is 


(a) 6/5 (b) 5/4 
(c) 4/3 (d) 4/6 
SOLUTION: Let f(x) =x?-2x +3 
#(3)-r0 
Since, f '(c) = > [given] 
ao 
2921-943) 5 4 
= ——— = e=Fe(13| 
2 


ILLUSTRATION 122: The value of c, in Lagrange's mean value theorem for the functions f(x) = x (x — 1) @— 2) in 
the interval [0, 1/2] is 


1 21 
@) 7 oy 1-24 
9 21 
Om @ 1-4 
SOLUTION: (b) Given, f(x) = x — 3x? + 2x 
=> f(x) =3x?-6x +2 
Now fla) = 0) =0 and f(6)= (3) . (5-15-2) a 
- 2) 2\2 2 8 
39 
By Lagrange's mean value theorem een =f'(c) => — = 3c’ —6c+2 
7 —-Q 
2 


=> 12c?-24¢+5=0 
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ILLUSTRATION 123: 


SOLUTION: 


ILLUSTRATION 124: 


SOLUTION: 


ILLUSTRATION 125: 


- 24+ /576-240 _ 1421 
24 «6 Fa 
1 21 
But c lies between 0 and 2 “. We take, c = Ye 


Let f: [-1, 2] — R be differentiable such that 0 < f(#) < 1 for ¢ € [-1, 0] and—-1</f’() <0 
for t € [0, 2]. Then 


(a) -2<fQ)-fC)<1 (b) 1<f(2)-f(-1) <2 
() -3<fQ-fC)<0 (d) -2<f(2)-fC1) <0 
(a) O< f'() <1 fort € [-1, 0] (given) 


=> 0<[f'@dt<1;0<f@-fC)s!1 (1) 
Also —-1 < f'(#) < 0 for ¢ © [0, 2] (given) 

=> -2<[f@at<o 

=> 2<f(2)-f(0)<0 (2) 
(1) + (2) gives 
2 sf(2)-fCl)s1 

Consider f(x) = |1 —x|; 1 <x <2 and g (x) =f(x%) + b sin . x, 1 <x <2. Then which of the 

following is correct? 


3 
(a) Rolles theorem is applicable to both f, g and 5 = 5 


| 
(b) LMVT is not applicable to fand Rolles theorem if applicable to g with b = 2 
(c) LMVT is applicable to f and Rolles theorem is applicable to g with b = 1 


(d) Rolles theorem is not applicable to both f, g for any real b. 
f@)=x-1,1sx<2 


g(x) =x-1 + bsin > x, 1<x<2 


f(M=0;fQ)=1 

= Rolle's theorem is not applicable to 'f but LMVT is applicable to f 
(x — 1 is continuous and differentiable in [1, 2] and (1, 2) respectively) 
Now g (1) = 5; g (2) = 1 and 


Function x — 1, sin > are both continuous in [1, 2] and (1, 2) 


For Rolle's theorem to be applicable to g, we must have b = 1 
Suppose that fis differentiable for all x and that f(x) < 2 for all x. If f(1) = 2 and f(4) = 8 then 
f (2) has the value equal to 
(a) 3 (b) 4 
(c) 6 (d) 8 
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SOLUTION: (b) Using LMVT for fin [1, 2] 


Jc € (1, 2) such that aoe or =f'(c)<2(-- f(x) <2 Vx) 


=> f@2)-f()<2 => f{(2)<4 (1) 
Again using LMVT in [2, 4] 
3d € (2, 4) such that a =f'(d)<2 
. fA-f2)<4 => 8-f(2)<4 > 4<f() => f(2)24 ....(2) 
From (1) and (2), f(2) =4 
ILLUSTRATION 126: If the function f: [0, 4] > R 1s differentiable, then show that 
(i) i" (4) —f? (0) = 8 f(a) f(b) for a, b € (0, 4) 


Gi) | f@dt=2[o. f(a?) + BF(B)], VO <a, B <2 


SOLUTION: (i) Since fis differentiable on [0, 4] so it is continuous also. Hence by LMVT, 


J some a € (0, 4) such that f (a)= aera (1) 
again, by intermediate value theorem for continuous functions, 

5 b € (0,4) such that f(b) ae iO) 
from (1) and (2) f(a) fe)= -O- LO 


Gi) | f@dt= 2[a f(a?) + BF (PB), V 0 <a, B <2. (To prove) 


x? 
Consider a function g(x) = | FS (dt ; x € [0, 2) 
=> g'x) =2xf(’) 


1)-— g(0 
apply LMVT in [0, 1], J some a € (0, 1), such that g‘(@) = 20-8 =g(1) _....(1) 


again applying LMVT in [1, 2), 4 b such that g'(f) = ene! a = 9(2)- (1) _....(2) 


4 
Adding (1) and (2), g(a) + g'(B) = g(2) ie., 2[a f (02) + pee = [f@de 
0 
ILLUSTRATION 127: Use Mean value theorem to prove e’ >1+x,VxeR 
SOLUTION: Consider the function f(x) = e — 1 in [0, x] where x > 0 
. fis continuous and differentiable hence using LMVT J some c é€ (0, x) 
(e* -1)-0 _ e* —1 
x x 


Such that f '(c)= 


—1 
but f’(c) = e*; hence : =e° >1,forx>0 


e-—1>x => @>xt+1forx>0 (1) 

again consider the function f (x) = e* — 1 in [x, 0], where x < 0 

O-(e*-l)_ e-l 
— x 


using LMVT 4 some c € (x, 0) such that f '(c) = 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


. Using LMVT prove that |cos a — cos 5| < ja — B| 


. If a <b, show that a real number ‘c’ can be found in 
(a, b) such that 3c? = a? + ab + Bb’. 


1 
. Use LMVT to prove that tan x > x for x € 0, =) 


. Let a, b, c be 3 real number s.t. a< b <c, f(x) is con- 
tinuous in [a, c| and differentiable in (a, c). Also f(x) 
is strictly increasing in (a, c). Prove that (6 — c) fla) + 


(c— a) flb) + (a— b) fle) < 9. 


. Using the function $(x) = fi) — fla) - = = 

—a 
If (5) — f (@)] or F(x) = fx) + Ax or F(x) = fx) — fla) 
+ A(x — a). State and prove LMVT assuming f(x) to be 
continuous and differentiable in [a, 5]. 


. Verify the following functions for LMVT and find the 
lagrange's mean value c: 


(a) In x in [1, e] 
(b) x? in [a, 5] 
(c) x + 1/xin [1/2, 2] 


. Using Lagrange's mean value theorem or otherwise, 


prove that 

(a) | sinx-siny|<|x-y|¥xyeER. 
p-a p-a 

(b) 


<tan'B6 — tan! a < where B > a> 0. 
1+ fp? 3 l+a’ B 


(c) (b — a) sec’a < tan b — tan a < (b — a) sec” b where 
0<a<b<n/2 


. Let f, g, h be three continuous functions in the interval 


[a, 6] and differentiable in the interval (a, 5). Show 
that there exists a number c e€ (a, b) such 
fie) gic) hc) 
that | f(a) g(a) h(a)j=0. 
f(6) g(b) AS) 
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9. Are the conditions of LMVT satisfied for | 10. If f(x) is quadratic polynomial and a, 6 are any 2 num- 
f( x) = | x' ( x-1)]- on [-1/2, 1/2] _ If yes, then find bers, show that (a + 5)/2 1s the only value of c which 
the value of c appearing in the theorem. satishes the LMVT in (a, 0). 


Answer Keys 


2 2 
asad" 29 
2 2 
6. (a) (e—1) (b) c-s- Je HOtF 4 <0 (c) 1 9. Not satisfied 
2 2 
+ [FA O*" 5a<andd >0 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. A value of c for which the conclusion of mean value 6. Let f(x) satisfy the requirements of Lagrange's mean 
theorem holds for the function f(x) = log, x on the value theorem in [0, 2]. If f(0) = 0 and |f(x)| < 1/2 for 
interval [1, 3] 1s 1 all x in [0, 2], then 
(a) 2 log, e (b) 5 OB. 3 (a) fx) <2 
(c) log, e (d) log, 3 (b) [Ax)| <1 

(c) f(x) = 2x 


2. The approximate value of c of the mean value theorem 


for the function f(x) = x(x —1) (x — 2) in [0, 1/2] is (d) f(x) = 3 for at least one x in [0,2] 


(a) 0.5 (b) 0.3 7. For f(x) = (x — 1)??, mean value theorem is applicable 
(c) 0.2 (d) None of these in the interval 
(a) (1, 2) (b) (0, 2) 


3. If a function f(x) is continuous in the closed interval 
[2, 4] and differentiable in the open interval (2, 4) and 


A2) = 5, {4 = 13, if at least one point c in (2, 4) then 8. In [0, 1], Lagrange's mean value theorem is NOT 


(c) any finite interval (d) None of these 


f(c) is applicable to 
(a) 2 (b) 3 1d 
(c) 4 (d) 6 2 2 
(a) f(x)= 2 
4. If fis continuous in [a, 5b] and differentiable (a, b), G | Z gt 
then there exists at least one point c in (a, b) such 2 2 
that f'(c) 1s equal to sin x ; 
a —, x# 
@ LO+1@ — yy f@-s@) ) Fel a 
b+a b+a ] ig) 
b)— f(a b)+ f(a 
¢ LO @ OH (¢) fx) =x |x 
(d) f(x) = |x| 
5. Let fix) = e, x © [0, 1], then a number c in the | 9, The value of c of the mean value theorem, if f(x) = 2x’ 
Lagrange's mean value theorem is + 3x + 4in[1, 2] 1s: 
(a) log (e - 1) (b) log (e + 1) (a) 1 (b) 2 


(c) loge (d) None of these (c) 3/2 (d) 2/3 
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10. 


11. 


12. 


13. 


14. 


If f be the quadratic function defined on [a, b] by 
fix) = ax’ + Bx + y, a #0, then the real 'c’ guaranteed 
by the Lagrange’'s mean value theorem is equal to: 


(a) <(a+5) (b) (alb + bja) 


(a) (ab) 


Let f(x) and g(x) be differentiable in [0, 1] such that f(0) 
= 2, 2(0) = 0, f1) = 6 by LMVT. Let there exist a real 
number c in (0,1) such that f(c) = 2g(c), then g(1) = 

(a) 1 (b) -1 

(c) 2 (d) -2 

Let f(x) = 1/x*, g = 1/x on [a, Bb], 0 < a < b. Let 
f(O)-F(@) _ f'©) 
g(b)-g(a) gc) 
(a) A.M. of a and b 
(c) H.M. of a and b 


(c) 2ab/(a + Bb) 


for some a < c < b. Then c 1s 


(b) G.M. of a and b 
(d) None of these 


If fix) is twice differentiable polynomial function 

such that f(1) = 1, f(2) = 4, A3) = 9, then : 

(a) f\x)=2VxeER 

(b) there exist at least one x e€ (1, 2) such that 
I(x) = 3 

(c) there exist at least one x e€ (2, 3) such that 
F(x) = 5 =f") 

(d) there exist at least one x e€ (1, 3) such that 
I(x) = 2 

Let f(x) be a non-constant twice differentiable 

function defined on (—, 00) such that f(x) = fl — x) 


1 
and f (| = 0. Consider the following statements: 


(i) f(x) vanishes at least twice on [0, 1] 


| (11 
(ii) f ()°. f(x) = 0 at least once in (+5) 
2 4°2 


1/2 

(iii) | {45 }sins dx =0 
-1/2 2 
1/2 1 


(iv) [ feat = | fU-De% “dt , then only 


Answer Keys 
1. (b) 2. (c) 3. (c) 4. (c) 5. (a) 
11. (c) 12. (c) 13.(b) 14. (d) 15. (b) 


15. 


16. 


17. 


(a) (1) and (11) are true 

(b) (41) and (111) are true 

(c) (1), (41) and (111) are true 

(d) All of the above 

The value of c in (0,2) satisfying the mean value 
theorem for the function f(x) = x (x-— 1) , x € [0,2] is 
equal to 


(a) (b) 


(Cc) (d) 


Wile P| vw 
WlrmDo wls 


If the mean value theorem is f(b) — f(a) = (b — a) f(c). 


3 
Then, for the function x* — 2x + 3 in 75 , the value 


of cis 
(a) 6/5 (b) 5/4 
(c) 4/3 (d) 7/6 


If f(x) = sinx/e* in [0, 7], then f(x) 

(a) satisfies Rolle's theorem and c = = , so that 
ya 

Se, Ps 4 

ac 

(b) does not satisfy Rolle's theorem but /’ (=) > 0 


(c) satisfies Rolle's theorem and f’ (=) = 0 


(d) satisfies mean value theorem 


but (4) +0 


Langranges 


18. If fix) = x — 2x + 4 on [1,5], then the value of a 
constant c such that a = f (c),is 
(a) 0 (b) 1 
(c) 2 (d) 3 

19. In the mean value theorem f(b) — f(a) = (6 — a) f(c), if 
a =4, b =9 and f(x) = vx , then the value of c is 
(a) 8.00 (b) 5.25 
(c) 4.00 (d) 6.25 

6. (b) 7. (a) 8. (a) 9..(C) 10. (a) 
16. (b) 17. (c) 18. (d) 19. (d) 
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MAXIMA AND MINIMA 


m@ INTRODUCTION 


You may not be interested but one who looks after the 
supply and management of a power to a city always tries 
to know exactly when the demand (power consumption) is 
maximum or minimum so that the according arrangements 
can be done. Similarly the people who deal with shares 
want to exactly know as to when the value of a particular 
share will be minimum so that they can purchase and 
when will it be the maximum so that they can sell it. The 
value of a share is actually a variable dependent upon so 
many variables. Applications of derivative (i.e., maxima/ 
minima is done almost in all walks of life e.g., botany, 
environmental sciences, politics, designing of water 
tanks, dams, grains silos and various storage tanks in the 
industries. It is extremely useful in surface designing of 
aircrafts, spaceships, missile etc. 

So even if we know in a function, how one dependent 
variable varies with respect to one or more independent var- 
lables, yet the question remains how to find out the extreme 
values of dependent variable and for what respective values 
of independent variable/variables it occur. 

It is logically understandable that for a curve represent- 
ed by the function y = f(x) in a given interval, at some point 
the slope of tangent will become zero which implies that the 
derivative becomes zero, 1.e., the curve ceases to increase or 
decrease. So a point where the slope of the curve becomes 
zero is a natural choice for considering whether there is a 
maximum or minima there. But several complications arise. 
If the slope of a given point is zero, does that point have to 
be a maxima or minima? If the slope never becomes zero in 
an interval will it not have a maxima or minima? If it will, 
then how can we find it? 

In this section we will try to find the answers to the 
above and other related questions and see how the concept 
of differentiation and other related concepts can be used. 


m@ MAXIMA AND MINIMA 


LJ The notion of optimising functions is used in almost 
every sphere of life including geometry, business, 
trade, industries, economics, medicines etc. In this 
chapter we shall see how calculus defines the notion 
of maxima and minima and distinguishes it from the 
greatest and least value or global maxima and global 
minima of a function. 


LJ Since most of the functions which we encounter 
within practical world are differentiable hence we 
continue our discussion with such functions only 
unless otherwise stated. 


m RELATIVE (LOCAL) MAXIMA AND MINIMA 


A function f(x) is said to have a local maxima at x = a if 
f(a) is greater than every other value assumed by /{x) in the 
immediate neighbourhood of x = a. 


f(a)2 f(ath) 

f(a)2 f(a-h) 

=> x =a gives maxima 

In other words, a function f(x) 1s said to have a local 
maximum at x = a if f(a) > f(x) V x € (a-—h, a +h), where 
h is a small positive arbitrary number. 

A function f(x) 1s said to have a minima at x = 65 if 


f(b) f(6+h) 
f(b) f(6-A) 

In other words, a function f(x) is said to have a local 
minimum at x = b if f(b) < f(x) Vx € (6-h, b + h), where 
h is asmall positive arbitrary number. 


| for a sufficiently small positive h. 


for a sufficiently small positive h. 


local 
maxima 


a—h X=a ath = b—-h x=b bth 


FIGURE 5.175 


ah 2 ath b-hb b+h 
FIGURE 5.176 
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Being the greatest and least values of the function in 


the neighbourhood of the point in question, these are also 
known as local/relative extrema. 


U 


L 


The term 'extremum!' or 'extremal' or ‘turning value’ is 
used both for maximum/minimum value. 


The above definition 1s applicable to all functions con- 
tinuous or discontinuous, differentiable or non-differ- 
entiable at x = a. 


If the graph of a function f attains a local maximum at 
the point (a, f(a)), then x = ais called the point of local 
maximum and f(a) is called the local maximum value. 
A similar terminology is used for local minimum. 


A function can have several local maximum and mini- 
mum values. 


If a function is strictly increasing or strictly decreasing 
at an interior point x = a it can't have an extremum at 
x = a and vice versa. 


FIGURE 5.177 


Here x,, x,, x, and x, are the points of local max- 
ima and x,, x, and x, are the points of local 
minima. 

LU) A local maximum (local minimum) value of a function 
may not be the greatest (least) value in a finite interval. 
A local minimum value may be greater than a local 
maximum value. 


FIGURE 5.178 


Here f(x) at x, (point of local minima) is more than f(x) at x, 
(point of local maxima). 

For a continuous function; there must exist one local 
minima between any two local maxima and vice-versa. 
However; this may or may not be the case for discontinuous 
functions. 


l-x+a if x<l 
ILLUSTRATION 132: Let f (x) = 
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If f(x) has local minimum at x = 1, thena < 


2x+3 if x>1 
(a) 2 (b) 3 
(c) 5 (d) None of these 
_{x-lt+a iff xsl 
SOLUTION: (c) We have {(x)= . 43 if x>l 


ILLUSTRATION 133: 


SOLUTION: 


ILLUSTRATION 134: 


Since y = 1 —x + ais decreasing function and y = 2x + 3 is increasing function f(x) will have 
a local minimum at x = 1 


If f(1) < f(x) forx> 1 
=> asd 


or ifa<2x+3 forx>1l 


l;x= 
2:x%=2 
and x = 1 is a point of local minima 


For a function f(x) -| ; is it correct to say that x = 2 is a point of local maxima 


No, it is false to say so because local maxima and minima are properties of interval and not 
of an isolated point. 


Consider f(x) = [sin x] for x € [0, 21], where [.] denotes the greatest integer function. Then is 
it correct to say that x = 7/2 is a point of local maxima? 


SOLUTION: Yes, it is correct to say so, 
because in the immediate neigh- 
borhood of x = 7/2; there is no 
values of x for which f(1/2) < f(x) 


FIGURE 5.182 


y=[sinx] 


FIGURE 5.181 


FIGURE 5.183 


ILLUSTRATION 135: Find the number of points of local maxima and also the number of points of local minima for 


y = || - 2|x|- 3| 


SOLUTION: As we know the graph for y = x* — 2x —3 and y = x* + 2x — 3 are as shown below: 


FIGURE 5.184 


(i) For x > 0, y = |x? —2x-3| 


forx >3 


—- x* -2x-3 
4 forO0<x<3 


—(x* —2x—3) 
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2 
zs ae 
(ii) For x < 0, y = |x? + 2x — 3] = -{" +2x—3 for x <—3 


—(x°+2x-3) for—-3<x<3 
The above cases are represented graphically by following figure 


=—(x*+2x-3) 
y=xX*+2x-3 a! x2-2x-3 


FIGURE 5.185 


Now as evident from the graph; we have 2 points of local maxima (x = —-1, 1) and 3 points of 
local minima (x = 3, 0, 3). 


ILLUSTRATION 136: Find the points of local maxima/minima for x € [0, 4.5] the function y = |x — 1| + x -2| + 
lx — 3| + |x — 4]; where x € [0, 4.5] 


SOLUTION: y = |x - 1|+|x-—2|/+|x-3|+|x-4| 


10-4x ; x<1 
8—2x ; l<x<2 
y=s44 : 2<5x<3 
242. & 3<x<4 
4x-10 ; x24 


1 2 3 44.5 


FIGURE 5.186 


Now x = 0 and x = 4.5 are the points of local maxima and points x = 2, 3 are points of local 
minima. The points in the interval (2, 3) can be referred to as neither the points of local 
maxima nor the points of local minima, since the function f(x) is constant for x € (2, 3). 


Necessary and Sufficient Conditions for 
Local Maxima and Minima 
(For Differentiable Functions) 


If x = a iS maxima. 


enn 
(a2 f(a-h) 


in Ler= Le) 


IA 


0 
h 


| (Le-W=L0)) 9 
-h 


dy dy 
de ac 
X 
a 
FIGURE 5.187 


Clearly V xe (a —/h, a): a >0 
dx 
=> f(x) 1s increasing 
Clearly V xe (a, a + h,): - <0 
x 


=> f(x) 1s decreasing 


dy 
dx 
from non-negative to non-positive. 


= 0 at x = a and it changes its sign as we move 


If x = bis minima 
obi 
f(b) s f(b-A) 


FIGURE 5.188 
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lim 


GBA 
h 


| [LLM og 

h>0 —h 

=> Clearly V xe (b-h, b): <0 
b 


= f(x) is decreasing 


=> Clearly V xe (6,5 +h): o> 
x 


=> f(x) 1s increasing 


dy dy 
dx = dx? 
Xx 
b 
FIGURE 5.189 

dy 
ae x = 5 and it changes its sign from 
x 


non-positive to non-negative as we move from 
b-—htob+hacross b. 


m@ FERMAT THEOREM 


If x = a is a point in an open interval in the domain of 
a differentiable function f/ such that f(a) exists, and if 
(a, f(a)) is a point of local extremum (either a maximum or 
a minimum), then f(x) = 0. 

Geometrically, Fermat theorem says that if there is a 
tangent at a highest point or lowest point of the graph of 
a differential function and further if the point of contact 
is not an end point of the graph, then the tangent line is 
necessarily horizontal. 


Proof: We shall prove the above theorem only in the 
case that (a, f(a)) is a local maximum point, since a similar 
proof (with the inequalities reversed) is valid for a local 
minimum point. 

Since (a, f(a)) is a local maximum point, f(a — h) < fla) 
and f(a + h) < fla) for all positive 4 in some open interval 
containing a. 

Thus f(a —h) — f(a) < 0 
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( ie h) — f(a) Since f(a) exists, the above two limits must have a 
20 and | common value which is f(a). Thus f(a) is both greater than 
or equal to zero and also less than or equal to zero. The only 


Since A is_ positive, 


tim f(A -F@ , 0 number which satisfies both of these conditions is zero, 
ate —h hence f(a) = 0. 
f(ath)- f(a) 5 Hence, slope of the tangent at the extreme point in an 


imi - lim ae 
Similarly; tum open interval of a differentiable function is horizontal. 


ILLUSTRATION 137: Suppose x? + ax? + bx + c satisfies f (2) = 10 and takes the extreme value 4 where x = 1. 
Find the value of a, b and c. 
SOLUTION: f(x) =x +art+bxt+c 
Given f2)=8+4a+2b+c=10 
=> 4a+2b+c-2=0 (1) 
Also f(x) = 3x? + 2ax + b and f(x) has extrema at x = 1 
= f(1)=0 (by Fermat theorem) 
=> 3+2a+b=0 ...(2) 
Also f(1) =4 => at+b+c=3 ..-3) 
On solving (1), (2) and (3); we get a = 2; b =-7;c =8 
ILLUSTRATION 138: Given that the function f(x) = (x -— a)/’+ (x — by + (@ — c)* has a minimum, find the 
corresponding values of x 
SOLUTION: We have f(x) = (x- a)? +(x — bY + (x-cy’ (1) 
It is a differentiable function for x € (—c, «). Hence by Fermat theorem, a minimum can be 
attained when /(x) = 0 
Differentiating (1) w.r.t x, we get f(x) =2 (x-—a) +2 @~-—b)+2 (x-c) <.(2) 
f@@%)=0>2 (-a)+2(—-—b)+2@-c)=0 


=> 3x-(atbt+c)=0> x=7(a+b+e) 
Since a single value of x is obtained and f{00) = 0, without further investigation, we can 


ak . 1 
say the minimum is attained at x= 3 (4 +b+c). 


ILLUSTRATION 139: Check whether the function f(x) = 2 + 3x’, x e [-1, 0] satisfies the conditions of Fermat 
theorem. 


SOLUTION: f(x) =2+ 3x’ => f(x)=& 
Also f(x) < 0 V x € (-1, 0) 
‘. The given function is strictly decreasing in [—1, 0] and consequently attains maximum at 
x =-1 and minimum at x = 0. 
Since, these points are not interior points of the interval [—1, 0] we can't apply Fermat 
theorem. 


In fact f’ (1) = —-6 and /’ (0) = 0. We see that f'(0) = 0 but this inference could not have 
been drawn using Fermat theorem (which is not applicable in this problem). 


ILLUSTRATION 140: 
SOLUTION: 


ILLUSTRATION 141: 


SOLUTION: 


ILLUSTRATION 142: 


SOLUTION: 


ILLUSTRATION 143: 


SOLUTION: 


ILLUSTRATION 144: 


Application of Derivatives Il < 5.115 


If f(x) = x° + ax? + bx + c has stationary point at x = —1 and x= 3. Find a, b, c 


Since f(x) has stationary point at x =—1 and x =3 


=> f(-1)=0 and f(3)=0 
Now, f(x) = 3x’+ 2ax + b 
=> f(-l)=3-2a+b=0 
And f(3) = 27+ 6a+b=0 


Simultaneously solving; we get a =-3,b =-9,c ER 


If f(x) = a In |x| + bx* + x has extremum at x = 1 and x = 3, then 


(a) a =-3/4, b =-1/8 
(c) a =-3/4, b = 1/8 


Around x = 1, 3 we have |x| = x. 


 f(@)=alnxt+ be’ +x, 


(b) a = 3/4, b =-1/8 
(d) None of these 


=> f'(x)=—+ 2bx +1 


From the question, f'(1) = 0, f(3) = 0, we have a+2b+1=0, 31 Ob+1=0 


Solving we get a = —3/4 and b = -1/8 


Let f (x) = x° — 6x* + 12x — 3. Then at x = 2, f(x) has 


(a) a maximum 


(b) a minimum 


(c) both a maximum and a minimum (d) neither a maximum nor a minimum 


(d) f(x) = 3x?2-12x4+12=3 @-2Y 
 f(2)=0;f2—-s) =3e > 0; (2 + s) =3e?>0 
=> f(2 +6) =3e*> 0 for any real number e > 0 


Hence, f(x) has neither a minimum nor a maximum at x = 2 


Let P(x) = a, + ax? + ax* + ... + ax” be a polynomial in a real variable x, 
with 0 <a, <a,<a,<...<a,. Then function P(x) has 


(a) neither a maximum nor a minimum (b) only one maximum 


(c) only one minimum 


(d) None of these 


P(x) =a, +taxtaxt+...+ax™ 
=> P(x)=2ax + 4a +...+2na x7! 


= 2x(a, + 2a, +... + na, x") 


Here x = 0 is only critical point as a, + 2a,x? + ... + na x*"~? is always positive. And sign of 
P'(x) changes from —ve to +ve at x = 0. So this is the point of minimum. 


If the function f (x) = 4 


then the range of values of ‘t’ is 
(a) (0, 4) 
(c) € ™, 4) 


t+3x—x 


, where ‘¢' is a parameter has a minimum and a maximum 


(b) (0, «) 
(d) (4, 2) 
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i) 


CONCLUSION 
The necessary condition for maxima or minima for a 
differentiable function at a point belonging to an 


d 
open interval is =0 
dx 


The points where —=0 re known as 


stationary points as the instantaneous rate of 
change of function momentarily ceases at these points. 


Pa: 7 
But if = changes sign from non-positive to non-neg- 
x 


, d 
ative as x advances through x, and () = 0 ; there is 
a minimum at x = x,. *Lx9 


d 
UO) And if a changes sign from non-negative to non- 
Xx 


d 
positive as x advances through x, and (*) =0; 


there is a maximum at x = Xe 


d 
UO If Ze does not change sign while passing through x, 
x 


d 
and (+) = 0 then f(x) is neither a maximum nor a 


minimum. Such points are called Inflection Points. 


(c) 


Application of Derivatives Il < 5.117 


Clearly f(x) always exists finitely and never discontinuous but f'(x)=0 atx =+1 


So x =-1 and x = 1 are two stationary points (critical points) 


x? —x+1 
LG)= x +x4+1 
f(x) = (2x—-1)(x? +x+1)—(2x41)(x? —x +1) _ 2(x* -1) 
(x? +x4+1/ (x? +x+1)° 
ors when x = +1 


Since there are no such points when f(x) does not exist, so only two stationary 
points x =+ 1 

f(x) =x'e* => f'(x)=—-x’e* +2xe™* =0 

f'(®) = xe“ [2-x]=0 


x=0 or x = 2 are two stationary points 
2 


f(x) =x" Inx => f(x) =~ +2xIn x 
x 
f'(x)=x(14+ 2Inx)=0 
1 
x=0or log x = -1/2 me NE a — 


Apparently two stationary points but x = 0 do not lie in the domain of f (x) so only station- 
1 
ary point is x = —= 
a Je 
x.2Inx 


(f) f(x) =x(nx)’ => f= —s (In x)’ 

=> f'(x)=Inx(2+Inx)=0 

=> x=1orx = 1/e’ are two stationary points 

ILLUSTRATION 146: Find the points of inflexion of the curve x = e', y = sin t. 
SOLUTION: x =e’, y =sint. 

dx =e'dt; dy=costdt 

_, Y _ cost = $(%)-<( a} 4 
dx é dx\ dx} dt\ e jdx 
_ | —sinte'—e' cost | 1 

et @ 

d’y sint+cost 

2 ae | 
d’y 

=> re = 0; when sin ¢ + cos t =0 

=> sin(t+2/4)=0 


sin(t+2/4)=sin(0) => t+ ana +(-I)"(0) =>t= Caan EZ 
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for maxima 


m@ CONTINUOUS AND 
NON-DIFFERENTIABLE FUNCTIONS Gi) f(x)s0 Vxe(a-h,a); 


If f(x) is continuous but non-differentiable at x = a, then | Gi) f(x) 20 V xe(a,a+h) where h0 
necessary and sufficient condition for maxima 


Gi) f'(x)20 Vxe(a-h,a); y 
Gi) f'\(x)<0 V xe(a,at+h), where h>0 


(a,f(a)) 


y 


P(a,f(a)) 


Xx FIGURE 5.191 


FIGURE 5.190 Where h > 0 


NOTE: 


f(a) = 0 is not a necessary condition if the function is non-differentiable at x = a: 


Application of Derivatives I 


SOLUTION: (a) As is evident from the graph of f(x) = |x| as shown below 
y 


FIGURE 5.192 


fO-hA)s-l and f(0+h)2 1 
=> x= 01s a point of local minima 
(b) As is evident form the graph, f(x) = |x*- 2x — 3] as shown below 


FIGURE 5.193 


=> f(l-hA)<Oandf(i-1+h)20 

=> x =-1 is a point of local minima. 
Also f (3 —h) <0 and f/f’ 3 +h) 20 

=> x =31s a point of local minima. 
Similarly f(1 — h) = 0 and f(1+ h) <0 

=> x=1 isa point of local maxima 


(c) The graph of y = je*-1/2] is as shown below 
y 


on POO 
y=|e* A 
-log2 OF log2 * 
Ao 


FIGURE 5.194 


Here f’ (-In 2 —h) < 0 and f (-In2 +h) 20 


=> x =-In2 1s a point of local minima. 


< 5.119 
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Also f’ (In 2 —h) < 0 and f (In 2 —h) =0 
=> x =In2 isa point of local minima. 
Similarly /(0 —h) =O and f’(0+h)<0 => x =01sa point of local maxima 


—x ;x <0 


(d) fix) = ro)=| 


x 2x>0 
’ =] : x<0 

a reo={s x>0 

Now at x = 0 

fO-W=-1 <0 ads 0 +H H=3F>0 


=> x =0isa point of local minima 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Find the points of local maxima/minima for a function 4. For the given function: 
4 
2 
y = fs) =" 3x +S x 1S HL. y 


2. Find the points of local maxima/minima for 
the function y = f(x) = sinx + cosx V 0 < x 


< 7/2 
3. Check for following graphs of y = f(x) (twice differen- 
tiable everywhere) /'(x,) = f'(x,) =/'(x,) = 0 FIGURE 5.196 
: (i) f'(B) =... (zero/positive/negative) 
Gi) [f'(a-A][f'vt+A] =... (zero/positive/ 
negative); h > 0 
Gii) [f(a +A)]Lf'(B-A)] =... (zero/positive/ 


negative); (where h > 0 and h > 0) 


5. Find the points of local maxima/minima for function 
FIGURE 5.195 Ae) = 73 -x +1. 


1-2x; x<0 
x? 


(a) f(x,). f'(@&,) = .... (rve/-ve) 6. Test whether the function f(x) -| has 


(b) There exists exactly one c € (x,, x,) such that 
f" (c) = 0 (True/False) 

(c) f’'(x,).f (,) = ... (tve/-ve) 7. In each of the following case identify if x = a is point 

of local maxima, minima or neither 


>; x>O0 
local maxima or local minima at x = 0 


(d) For a differentiable function, between two 
consecutive local minima, there is always a local 
maxima (True/False) 


(e) Local maximum value is always greater than 
the local minimum value for any function f(x) | 
(True/False) x=a 
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(il) 


Draw the graph of function f(x) = 2 |x -— 2| + 
5 |x — 3| @ e€ R). Also identify points of local 
maxima/minima and also global maximum/ 
minimum values. 


Examine the graph of the following functions (iii) 
in each case and identify the points of global 
maximum/minimum and _ local maximum/ 
minimum. 


Answer Keys 

1. local minima at x = 1, 5; local maxima at x = 3 

2. Local maximum at x = 71/4 

3. (a) —ve (b) true (c) +ve (d) True (e) False 

4. (1) zero (11) negative (111) positive 

5. Local maxima at x = —1 and Local minima at x = 1 6. Local minima 

7. (1) Maxima (11) Neither maxima nor minima (111) Minima 

8. Local minima at x = 3, Global minimum value 2 at x = 3, No point of local maximum, Global maximum value is 
not defined. 

9. (1) Local maxima at x = 2, Local minima at x = 3, Global maximum at x = 2 
(11) Local minima at x = —1, No point of Global minimum, no point of local or Global maxima 


(111) Local and Global maximum at x = 1, Local and Global minimum at x = 0. 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


i, 


Let f: R— R bedefined by f(x) = ( a 2. The minimum value of f(x) =e" * ** is 
2x+3, if x>-l Oe By 
If f has a local minimum at x = —1, then a possible (c) 1 (d) -1 
value of k is 
(a) | (b) 0 3. Given P(x) = x* + ax? + bx? + cx + d such that x =0 


1 is the only real root of P'(x) = 0. 
() —, (d) —1 If P(-1) < P(1), then in the interval [-1, 1] 
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(a) P(—1) 1s the minimum and P(1) is the maximum of 
P 

(b) PC-1) is not minimum but P (1) is the maximum 
of P 

(c) P(-1) is the minimum and P(1) is not maximum 
of P 

(d) Neither P(—-1) is the minimum nor P(1) is the 
maximum of P 


4. The number of values of x, where f(x) = cosx + 
cos V2x attains its maximum is 


(a) 1 (b) 0 
(c) 2 (d) infinite 


5. Let f(x) = 1 + 2x*+ 2?x*+...4+2!°x*?, Then, f(x) has 
(a) more than one minimum 
(b) exactly one minimum 


(c) at least one maximum 
(d) None of the above 


6. If f(x) = d(x —n)° : has minimum at X,, then x, is 


n=l 


1 
(a) (m!)i" (b) 
1 1 
lee id 
Did m 
m 


(c) (m+ 1)/2 (d) None of these 


7. Suppose that fis continuous on the closed interval A. 
Also B is aclosed interval such that B c A. Choose the 
correct statement(s) 


Answer Keys 
1. (d) 2. (c) 3. (b) 4. (a) 5. (b) 
10. (b) 11. (c) 


m@ FIRST DERIVATIVE TEST 
(CONTINUOUS FUNCTIONS) 


Let f(x) be defined and continuous on a certain interval 
(a, b) and have a derivative everywhere in the interval 
(a, b) except possibly at a finite number of points, and have 
a finite number of stationary points. Then, in order to find 
the extrema of the function, the following steps should be 
followed: 


(a) min ,f< min, f 
(b) max, f< min ,f 
(c) min, f< max ,f 
(d) max, f< max ,f 


3x7 4+12x-1; -l<x<2 
then 
37-x; 2<x <3, 


(a) f(x) is increasing on [—1, 2] 

(b) f(x) is continuous on [-1, 3] 

(c) f(x) does not exist at x = 2 

(d) f(x) has the maximum value at x = 2 


8. If ffx) = | 


9. Let P(x) =a, + a,x’ + a,x*+...+a x" be a polynomial 
in a real variable x with 0<a,<a,<a,<...<a,. The 
function P(x) has 
(a) neither a maximum nor a minimum 
(b) only one maximum 
(c) only one minimum 
(d) only one maximum and only one minimum 


10. IfA, uw be real numbers such that, x? — Ax? + ux-—6=0 
has its roots real and positive, then the minimum value 


of yu, 1s: 
(a) 3(6)" (b) 3(6)”° 
(c) (6)"” (d) (6) 


1 
11. Let f(x) = 4 tan x — tan’x + tan*x, x #nn + ry has: 
(a) only one point of local maxima 
(b) only one point of local minima 


(c) neither local minima nor maxima 
(d) None of the above 


6. (c) 7. (c,d) 8. (a,b,c,d) 9. (c) 
Step I: Differentiate the function and find out the critical 
points. 
Step Il: Locate these critical points on the real number line 


and test the monotonicity of the function in the intervals so 
obtained. 


Step III: 


Case:! If LHD <0 and RHD = QO; then x = ais a point of 
local minima. 


At a critical point x = a: 


FIGURE 5.197 


Case ll: If LHD = 0 and RHD < 0; then x = ais a point 
of local maxima. 


dy 9 


dx 


FIGURE 5.198 


Case Ill: If LHD < 0 and RHD < 0; then x = a1s a point 
of inflection. 
x 
FIGURE 5.199 
CaselV: IfLHD > 0 and RHD > 0; then x = ais a point 
of inflection. 


FIGURE 5.200 


Step IV: 


Fig 1: 
Fig 2: 


Fig 3: 


Fig 4: 


Fig 5: 


Fig 1: 
Fig 2: 


Fig 3: 


Fig 4: 


Fig 5: 


Application of Derivatives Il < 5.123 


At the left end point 'a' 
f(a’) > 0, 


= f(at)=0, F(ath)>0 


Hx) f'(a*)=0, f(ath)=0 
. Figs 
“gg. €(a*)=0, P(ath)<0 


X=a 


FIGURE 5.201 


If f’ (a*) > 0, then x = ais a point of local minima 
If f’ (a*) = 0, and f’ (a + h) > 0, then x = ais a point 
of local minima 

If f(a") = 0 and f(a + h) = 0; then x = a can either 
be called a point of local minima or a point of local 
maxima 

If f(a’) = 0 and f’ (a + h) < 0; then x = ais a point 
of local maxima 


If f’ (a*) < 0; then x = ais a point of local maxima 
At the right end point 'b' 


FIGURE 5.202 


If f’ (b-) < 0; then x = bis a point of local minima 
Iff' (6b )=0 and f’ (6—h) <0. Then x = b 1s a point 
of local minima 
If f (5) = 0 and f#’ (6 — h) = 0; then x = 5 can 
either be called a point of local maxima or a point 
of local minima 


If f’ (6 )=0 and f(b —h) > 0; then x = b 1s a point 
of local maxima 


If f’ (6°) > 0; then x = b 1s a point of local maxima. 
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ILLUSTRATION 149: 


SOLUTION: 


ILLUSTRATION 150: 


SOLUTION: 


ILLUSTRATION 151: 
SOLUTION: 


3 
Using the first derivative, find the extrema of the function /(x)= rial —x> -9x7 +7 | 


The function is defined and differentiable over the entire number scale. Therefore, only the 

real roots of the derivative equation {'(x) =3x° —3x* -18x =0 

=> 3x(x+2)(x—3) are critical points. Equating this expression to zero, we find the critical 
points: x, = —2, x, = 0, x, = 3 (they should always be arranged in an increasing order). 


Let us now investigate the sign of the derivative in the neighbourhood of each of these 
points. Wavy curve of f(x) is as shown below: 


FIGURE 5.203 


The derivative at all the points x < —2 has one and the same sign Le., it is negative. 
Analogously, in the interval (—2, 0), the derivative is positive, in the interval (0, 3) it is 
negative and for at x > 3, it is positive. Hence at the points x, = —2 and x , = 3 we have 


1 
local minima and the local minimum values are f (—2) =—9 and f(3) = a and at the point 


x, = 0, there is a local maxima and the local maximum value is given by 1e., f(0) = 7. 


.  sin(x+a@ iu ' 
The function sure) has no maximum or minimum if 


sin(x+ f) 
(a) B-a=kn (b) B-—axkn 
(c) B-—a =2kn (d) None of these 
_ sin(x+@) 
(b) Let f(x) ~ sin(x+ B) , so that 
_ sin(x+ f)cos(x+a@)—sin(x+a@)cos(x+f)_ sin(B—-a@) 
f= sin?(x +B) ~ sin?(x+ B) 


Thus f (x) has no maximum or minimum if f' (x) # 0, Le., sin (B — a) # 0, equivalently 
B-atkn. 


Find the extrema of the function 3x -x’ using first derivative. 


The function is defined and continuous throughout the number scale. 


1 
Let us find the derivative, f'(x) =2 e — * 


Yx 


—1 0 


FIGURE 5.204 
From the equation f’(x)=0 we find the roots of the derivative x = + 1. 


Furthermore the derivative goes to infinity at the point x = 0. 


Thus, the critical points are x, =—1, x, =0, x, =1. 
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The results of investigating the sign of the derivative in the neighbourhood of these points 
are given in figure. 
The investigation shows that the function has two maxima: f (-1) = 2; f (1) = 2 and a 
minimum f (0) = 0. 


ILLUSTRATION 152: Find the sides of a rectangle with the greatest possible perimeter inscribed in a semicircle 
of radius R. 
SOLUTION: AO=x; AB=(R?-x’)!” BE 
Perimeter of ABCD be AB+ BC +CD+ DA 
= P(x)=2(R?-x’*)”? +4x 


1 —2x 
=> P(x)=2.—.#-—————+4 
2 It R? - x’) L A, O D M 
Now, P’(x)=0 FIGURE 5.205 


(condition for greatest possible perimeter) 


2 2 
_ 2x +4VR?- x7 =, 2x=44R? x? 


= 0 
(R’ —x") 
=> 4x° =16(R’-x’) = 20x* =16R’ 
, 16R? AR 
=> xX = = x=— 
20 2/5 
2RV5 4V5R 
=> r= 2S => 2x = WSR =AD= BC 


RV5 


=> Ege 


ILLUSTRATION 153: Find the altitude of a right circular cone having the least volume circumscribed about a sphere 
of radius R. 


SOLUTION: CD = CO =r, in ALCD, LC = CD cosec®0 = r cosec®. 
Height of cone LO=LC+CO = rcosecO+r 
Radius of cone BO = LO tan6 = r(cosec@ +1).tan 0 


Volume of cone = ; nm [r(cosec@ +1).tan 0] [7 cosecO +r] 


= V(@)= 37 tan’ 6 r’(1+cosec 6) 
= V(8)=0 FIGURE 5.206 


[condition for least volume] 


V'(0)= 7 r° [2tan @sec” O(1+cosec 6) + tan’ @. 3(1+ cos ec 0) (—cosecO.cot 4)] 


V'(@)= 37 r’ tan@(1+cosec@)’[2sec’ 6 (1+ cosec 0)—3cos ec] 


5.126 >» Application of Derivatives I 


ILLUSTRATION 154: 


SOLUTION: 


ILLUSTRATION 155: 


SOLUTION: 


ILLUSTRATION 156: 


SOLUTION: 


V'(0)=0 => (3sind-1\(sin@+1)=0 


. 1 
=> sing= 3 and altitude of cone = r(1+cosec 0) =r(1+3)=4r 


Find the altitude of a cone of the least volume which can be drawn around a hemisphere of 
radius R(the centre of the base of the cone falls on the centre of the sphere) 


A 
AO=H;BO=r = " tang 
A 
= oe ee - = 
H sind 
R R 

= an @ = 

= sin 0 cos 
1( RY R 1 1 1 

V(@)=—2 _—— = —2R° 
oe 3 (2, sinO 3 cos’ @ sind 
=> V'(@)=0 [condition for least volume] 

- 2 er FIGURE 5.207 
y'(9)=250 eed = ed V'(@)=0 
(cos 20.sin 0) 
0=cos@ [2sin? @—cos’ 8] = V'(0)=cos@ [-3sin’ 0+1] 
1 
= 0=cosé [3sin’ @—-1] = sind=—— 
V3 
H= es = RJ3 
sin 9 


The function f(x) = [t(e' -1)(¢-1)¢-2)’ (t-3)° dt has local minimum at x = 
-l 


(a) 0 (b) 1 
(c) 2 (d) 3 

©), @ [ee —IN—-DE-2)°¢-3)%at 

=> f'@)=x(-DYD@-)@-2/Pa-3) (Using Leibnitz rule) 


At x = 1, 3 slope will change from —ve to +ve 


=> x =1,3 1s the point of local minima. 
If m and n are positive integers and f(x) = KG —a)y"(t—b)”"" dt , a> b, then 
1 


(a) x = 51s a point of local minimum (b) x = bis a point of local maximum 


(c) x = ais a point of local minimum 
(a) f(x) =(e— ay" (e- by. 
Obviously f‘(a_), f'(a") >0 

while f'(6 ) <Oand f'(b") >0 


Hence x = b is a point of local minima. 


(d) x = ais a point of local maximum. 


Application of Derivatives Il < 5.127 


ILLUSTRATION 157: Let f(x) = x"! + a.x", where be ‘a’ is a positive real number. Then x = 0 is a point of 
(a) local minimum for any integer n (b) local maximum for any integer n 


(c) local minimum if is aneven integer (d) local minimum if 7 is an odd integer 
SOLUTION: /'(x) =x"! [fm + 1)x + na]. If n is even, then f’(0-) < 0 and f'(0") > 0 
Hence '0' is a point of minimum when n is even. 
ILLUSTRATION 158: The function f(x) = [, {2(t-1)(t —2)? +3(¢-1)’(t-—2)°} dt attains its maximum at x = 


(a) 1 (b) 2 
(c) 3 (d) 4 


SOLUTION: We have /(x)= { (2@-1e-2)° +3¢-1) ¢- 2)" lat 
= |, €-D@-2)°12¢-2)+3¢-D] at 
= [, (t-1)(t- 2)? (5t—7)dt 
f(x) =(x-1)(x- 2) (5x-7) 


Now for maximum or minimum, / '(x) = 0. This gives x = 1, 2, 7/5 
(i) Consider x = 1 
dy dy 
For x < 1; —>O0 and for x >1;— <0 
rx bh and for he 
‘.. yis max. atx = 1 
(i1) Consider x = 7/5 


d 
It will be min. as = changes sign from —ive to tive 


d 
(111) At x = 2, sd does not change sign so f(x) is neither max. nor min at x = 2. 


dx 
ILLUSTRATION 159: If f(x) = (@- 1)"'@’+x + 1), n © Nand f(x) has a local extremum at x = 1, then 2 = 
(a) 2 (b) 3 
(c) 4 (d) 5 


SOLUTION: “ = (x7 -1)""'(2x4+1) +n + IG2 - 1). 2x02 +x 41) 


= (x? — 1) [@’?-1) 2x + 1)+2x(n +1)? +x+4+1)J 


d 
Since f(x) has a local extremum; ee must change sign 1.¢., f(1*) and f{1-) should be of 


opposite signs. 


Now we know that x? + x + 1 is always positive (b* — 4ac = negative) and the first term tends 
to zero asx > 1 


d 
= Hence the sign of = will depend upon (x? — 1)”. If is even then f(1*) and f(1-) will have 


the same sign, but they must be of opposite sign for the existence of extremum. Hence n 
must be odd. Hence (b) and (d) are the correct choices. 


5.128 >» Application of Derivatives II 


Here /" (x) changes sign from positive to negative as 
it crosses x = 0; hence the curvature changes from convex 
to concave or in other words, x = 0 is a point of inflection. 
Also the tangent at x = 0 is y = 0 (Horizontal tangent) 


m SADDLE POINT 


Consider the two curves; y = x° and y = x! 


For fly) = x3 11 
f(x) = 3x’ Now f(x), _, = 0 Now for f(x) = x!°; f"(x) = ae and 


And f"(x) = 6x, now f" (0 — h) =-6h < 0 and vs o 4 
f'(+h)=6h>0 re) 3(2 a -Sae 
concave I-23 Sn 
—2 1 —2 1 
f'O + h)= po and f"(0 — h) = CH 


Hence curvature of the graph changes from concave 
to convex as it crosses x = 0. Hence x = 0 1s a point of 
inflection. But the tangent f(x) at x = 0 is x = 0 L.e., vertical 
tangent (non-horizontal tangent). 


FIGURE 5.209 


concave 


CONVEX 


FIGURE 5.210 


Application of Derivatives Il < 5.129 


Now a saddle point is defined as a point where an in- 
creasing/decreasing graph can be envisioned to have a tem- 
porary resting spot 1.e., a point of inflection where f(x) = 0. 

Therefore A saddle point is a special case of the point 
of inflection. 


Hence; in the above mentioned two cases x = 0 is a sad- 
dle point for f(x) = x? and not for f(x) = x'” 


5.130 > Application of Derivatives II 


m@ BOUNDEDNESS 


A function f(x) whose values lie between two real and finite 
numbers for all possible inputs that can be given to it is 
called bounded function. e.g., f(x) = sin x, cos x, 
1 2x x -l 
x4] x41 x? 41 
An expression of x say f(x) is said to be bounded if we 
can find two real and finite numbers m and M. such that 
all the possible values of function lie between them. i.e., 
m < fix) < M orm < fix) <MV xe D, (domain of f(x)). 
The m is called lower bound of the expression where as 
M is called upper bound of the expression. The least such 
number M(sayM_), is called maximum value of the function 
and greatest value of m (say m,) is called minimum value 
of the function. Following are the properties of lower and 
upper bound: 


etc. 


Upper bound 


lower bound 


FIGURE 5.213 


Existence of one lower bound (m) mean existence of 
infinitely many lower bounds m, where k = 1, 2, 3..... 1.€., 
<m,<m,<m<....<m,<f (x) atx =x, then y = m, is 
greatest of all the lower bounds called GLB and if f(x) = m, 
for some x,¢D,, then Kx,) =m, is the minimum value of f(x) 
1.0.5 fi cinym = My <SAIX). 

Existence of one upper bound mean existence of 
inifinitly many upper bounds, so f(x) <M,<M<M, < M,< 
M, < ....so y = M, is least upper bound and if M, = f(x,) for 
some x, € D then M, is called maximum value of f(x). 


Greatest Lower Bound 


The greatest of all lower bounds is called G.L.B. (m,) and 
if f(x) = m, for some x,<D, then f{x,) is called minimum 
value of f(x). 

To number m, is called the greatest lower bound of the 
function y = f(x) on a set x if 


(1) Vx € X; the inequality f(x) = m, holds true 
(11) Vm>m, there exists x € X such that f(x) < m 


e.g., —3, —2, —3/2, ...., —l etc. are lower bound for the 
function f(x) = sin x and the greatest of these is —1 (1.e., 
m, =—1), because no value of sin can be smaller than —1 and 
no such number m larger than —1 posses this property 


(i.e.sinx >mVxeR) therefore —1 is known as greatest 


lower bound (GLB) for sin x. 

Also for any number m > -1; there exists real 
solutions for the inequality sinx < m, 1.e., if m = —0.9; then 
there exists real solutions for the inequality sinx < —0.9. 


Lowest Upper Bound 


The smallest of all upper bounds is called L.U.B. (M,) and 
if f(x) = M, for some x ED, then f(x,) is called maximum 
value of f(x). 

The number M, is called the least upper bound of the 
function y = f(x) on a set_X if 


(i) Vx eX the inequality f(x) < M, holds true, 
(ii) V M' <M there exists. x' € X such that f(x') > M’. 


e.g. Any real number larger than 1 is upper bound for sin x 
and 1 is the smallest such number called as least upper 
bound (LUB (M,) = 1) because no value of sinx can exceed 
1 and no number (M) smaller than 1 has this property 
(i.e.sinx<M VxeR). 


Also for any number m < 1; there exists real solutions 
for the inequality sin x < m 1.e., if, = 0.9; then there exists 
real. Solutions for the inequality sin x > 0.9 

Since sin x assumes the above two values, —1 at x = 


x =(4k-1)— & at x=(4k+1)— where k e€« Z 
2 p 


therefore —1 is called minimum value and | is called maxi- 
mum value of the function sin x. 


m@ GLOBAL MAXIMA AND GLOBAL MINIMA 


Let y = f(x) be a given function in an interval [a, b| and 
Q,, O,, A, ... .,, be the critical points and f(a,), f(a,), 
Ka,),...(a,) be the values of the function at critical points.. 
The Greatest/largest/global maximum/absolute maximum 
values of a function in a closed interval [a, 5] is given by 
M = maxif(a), f(a,), f(a,), Na,),--- (a,), b)} and the least/ 
smallest/Global minimum/absolute minimum of the func- 
tion f(x) in [a, b] is given by m = min {f(a), fa,), fa,), 
Ka,),--- fla,), (b)}. Let y = fix) be a given function in an 
interval (a, b). 


Greatest 


value 
Local 


maxima 


Local 
maxima 


Least minima 
value 
FIGURE 5.214 
y 
Local 
Greatest Maxima 
value dy dose not 
Local dx exist 
Maxima 


FIGURE 5.215 


The Greatest/largest/global maximum/abso- 
lute maximum values of a function in an open inter- 
val (a, b) is given by M = max jf(a’), fla,), f(a,), 
f(a), . fla,), ftb)} the least/smallest/Global 
minimum/absolute minimum of the function f(x) in 
[a, b] is given by m = max {f(a’), fla,), Ka,), Ma,), . . » 
Ra,), Ab} 


Application of Derivatives Il < 5.131 


m CAUTION 


If M or m happen to be f(a*)/f(b) then we conclude that f(x) 
does not attain the respective global maximum/minimum 
value. and the range remains the open interval. e.g., for the 
function f(x) = x V x € [1, 2]; the graph of the function is 
as shown below. 

Here f(1) is the absolute minima and (2) is the absolute 
maxima. 


FIGURE 5.216 


However if the function is defined on an open interval 
1.e., f(x) =x V x € (1, 2); then graph of the function is as 
shown below 


FIGURE 5.217 


There f(1)* is the local minima and f(2°) is the local 
maxima; thereby we conclude that f(x) does not attain the 
respective global maxima as well as the global minima and 
the range of the function will be (1, 2) 


ILLUSTRATION 163: The image of the interval [— 1, 3] under the mapping f(x) = 4x°— 12 x is 


(a) [- 2, 0] 
(c) [- 8, 0] 
SOLUTION: 


(b) [- 8, 72] 
(d) None of these 


To find the image of the given interval, we must find the set of values of f(x) for x € [— 1, 3]. 


By virtue of the continuity of f(x), the images is the interval min F Ce), a af (x) | 


The critical points of f(x) are given by f'(x) = 12x? — 12 = 12(x*- 1) =0 
That is, x = +1, so that f(1) = 4(1) — 12 =- 8, f(- 1) =-4+ 12 =8 and 


5.132 > Application of Derivatives II 


ILLUSTRATION 164: 
SOLUTION: 


ILLUSTRATION 165: 


SOLUTION: 


ILLUSTRATION 166: 


SOLUTION: 


ILLUSTRATION 167: 


FG) = 4(27) — 12(3) = 108— 36 = 72. 
max f(x) =f(3)=72and min f(x)=f(1)=-8 


xe[-1,3] xe [-1,3] 
Hence the image of [—1, 3] under the mapping / (x) is [—8, 72]. 
Find the greatest and least values of the function x* — 18x? + 96x in [0, 9] 
Let f(x) =x? - 18x2+ 96x 
For maximum or minimum of f (x) 
=> f'(x) = 3x - 36x + 96=0 
=> 3-4) @-8)=0 => x=4,8 
Now, we have f (0) = 0, f(4) = 160, f(8) = 128, f(9) = 135. 
Hence in the given interval: greatest value of f(x) = 160 and least value of f(x) = 0 


x + =x 
Find the maximum and minimum value of f(x) = — for all x © [-In 2, In 7] 
(x) is differentiable at all x in its domain 
fe) =0 => a =0 > x=0 


We need to check the values of f(x) at x = 0, and at the end points. 
x =—-In2, and x = In7. 
The values of fare f (0) = 1, 
ft-in 2) = 5/4 
JAlln 7) = 25/7 
Clearly, the function has greatest value 25/7 at x = /n 7, and the smallest value of 1 at x 
= 0. 
Determine the greatest and the least values of the following piece wise defined function 


ox? +2 for -2<x<0;0<x<2 
Kx) = x 
1 for x=0 


In the present case f(x) is not continuous at x = 0 

Hence our method of finding the absolute extrema will vary slightly 

Equating /’ (x) = 0, we have 4(x — 1/x°) = 0 

=> x=+!1 
Now f (-2) = 17/2 =f (2); f(D =4 =f); f@ = 1 
Generally students reply that the greatest value of f (x) = 17/2 and least value of 
Ff () = 1 but it is however not true. We have already mentioned that f(x) is discontinuous 


at x = 0. We can see that when x > 0; f(x) > oo. Thus, greatest value of f(x) is not defined 
however the least value of f (x)= 1 is true. 


x2 


If fx) = | (¢-1) dt, 1<x<2, then global maximum value of fx) is: 


(a) 1 (b) 2 
(c) 4 (d) 5 


SOLUTION: 


ILLUSTRATION 168: 


SOLUTION: 


ILLUSTRATION 169: 


SOLUTION: 


ILLUSTRATION 170: 
SOLUTION: 


Application of Derivatives Il < 5.133 


Let f'(x) = 2x7 —-3x +1 

=> f"(~) =6x-3>0forx>1 
=> f'(x) 1s increasing in (1, 2] 
=> f'@®)>f GQ) Vx ed, 2] 
=> f'(x)>0 

= f(x) is increasing in (1, 2] 
=> Max f(x) =f(2) 

Find the greatest and least values, if any, of the following functions f(x) = sin(sin x), 
xeER. 

Here f(x) = sin (sin x),x ER 

We know that —1< sinx <1 forallx eR 


sin (—1) < sin(sin x) < sin1, 


¥ 


for allx eR 
[sinx 1s an increasing function on [—1, 1]] 
=> -sinl <f(x)<sinl forallxeR 


Hence the greatest value of f (x) in sinl and 
its least value is —sin1 


FIGURE 5.218 


Discuss maxima and minima of f(x) = | x* — 9] on [-5, 5] 


x-9 +: -5<x<-3 
f()=49-x =: -3Sx<3 
x-9 : 3x5 


Clearly f(x) is continuous everywhere 


2x --5<x<-3 
doesnotexists :x=-3 
F(®%) = 5-2x =352<3 
doesnotexists :x=3 
FIGURE 5.219 
2x 3<x<5$ 


f (&) = 0 at x = 0 when f(x) = —2x, —3 <x <3 and at x = —3 and 3, f(x) is continuous but not 
differentiable so critical points are — 3, 0, 3. From the graph, it is clear that the (0, 9) is the 
point of maxima and (0, —3), (0, 3) are the points of minima. 


Result | Greatest | Local minima and also | Local minima Local minima and also | Greatest 
absolute minimum not greatest absolute minimum 


Show that the function x° — 3x? + 6x + 4 has neither a maximum nor minimum. 
Let y = f(x) =x? -—3x7+6x+4 ...(1) 


2 = 3x? — 6x + 6 =3 @’- 2x + 2) 


5.134 > Application of Derivatives II 


ILLUSTRATION 171: 


SOLUTION: 


ILLUSTRATION 172: 


SOLUTION: 


ILLUSTRATION 173: 


d 
For maximum or minimum value of y, a =0 


_ 6436-72 646i 


3x* —- 6x + 6=0 DiS ee 


d d 
= + 0 for any real value of x and = exists at all x. 


Therefore, y has neither a maximum nor a minimum value. 
Find the greatest and least values of the following functions on the indicated 
intervals: 
(a) f(x) =2x? —3x* -12x+1 on [-2, 5/2] (b) f(x) =x’ Inx on [I, e] 


(a) Let f(x) = 2x° —3x” -12x+1 

=> f'(x)=6x’ —6x-12 
It vanishes at two points: x, = —1 and x, = 2. They both lie inside the indicated interval 
[—2, 5/2]; consequently both of them must be taken into consideration. To find the 
extreme values of the function it is necessary to compute its values at the points x, and x, 


and also at the end points of the segment. 


f(-2)=-3, f(-1)=8; f(2)=-19, fG6/2)= -16- 


Hence the greatest value is f(—1) = 8 and the least (2) = 19. 
(b) Find the critical points: /'(x) = x(1+21n x) . The derivative f’(x) does not vanish inside 


the given interval [1, e]. Therefore there are no critical points inside the indicated interval. It 
now remains to compute the values of the function at the end-points of the interval [1, e]; 


f(1) = 0; f@) = e. 
Thus f (1) = 0 is the least value of the function and f(e) = e’, the greatest. 


_,l- 
Find the greatest and the least value of the function f(x) = tan ; cae 7 : on the intervals [0, 1]. 
x 


Let f'(x)= 


1 —(1+x)-(-x)} _ (l+x)?  (-2) _ 1 
yl (l+x)’ | 20427) 4x? 14 
l+x 

=> f(0) =tan"(1) 

=> f(x) is monotonically decreasing function in0<x <1 


=> (O2f@H2fOM 
=> Sram = f (0) = tan™ (1) = 


=> Soin = f (1) = tan™ (0) = 


CO play 


2 b? 
Find the greatest and the least value of the function /(x)= = ta 
x 


(0, 1). (a> 0, b> 0) - 


on the intervals 


SOLUTION: 


ILLUSTRATION 174: 


SOLUTION: 


Application of Derivatives II 


ar b* 
Let f'(x)= +——- 
1) x’ (1—x)? 
a’ x? 
N (x) =0 > —= 
ee Bb (1—x)’ 
a x a x-l1+l 
>) => t= 
b 1-x b 1-x 
a 1 a 1 
=> +—=-1+— = li =—— 
b 1-x b —X 
= bta 1 pom b 
= ——_ or —_xy~= 
b l-x bta 
ey bta-—b ss +a 
bta bta 


f (0) = function does not exist and lim f(x) & 
J (1) = function does not exist and lim f(x)7 0 


(2. = 82), Gee) = ta (b+a)+b(b+a) 


bta +a b 


= (bta\(bta) = (bta) ie., least value 


< 5.135 


1 1 
If ffx) cosx+ Fi 2x =e cos 3x then the difference between the greatest and least values of 


the function is 
3 8 
(a) 8 (b) 7 
9 2 
(c) 4 (d) 3 


The function is periodic with period 27. Hence the required difference is the difference 


between greatest and least values in the interval [0, 27]. 
— = —(sin x + sin 2x —sin3x) 


. 3x x . 3x 3x 
= —| 2sin—cos— — 2sin —cos— 
2 2 2 2 


. 3x x 3x ae) eee x 
= —2sin—| cos——cos— | = —2sin—.2sin x.sin— 
2 2 2 2 2 


d 2 
Y _g atx =0,—, n, 2n in [0, 27] 


7 -13 -1 7 
Corresponding values of y at the above points are y= 6’D’ 66 


respectively 


7 —13 7 (-13)\) 27 9 
Hence greatest value is % and least is DD ; then the difference is —— (=) = D = ri 


6 \ 12 


5.136 > Application of Derivatives II 


I. 


I. 


Hl. 


IV. 


ILLUSTRATION 175: 


ALGEBRA OF GLOBAL EXTREMA 


If y = f(x) has a local maximum at x = a then y = —/{(x) 
has a local minimum at x = a and vice-versa. 


ya 
For example, y = sin (x) has local maximum at x = oy 


ue V4 
Hence y = —sin (x) has a local minimum at x = > 


Similarly, y = e*' has a local minimum at 


x=0. 
Hence, y = —e! has a local maximum at 
x=0. 


SOLUTION: 


If two functions f and g attain their greatest (least) 
value at x = a then y = f(x) + g(x) also attains its 
greatest (least) value at x = a. 


Proof: If f(a—h)<fla)<flat+h) 


g(a—h) < g(a) < g(a + h) 
then f(a — h) + g(a —h) < fla) + g(a) > fla + h) + 
g(a +h) 


For example, the greatest value of y = cos? x + 


x’ +1 


is 2 when x = 0, since both cos” x and attain 


their greatest values at x = 0. 


Find the minimum value of the function f(x) = 8°+ 8*+ 4 (4+ 4*), Vx e R. 


f= G +z) a( a" +z | 


1 1 
Both the functions 8” rea and 4° are attain the least values at x = 0 


Hence, the minimum values of fx) =1+1+4(1+1)= 


If fand g are non-negative function which attain their 
greatest (least) values at x = a, then y = f(x) g(x) also 
attains its greatest (least) values at x = a. For example, 
y =(1 + sin’ x) sin*x attains the maximum value 2 at x 
= 7/2, since both (1 + sin*x) and sin*x attains their 


1 
greatest value at x = 3° 


If fis such that f(x) is maximum (minimum) at x = a 


k 
provided f(a) # 0; then r is minimum (maximum) 


(x) 


at x = a (where k is a positive constant) and if & is a 


negative constant, then is maximum/minimum 


k 
f(x) 
at the point x = a where f(x) is maximum/minimum 
(provided f(a) # 0). 1.e., 


k f(x) atx=a k/f(x) atx =a 


i. minimum maximum 
Negative maximum maximum 


| minimum “minimum 


If fis non-negative and g is positive so that fattains its 
greatest (least) value at x = a and g attains its least 


attains its 


(greatest) value at x = a then y= 


f(x) 
(x) 
greatest (least) value at x = a. For example 


1+ lcos x| 
= —_ attains the maximum value of 1 at x = 1. 
3+cosx 


oon lsin x| + |cos ecx| a 
Similarly y =—————————__ attains the minimum 


3+cos4x 


1 Oy 2 1 
values at x = — and the minimum values is ——— = — 


3+1 2 


. If f(x) is continuous on [a, b] and g(x) is continuous 


on [m, M], where m and M are the absolute minimum 
and the absolute maximum of f on [a, b], then max 


gof = max g(x) 
x € [a, b]; x € [m, M] and min gof = min g(x) 
x € [a, b];x € [m, M] 


EVEN/ODD FUNCTION 


An even function has an extremum at x = 0; pro- 
vided it is defined in the immediate neighbourhood 
ofx =0 


y 
WY. X 


FIGURE 5.220 


, 
LD. 
O 


FIGURE 5.221 


4 


FIGURE 5.222 


Application of Derivatives Il < 5.137 


y 
0 X 
FIGURE 5.223 
y 
) X 


FIGURE 5.224 


(ii) Ifan even function fhas a local maximum (minimum) 
at x = a then it also has a local maximum (minimum) 
at x = —a. 
For example, y = x*— 8x’has local minimum at x = + 
2 and a local maximum at a = 0. 


oe ya 
Also y = cos x has a local minimum at x = a and 


maximum at x = 0. 

(iii) If an odd function fhas a local maximum (minimum) 
at x = a then it has a local minimum (maximum) at x 
= —a. For example, y = sin x has a local maximum at 
x = 7/2 and a local minimum at x = —7/2. 


5.138 > Application of Derivatives II 


ILLUSTRATION 177: 


SOLUTION: 


l+tanx) 1+tan?x a l+tanx 1+tan?x 
=> 2+ 2tan’x = 1 + tan’x + 2 tanx 
=> tan’x—2tanx + 1=0 
=> tanx=+1>x=+7/4 (Rejected) 
Clearly there is one value of x (i.e 77/4) satisfying F(x) = 0 


o{ ee) 2  — 1+tanx 


Critical point = 1/4 


Now, F(0) = 0 
F(n/4) = 1 
F(n/2) = 0 


greatest value = 1 and least value 0 
Aliter: Using sin(A + B) = sind cosB + cosd4 sinB; we can say that sin (Z| “= 
(sinx + cos x) 
Also sin2x = (sin x + cos x — 1 
Now, we represent the given function as a composite function F(x) = f(g(x)) 
yal 
2 
uo y 
Let us find the greatest and the least value of g(x). The critical points of g(x) are the roots of 
the equation cosx — sinx = 0 where only x = 7/4 lies in the interval [0, 2/2]. 
Now, g(0), g(n/4) and g(n/2), implies that the range of g(x) is [1, V2]. 


Where y = g(x) = sinx + cosx and f(y)= 


1 
Now, f(y) = V2 (1 +) > 0 for y € [1, V2). Consequently, the function f(y) increases on the 
y 


interval [1, V2] and attains its greatest and least values at the right and left endpoints of the 
interval, respectively 


V2) -1 
min fo) =f) =0and max. f(y) = f(V2)=~2 i Sa =1 


Therefore the greatest value of f(x) = 1 and least value of f(x) = 0. 


Find the extrema of the following functions: 


50 = 
©) LOS exe 18x? + 60 ll 


50 
(a) 0) = aes 18x 460 


Here it is simpler to find the extrema of the function g(x) = 3x4 +8x° -18x? +60. 
Since g(x) =12x° + 24x° —36x =12x(x” +2x—3); Now, g'(x)=0 => x =-3,0,1 
and g"(x) =12 (3x? +4x-3) 

the critical points are x, =—3, x, =0, x, =1 and the character of the extrema is readily 


determined from the sign of the second derivative g (-3)>0. 


Application of Derivatives Il < 5.139 


Hence at the point x, = —3 the function / (x) has minimum and the given function f(x) 
obviously has a maximum 1.e., f (—3) = —2/3 


= g'(0)<0 hence at the point x, = 0 the function g(x) has a maximum and / (x) has 
a minimum 
i.e., f(0) = 5/6; g (1)>0 
Therefore at the point x, =1; the function g(x) has a minimum and /f (x) has a 
maximum 1.e., f(1) = 50/53. 
(b) In this case it is easier to find the points of extremum of the radicand; Let g,(x) = e* -] 
which coincide with the points of extremum of the function f(x) . 
Let us find the critical points of g(x) 
g (x)= 2xe" 
= g(x)=0 atthe point x = 0. 
Determine the sign of the second derivative at the point x = 0. 
ge” (x) =2e* (1+ex’) => g’(0)=2>0 
Therefore, the point x = 0 is a minimum of the function g(x); it will also be a minimum of the 
given function f (x); 1.¢., f(0) = 0. 
100 


ILLUSTRATION 178: Find the local maximum and minimum values of the function {(x) =—,——,———;; 
x —6x° +12x*° +4 


also find its range. 
SOLUTION: Here it is simpler to find the extrema of the function g(x) = x*4+ 6x°+ 12x7+ 4 
g'(x) = 4° — 18x? + 24x = 2x (2x?- 9x + 12) 
(.. 2x*-9x +12>0Vx eR) 
The critical points are x = 0 
=> g"(x)=12(x? -3x4+2) 
=> g%(x)|_,>0 
g" (0) > 0; hence, at the point x, = 0 the function g(x) has a minima and hence g_. = 4 
=> fox = 25 
Also, g,, = © => ff... 0 
range of f(x) = (0, 25] 


3 -3 
= = 1 
ILLUSTRATION 179: Find the minimum values of the function f(x) =x? +x? -4{x | for all permissible 
x 


real x 


SOLUTION: Domain for f(x) is x > 0 
fx) = 82 + 93? 4 «+4] 


Ax) = (Je+f) -3 e+. | 4(6+7) -1 
ate =y 


vx 


5.140 > Application of Derivatives II 


m@ MISCELLANEOUS METHOD 


Many problems of maxima/minima/range can be solved 
using elementary methods and without using calculus. 
It is essential for a student to know these methods as it may 
reduce the calculations and hence speedup your solution. 

| x 

a 


As an example, it is obvious that if f(x) = i 


1 1 
a fi Ae =% is the only maximum value 


x+— 
xX 


then f(x)= 


of f, which is achieved when x = + 1. 

It is to be noticed that some important problems 
of maxima and minima can be solved by elementary 
algebraical methods, without recourse to calculus. 


ILLUSTRATION 183: 


SOLUTION: 


ILLUSTRATION 184: 


SOLUTION: 


ILLUSTRATION 185: 


SOLUTION: 


Application of Derivatives II 


2 
—¢€(0,2 
; (0,2] 
—-b\ -D -ll 
(Z)-2-> 


“. min value = —9 and max value = —11/3 
= Range [-9,-11/3] 


x+2 ae 
Find the range of y = Ie , if x is real 
x+2 
S eee Seer 
2x +3x+6 


=> 2yx°+3yx + by =x+2 
=> 2yx?+ By— 1x + 6y-2=0 
Case (i): Ify +0, then equation (1) 1s quadratic in x 
x 1s real 
=> D200 
=> Gy-1)-8y (y-2)<0 => By-1/ (3y+1)<90 


Case (ii): Ify = 0, then equation becomes x = — 2 which is possible as x is real 


11 
Ranges |= 
ans® 13 7] 


; . x —-4x4+3 
Find the range of the expression ae forxeR 
oo —1)(x-3 a 
seemed eS ees) M ) x#1,6 =— at x #1,6 
x’-7x+6 (x-1)(x-6) x—6 
—3 
Let y= > x-3 =xy_-6 
x—-6 
3-6 
x= ye R-{1} 
I-y 
For 1 amen = 
x=l, = —_— =— 
PG 


2 
Hence range of expression will be R -{h = 


4x? +8x+13 


For x > 0, find the smallest value of the function (x)= 
36(1+ x) 


4x°+8x+13  4(x+1)° +9 
36(1+ x) 36(1+ x) 


1 l f+) 1 7 
gt Dt TOD? Page Tat) [".. A.M = GM] 


We have /(x)= 


< 5.141 


5.142 > Application of Derivatives II 


9 x+l1 l | 1 
Equali h +1Y= — => — + >2x = — 
quality occurs when (x + 1) 4 9 * aa4d 4x33 
3. 3 | 1 35 _ i 
=> xtl=—iex= — x+l=—ie x =— and the minimum value of f(x) is = 
2 2 2 2 3 
ILLUSTRATION 186: Ifa, a, ...... a, are positive real numbers whose product is a fixed number e, the minimum 
value of a, + a, + a, +......a@,, + 2a, is 
(a) n(2e)” (b) (w+ Ie” 
(c) 2ne™” (d) (n + 1)(2e)” 
SOLUTION: «- AM2>GM 
+a, +a, +.....+2 
Sc 
n 
a, +a, + a,t....t2a, 2 n(2a,q.,....a,) 
a, +a, + a,t.....+ 2a, 2 n(2e)” 
ILLUSTRATION 187: Divide 64 into two parts such that sum of the cubes of two parts is minimum. 
SOLUTION: Let x and y be two positive numbers such that x + y = 64 ...(i) 
Lettu=x+y (1) 
Eliminate x from (ii) with the help of (i), then u = (64-y)’ +’ 
d 
& =3(64—yy 43y’ ....(iii) 
dy 
d*u 
and a a 2a ae (iV) 
y 


a du 
For maximum or minimum of u, —— =0 


dy 
Then 3(64)(2y —64)=0 “ y=32 
From (i) x = 32 
It is clear from (iv), uv is minimum 
Hence x = 32, y = 32 


ILLUSTRATION 188: Find two positive numbers x and y such that x + y = 60 and xj° is maximum. 


SOLUTION: x + y = 60 

> x=60-y => xy = (60-y)y 
Let f(y) = (60 — y)y3; y € (0, 60) for maximizing f(y) let us find critical points 
f(y) = 3y (60 -y)-y=0 
fY) = ¥ (180 — 4y) = 0 

=> y=45 
f(45*) < 0 and /(45-) > 0. Hence local maxima at y = 45. 
Sox = 15 and y = 45. 


3(y /3 : 
Aliter: x + ar =60 and eee > “(2 ( AM > GM) 


Equality occurs with x = y/3 => x=I15 andy = 45. 


ILLUSTRATION 189: 


SOLUTION: 


ILLUSTRATION 190: 
SOLUTION: 


ILLUSTRATION 191: 


SOLUTION: 


ILLUSTRATION 192: 


SOLUTION: 


ILLUSTRATION 193: 


SOLUTION: 


Application of Derivatives Il < 5.143 


As a result of m measurements of an unknown quantity x the numbers x.,, x.,, .......... X, 
obtained. It is required to find at what value of x the sum of the squares of the errors 


f= -x YP +(e—-wY +... +(x—x,)’ will be the least. 


Compute the derivative f(x) =2(x—x,)+2(x—x,)+........ +2(x—x,) 
Ye ix 


The only root of the derivative is x= 
Hn 


Then for all x we have f’(x)=2n>0. Therefore the function f(x) has its minimum at the 
X, +X, +...4%, 

n 
Being the only minimum it coincides with the least value of the function. 
And so the best (in the sense of the principle of the minimum squares) approximate value of 
an unknown quantity x is the arithmetic mean of the values x,, x,,.....,,. 


point x= 


Ifa +b+c¢+d be constant, then find the condition for which abcd have its maximum value. 


So long as any two, say a and b, are unequal we can without altering c and d (and thus keep- 
ing a + b constant) increase ab, and therefore also abcd by making a and b equal. Hence abcd 
does not attain its maximum value until a = b = c = d. This 1s true by the virtue of symmetry. 


Ifx + y +z =a, find the maximum value of xy’z’. 


a ee 
xz = 27 3? x. YY = = = and its to be a maximum, where x+2-+2-4=42 7 pa: and 


2°2-3:3.3 2. 243. 3.3 
for the greatest value of xy’z’, we equate = = 7 =7 =" Therefore the maximum value is 
a ae 123 6 
6 OAS 
What are the greatest and least values of a sin x + b cos x? 


F(x) = asin x + bcos x = Va? +b? se sin x +—_———$— = oe 
Let cosa =_—4{— & sina gee 
Va? +b’ Va’ +b" 
=> f(x)=Va' +P’ sin(xt+a) 
And as the greatest and least values of a sine are 1 and —1, the maximum and minimum 


values required are Va? +b” and -Va? +b’ respectively. 


If 2, 1 be real numbers such that x° —Ax* +px—6=0 has its roots real and positive, then the 


minimum value of is 


(a) 3x 436 (b) 11 
(c) 0 (d) None of these 
Let a, b, c be the roots. Then ab + be + ca = uw, abc = 6. 

1 114 
Dividing, —+—+—-=— 

viding, (+e to 6 
—+—+— 1 

AM > GM = BD es 3) 


5.144 > Application of Derivatives II 


ILLUSTRATION 194: 


SOLUTION: 


ILLUSTRATION 195: 


SOLUTION: 


ILLUSTRATION 196: 
SOLUTION: 


or “218. | =3.64" 
abc 


the minimum value of p = 3.6 7%. 


If x, y € R and satisfy the equation xy(x? + y*) = x* — y’*, where x ~ 0, then find the minimum 
possible value of x” + y’. 

Ifx =rcos 8 and y = r sin 9, then x? + y =r’. 

Hence we have to minimize r’. 

Now in the given equation substituting; x = r cos@ and y = r sinO 

= r’sin® cos6 (r’cos*6 + r’sin’@) = r’cos’6 — r’sin’@ 


2 
> = sin 20 x?" = r* cos20 


r? 
= —sin2@=cos20@ 


2 
2 
r 
= —=cot20 
2 
= r’ =2cot20 
= 0<cot20<0 


Now, —©<cot2@<0 but 7?>0 
When @ =7 , minimum value of r* does not exist but greatest lower bond is 0. 


Suppose that the power (P) at every point (x, y) in the plane Cartesian is defined by the 
formula P = 1 —x*+2y 


Show that the minimum power along the line x + y = 1 is —1. 
P=1-2+x+2ywherex+y=1 

Substituting y = 1 — x in (P); we get 

=> P=1-¥4+2(1-xf=1-2x7+2 (1 +x*-2x) 
=> P=x-44+3=(-2)-l 

ha 

The range of the function /(x)= Vox? + Vx? —4 
Let x?= 9 cos?6 + 4sin’0 

Then 9 — x? = 9 — (9cos6 + 4sin’6) 

= 9sin’0 — 4sin0 

= 5sin’0 and 

X* — 4 = 9cos’8 + 4sin’0 — 4 

= 5cos’0 


fo) = V5 |sin6|+V/5|cos6| 
1 1 
> eis = V5 and y_. -_ 5( +] =Vi0 


Hence the range of f(x) is | v5 ,vi0 | : 


Application of Derivatives Il < 5.145 


ILLUSTRATION 197: A particle is moving on the curve defined parametrically by the system of equation x = 1 —2 
cos’t and y = cos ¢. If the particle is close to the origin when ¢ = cos (a) for 0 < t < 1/2, then 
find the value of ‘a’. 


SOLUTION: Distance'd' from the origin is = V x+y" 


=> d= (1-2cos” t) + cos’ t 


= d=-4cos't—3cos?t+1 


3Y 16 9 3) 7 

d = 2,|| cos? t-— | +—-— d =2,|| cos?t-— | +—— 

mi ( | 14 64 a r( | 64 
3 


This is a quadratic in cost, and will be minimum when cos*t = 8 


= pepe = cost Vo => au 
2/2 4 4 
ILLUSTRATION 198: Find the minimum value of f(x, y) = x? — 2x + y? + 4y when x and y are subjected to the restric- 
tions O<x<landO<y<1l 
SOLUTION: We have f(x, y) =x* + y’-2x + 4y 


Let (x, y) = (cos@, sin®), then 6 e€ [0, 2/2] and f(x, y) = (8) = cos’@ + sin*® — 2 cosO + 
4 sin9 = 1 —2cos@ + 4sin0 


S(8) = 4cos® + 2 sind > 0 V 6 € [0, x/2] 
.. (8) is strictly increasing in [0, 1/2] 
“. fl®),,, =A0) = 1-2=-1 
Alternative: f(x, y)=(«-1)’+@+2y-5 


So, to minimize f over the unit square is the same as minimizing the distance from a point in 
this square to the point of coordinates (1, —2) 


FIGURE 5.225 


The nearest point to (1, —2) in the square is then (1, 0) 
So f(1, 0) =— 1 must be the minimum value. 


ILLUSTRATION 199: Find the least and the greatest value of f(x, y) = x7 + »°— xy, where x and y are connected by 
the relation x? + 9y’=9 


5.146 >» Application of Derivatives II 


SOLUTION: Here x* + 9)’°=9 
> —+ = 


Let x = 3 cos0, y = sinO 
Hence, f(x, y) =x? + y—xy =9 cos’6 + sin’6 — 3 sin® cos 
1+cos20 
9) | 
fae 


Since we know that a sin 9 + b cos@ lies in between —Va? +b” and Va’? +b’ 


3, | 3/ | ay 
the maximum/minimum values of [4 cos 20 — i 20) are 3) + 4? and - 8 +4? 


V73_, V73 


i.e., —— and —-—— 
2 2 


Hence, the greatest value of f(x, y) 


JB 10+ /73 VB 10-73 
2 


= ; +5= and the least value of f(x, y) = aa so 4 


4 ; (1 — cos20) — = sin20 = 400820-=sin20+5 


ILLUSTRATION 200: Find the maximum and minimum values of x* + y* where, ax? + 2hxy + by =1 
SOLUTION: Let x = rcos0, y = rsinQ. 
Then x? + y=P7, 


Substituting these values of x and y in ax? + 2hxy + by = 1; we get 7 (a cos’0 + 2h sinO 
cos@ + bsin’0) = 1 


Now the problem reduces to that of finding the extreme values of 7”, 


1 
where —, = acos’@ + 2hsin@ cosO + bsin’6 
r 


Let us now define a function fas 
J®) = a cos’O + 2h sin® cosO + bsin’@ for 6 € [0,27] (7) 


Since 7” has a maximum or minimum according as 1/r? has a minimum or a maximum, 
therefore, the extreme value of 7° are the same as the extreme values of f, a maximum value 
of 7” being a minimum value of f, and a minimum value of 7° being maximum value of f£ 


We can write (1) as 


K®)= = (a+B)+—(a-B)c0s 20+ hsin20 ...(2) 


1 1 
Now, maximum/minimum value of i (a — b) cos20 + Asin20 is + J (a-2)| +h’ 
respectively. 


1 1 
The extreme values of 'f are given by a(4 +b)4-{(@ — by 44h? Me 
1 1 -1 
Hence the maximum values of x7 + y*i.e., 77 is F(a 8)-3((a- by’ +49 a ana dike 


1 | ‘ 
minimum value of x? + y’ is Ec +b) +7 {(a —b) + anny? 


Application of Derivatives Il < 5.147 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


L 


Find the greatest (M) and least (m) values of the fol- 
lowing functions on the indicated intervals: 


(a) f(x) =xe™ on [0, «) 


(b) f(x) =J(-x7)0+2x’) on -1, 1] 


. Find the greatest and least values of the functions 


(a) y=arc cosx’ on | -Vi/2, V1/2 | 


(b) y=x+Vx on [0, 4] 


. Find the greatest and least values of the functions 


(a) f(a) = arctan x-Inx on a8] 


(b) f(x) =2sinx+sin2x on 0.32 | 
ee” 
2h t—, 25% <0; 04x52 
(c) f(x)= x 
1 > x=0 
(d) f(x) =x-2 Inx on [1, e] 


. Find the local maxima/local minima of the function 


fix) and also the image of interval 


(a) [0, 3] (b) [0, 4] 
under the mapping f(x) = x° — 5x*+ 5x° + 1. 


. A point P is moving on a circle x? + y’ = a’. Find 


the max. area of AOPM. Also find its maximum 
perimeter. 


Answer Keys 


puch 


Cod 


7 


9. 


. (a) M = 1/e, m = does not exist; glb = 0 
. (a) M = n/2, m = 2/3 


. (a) M = n/6 +0.25 1n3, m = 2/3 — 0.25 In 3 
(c) m = 1, M does not exist 
- (a) [-26, 2] 
. Maxima at lid pad i 
44 4 4 
l —3456 
Imeat CY) Sin s( | aos 
_ V5 unit 8. 8/3, 4/3 
Sorin (1/5) = —1/24 


10. 


FIGURE 5.226 


. Find the points of local maxima and local minima of 


the function f(x) = (x — 1)? (« + 1). Find also the local 
maximum and local minimum values. 


. A ship of an enemy is moving along the curve 


y =x’ + 2. A soldier is at the point (3, 2). Find the 
minimum distance between the soldier and the ship. 


. Divide a no. 4 into two positive numbers such that the 


sum of the square of first and the cube of the second 
is a minimum. 


. Using the first derivative, find the extrema of the 


x? -3x+2 


functi x)= 
acto) x? +2x+4+1 


Find the extrema of function 


f(x)= (x -1)? +3/(¢41) 


(b) M = 3/V8, m =0 
(b) M=6,m=0 

(b) M = 3V3/2, m = —2 
(d) M=1,m=2-1n4 
(b) [—26, 65] 


, 1 ; , 
,—.; Maximum area a a’, Maximum perimeter = (v2 + 1) a 


10. f (£1) = 14, F. does not exist, local maximum values f(0) = 2 


5.148 >» Application of Derivatives I 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


I, 


Let f R — R be a continuous function defined by 
1 
f(x) = 


e+2e* 


1 
Statement I: f(c)= 3° forsome ce R 


l 
0 < f(x) < — =, for allx e€ R. 


2/2 


(a) Statement I 1s true, Statement II is also true, State- 
ment II is the correct explanation of statement I. 


Statement IT: 


(b) Statement I is true, Statement II is also true, 
Statement II is not the correct explanation of 
Statement I. 

(c) Statement I is true, Statement II is false. 

(d) Statement I is false, Statement II is true 


The function f(x) = x° + ax? + bx + c, a* < 3b has 

(a) one maximum value 

(b) one minimum value 

(c) no extreme value 

(d) one maximum and one minimum value 
muCas a # b, then y has 

sin(x +b) 

(a) minima at x = 0 

(b) maxima at x = 0 

(c) neither minima nor maxima at x = 0 

(d) None of the above 


The difference between the greatest and least values 


l l 
of function f(x) = cos x ues cos 2x ar cos 3x is 


2 8 
aa b) — 
(a) 5 () = 
3 9 
=o d a 
() 3 @ 3 
oa ee os 
The minimum value of x° + > 1s at 
l+x 
(a) x =0 (b) x =1 
(c) x =4 (d) x =3 


If ax? + bx + 4 attains its minimum value —1 


at x = 1; then the values of a and 5D are 
respectively (a # 0) 

(a) 5, —10 (b) 5, -5 

(c) 10, 10 (d) 10, -—5 


. The minimum value of e 


(2x? —~2x+1)sin” x: 
tS) 


(a) 0 (b) 1 
(c) 2 (d) 3 
. Ify=alnx + bx’? + x has its extremum at x = —1 and 
x = 2, then 
GAer oe oe eee 
2 2 


1 1 
()a=>,b=2  (@) a=-5,b=2 


. The maximum slope of the curve y = —x? + 3x? + 


2x — 27 is 
(a) 5 (b) —5 
(c) 1/5 (d) None of these 


. On the interval [0, 1] the function x” (1 — x)” takes its 


maximum value at the point. 
(a) 0 (b) 1/4 
(c) 1/2 (d) 1/3 


l 
. The function f(x) = a sinx + z sin 3x has maximum 


value at x= a The value of a is 


(a) 3 (b) 1/3 
(c) 2 (d) 1/2 
. The absolute maximum of x*° — x?° on the interval 
[0,1] is 
(a) —1/4 (b) 0 
(c) 1/4 (d) 1/2 
. The extreme values of 4 _ cos(x’)_ cos 
ae ir 
—+x° |cos]| —— x" | over R, are 
G+ Joo 3» 
(a) —-1, 1 (b) —2, 2 
(c) —3, 3 (d) -4,4 
: ; x 2 
. Tangent is drawn to ellipse aq y = 1 at 


(3/3 cos 6, sin @)(where 6 € (0,7/2)). Then the value 
of 8 such that sum of intercepts on axes made by this 
tangent 1s minimum is 
(a) 1/3 
(c) 7/8 


(b) 2/6 
(d) 1/4 


15. Let p(x) be a real polynomial of least degree which 
has a local maximum at x = 1 and a local mini- 


mum at x = 3. If p(1) = 6 and p(3) = 2, then 
p'(0) is 

(a) 9 (b) 10 

(c) 11 (d) None of these 


16. Let f R — R be defined as f(x) = |x| + |x* — 1|. The 
total number of points at which f attains either a local 
maximum or local minimum is 


Answer Keys 
1. (a) 2. (c) 3. (c) 4. (d) 5. (b) 
11. (c) 12. (b) 13.(a) 14. (6) 15. (a) 


m SECOND/HIGHER ORDER 


DERIVATIVE TEST 
Stepi: Find the derivative of the function and find the root 
of f(x) = 0 (Say x = x,, x,, X,, ...+.) 


Step Il: 
arise: 


Now find f(x) at x = x, then following cases may 


OU Iff''(x,)< 0, then f(x) is maximum at x = x,. 

OU) Iff"'(x,) > 0, then f(x) is minimum at x = x, 

LU If f''(x,) = 0, then second derivative test fails to con- 
clude. 


Step Ill: 
may arise: 


Now find f’"’(x) at x = x, and following two cases 


LU) If f'"(x,) # 0, then f (x) has neither maximum nor 
minimum (inflexion point) at x = x,. 

LU) But if f’"(x,) = 0, then go for next higher derivative 
test. 


Step IV: Find f* (x,) and analysing the following 
cases: 


LI Iff* (x,) = 0, then similar analysis of higher derivative 

continues. 

U Iff* (x,) = positive then f(x) is minimum at x = x, 

LU If’ (,) = negative then f(x) is maximum at x = x, 
In general, let f'(x,) ="(,) =... =f" '(%,) = 0, f(,) # 9. 
If n is odd, then there is neither maximum nor minimum 
at x = x, and ifn is even then f(x,) > 0 

=> min. atx, and f™(x,) <0 


=> max. at Xo: 


Application of Derivatives ll < 5.149 
(a) 5 (b) 6 
(c) 7 (d) 8 


2 
17. Maximum value of the function f(x) = . on the 
x 


interval [1, 6] is 


(1 (>) = 
13 17 
© > @ = 
6. (a) 7b) 8) ~~ 9 (a) ~—«*10. &b) 
16. (a) ‘17. (d) 


Proof: This proof is not required). Let h be a very small 
positive number 


Sign of {f(a+h) | Sign of {f(a —h) Conclusion 
— f(a)} — f(a)} 


+ve +ve fix) has min at 
=> flat+h)>fla) |}=> fa—-h)>fla) |\x=a 

ix) has max. at 
= ath) <a) = fla- h)<f(a) |x=a 


fix) has neither max. 
nor min value at x =a 


= fla+h) > fla) jhe h) < fla) 


+rve 


| => Aa-h)> fla) 


fix) has neither max. 
nor min value atx =a 


Ve 


= fla + h)<fla) 


By Taylor's expansion, fla + h) = fla) + 
A rras* pear pr(a)t. 
or flath-sa="sra+* pra 
© prays po(a)+.. ...(1) 
and fa-h)-f(a)=—" a+ prca)- 
* pmay® pea) ae) 
A. If f(a) 0, then from (1) and (2), we have 
flath)—fla)= = f(a) 3) 
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h 
and f(a — h) — fla) = a J (2) (neglecting other terms) 


...(4) 
From (3) and (4), it is clear that, 
fla + h) — fla) and f(a — h) — f(a) have opposite signs, 
therefore f(x) has neither maximum nor minimum 
value atx =a 
. If f(a) = 0 and f"(a) # 0, then (1) and (2), we have 


2 


Ka +h) —fa)= —%a) 


2 


h 
and f(a — h) — fla) = eT f(a) (neglecting other terms) 


From (5) and (6) it is clear that 

(i) Iff” (a) <0, then f(a + h) — f(a) < 0 and fla — h) — 
f(a) < 0 and therefore, f(x) has maximum value at 
x=a 

(ii) If f’ (a) > 0, then f(a + h)—f (a) > 0 and f(a —h)— 
f(a) > 0 and therefore, f(x) has minimum value at 
x=a 

. If f(a) = 0, f(a) = 0 and f"(a) = 0, then from (1) and 

(2), we have 


fla +h) —fla)= — f(a) O 


and f(a — h) — f(a) =- = f"a) ...(8) 


(neglecting other terms) 

From (7) and (8) it 1s clear that, 

fla + h) — f(a) and f(a — h) — f(a) have opposite signs 
and hence f(x) has neither maximum nor minimum 
value atx =a 


. If f(a) = 0, f(a) = 0, f"(a) = 0 and f(a) = 0, 
Then from (i) and (11), we have f(a + h) — fla) = 


7 f" (a) and f(a —h) ~ la) = af *(a) 


(i) if f’ (a) < 0, then f(x) has maximum value at x = a 
(ii) iff’ (a) > 0, then f(x) has minimum value at x = a 
We can proceed in this way for higher derivatives 
till they become non zero. 
e.g consider f(x) =x 
then f(x) = 5x*and f(x) =0 >x =0 
f'"(«) = 20x? and f"(x)|_, = 0 
f(x) = 60x’ and f""(x)|_, = 0 
f* (x) = 120x and f* (x)|,_, = 0 
f (x) = 12040 


FIGURE 5.227 


Now as mentioned above; 7 5 is odd; then there is 
neither maxima nor minima at x = 0 


Similarly for the function f(x) = x® 

We have f(x) = 6x° and f(x) =0 >x =0 
f(x) = 30x* and f(x)|_, = 0 

f(x) = 120 x’ and f"(x)|_, = 0 

f(x) = 360x’ and f"(x)|._ = 0 

f(x) = 720 x and f(x) |._, = 9 

f(x) = 720 +0 


y=xX° 


FIGURE 5.228 


Now, as mentioned above; n = 6 1s even; then there 
is either a maxima or a minima at x = 0 


Now; in order to find whether it is a minima or a 
maxima at x = 0; we will need to use the first order 
derivative and compare the values of f(0 — h); f(0) 
and f(0 + h) 


f(0—h) =(-h)f’ = h° > 0 

f(9) = 9 

fO +h) =h?>0 

Now since f(0 — h) > f(0) and f(0O + h) > f(0) hence; 
f(x) is minimum at x = 0. 


ILLUSTRATION 201: 


SOLUTION: 


ILLUSTRATION 202: 


SOLUTION: 


Application of Derivatives Il < 5.151 


Find the maximum and minimum values of the following functions. 
(i) Ax) =x @ -1P 
(ii) f(x) = x7 - 3x8 
(i) Ist derivative test: The function is defined and continuous for all x 
The derivative of f(x) is 1. @ -1)?+2x. @-1)=(-1) Gx- 1) 
For maximum and minimum values of f(x); Put f’(x) = 0 
x = 1, 1/3 (critical points) 


Sign scheme for f’(x) is as: , Ai 
Thus f (x) is maximum at x = 1/3 and minimum at x = 1 1/3 1 
1/1 4 
d ; =f (1/3) = =| 5-1 | = 
and max. f(x) = f (1/3) AG ) 77 FIGURE 5.229 


while minimum = f(1) = 0 
2nd derivative test: f(x) = 6x -—4 
Since f'’(1/3) = 6. +7 4=2<0 
function f (x) has local maxima at x = 1/3 and f"(1) =2 >0 


function f’’(x) has local minimum at x = 1 

(11) This function is also defined and continuous for all real x 
The derivative is f'(x) = 2x — 3. ; oe oa 

=> f'(~) =2(- 1%") 
From the equation f(x) = 0, we have the roots x = +1 
Furthermore, f(x) is undefined when x = 0. 
Thus the critical points are x = —1, 0, 1 
Now, the sign scheme for f (x) is as: 
It is clear that f (x) has two minima at x = —1 and x = 1 
Ff (-1) =-2; fC) =—2 and a maximum / (0) = 0 


X os t 
Let x) = [at (+>), then 
1 


(a) f(x) has local maxima at x = 2nn where (n € N) 
(b) f(x) has local minima at x = 2nn where (n € N) 
(c) f(x) has local maxima at x = (4n + 5 where (n € N) 
(d) None of these 
=> f= = =o 
=> x=nn(neN) 
xcos x —sin x 


=> f'"%) = 3 


x 


cos nz | re TP 8.44 
= f"(nz) = —— =- — if nis odd and— ifn is even. 
nt nn nn 
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ILLUSTRATION 203: 


SOLUTION: 


ILLUSTRATION 204: 


SOLUTION: 


ILLUSTRATION 205: 


Using the second derivative, find the extrema of the function y = 2 sinx + cos 2x. 


Since the function is a periodic one we may confine ourselves to the interval [0, 27]. 

Find the first and second derivatives: 

y' =2cosx—2sinx =2cosx (1 — 2sinx) 

y" =—2sinx—4cos 2x 

from the equation 2cosx (1 — 2sinx) = 0 determine the critical points on the interval [0, 27] 
fap es ts ec 

6° 7 2’ 6’ * 2 

Now find the sign of the second derivative at each critical point: 


4 = 


y"(z/6)=—3 <0; hence we have a maximum y(7/6)=3/2 at the point x, = 7/6. 
y"(#/2)=2>0; hence we have a minimum y(7/2)=1 at the point x, = 7/2. 

y" Sa /6)=-3 <0; hence we have a maximum y(57/6)=3/2 at the point x, = 57/6. 
y" 32/2)=6>0; hence we have a minimum y(37/2)=-3 at the point x, = 37/2. 


Show that there is one maximum and one minimum value of x + 1/x, but the maximum is less 
that the minimum. What is its reason? 


Let Fj=res 
x 


f@=l- =75 
x x 


max. point of min. 
inflection 


FIGURE 5.230 FIGURE 5.231 


Sign scheme for < , where x7 — 1=0ie., x =+1 


Put x? = 0, (« = 0) is a repeated root. 


From the graph it is clear x = —1 is a point of maxima and x = 1 is a point of 
minima. 
Maximum value = — 2, minimum value = 2. Hence maximum is less that minimum. 


= -x 1, 
Maximum and minimum values of the function, Ax) = cos m (x + 3) + —;sin a 
4 


(x + 3) 0 <x <4 occur respectively at : 


SOLUTION: 


ILLUSTRATION 206: 


SOLUTION: 


NOTE: 


Application of Derivatives Il < 5.153 


=—(2-x)sinn (x + 3)=0 


x=1,2,3 
d’y 


= (2-x)ncos n(x + 3)+sinz & + 3); 


I A5e : x<2 
For the function f(x) = 4 , show that maximum is less than the 
x” -6x4+17 : x<2 


minimum value. 
Since f (2) = 9, f(2") = 9, f(2) =3 
f(x) is discontinuous at x = 2 
—2x 2 <2 
Also f'(x) = jnotexist : x=2 
2x-6 :x>2 
F'@) =0 atx =3 for f’ (x) = 2x — 6 and f"(3) = 2 > 0 so there is minima at x = 3 and mini- 
mum value at x = 3 is 8. Also f'(x) =O atx =0 for f'(x) =—2x and f’"(0) =—2 <0 so there 
is maxima at x = 0 and f(0) = 7. Thus value at minima > value at maxima 


This becomes possible due to the fact that f(x) has a discontinuity at x = 2 between the criti- 
cal points x = 0 and 3. 


It can easily be seen that f(x) have no greatest and least values. 


ILLUSTRATION 207: 


SOLUTION: 


Break up the number 8 into two summands such that the sum of their cubes is the least 
possible. 


Let two numbers be x and 8 — x 
Let f(x) =x +(8—-xy 


= f"(x)=3x -3(8—x) =3[x’ —(8—x)’] = 3[[x—(8—2x)][x+8-2]] 
=> f(x) =3[2x-8][8] 
=> f'(x)=0 atx=4 


=> f"(x)=48>0 =x =4 is the point of minima >Required summands are 4, 4 
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ILLUSTRATION 208: 


SOLUTION: 


ILLUSTRATION 209: 
SOLUTION: 


ILLUSTRATION 210: 


SOLUTION: 


ILLUSTRATION 211: 


Decompose the number 36 into two factors such that the sum of their squares is the least 
possible. 


Let one number be x, other be 36/x. 
2 
= f= 4 (2 
x 


=> fia) = 244222) (=2) 
x 


x 
f'(x)=0 = x" =(36)’ > x =6 
P 2(36)’ (3 
And af (x) =? eee) 
x 

=> f'"(x)>0 atx = 6 (Point of minima) 
Discuss maxima and minima of the function sin’@ cos’0; p, g > 0, 0 < 8 < 7/2. 
y = sir’O cos’0, p, g>0,0<0< 1/2 
z=Iny =p Insin®@ + g Incos 8 
We know that y and In y have same nature regarding max/min. for y > 0. 


d d. 
a =pcot@-—qtand > aL => tand = /p/q [.. tanO > 0] 


2 


and a = — p cosec’O — g sec’0 < 0 


zie., Inyie., y has maxima (local) at 6 = tan”! J plgq 


- Vp Pp Ja | : — pPgt } 
and greatest value = {ae Vp+q > (p+q)?*? 


_{ at? 
The function S(x) = [sin (= dt has two critical points in the interval [1, 2.4]. One of the 


0 


x 


critical points is a local minimum and the other is a local maximum. The local minimum 
occurs at x = 


(a) 1 (b) V2 


(©) 2 (a) > 


S(x) = fsin( Ja : S(x) -sin{ =) =0 


ax 
a =nn => x*=2n (1 <x < 5.76 as is given) 


2 
Hencen=lor2 => x=v2 orx = 25 Se) = 0s J. 


and s(v2) <0 and S"(2)>0 => minimaatx=2 


The perimeter of an isosceles triangle is equal to 2p. What must be its sides be so that the 
volume of the solid generated by revolving the triangle about its base is greatest possible? 


Application of Derivatives I 


< 5.155 


SOLUTION: When the given triangle is rotated about its base (BC = 2a); a circular cone will be formed. 
Their radius will be AD = Vc’ —a’ and height = CD = BD =a 


1 2 
Hence, the volume of the solid generated V = 2. 3 1t.AD*.CD= = —a’)a 


But perimeter 2 p =2c+ 2a => p=cta 


20 20 20 
V = =z t(p-ay’ —a"} = =; ap’ - 2p} = = (ap* —2a°p} 


a2 
pala —4ap}=0 => a=pl4 
da 
Base = 2a = p/2 and c = p—a = 3p/A 
dv 2 
Also a: =F {4p} <0 .Thus V is maximum 


ILLUSTRATION 212: If P(x) be a polynomial of degree 3 satisfying P(—1) = 10, P(1) =— 6 and P(x) has inaximum 
at x = —1 and P(x) has minima at x = 1. Find the distance between the local maximum and 
local minimum of the curve. 


SOLUTION: 


ILLUSTRATION 213: 


Given P(x) be a polynomial of degree 3 


Yu vy 


yy 


=> 


Let Px) = ax? + bx? +ex+d 

Given P(-1) = 10 

-a+b-—c+d=10 

And P(1) =- 6 

atbh+ct+d=-6 

Also given P(x) has max. at x =- 1 

P(-1)=0 

3a—2b+c=0 

And P'(x) has min at x = 1 

P"(1)=0 

6a + 2b =0 

Solving (1), (2), (3), (4), we get a = 1, b =-3,c =-9,d=5S 
So P(x) = x8 — 3x*- 9x + 5 

P(x) = 3x* - 6x -9 =0 

Px) =3@+ 1)@-3)=0 

Now x = — | is point of max. (given) 

And x = 1 is point of min. (-- f"(1) > 0) 

local maxima point (—1, 10) and local minima point (3, — 22) 


distance = /(3+1)? +(-22-10)? = 4/65 


(1) 


(2) 


(3) 


(4) 


A particle is moving in a straight line such that its distance at any time ¢ is given 


4 
by s=-2P +4 +7. Then 


(a) velocity is max. at t = (6 — 2 V33 


(c) min. distance is at ¢ = 0, 4 (d) None of these 


(b) acceleration is min . at t = 2 
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SOLUTION: 


ILLUSTRATION 214: 


SOLUTION: 


ILLUSTRATION 215: 


SOLUTION: 


4 
Given sa 20 +42 +7 


=> y= =f 67 481 
at 


dv 


=> a=— = 30 -12+8 
d*s adv 
At=t=2; a a => maxima at ¢t=2 
d’s a 
Att=4; 7 =— > 0 => minima at t=4 


Now; s(0) = 7 and s(4) =7 
minimum distance is at ¢ = 0, 4 


dv 
For maximum velocity; at => 3f-12t+8=0 
_, ,_12tvi44—-12x8 _ 124 Vi2x4 _ 1224V3 _ 622v3 
6 6 6 3 
2 
Now 4% =6t-12 
dt 
6+2V3 d’ 
At = t= v3 ~*>0 => minimum 
3 dt 
6-23 d’ 
At t= 2013 2 co => maximum 


6-2/3 


maximum velocity is at ¢ = 


3 

For minimum acceleration 

d. d’ 

~~ =0=> 6t-12=0 >t =0 and ——=6>0 => minimum 

dt dt 
=> minimum acc. is at ¢t = 2 

x x 
Investigate the function y =cosx Pa “31 for an extremum at the point x = 0. 
x? 

a a eer => y(0)=0 
=> y’ =-cosx+l—-x => y'(0)=0 

And y'=sinx—-1 => y"(0)=-1 +0 


And so the first non-zero derivative at the point x = 0 is a derivative of the third order, 
i.e., of an odd order; this means that there is no extemum at the point x = 0. 


Find the area of the right angled triangle of least area that can be drawn so as to circumscribe 
a rectangle of sides ‘a' and 'b', the right angle of the triangle coinciding with one of the angles 
of the rectangle. 
As shown in the diagram; let the rectangle BDEF be inscribed in the triangle ABC. 

AAEF ~ AEDC 


Application of Derivatives Il < 5.157 


=> Sees => —, (1) 
b x 


dA b 
Equating are have eae. 2. 0 i 
=> -a’b—abx + bx? + abx =0 y 
=> be=ab > x=a | 
Putting x = a in (i); we get y = b f 
b 
dA 1{-a’b 
Now, aril = +) I 
2\ x B a eee 
_, FA_1(2a° FIGURE 5.232 
dv 2\ x 
d’A *b b 
And —, =""=">0 So A is min atx =a andy =b 
dx |_, @ a 


1 
=> Ay, = 5 2a) (25) = 2ab 


e” 0<x<l 
ILLUSTRATION 216: Let f(x)=\2-e"° ,1<x<2 and g(x) = {, f( dt, then : 
x-e s2<x53 


(a) g(x) has local minima at x = e and local maxima at x = 1 + in2 
(b) g(x) has local maxima at x = 1 and local minima at x = 2 
(c) g(x) does not have local maxima 


(d) g(x) does not have local minima 


e <x<l 
SOLUTION: g2(x)= f(x) =42-e"" ,1<x<2 
x-e 2X53 


For max. or min, of g(x) we have g'(x) = 0 


Since e* is always greater than zero. 


g(x) =0 

when 2 — e*'= 0 or x — 1= log 2 orx=1+log2,1<x<2 

Also x —e = 0 whenx =e,2<x<3 

(x) —e*! sb<e eS 2 "(1 + | 2) log2 <0 - ‘ 
x)= ey e) =-e = — , 1.€., —ive 

sf ! 2<xs3 . 

g(x) is max. atx = 1+ log 2 Also g"(e) = 1 > 0, Le., + ive 


g(x) is min at x =e 
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m EXTREMA OF PARAMETRIC FUNCTION 


Consider a function defined parametrically: x = x(0), 
y = (2). Suppose that we are interested in finding the points 
of extrema of this function. We can eliminate the parameter 
'f to get y as a function of x. For example, consider 


4 2t+2, t<0 
=f = 
On elimination of tyne 8 
t, = 
n elimination of ¢, we get y 6—3x, x>l 


If we draw the graph of y = f(x) we can apply the basic 
definition of local maximum to claim that the function has a 
local maximum at x = 1. 


FIGURE 5.233 


m@ FIRST DERIVATIVE TEST FOR 
PARAMETRIC FUNCTIONS 


Assume that the function is continuous, the following steps 
should be followed: 


; - . dy dy/dt 
1. Find the critical (So 
ind the critical points ane 
2. Find values of t, where dy/dx is zero or does not 


exist. 


. Find the sign scheme of dy/dx on the number line 


of t. 


. Now, convert the sign scheme of dy/dx on the number 


line of x. 


. If x =x(é) 1s a strictly increasing function ¢, then the 


sign scheme in x is the same as the sign scheme 
in ¢. 


. Ifx =x (t) 1s a strictly decreasing function of t, then the 


sign scheme in x is obtained by reversing the number 
line in ¢. 
dy t 


+1 
Consider x = ®—-3t,y=f+3t+2; —= 
* ‘ dx t'-l 


d 
Now, Y 40 VteR 
dx 


d 
But = does not exist at ¢ = +1 or atx = +2 
be 


Sign scheme of dy/dx in t: 


FIGURE 5.234 


x = f- 3t is a strictly increasing function of 1, 
x(—1) = -2, x11) =—2 


Sign scheme of dy/dx in x: 


L.max L.min 


FIGURE 5.235 


Hence, x = —2 is a point of local maximum and x = 2 
is a point of local minimum. 


ILLUSTRATION 217: Ifa function is defined parametrically as x = 3 — 2f and y = 6t + ’; then find the values of x 
for which the function attains local maxima or local minima. 


dy _ 2(3+1) 


SOLUTION: 
dx =r" 


The critical points in terms of ¢ are —3 and 0. 


Sign scheme of dy/dx in f: 


Application of Derivatives II 


2 
m SECOND DERIVATIVE TEST FOR Nua d°y > 0, ye 


2 
Jy 
PARAMETRIC FUNCTION dx” |, dt’ |,_, 


dy dyldt point of local minimum. 


dx dx/dt 
First we get the stationary points: we find the values of 


d d. d. 
t = t, where > =0 but “+0 If 7 = 0, then this test is then x = x(t) is a point of local maximum. 


i Consider x = tan't+ l,y=(4-P) 


Assume that the function is differentiable 


not applicable. 


d'y _je-¥y d’y|  _ jyx-xXp) ao 


Now 


x = = 
dx RY de GY da ON he 


< 5.159 


>0, then x = x(t) is a 


5.160 >» Application of Derivatives I 


d. 2 2 
We confirm that at t= 0, — #0 peewee om) < 
dt d? (4-2) | 
2 2 , 
The sign of g x is same as sign of i Hence, x = x(0) = 1 is a point of local maximum. 
a t=0 t=0 


ILLUSTRATION 219: Find the extrema of the function y = /f{x) represented parametrically as 
x=a(t)=t —5t —20t+7 
y= B() = 40° —30? —18t+3(-2 <t <2) 


SOLUTION: We have a'(f) = 5- 15f- 20 
In the interval (2, 2), a'(#) 0 
Now, we find B'(2) and equate it to zero 
BA) = 12f — 6t -18 = 0 
Whence ¢, = —1 and ¢, = 3/2 
These roots are interior points of the given interval of the parameter ¢. 
Further, B(¢) = 24t — 6; 
=> 6" (C1) =-30 <0, p” G/2)=30>0 


Consequently, the function y = f(x) has a local maximum y = 14 at ¢ = -1 (1.e., at x = 31) 
and a local 


Minimum at y = —69/4 at t = 3/2(.e., at x = —1033/32) 


ILLUSTRATION 220: The function y = f(x) is represented parametrically: 
xQH=04+3t4+1 _ 
; . Find the extrema of this function: 
y(t)=t -3t+1 
SOLUTION: For the given functions x(t)=1°+3t+1; y@)=f -3t+1 


— 
bsp 43, 03D a a 
dt dx 3(r? +1) dt dx 


fy _d (wy) a (aya 
dx’ dx\dx) dt\d/d& 


_ d{t'-1) dt _ | 2e¢°+1)-2¢@’-1)]| 1 _ 1) 4 
dt\ t? +1) dx (7 +1) 3°41) 3) (+1) 
d’y 
ax’ 
=> x(-1)=-1-3+1 =-3; p(-l)=-14341=3 = x(1)=5;y(1)=-1 


=> =0 atr=0 


2 
(3, 3) is a point of maxima ¢ = —1; os <0 
d’y 
(5, 1) is a point of minima ¢ = +1; = >0 
(1, 1) is point of inflection at ¢ = 0. 


m@ DARBOUX THEOREM 


If f(x) is differentiable for a <x <b, f(a) =a, f(b) = B, and 
y lies between o@ and £, then there is a € between a and b for 
which f(€) = y 
Proof: Let y be such that; a < y < B and let w(x) = f(x) — 
y(x — a) 

Then (x) is continuous, and therefore attains its lower 
bound in (a, b) at some point € of (a, b). 

The poimt € can't be a or JB, 
yi(a) = a—y <0, yb) = B-y>0 

Hence w(x) has a minimum at some € between a and 5, 
and w' (¢) = 0, 1.e., (yw) = ¥ 


because 


m@ FORK EXTREMUM THEOREM 


If fis a continuous function defined on a finite or infinite 
interval J such that fhas a unique local extremum in /, then 
that local extremum is also an absolute extremum on J. 


REMARK: 


Application of Derivatives ll < 5.161 


Proof: Let us consider that the function ‘f’ has unique 
extremum, a local maximum at x = a. Consider any other 
number 6 in J. The graph moves downward on both sides 
of a. So if f(b) were greater than f(a), then by the extreme 
value theorem for the closed interval with endpoints a and 
b, f would have an absolute minimum at some point a be- 
tween a and 5. (a can not be equal to a or b). Then f would 
have a local minimum at a, contradicting our hypothesis 
that fhas only one local extremum. We can extend this ar- 
gument to the case where f has a local minimum at 'a' on 
similar concept. 


FIGURE 5.240 


If we want to maximize or minimize the function f on the open interval |, and we find that f has only one critical point 


inl, anumber a at which f(a) =0. 


lf f(x) has the same sign at all points of |, then the above theorem implies that f(a) is an absolute extremum of on I. 


A minimum at x if f(x) > 0 and a maximum if f(x) < 0. (The function is concave up or concave down respectively). 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Using the second derivative, find the extrema of the 
function f(x) = 2x? -15x* -84x+8 


2. Investigate the following functions for extrema 


(a) f(x)= xte* (b) f(x) =sin3x-3sinx 


3. Show that a triangle of max. area that can be inscribed 
in a circle of radius a is an equilateral triangle. 


4. Show that the height of the cylinder of maximum 
volume that can be inscribed in a sphere of radius a is 
2a/V3. 


5. Find the coordinates of the point P on the curve 


2 2 
art =1linthe 1s! quadrant so that the area of 


the triangle formed by the tangent at P and the 
coordinate axes is minimum. 


FIGURE 5.241 


6. Find the altitude of the right cone of maximum 
volume that can be inscribed in a sphere of 
radius R. 
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7. Find the altitude of the right circular cylinder of maxi- (i) The area of AOAB is minimum 
mum volume that can be inscribed in a given right (ii) Sum of its intercept on the coordinates axes is 
circular cone of height ‘h’. minimum. 


8. Find the equation of a line through (1,8) cutting the (iii) Its intercept between the coordinate axes 1s mini- 


positive semi axes at A and B if pate 
Answer Keys 
feo 2) = 10057 7) =—629 2. (a) max = 4/e?, min =0 (b) max = 4, min = +4 
5. (2, 3); x =2V2cos0, y =3V2 sind 6. 4R/3 7. h/3 
8.) 8x +y=16 (ii) 2V2 x+y =8+2V2 (iii) 2x + y = 10; min. intercept 5V5, 
TEXTUAL EXERCISE-3: (OBJECTIVE) 
1. The point in the interval [0, 27], where f(x) = e* sin x 
has maximum slope, is (c) The cubic has minima at ee and maxima at 
1 1 
aa b a 
(a) b) 5 P 
32 3 
(0) x () > ; 
(d) The cubic has minima at both ,/— and —,/— 
2. If f(x) = x°+ 4x + 1, then 3 3 


(a) f(x) = fC), for all x 
(b) fix) #1, foranyxe R 
(c) f(x) > 0, for all x 

(d) fix) > 1, forx <4 


6. If f(x) = 2x? — 21x*+ 36x — 30, then which one of the 
following is correct 
(a) f(x) has minimum at x = 1 
(b) f(x) has maximum at x = 6 


3. The maximum value of function f(x) = sin x (c) f(x) has maximum at x = 1 
(1 + cosx), x € R is (d) f(x) has no maxima or minima 
3/2 = 3 
(a) —- (b) —- 
4 4 7. The maxima value of ane in (2, 0) is 
3 Be x 
Oe (d) ae (a) 1 (b) 2/e 
4. For the function f(x) = xe* the point he re 
(a) x = 01s of maxima 8. If m and M respectively denote the minimum and 
(b) x = 0 is of minima maximum of f(x) = (x — 1)? + 3 for x € [-3, 1], then 
(c) x =—1 is of maxima the ordered pair (m, M) is equal to 
(d) x =—1 is of minima (a) (3, 19) (b) (3, 19) 
(c) (-19, 3) (d) (19, —3) 


5. Suppose the cubic x*?— px + q has three distinct real 
roots where p > 0 and g > 0. Then which one of the 9. The greatest value of f(x) = (x + 1)'® - (@ —- 1)'"* 


following holds? on [0, 1] is 
(a) The cubic has maxima at both fe and 2 (a) 0 (b) 1 
(c) 2 (d) -1 
(b) The cubic has minima at Z and maxima 10: “THetoncion + ieee GS Onas 
ro ra (a) a local maxima 
. 3 (b) a local minima 


11. 


12. 


13. 


14. 


15. 


16. 


(c) neither a local maxima nor a local minima 
(d) None of the above 


] 
The function f(x) = x+— has 
x 


(a) a local maxima at x = 1 and a local minima at 
x= =1 

(b) a local minima at x = 1 and a local maxima at 
x=-l 

(c) absolute maxima at x = 1 and absolute minima at 
x =-l 

(d) absolute minima at x = 1 and absolute maxima at 
x ==! 


The maximum value of f(x) = > on [-1, 1] is 


x 
44+x+x 


] 1 
(a) 73 (b) rn 


] 1 

() 7 @) — 

Observe the statements given below 

Assertion (A): f(x) = xe * has the maximum at x = 1 

Reason (R): /(1) =0, f"(1) <0 

Which of the following is correct ? 

(a) Both (A) and (R) are true and (R) is the correct 
reason for (A) 

(b) Both (A) and (R) are true, but (R) is not the 
correct reason for (A) 

(c) (A) is true, (R) is false 

(d) (A) is false, (R) is true 


The function f(x) = x? e *, x > 0. Then, the maximum 
value of f(x) is 


1 es 

(a) = ) = 
1 4 

() = @ = 
e e 


If the function f(x) = 2x7 — 9ax? + 12a7x+1;a>0 
attains its maximum and minimum at p and q respec- 
tively such that p* = q, then a equals 

(a) 0 (b) 1 

(c) 2 (d) None of these 


A population p(t) of 1000 bacteria introduced into 
nutrient medium grows according to the relation 
1000¢ 

100+t7 


bacterial population is 


p(t) = 1000+ The maximum size of this 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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(a) 1100 (b) 1250 
(c) 1050 (d) 5250 
The maximum value x!” is 
(a) l/e® (b) e 
(c) el” (d) l/e 
If f(x) ——— for every real number x, then 


minimum value of f(x) 
(b) is equal to 1 
(d) is equal to —1 


(a) does not exist 
(c) is equal to 0 


The largest value of 2x* — 3x?- 12x + 5 for-2<x<4 
occurs at x is equal to 


(a) 4 (b) 0 

(c) 1 (d) 4. 

The minimum value of 4e” + 9e~* is 

(a) 11 (b) 12 

(c) 10 (d) 14 

The maximum value x’— 3x in the interval [0,2] is 
(a) —2 (b) 0 

(c) 2 (d) 1 


If for a function f(x), f(a) = 0 f"(a) = 0, f""(a) > 0, then 
at x =a, f(x) 1s 

(a) minimum 

(b) maximum 

(c) not an extreme point 

(d) extreme point 


x 2 
A minimum value of I, te’ dt is 


(a) 0 
(c) 2 
Let a, b, <¢ R be such that the function f given by 


fix) = log |x| + bx? + ax, x # 0 has extreme values at 
x =-l andx =2 


(b) 1 
(d) 3 


Statement 1: f has local maximum at x = 2 and 
local minima at x =—-1. 
Statement 2: a= Sane = = 
2 4 
(a) Statement — 1 is false, statement 2 is true 
(b) Statement — 1 is true, statement 2 is true; state- 
ment 2 is a correct explanation for statement 1 
(c) Statement — 1 is true, statement 2 is true; state- 
ment 2 is not a correct explanation for statement 1 
(d) Statement 1 is true, statement 2 is false 
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25. Find the local maxima of the function defined para- 
metrically asx =(t¢+ l)andy=f-f 
(a) (1, 9) (b) (0, 1) 
(c) (2/3, 5/3) (d) None of these 


26. In the above question; the local maxima will be 
attained when ¢ is equal to 
(a) 2 (b) 0 
(c) 2/3 (d) None of these 


27. Find the difference between the minimum and 
maximum values of 'y' where y = (1 — #)°” and x = #” 


(a) 2 (b) 1 
(c) 3 (d) None of these 
28. For the function defined parametrically as 
a 1 
Cran and y are answer the questions that 
follow 
(i) The maximum value of the function is achieved 
when x = 
Answer Keys 
1. (b) 2. (c) 3. (a) 4. (d) 5. (b) 
11. (b) 12. (d) 13. (a) 14. (c) 15. (c) 
21. (c) 22. (c) 23. (a) 24. (c) 25. (a) 
(iv) (a) (v) (d) 


m@ EXTREMA OF DISCONTINUOUS 
FUNCTIONS 


L} Minimum at 
x=a: f(ay< f(a-h) & flaj< f(ath) 
L} Maximum at 


x=a: f(a)> f(a-h) & f(a)> flath) 


O a-h a ath 
Minima 


FIGURE 5.242 


(a) 1/2 (b) -1 
(c) 1 (d) 0 
(ii) The minimum value of the function is achieved 
when x = 
(a) 1/2 (b) -1 
(c) 1 (d) 0 


(iii) The range of the function will be given by 
(a) (0, 1] ~{1/2} 
(b) (0, 1] 
(c) (0, 1] ~{1/3, 1/2} 
(d) None of these 
(iv) The function y = f(x) is decreasing for x € 
(a) (20, —1) 
(b) (-I, 0) 
(c) (-0, 0) 
(d) None of these 
(v) The function y = f(x) is increasing x € 


(a) (0, «) (b) (0, 1] 
(c) [0,00) (d) None of these 
6. (c) 7. (c) 8. (b) 9. (c) 10. (a) 
16. (c) 17. (c) 18. (d) 19. (d) 20. (b) 
26. (b) 27. (b) 28. (i) (d) Gi) (b) (iii) (a) 
y 


O a-haath 
Minima 
FIGURE 5.243 
y 
O a-—h a ath ‘ 
Minima 


FIGURE 5.244 


O a—h a ath 
Minima 


FIGURE 5.245 


ah a ath 
Maxima 


FIGURE 5.246 


a-h a 
Maxima 


FIGURE 5.247 


ath 


O a-h a ath 
Maxima 


FIGURE 5.248 
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f(a) 
f(ath) 
f(a—h) 
a—h a ‘ 
Maxima 
FIGURE 5.249 
y 
f(a) 
f(a—-h) 
f(ath) 
a-h ae ath ? 
Maxima 
FIGURE 5.250 
L) Neither maximum nor minimum at x = a: 


f(a—-h)< f(a)< f(a+h) or 
or f(a—h)> f(a)> f(ath) 


f(ath) 


a-h a ath 


FIGURE 5.251 


a-h a ath 


FIGURE 5.252 
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O a-ha at 


FIGURE 5.253 


O a-h a ath 
FIGURE 5.254 


a-—h a ath 


FIGURE 5.255 
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ILLUSTRATION 223: Find the maximum or minimum value of 
2 
x -l 


——., #1 
fa)atx=1if f)=4x-1° * 
4, x=1 
x’ -1 
——, x#l 
SOLUTION: Given f(x)=4 x-1 
4, x=1 
Y 
4 
O 1 x 
FIGURE 5.257 


Ff (&) is discontinuous at x = 1 


Hence maximum value of f (x) at x =1 1s 4 and minimum value does not exist. 


1+sinx, x <0 
ILLUSTRATION 224: Let f(x) = P . Then 
x’ -x4], x2=0 
(a) fhas a local maximum at x = 0 (b) fhas a local minimum at x =0 
(c) fis increasing every where (d) fis decreasing everywhere 


SOLUTION: (c) lim x"sin (1/ x”) =0 for n > 0. Thus (a) and (b) are false. 


—f(0 
SO = lim fi = lim x™1sin (1/x”), which exists for n > 1 => (c) is true. 

x—> x-— x—> 

x’ +4x, —~3<x<0 

ILLUSTRATION 225: If f(x) = 4—sinx, 0<x<2/2, then 
—cosx-—l, wRI2<xX<H 
a) x = -2 is the point of global minima x = 7 is the point of global minima 
2 is the point of global mini (b is the point of global mini 
(c) f(x) is differentiable at x = 1/2 (d) A(x) is discontinuous at x = 0 


SOLUTION: From above figure it is clearly shown that x = —2 is the point of global minima. 


FIGURE 5.258 
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m@ MAXIMA AND MINIMA OF FUNCTIONS OF 
SEVERAL VARIABLES 


We give a few indications concerning the extension of 
some of the preceding results to functions of two or more 
independent variables. 
In the first place let us seek for the maxima and minima 
of a function u = 0 (x, y). (1) 
A first condition is that we must have simultaneously 


2g _ 5 ob _, 
Ox oy 


where the differential coefficients are "partial". 


..(2) 


For if u be greater (or less) than any other value of the 
function obtained by varying x, y within certain limits, u 
will be maximum (or minimum) when y is kept constant 
and x alone is varied. This requires in general that 0f/0x = 0. 
Similarly, uw must be a maximum (or minimum) when x kept 
constant and y alone varies; this requires that 0f7Ox = 0. 

As before, these conditions, though necessary, are not 
sufficient. The further examination of the question, in its 
general form, is beyond the scope of the text; but it often 
happens that the existence of maxima and minima can be 
inferred, and the discrimination between them effected, by 
independent consideration. The conditions (2) then supply 
all that is analytically necessary. 


m@ MAXIMUM AND MINIMUM FOR DISCRETE 
VALUED FUNCTIONS 


Discrete values function: A real valued function whose 
domain is a finite or countable set is called discrete valued 
function. Since the function can give exactly one image of 
every point of domain, range of discrete valued functions is 
also finite or countable. 


For example function defined by 


(i) f(n) =n’; n & N is a discrete function with domain 
N set of natural numbers and range = {n*;n e N} = 
{1, 4, 9, 16,....} 
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with domain set = {1,2,3,...10} 
4385127169 | 


and range = i 


The graphs of discrete functions are discontinuous. 
Let us study the maxima/minima of such functions 
with the help of the following illustrations: 
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ILLUSTRATION 229: 


SOLUTION: 


ILLUSTRATION 230: 


SOLUTION: 


1 
Thus, a, = a,,= 19 are the largest terms of the given sequence 


2 


Find the largest term in the sequence a, = (n° +200)" rr 007° 
x? 
Consider the function f(x) = G +200" in the interval (1, 00) 
; 400— x? 
Since the derivative f'(x) = esa] 
(x” +200) 


It is positive at 0<x<¥*/400 and negative at x>*/400, the function f(x) increases at 
0<x<¥400 and decreases at x > 9/400 . 

From the inequality 7 < 7400 <8 it follows that the largest term in the sequence can be either 
a, OF a,. 


8 : : 
a, = —.,, the largest term in the given sequence is @, = 


Bia 49 
poner 39 543 


9 
—> 
543 
In how many positive parts should an integer N 2 5 be dissected, so that the product of the 


parts 1s maximized. 


Let x,,X,,.....%, > 0 be real numbers such that x, + x, +x,+....x%,=N 


: X, +X, 4+...4% V/ 
Using A.M. > G.M; we get 2" > (x,.x....x,) 
n 
X +X, +....% 
= ie ep a 
n 
Therefore maximum value of x, x, X,...+.. x_is obtained when x, = x, =x, =...... =x, 
(‘.. Maximum value of G.M is obtained when all parts are equal) 
Now x, tx, +x,+..x%,=Nandx, =x,=........ x 
n 1 z n 
N 
=> x, = XN = veevses = x, = — 
n 


x, +X, +...+%, 


Now, function to be maximized x, =x, =x,=x,1Le., ( 
n 


which is a discrete 


function of 7. In order to arrive at some possible neighborhood we make it continuous 
and differentiable. 


N ¥ 
Thus changing the variables from n to y, we write {(y)= (2) 
y 


For maxima; f(y) = 0 1.e., f(y) = fy) C (2) 1] f(y) = 0 for -- eor y =— 


N N N 

The nearest integer to y=— 1s | or | + 1 where [.] denotes the greatest 
n e é€ 

integer function. 


N 
Now, we need to compare f (i) and f | + ] to get the maximum value. 
e e 
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ILLUSTRATION 231: A manufacturer determines that the demand for 'n' lamps priced at p rupees each is given by 


1 
the function n = f(p) = 80 — > p where p is an even integer, 0 < p < 160. The range of f(p) is 


a set of integers that are on the interval 0 < n < 80. Suppose that the lamp manufacturer has 
determined that the cost of producing 7 lamps is (200 +257) rupees. How many lamps should 
be manufactured to maximize profit ? 


SOLUTION: The total profit f(x) obtained by producing n lamps at p rupees is 
fin) = np — (200 + 25n) 
= n (160 — 2n) — (200 + 25n) 
=— 2n*+ 135n — 200 


We consider the function g(x) = —2x? + 135x — 200, 0 < x < 80 and observe that whenever x is 
an integer, n, (n) = f{(n), and thus all points (, f(n)) are on the graph g(x). 


1 1 
Observe also that g G = —133, but f G is undefined. 


Now, since G'(x) = —4x + 135 
135 135 nee ae 
Then g'(x) > 0 if x < a and g(x) < 0 if x > A? we see that g(x) is increasing in 


135 135 
este and is decreasing 1n “<x 580 


, 135 
Hence, g has its maximum at x = a 


135 
Now, nearest integer to a. are 33 and 34. 


We find 2(33) = (33) = 2077 and f(34) = 2(34) = 2078. Since 9(34) is larger, a maximum 
profit of 2078 rupees results from the production of 34 sets. 


ILLUSTRATION 232: A joy ride which can hold maximum 45 people to groups of 30 or more is such that, if a group 
contains exactly 30 people, each person pays 55 rupees and in larger groups, everybody's fare 
is reduced by 1 rupee for each person in excess of 30. Determine the size of the group for 
which the revenue per ride will be the greatest. 

SOLUTION: We wish to maximize the revenue 
Revenue = (Number of people in the group) (Fare per person) 
Let x be the number of people in excess of 30 who take the trip. Then 
Number of people in the group = 30 + x; Fare per person = 55 — x 
Let R(x) be the revenue for the bus company: 
R(x) = BO + x) (55 — x) = 1650 + 25 x-x¥ 
Next, find the domain: we note that there must be at least 30 people (x = 0) and at most 40 


people (x = 10); thus 0 < x < 15, but because x represents the number of people it must be 
an integer. 


The critical numbers are found by solving R'(x) = 25 — 2x = 0 


Because the derivative exists throughout the interval, the only critical number is x 
= 12.50. But x must be an integer, so x = 12.5 is not in the domain. To find 
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ILLUSTRATION 233: 


SOLUTION: 


ILLUSTRATION 234: 


SOLUTION: 


the optimal integer solution observe that R is increasing on (0,12.5) and decreasing 
on (12.5, 15). 


It follows that the optimal integer values of x is either x = 12 or x = 13, because R(12) = 1806 
and R(13) = 1,806. 


We conclude that the bus company's revenue will be greatest when the group contains either 
12 or 13 people in excess of 35, for groups of 47 or 48. In either case, the maximum revenue 
will be 2,256 rupees. 


Find the least and greatest values of the function f(x) = sin (cos (sin x)) on the closed interval 
[x/2, 1] 


: a ; : ; 
" ginx decreases on Ea ; therefore if 1/2 < x,<x,< 1, then 0 < sin x,< sin x, < 1, and 


the points sin x,, sin x, lie in the fist quadrant since 1 < 7/2. 


Also, we know that the function cos x decreases on the interval [0, 2/2], hence we have 
0 < cos (sinx,) < cos (sin x,) < 1. 

But the points cos (sin x,), cos (sinx,) also lie in the first quadrant and the function sinx 
increases on the interval [0, 7/2], therefore 0 < sin (cos (sin x,)) < sin ((cos (sin x,)) < 1. 


Now, the function f(x) = sin ((cos (sinx)) is increasing on the interval [1/2, x], consequently, 
the minimum value of f(x) on this interval is equal to f(x/2) = sin (cos 1), whereas the 
maximum value to f(z) = sin (cos 0) = sin 1. 


The fuel charges for running a train are proportional to the square of the speed generated in 
miles per hour and costs x 48 per hour at 16 miles per hour. The most economical speed if 
the fixed charges i.e., salaries etc. amount to x 300 per hour 


(a) 10 (b) 20 
(c) 30 (d) 40 


Let the speed of the train be v and distance to be covered be s so that total time taken is s/v hour. 
Cost of fuel per hour = kv’ (k is constant) 
Also 48 = k .167 by given condition 


k = 3/16 

3 
Cost of fuel per hour = rad 
Other charges per hour are 300. 


3 
Charges per hour are nee + 300 


Total expenses for the journey 
E= (Sy +300} 5 or E= (2042) 
16 v v 


16 


WwW 16 wv 

v = 1600 or v = 40 

d’E 600 

SF =5( SP) =H for v = 40 


And hence £ is minimum at v = 40. 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


2x° +3;x#0 
1. Investigate the function /(x)= for 
4 = (0 
extrema. 
Te es Ree eC ee 
r) xX = 
3x: Dex <3’ en fin € points o 


local maxima, local minima, global maxima and 


. Let fod} 
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Vx+2; -2<x<0 
|x-l|; O<x<3 


following is/are true. 


. State which of the 


(i) The function f(x) has a maximum at x = 0 
(11) The function f(x) does not have maximum at 
x=0 
(111) The function f(x) has maximum at x = 3 


BOpay puna ter 1X): (iv) The function f(x) has global as well as local mini- 


3. Find extrema for the function f(x) =V2—x° mum at x = —2 and 1 


1\ 1 _ j-x? +k’ -3k+2; OSs x<!1 
4. Find global minima for f(x)=lo8, [x-3}+3 log, | 3 Suppose f(x)= pack Meee If fx) 


2 


(16x? — 8x + 1) is the smallest at x = 1, then find the interval of k. 


3x-x? 9. If a function (f(x) is defined as 
5. Find global extrema for f(x) = tan™ ( 52 a B48 +7643. ey 
6. Find the ee for global extrema for F(x)= Bie b'+3b+2 , -_ ” aneD ne Ane 
LO ( x? values of 'b' for which f(x) is greatest at x = 1. 
Answer Keys 


1. Function is discontinuous at x = 0, no extrema, g.1.b = 3 
2. Local maxima — x = 2 

Local minima — x = 0, 3 

Global maxima — x = 2 

Global minima — x = 3 


3. Minima > f(x) = 0 at x=+J2 
Maxima — f(x) = V2 at x =0 


4. fx)=1; xe +] 1.e., a constant function 5. No point of global extrema 6. No point of extrema 


7. (ii), (iii), (iv) 8. k<lork>2 9. b € (-2,-1) or [I, ~) 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


. HX 7 x?: x<2 
sin—; O<x<l = : 
1. Let f(x)= 2 - then 2. If f(x) Fae ha ; then 
3-2x: x21 


(a) f(x) has local maxima at x = 0 


(a) f(x) has local maximum at x = 1 (b) fx) has local maxima at x = 2 


(b) f(x) has local minimum at x = 1 (c) f(x) has local maxima at x = 11 


(c) f(x) does not have local extremum at x = 1 (d) None of these 


(d) f(x) has global minimum at x = 1 


5.174 >» Application of Derivatives I 


3. If f(x)= * eae WM seas then ' : see 2 ae on 
37-x; 2@<x<3 ° 

(a) f(x) is increasing on [—1, 2] 

(b) f(x) is continuous on [—1, 3] 

(c) f(2) does not exist 

(d) f(x) has the maximum value at x = 2 —l—cos i “X27 


x°+3x, -l<x<0 
10. Let f(x)=4-sinx, O<x<a/2. 


4. Check the function for local extrema at x = 0, where Then global maxima of f(x) and global minima of f(x) 


f(x)= 4—x"; x<0 are equals 

2x+1; x20 (a) —1 (b) 0 
(a) local maxima (b) local minima (c) —3 (d) —2 
(c) point of inflection (d) None of these e* O<x<l 


5. Check the function for local extrema at x = 0, where | 11. If f(x)=42-e*' ,l<x<2 and 
34+x7e*; x<0 x-e 24% 53 
f(x)=4 2; x=0 


1-2x?; x>0 g(x) = (ee (t)dt, x € [1,3] Then g(x) has 


(a) local maxima (b) local minima (a) Local maxima at x = 2 and local minima at x = 1 
(c) point of inflection (d) None of these (b) Local maxima at x = 1 + In 2 and local minima at 
6. Check the function for local extrema at x = 0, where oe 
3 2 (c) No local maxima 
x +x°4+5x; x<O0 As 
x)= o local minima 
f(x) _— aa (d) No local 
(a) local tated (b) local minima 12. The total number of local maxima and local minima 
c) point of inflection (d) None of these 2+x),-3<x<-l 
(c) P (d) of the function f(x) = oh ) is: 
1+x° —3x,x<0 x ,-1<x<2 
7. If f(x)= , then the global maxi- 
cosx+2x,x 20 (a) 0 (b) 1 
mum and local minimum values of f(x) for x € [-2,2] (c) 2 (d) 3 
are respectively. 
(a) 4 + cos 2, 1 (b) 11,1 13. Let the function f(x) be defined as 
(c) Dose not exist (d) None of these = i a—3x’,0<x . , He eae ave: 
See sin! at+x’,0<x<]l th 6x, x2] 
es my) x, x>1 en) can maximum at x = 1 if the value of a is 
have a minimum at x = 1, if the value of @ is (a) 0 (b) 2 
(a) 1 (b) —1 (c) 1 (d) None of these 
(c) O (d) None of these 
ay a 15. Let f(x) =cos 2nx + x— [x], where [.] denotes the greatest 
9, Let f(x)= ‘i a , the set of integer function. Then the number of points in [0,10] at 
—2x+log,(b* —2),x>1 which f(x) assumes its local maximum value is 
values of b for which f(x) has greatest value at x = 1 (a) 10 (b) 9 
is given by (c) 1 (d) infinite 
Answer Keys 


1. (a) 2. (a,b) 3. (a,b,c,d) 4. (b) 5. (d) 6. (a) 7. (b) 8. (d) 9. (d) 
10. (bd) 11.(b) 12.(c) 13. (4d) 14. () 


Application of Derivatives Il < 5.175 


A 
m@ AREA AND PERIMETER OF SOME Pe, : 
STANDARD TWO DIMENSIONAL a 
FIGURES ARE LISTED BELOW as 
e" . 
(a) Triangle: Area: iad sin C and perimeter: FIGURE 5.265 
(a+b +c) 
(e) Ellipse: If length of major and minor axes are 2a 
N and 2b .. Area = n ab 
y 
(0,b) 
B< ° =t 
X 
FIGURE 5.261 (a,0) 
Equilateral triangle: 74+ 2B+ ZC = 60° 
FIGURE 5.266 


and BC = CA = AB = a (say) 
2 (f) Trapezium: Ina trapezium AB 1s parallel to DC and 
*. Area = “ao and perimeter = 3a AD and BC are not parallel. 


If AB = a and DC = b and distance between parallel 
l 
sides is h, then area = ao +b)xh 


where a and b are parallel sides and h is distance 
between them 


FIGURE 5.262 
1 
(b) Sector of a Circle: Area: —r’°dO where @ is in eee 
radians 2 (g) Circle: Ifcentre is at O ane radius is r, then 
and Perimeter : 7 (2 + dQ) .. Area of sector OPO = —r’@ and arc length 
| 2 
(PQ) =r.9. 
= Area of circle zr’ , circumference of circle = 2nr 
P 
%& \, 
FIGURE 5.263 


(c) Rectangle: Inarectangle 74+ ZB+ ZC + ZD=90 
AB = DC =a and BC = AD =b FIGURE 5.268 


(h) Square: Insquare 74= 7B=2C=ZD=90° 


D a Cc 
and AB = DC = BC =AD=a 
b b .. Area = a’ and perimeter = 4a 
D a C 
A a B 
FIGURE 5.264 ‘ " 
‘. Area = ab and perimeter = 2 (a + b) 
(d) Rhombus: Perimeter is 4a A = B 


Area = a’sin@ FIGURE 5.269 


5.176 >» Application of Derivatives II 


(b) Cube: Length of each side = a 
Volume V = a? 


and surface area of cube S = 6a? 


(a) Cuboid: Surface area is 2 (b/ +hl + bh) = 
Volume: hb/l 


| b 


FIGURE 5.270 FIGURE 5.271 


Application of Derivatives Il < 5.177 


(c) Sphere: Surface area is 47 r?, (e) Cylinder: Volume is m7r7h and 
Curved Surface area: 2x rh 
Total surface area is 2mrh + 2nr* 


4, 
Volume = a0 


FIGURE 5.272 


FIGURE 5.274 


1 
(d) Cone: Volume = gah 


Curved surface area of cone = zr (e) Right Triangular Prism: Lateral surfaces of a 
prism are all rectangles 


i.e. ABB’A’, ACC'A' & BCC'B' 


Total surface area = mr/ + nr? 


B h B' 
FIGURE 5.275 


r 


FIGURE 5.273 


Volume of a prism = (area of the base) x (height) 


NOTE: 
ao | he: | _ V3, 
If base is equilateral triangle with side a and height of prism is h, then volume = a a’ |xh 


Lateral surface area of a prism = perimeter of the base x height 


Total surface area of a prism = Lateral surface area + 2 area of the base 


(f) Right Pyramid: Slant surfaces of a pyramid are 
triangles. 


Volume of pyramid = _ (area of base)xheight 


Curved surface of a pyramid 


= = (Perimeter of the base)x slant height 


FIGURE 5.276 


5.178 >» Application of Derivatives II 


m@ SOME IMPORTANT CASES 


1. (i) If perimeter is given, then maximize and 


minimize the area of the given figure: 


Here we have a semi-circle mounted on a rectangle. 


Let diagram be as shown below: 
A=2xy toa 


and P=2y+2x+7x 

If P is given then find 

(a) A. (b) A. 

PHLZX TX 
—— 
Putting in equation (1) we get, 


From equation (it) 


A= anf PaPER AE) aa! Pee 


FIGURE 5.277 


_ aA 
For max or min — = 0 
dx 
dA 2X 
= —=P-4,-—— 
dx 2 
= P-(4+ )x=0 
_ P 
4+ 
d’A 
And =-4-7<0 
= dx? 
P 
=> FordA_; x= 
sa 44+7 


i) 
ii) 


2 
TX 


And A_. will be zero (directly), when x = 0 


(ii) If area is given then maximize and minimize the 


perimeter. 
A is given then find 
(a) P min (b) oe 


P=2y + 2x + px’ 


2. (i) 


2 


and A= Day + 1% 


2 
A-—AX 


= 2 
So P= o{ 4o=* da }raxeae 
4x 


Beeline, One 
x 2 
BE 2 5573 
dx x 2 


for maximum or minimum ae -—(0 
x 


—2A-—2x+4x+47x° 
2x 


x° (42) + x(4—2)+(-2A) =0 


oe ~(4-—2)+vV16+2? -87+32A 


87 


=0 


= X, (say) 


PX Se 
dx 
P is minimum at x = Xp: 
Also lim P = 00 (.. when x > 0; y > 0) 
x— 


P_. cannot be found 


ma 


Maximize the area of the triangle (with 
fixed base) inscribed in a circle of given 
radius /- 


Imagination 


FIGURE 5.278 


For a given base, area of triangle is maximum 
when its altitude 1s maximum. 1.e., when it is an 
isosceles triangle. 


—> 


) 


) 


WY YUU SY 


FIGURE 5.279 


For isosceles AABC, area 


S = >* (BC) x (AD) 


S= $(2r sin 20) xr(1+cos20) 
S = r’sin20(1+cos26) 


d, 
For minimum or maximum; a0 = 0 


[sin 20 (-sin 20 x 2) + (cos 20 + 1) cos 20 x 2] = 
(cos* 20—sin* 20) +cos20 =0 

cos 48+ cos 20 =0 

2cos3@cos 6 =0 


30 = . or O= . (rejecting) 


a, : : : 
Q= 6 i.e., area of the triangle is maximum when 


it is equilateral. 


(ii) Maximize the area of triangle in a given ellipse 


one of its vertex is at extremity of major axis: 

] 
S = area ABC = 5 x (265 sin o) xX a(1 + cos 0) = 
ab sin 0 (1 + cos 0) = ab sin o (1 + cos 0) 


y 


(acoso, bsind) 
B 


C 
(acoso, —bsino) 


FIGURE 5.280 


JY UUY 


=> 


Application of Derivatives Il < 5.179 
ab[cos 9 (1 + cos 0) + sin o (sin 0)] = 
ab(cos @ + cos 2 0) =0 
ab(2cos2 @ + cos o— 1) =0 
cos o = 1/2; cos o = —1 (rejected) 
d@ S 


| dg 


At cos 0 = <0 


3/3 i 
Maximum area = ae and minimum area = 0 


3. (a) Minimizing/maximizing the area of a triangle 


) 


) 


YW UUY 


circumscribed around a circle: 


as vertex moves area 
increases to oo 
~ a, can’t found 


Imagination 


FIGURE 5.281 


For a given height the triangle of minimum area is 
the isosceles triangle 

For a circumscribed isosceles AABC 

(easily observerd using symmetry) 

AD =R+R + cosecO 

BC = 2CD = 2(AD tan®) = 2R (1 + cosec®@) tan@ 


So area of the triangle is 


l 
S = 5 RC + cosec@) x 2R (1 + cosec8) tan@ 


For maximum or minimum W0 = 


- = R’ sec *O(1+ cosecO)” + R’ tand x 
2(1+ cos ec@)(—cos ecO cot A) 
Now, —=0 


1 + cosec8 = 0 (rejected) 
or sec28 (1 + cosec 8) = 2cosec 0 


1 snO+1\ 2 
cos” 5( sin 0 - sin 0 
—2cos28 + sin8d + 1=0 
2sin’9 + sin 8—-—1=0 
2sin’0 + 2sin 8 — sin@— 1 =0 
sin 9 = —1(rejected) or sin® = 1/2 
d’s 
da’ 


For sin8 = 1/2; >0 


a a 
Minimum at 0 = 2 


5.180 > Application of Derivatives I 


= Minimum area = 3V3R? 


2 | l 1 2 
= 27R*| -3x—x—=+2x—=- 4x = x= 
de” ( 3 V3 33s 4 
= ,2 8 J<o 
_ 3 _— HS 
=2nR 3/3 a3 a8 


— Vis maximum when @ = tan” (—. 


FIGURE 5.282 


m@ INSCRIBED FIGURES 


(a) Right circular cylinder in sphere 


Given, radius of sphere is R; we need to find the 


maximum/minimum volume and surface area of FIGURE 5.283 
inscribed right circular cylinder 

Let radius of the base of the cylinder be 'v' and its S(surface area) = 2arh+ zr’ 
height be 'h'. = 2arcos@ (Rsin@+2Rcos 8) 


V (Volume of the cylinder) 
= tr’ h=a (Roos6) (2Rsin8) 
= 27R’ sin@cos’ 8 = V(0) 


= 27R’ cos@ (cos6+2sin@) = S(0) 


For maximum/minimum surface area: equate 


For maximum/minimum dS _( 
dV | dé 
dé => -sin@ (cos@ + 2sin8) + cosO@ (—sinO + 2cos8) = 0 
=> 27nR?(cos*0 — sin’0 x 2 cosO) = 0 = -—2sinO cosO — 2sin* 0 + 2cos’8 = 0 
=> cos = 0 or cos’0 = 2sin’0 — 2.¢0s20—sin20 =0 
] a 
= tan’@=—=>tand =—— _ tan” 2 
=> tan20=2> G= 
9) wo an 
d’V 2 

Now dO Now = = —4sin 20 —2cos 20 

= 2nR? (3cos’O (—sin9) — 2 (—sinO sin’*8 + 2 sinO \ D 

cos’@)) When tan20 = 2 => sin20 =—~ & cos20 = —— 

= 2nR? (—3cos’6 sinO — 2 (— sin°@ +2sinO cos’@)) V5 V5 

Now when cos @ = 0; sinO = 1 ds 1 9) 

LV => ie V5 —2 Vs <0 
=> a 47zR’* >0 5 5 

dé . . tan ' 2 
=. Vs inaunahenccoc ei = Surface area is maximum when @ = 
And when tan@ = 1. ah = i. sand _v2 Also surface area will be minimum when 8 = x 
Re 3° V3 1.e., the base of cylinder has a zero radius. 


(b) Right circular cone in sphere 


Given, radius of sphere is R; we need to find the 


maximum/minimum 


volume and surface area of 


inscribed right circular cone. 
Let radius of the base of the cone be 'r' and its 
height be 'h'. 


FIGURE 5.284 


V (volume of the cylinder) 


da h -o0 (Ros 0)?(R+ Rsin 6) 


mR 


cos’ 8 (1+sin 8) 


For V to be maximum/minimum; we equate 


av _ 
dé 


dv 
dé 
=> 8 


7 R° ; ; 3 
x | 2 cos O(—sin 8)(1+ sin 8) + cos a| 


3 
i [-2 sin @cos@—2sin* OcosO+cos° O] 


3 


= cos @ [(1—sin* @)—2sin* @—2sin 6] 


3 


. cos 6[-3sin? 9—2sin8 +1] 


3 
: cos O[-3sin* @—3sin@+sin 8 +1] 


mR? 


cos O[(—3 sin 8 + 1)(sin 6 + 1)] 


if =0=>cos@=0 orsin 9 =—orsind =-1 


= n/2 or 8 = sin'(1/3) 


3 
or O= e (Rejected) 


Application of Derivatives I 


Now when 9 = 27/2-; ld <0 
dé 


=> @0=7/21sa point of minima 


=> Minimum volume = 0 


: al LY) 2 
and when 9-(sin(+)} > 0 


1\\) adv 
d @=|sin'|—|] ;—<0 
ms ( 6) do 


=> 6 =sin' (1/3) is a point of maxima 


wR? ( 327R? 
=> f= x—|1+—]= 
mr 3 =«*9@¢) 3 81 


Aliter: 


FIGURE 5.285 


V =r —x°)(R+x) 
= Gales — Rx? + R’x+R’] 


a 2G = —3x? -2Rx + R*?=0 
dx 
=> 3x?+2Rx—R*=0 


ee 2REVAR? +12” 


6 


—2R+4R R 
=> x=—  =— or-R (rejected) 
6 3 
2 
= Now al = n{-3%° —2Rx+ R? | 
dx 3 
d’V 
= <0 
x=R/3 


< 5.181 


5.182 > Application of Derivatives I 


, R? R => 8sin’0@—7sin8 + 1=0 
=> max volume = 77 G -E l[ae® 7+J/49-32 7417 
1 8R* 4r 327xR° = 2 
— a ee 
3 9 3 81 Now sin@ # a us ee >> and for sin 


S(surface area) = arvr? +h? +277 


= mRcos@[RcosO+./(Rcosd) +(R+Rsind)’ ] 


For maximum/minimum surface area; 76 =0 


8 > 1/3; <0 and hence; the maximum/ 


minimum value of surface area will occur at the 


extremities and sin@ = is an extraneous 


Now 


S = nR? (cos A(cos9 +./cos’ +1+sin’ 9+ 2sin 8) | 


root). 


(nee 


=> S =2R’| cos’ 0+~/2 cos Ovi +sind | Now for sin@ = c - sind <— 
Now as. And let « = sin'(1/3) 
dé 
dS , , 
~2sin cos 6 + V2(—sin 6)v1+ sin @ + Now spe | sin 20 + 3sin 0 -1)V1+sind | 
= @R° cos0 
V2 cos ———— dS 
2V1+sin0 dol. 
0=a 
iS -2sin AcosO + /2 Consider fx) = sin 2x + (3sinx—1) V1+ sin x 
a ae ( Cesin resin d+ 008'2 Now fla) = 0 
2v1+sin@ And /f"(x) is an increasing function when 
0, 7/4 
ae ~2sin Ocos9— V2 eos 
> 7G =A’! Bsind-1)(sind +1) _ af 7-17 ( s) 
ee Cpe ee eke Now @=sin_ | ——— |e] 0,— 
2V1+sin@ 16 6 
46 —2sin@cos@ + => fx) > fla) forx>a 
= —=7R? And f(x) < fa) forx<a 
i | aind) en LO) 
V2 ds ds 
ds Eee Ale 
ia 0 => (1-3sin6)V1+ sin @ =2V2 sin @cos0 a da ere 


) J 


(1 + 9sin’@ — 6sin®) (1 + sin9) = 8sin’@ (1 — sin’@) 
8sin’O8 + 9 sin’8 + 9sin’0 — 6sin70 — 8sin?0 + sin® 
—6sin8+1=0 

8sin*8 + 9 sin°8 — 5 sin?0 — 5sin8 + 1=0 

Clearly; sinO = —1 satisfies 


“- (sin @ +1) (8 sin?8+ sin’O — 6 sin8 + 1)=0 
sin =— 1 or 8 sin°@ + sin20 — 6sinO + 1=0 

Now sin@ = — 1; satisfied 8 sin?@ +sin?0 — 6sinO + 
1=0 

< =(sin@ +1)’ (8sin?0 —7sin0 + 1) 


sin@ = —1 > 8 = 3n/2 (not possible) 


8 =a 1s a point of maxima 


ToAT 
16 


=> sind= is a point of maxima 


Aliter: 


LP 


FIGURE 5.286 


Application of Derivatives Il < 5.183 


S = trl + mr 


= a(/R? =x") 
(Rs) 4 (VR) VR 
= m(J2R xVR=xx(R+x)+(R? -x’)] 


_ 48 _9 FIGURE 5.287 
dx 
AD _ AB 
= R= ened RA Ros 050 DE BC 


2VR-x H-h H 


_RV2R - xJ2R +2xV2R(R-x)-4xVR—x ee 
iy ee ee ee ; 
2/R—x = b= H(1-=] 


=> v2R (R-x) = 4x(JR-x V (Volume of the cylinder) 
r 
= V2R VR-x=4x (Forx#R) = ar haar H[1-2\=2(7) 
a Nexis 
Squaring; we get R(R — x) = 8x For volume to be maximum/minimum; we have 
=> 8x?+ Rx-—R*=0 dV 3 
—R+ VR’? +32R* —-R+.J/33R —=0; where V = a(x 2 
oh. ye dr 
16 16 3,2 
(33-1) > rHt|2r-7|=0 
= h=- 
16 3r 
=> r=0or2=— 
dS _V2R(R-x)-4xVR-x R 
dR 2VR-x => r= 
= [Ee VR-¥-28 d°V 6r 
2 Now; —, =7H 2—-— 
d’S  |R 1 “ : 
- = [Ex 220 d°V 
dR 2 2/R-x ee > 0 
Pr = 
(/33-1)R - - ne 
Sis maximum when x = gas => r=(01s the condition for minimum 
2 
d di _ nH|2-S2") <0 
dr* | _2R 
3 


(c) Right circular cylinder in cone 


Given, radius of right circular cone is 'R' and height of 


2R. 8 
: : ; ; => r=— jis the condition for maximum 
right circular cone is 'H'; we need to find the maximum/ 3 


minimum volume and curved surface area of inscribed ~~ minimum volume 
right circular cylinder. AR? &R? 4 9) 
Let radius of the base of the cylinder be ‘7’ and its = nH ( ae | = #HR* (1-3) 


height be '/'. 


5.184 > Application of Derivatives II 


= 4 CHR? 
Zt 


S (curved surface area) = 2arh 


= 2arxH(1-=] 
R 


For surface area to be maximum/minimum; 


we have naa 0 
dr 


r = R/2 1s the point of maxima 
Maximum curved surface area 


J 


m EXCRIBED FIGURES 


(a) Cone around sphere 


Given, radius of sphere is 'R'; we need to find the 
maximum/minimum volume and surface area of 
excribed right circular cone. 

Let radius of the base of the cone be '7' and its height 
be 'h'. 

Let, the semi-vertical angle of the cone be '@', then we 
have 

h=R+Rcosec 0 


r= R(1+cosec #)tand 


1 
V (volume of the sphere) = af rh 
3 
= 7 tan* @ (1+ cosec 6)’ 


For volume to be max/min.; we have = = 0 


rR? | 2tan@ sec’ (1+ cosecO) + - 

3 | 3(1+cosecO)’ x (—cosecO cot 9).tan’ 0 

=> 2tanO (1 + cosec@) [sec’*O(1 + cosec 0) + 
3 (-cosec8)] = 0 


Now tan@ = 0 (not possible) 
and cosec8 = —1 (not possible) 


) 


sec’ 9 (1 + cosec 8) — 3cosecO = 0 


1" 1 )- 3 
cos’ 0 sing) sin@ 
_ (itsing) 3 1 1_sing 
(sin 6)(1—sin’ 6) sin@ 3 


sinO8 = 2/3 (-. sin@ # 0,—1) 


2 V5 
Now tan @ =—; cos @ = — 
V5 3 


sec == ;c0sec8 == 


V5 


Using First derivatives test; we have 


-(oe(3) 


2 
sina < 2/3; tana < —= ; cosec a > 3/2 
V5 


ay) 3 
" sin”! 2) < 0 and sec a < —= 
t ( 3 5 
and for B > (sin!(2/3)) 
2 
sinB > 2/3; tanB > —=; 
i ane 
B < 3/2 and secB > : 
cosec and sec = 
V5 
f (sin '(2/3))' >0 


8 = sin! (2/3) is the point of minima 


_ aR? 4 ay 
minimum volume = x—x} 1+— 
3 5 2 


wR’ x4 125 _ AR’ x25 25 
3x5 8 6 6 


By observation; Maximum volume 
be co (when 8 —> 77/2) 


FIGURE 5.288 


will 


S (Surface area) = arVr° +h? +ar° 

= 2(R+Rcosec 6)’ .tan (sec 6 + tan 0) 

S = aR’ (1+sin 0) ss 

sin 9 cos @ 

For surface area to be max/min; we have 
3(1+sin 8)” x cos (sin @ cos 8) — 


20 _ ein . 3 
dS _ os (cos’ 8 uy een’) -0 
dé (sin Ocos 0) 
=> 3(1 + sin®) x cos? @ x sin® = (1 + sin@) 


(cos’@ — sin’0) 
= Either (1 + sin®) = 0 (Not possible) 
or 3x cos’@ x sin®@ = (1 + sin®) (cos*0 — sin’0) 
=> 3(1 —sin’@) x sin@ =(1 + sin@) (1 — 2sin’0) 
Let sin0 =a 
3a—3a@=1+a-2a’-2a° 
a’ —2a*-2a+1=0 
(a+ 1) (a’?—-3a+1)=0 
a—3a+1=0 (.«at+1#0) 


349-4 345 pean 5 
2 2 2 


-v5 “sing x 


YUUY 


u 


sin ==? 
2 


34/5 
2 


No 2 mR* 
wom 

do (sin @cos 0)" 
Now consider f(@) = sin’@ — 3sin®0 + 1 


roo foe) 


ea 
= (9) is negative for 9 < sin S| 


= GS 26 for 9 < sin” 1( 3=v5 
dé 2 


~(1+sin0) ores 


-V5 


3 
And f(8) is positive for @ > sin | (8 
ds (5" 
2 


=> —<0 for 0>sin- 
do 


. | 3-v5 
Sis maximum at @ = sin eS 


Also § will be minimum when R = 0 


Application of Derivatives Il < 5.185 


(b) Cone around cylinder 


Given, radius of right circular cone is 'R' and height of 
right circular cone is 'H'; we need to find the maximum/ 
minimum volume and surface area of excribed right 
circular cone. 

Let radius of the base of the cone be 'r' and its height 
be '/'. 

Let, the semi-vertical angle of the cone be '90-@', 


then we have 
| 
V (Volume of the sphere) = : wr h 
= =H + Rtan@)’.cot’ @ 


_ acot’ O(H + R tan 6) 


FIGURE 5.289 


dv 
For V to be maximum/minimum we have — = 0 


dé 


Vin 2cot @x(—cosec’@)(H + RtanO) + 
do 3|3(H+Rtan6) x Rsec’ @xcot’ 0 


= = (H + Rtan@y x cotO 


| -2 cosec’O(H + Rtan@)+3x Rsec’ Ox cot a| 


Now H + R tan® + 0 and cot@ + 0 
2 cosec? 0 (H + R tan) = 3Rsec’O x cotO 


+R sn |= 3s | 


cos @ 
x 
cos @ cos’ @ 


— 2x 


sin? 6 sin 0 


=> 2(Acos@ + R sin@) = 3RsinO 
[-. cos® # 0 and sin®O + 0] 
=> Hcos0+ RsinO = 3/2 R sind 


R. 
= Hcosd= on 


5.186 > Application of Derivatives II 


H dV 
= tan@=| —— We have — >0 
R / 2 dé o>tan(2 | 
R 


& _7 H+ Rtanoy x cot 9x — 
d@ 3 sin’ @ 
Now; we need to find whether we get a maxima or _ a( RY 2H 
minima at 6 = tan! (H/2R) “. Minimum volume = Alaa H ear 
mR? 
3x4x H’ 


2H 
x (R tan 6-277) Hence; 9 = tan” (27) is a point of minima 


H 
Now; In the left neighborhood of 6 = tan™ (=) mee R’ xB3HY = 27H 


3 4H’ 
tana. < tan8 => tan a < H/R/2 => tana < 2H/2 _ 9nR°H 


dV , ; 4 
a0 se(2) <0 and In the right neighborhood; Pesan O 0: 
R 


Max volume — oo 


=> 


Application of Derivatives Il < 5.187 


Rh= (2 
h-2r @) 
1h’ : a 

=— where r is given 
3 h-2r 
1 r’ 
3" 1B 
h hr 


1 2 
Now V will be minimum if z= a is max 


dz -l 4r 
ah ie oR : AE FIGURE 5.291 


or. 2 Ur 21_f] -2(1-§) he 
di’ ht ht & h h’ 4 
z 1s max and hence V is minimum when / = 4r 


: Fr 
a  h=4rby(1 
sina ae 4r by(1) 


ILLUSTRATION 239: Find the relation between height and radius of conical tent of given capacity so that the least 
amount of canvas is used. 


SOLUTION: 


ILLUSTRATION 240: 


1 
V= gar (given) 


or 


h? = 9/7? 

Hence because of the tent, we are concerned only with the curved surface nr/ and not 
that of the base S = n7l 

Sa=zeVrP =r (r+ h’) 


,. 9? 74 OW? 
2 r rd =A ret 2 
ar r 


ZT 

aad 1 > P= ¥ 
an a => pa 
Also SF atag? SE Bar 
= SOP =the when r° a 


Hence z i.e., S* is minimum or S is minimum when 277° = 9V 
1 


or 2n?r?=9 ah 


or 2P =P orh =r v2 


Rectangles are inscribed inside a semi-circle of radius 7 Find the rectangle with maximum 
area. 


5.188 > Application of Derivatives I 


SOLUTION: 


ILLUSTRATION 241: 


SOLUTION: 


Let sides of rectangle be x and y 
=> A=xy 


Here x and y are not independent variables and are related by Pythagoras theorem with r 


2 2 

x 2 2 2 x 

—+y =Fr => =,ir —— 

tai ae a 
2 x 

A(x) =x,|r° —— 

(x) 1 4 


4 
A(x) = fer? — 
(x) 4 


4 


Let f(x) = rx? — Zz e (0, r) 


Now A(x) is maximum when f(x) is maximum FIGURE 5.292 
Hence f(x) = x(2?° — x”) =0 
=> x=rv2 


also f(r 2*}<0 and f'(rvz)>0 


confirming at f(x) is maximum when x = rV2 and y= 


Sh 


=> A=x=r 


Aliter: Let use choose coordinate system 
with origin as centre of circle A = xy 


=> A =2 (rcos8) (rsin@) 


(-rcos8@,rsin0) (rcos@,rsin@) 


=> A=r'sin20 Ge (0, 


<—_|—_ X ———— | 


FIGURE 5.293 


Clearly A is maximum when @= - 
=> x=r\2andy= . 
V2 


A sheet of area 40 m? in used to make an open tank with square base. Find the dimensions of 
the base such that volume of this tank 1s maximum. 


Let length of base be x m and height be y m. 
V =x’y 


again x and y are related to surface area of this tank which is equal to 
40 m’. 


=> x’+4xy =40 


ae 
je we (0,/40) FIGURE 5.294 
4x 


_ _2f 40-x’ 
V(x)=x [eo 


x 


ILLUSTRATION 242: 


SOLUTION: 


ILLUSTRATION 243: 


SOLUTION: 


Application of Derivatives Il < 5.189 
40x-x° 
Vs) 


40x —3x’ 
Maximizing volume, we get V (x)= a) =0 


[40 3x 
— — y" ee eine 
=>. X% 3 m => (x) 7 
r'{ (2) <« 
3 
; 40 
Confirming that volume is maximum at x = a mM. 


Among all regular square pyramids of volume 36V2 cm>. Find dimensions of the pyramid 
having least lateral surface area. 


Let the length of a side of base be x cm and y be the perpendicular height of the pyramid 


1 
V= 3 area of base x height 
V = a y =36/2 


_108V2 


1 
Z and S$ = > perimeter of base x slant height = = (4) dl 


af wae 
sa2n[@ ay = Fay “ 


Ae [82 } FIGURE 5.295 


(2) = Lets 8. 8.aey 


8. (108) 


Let f(x)=x* + for minimizing f(x) 


=> foy=4y OY 


= fa) =42 9) 2 =0 


=> x=6, ae a point of minima. Hence x = 6 cm and y = 3V2. 


Show that the volume of the greatest cylinder which can be inscribed in a cone of height 'h' 


4 
and semi-vertical angle o is ah tan’? a 


Let PQ, RS be a cylinder of radius x inscribed in the cone ABC of height h and semi-vertical 
angle a. From the figure, AM x cot a 


5.190 > Application of Derivatives II 


. height of the cylinder PORS = MO = h - x cota 


=> nx (2h—- 3(cot a) x)=0 

=> 2h-3 (cota =0[x#0] 
2h 

=> sa cd 


If V be the volume of the cylinder PQRS then 
V =x 7(h—x cota) 


= thx? — nm cot a x? which is to be maximized 


We have = 2 x hx — 3m cot ax? 


, - dV 
For a maximum or minimum of V, we must have hk =0 


2 
Now me 2th — 6x cota x 


2h 2h 
=2nh-—6n cot a. a , when x = ae 


FIGURE 5.296 
=-—-2r7h<0 
V is maximum when x = ——tan 
2h F 2h 
The maximum value of V = x. ate h =m a.cota 
= gh tanta 
27 


ILLUSTRATION 244: A given quantity of metal is to be cast into half cylinder 1.e., with a rectangular base and 
semi-circular end. Show that in order that the total surface area may be minimum, the ratio 
of the height of the cylinder to the diameter of the semi-circular ends is 7 : (x + 2). 


Let x be the radius and y the height of the cylinder. 


SOLUTION: 


1 
Volume of the half cylinder = iad y =V (given) (1) 


Total surface area of half cylinder, 


=> 


S = Curved surface of half cylinder 


+ area of two semi-circular ends + area of rect- 
angular base ABCD 
l 


1 
= —(27 xy)+2] —ax’ |+ 2x. 
5 | xy) E y 


= Wxyt+ax +2xy= (4#+2)xyt ax 


2V . 
= (4 +2). + ax (From (i)) FIGURE 5.297 


2 
Be red Gi) 


dx HX dx HX 


ILLUSTRATION 245: 


SOLUTION: 


ILLUSTRATION 246: 


Application of Derivatives Il < 5.191 


For max or min of S, < =0 


—2V (4#+2)+22°x? =0 


a ae V(a+2) 


d’ 
From (ii), = =427+22=62>0. Hence S is minimum 


= -2x’ y(a+2)+22’x’ =0 (From (i)) 
2 See 
2x a+2 


y: 2x = : (a+2) which is the required ratio 


The sum of lengths of the hypotenuse and another side of a right angled triangle is given. 
The area of the triangle will be maximum if the angle between them is: 


(a) = ) 7 


(© = (@ == 


xvc? —2cx 
() 4= 
Ix) = 44? = (cc? — 2ex) hs 
S(&) = #C2c) + 2x(C? — 2xc) 
=> f(x) =2xc - 6cx* C—X 
“ f(x) =0 7 
=> 2xc(c —3x)=0 
=> x=Oorx=c/3 Be 
And f" (x) = 2c? — 12ex = 
f'(O) = 2c? > 0 and f’(c/3) = 2c? < 0 FIGURE 5.298 
“. f(x) is maximum for x = c/3 


= cos == => ra 


A rectangle with one side lying along the x-axis 1s to be inscribed in the closed region of the xy 
plane bounded by the lines y = 0, y = 3x, and y = 30 — 2x. The largest area of such a rectangle 
1S 


135 
(a) — (b) 45 
(c) = (d) 90 


SOLUTION: A = (x, —x,)y where y is the of the rectangle. Also y = 3x, and y = 30 — 2x, 


30- 
vow, 46) (922-2) 


=> 6A(y) = (90 — 3y —2y)y = 90y — 52 


5.192 > Application of Derivatives I 


ILLUSTRATION 247: 


SOLUTION: 


ILLUSTRATION 248: 


SOLUTION: 


= 6A' (y) =90- 10y =0 y 
=> y=9; A") =- 10<0 
LS; 
_ 21 
Aa op 
15-9 15-9 135 x 
A =— 9= — = — 0 
max 2 y) (x, 


FIGURE 5.299 
The coordinates of the points P(x, y) lying in the first 
quadrant on the elllipse x2/8 + y2/18 = 1 so that the area of the triangle formed by the tangent 
at P and the coordinate axes is the smallest, are given by 
(a) (2, 3) (b) (V8, 0) 
(c) (V18, 0) (d) None of these 


Any point on the ellipse is given by (V8 cos 0, V18 sin 9) 


dy 9/8cos9 V9 
a es = coté 
dx (V8 cos 0,18 sin) ~ 4N18 sind sin @ 2 


Hence the equation of the tangent at (V8 cos 6, V18 sin 0) is 


=> y-V18 sin = 9 cot o(x—fcos6) 


—— 
sin 9 cos 9 


Thus the area of the — formed by this tangent and the coordinate axes is 


se) * (amo 


Therefore, the tangent cuts the coordinate axes at the points 0 ; 


1 6 
A= 5vi8 ——____ = ————__ = 12 cosec2@ 
aa N8 = sind cos @sin @ = 


But cosec 20 is smallest when 9 = 7/4. Therefore A is smallest when 9 = 7/4. 


Hence the required point is (Vi. Ja’ 18. Be) (2,3) 


A conical vessel is to be prepared out of a circular sheet of gold of unit radius. How much 
sectorial area 1s to be removed from the sheet so that the vessel has maximum volume? 


Sectorial area AOB is removed and the remaining part be folded into a cone of height h 
and radius r. 
. 0=Angle ee eet = Arc AB 
radius of gold sheet 1 
2ar=0 ..(4) 
andr? +h?=1 (ii) 


1 1 
Volume of cone V = gar h =a (V1-r’) 


Application of Derivatives ll < 5.193 


Hence f' (x)-m,,=—1. 
=> AP 1 tangent to f(x) at P. 


m GENERAL CONCEPT (SHORTEST DISTANCE 
OF A POINT FROM A CURVE) 


A 


(a,b) 


Given a fixed point A(a, 5) and a moving point P(x, f(x)) on 
the curve y = f(x). Then AP will be maximum or minimum 
if it is normal to the curve at P 


Proof: F(x)=(x-ay+(f(x)-)b)y 
=> F(x)=2~-a) + 2%) — 5) -f@) 


_ P 

 F=0 > fy=-—9 («,00) 

Mssaine f@)-b Q (x,f(x)) 
X-a 


FIGURE 5.303 


5.194 > Application of Derivatives II 


ILLUSTRATION 249: 


SOLUTION: 


ILLUSTRATION 250: 


SOLUTION: 


ILLUSTRATION 251: 


SOLUTION: 


Find a point on the curve x’ + 2)*= 6 whose distance from the line x + y = 7, is minimum. 


2 2 
The given curve a’ =] 
Any point on it will be given by (J6 cos 0, V3 sin ~) 
6cos0++3sin 9-7 
The distance of this point from the line x + y = 7 is given by D= ened and for 
min D Cae 0 
° dO 


= V6 -sind + V3 cos0 = 0 


= page= 
J2 


V2 1 
= cos® = —= and sind = —= 
V3 V3 
Point is given by (2, 1) 
The coordinates of the point on the parabola y* = 8x which is at minimum distance from the 
circle x” + (y + 6 = 1 are 
(a) (2, -4) (b) (18, -12) 
(c) (2, 4) (d) None of these 
Let P(2t, 4) be any point on the parabola. 
The centre of the given circle is O (0, — 6) and the radius is 1. 


OP? = 4t4+ 4¢+ 6 =4 [4+ 4P +9 + 122] 
= 4s where s = “+424 12¢+9 


= = 43 + 8¢ + 12=4 (42 +24 +3)=4(¢ + 1) (¢2-¢ + 3) 
Now = = 0 
dt 
=> t=-]l (other roots are imaginary) 
d’s 
So =4(3t7+2 
7 ( ) 
2 
es > 0. 
dt 


t=-1 


Hence OP? is minimum at ¢ = —1. But if A is any point on the circle and on OP(min), 
then AP will be minimum when OP is minimum as AP = OP — (radius of circle). 


Thus the required point is P (2(-1))* 4(-1)) = Q, -4) 
(i) Find the point on the hyperbola 3x?- 4)’= 72 which is nearest to the line 3x + 2y + 1=0 
(ii) Find the shortest distance between the curves 9x? + 9y?— 30y + 16=0 andy’ =x°. 


(i) Slope of the given line = —3/2. First of all we try to locate the points on the curve at which 
the tangent is parallel to the give line 


d 
Differentiating 3x” — 4)” = 72. w.rt, x, we get 6x — 8y = =0 


Application of Derivatives Il < 5.195 


ep 
y 


dx Ay 2 


2 
72 ~=72 

Also, {| -4=5 > 3 =3,4-4=8 >y=9 > y=3,3 
y a4 y 


The required points are (—6, 3) and (6, —3) 


Distance of (6, 3) from the given li 1846+] 11 
i1stance oO - om the given ine = —— => 
: 3 vis 


18-6+1 
And the distance of (6, —3) from the given line = ae = a =/13 
Ji3 (V3 


Clearly the required point is (6, 3) 
5 2 
(ii) 9x? + 9y? — 30y + 16 =0 can be rewritten as x” +(»-2] =] 


Any point on the curve y” = x’ can be taken as (?, f°). 

Let d be the distance between the centre of the given circle and the point (7, &), then 
K=@=f+(#-5/3Y 

Now, we calculate the minimum value of Z. Required distance = d — radius of 
given circle. 


Now, ce 41° v2 -$ =0 
dt 3 


For maximum or minimum, f = 0 or 1 


aK 


dK 2 4 
Now, —~ =1227 +30r* -201; | =0 
dP dt |, 
d°K 
But, at #0 
dt’ |_, 


=> There is neither maxima nor minima at t = 0 
a’K 
Also, —~>0 att=1 
dt’ 


= @ is minimum at t = 1 i.e., dis minimum at ¢ = 1 


13 
So, shortest distance = (value of d at t = 1) — (radius of the circle) = oar, 


ILLUSTRATION 252: The points on the curve 5x” — 8xy + 5y* = 4 whose distance from the origin is maximum or 
minimum are 


(a) (V2,v2} (b) (-V2,-V2} 
iC (2 2) @ | V2 2) 


3° 3 


3° 3 


SOLUTION: Let (7; 8) be the polar co-ordinates of any point P on the curve where + is the distance of the 
point from origin 
x = rcos@ and y = rsin@ 


5.196 > Application of Derivatives II 


ILLUSTRATION 253: 


SOLUTION: 


ILLUSTRATION 254: 


SOLUTION: 


= Pr [5(cos*? 8 + sin?@) — 8 sin®. cosO] = 4 


=> r? a 
5—4sin 26 
Now, 7” is max. when 5 — 4 sin20 is minimum = 5— 4 = 1 when sin20 = 1 
=> 206=90° => 6=45° 
r=+2,0= 45° 
Again 7’ is minimum when 5 — 4 sin 20 is maximum = 5 + 4= 9 when sin 20 = -1 
ry, ia «, oe 
2 4 
ey es 
3 4 


Hence the points are (r cos 9, 7 sin 8) where r, 9 are given by (1) and (2). Thus we get 
the four points given in (a), (b), (c), (d). 


The largest distance of the point (a, 0) from the curve 2x* + y* — 2x = 0 is given by 
(a) V1+2a+2a’ (b) V1+2a-a’ 
(c) V1-2a+2a? (d) VI-2a+a’ 


Let D be the distance of (a, 0) from (x, y) on the curve then D= V(x —ay+y 


If D is to be the maximum = D* is maximum 
Now, D*= (x-ayY +y 
=> D=(x-aylt+2x-2P =? 4+2x(l-a)t+@ 


2 


2 = —2x+2(1-a) 
dx 


No lls 0 => 1 
Ww, —— = x=l-a 
dx 
21)? 
By change of sign rule, D? is maximum or else ae —ive putting x = l-a 


D=-(1-ay’r+2d-ay’v+@=1-2a+2¢ 
D=vV1-2a+2a’ 


The co-ordinates of a point of the parabola y = x* + 7x + 2 which is closest to the straight line 
y =3x-3is 


(a) (-2, ~) (b) (-2, -8) 
(c) (2, -8) (d) None of these 


Let (x, y) be one the parabola y = x? + 7x + 2 its distance from the line y = 3x —3 or 
3x —-y-—3=0is 


3x-y-—3 


(10) 


3x—(x? +7x+2)-3 


(10) 


—x* —4x—5 


(10) 


ILLUSTRATION 255: 


SOLUTION: 


ILLUSTRATION 256: 


SOLUTION: 


Application of Derivatives Il < 5.197 


|x? 44x45] |(x+2) +1) (x+2) +1 
(10) 10 (10) 
dD 2(x+2) 
Now, —-=—=— = 0 
v de (00) 
=> x=-2 
And hence y is —8 1.e., point is (—2, —8) 
d’D 2 
=—_—— = tive 


dx’ (10) 
And hence min. at (—2,-8) 
The parabola y = x* + px + q cuts the straight line y = 2x — 3 at a point with abscissa 1. If the 
distance between the vertex of the parabola and the x-axis is least then: 
(a) p=Oandq =-2 
(b) p=-—2 andg =0 
(c) least distance between the parabola and x-axis is 2 
(d) least distance between the parabola and x-axis is 1 
When x = 1; y =— 1 (from the line) 
This must lie on the parabola y = x? + px + q 


=> -l=lt+ptg y 
=> pt+q=-2 
Now distance of the vertex of the parabola from the y=2x-3 
X-axis 1s . 
2 2 2 0 2 
P|\)_P _P Pp 
— coe — Se 2 = — ee 
a, ( 2 i ae 
Substituting g = —2 — p here 
p FIGURE 5.304 
Fp)=-2-p 7 
ies — 
Hence f (p)=-1-, =0 
=> p=-2 
Hence gq = 0 


Note that least distance of the vertex from x-axis is 1 


2 
9 + 
Find the minimum value of (x, AX, y + aR 2) where x, € (0, v2) and x, ER’. 
2 


Let y,=y2-x7 and ie Seep? and x, y, =9 
x 


2 
Hence given expression represents the distance between points F (x, y,) and P,(x,,y,) 


lying on the curves x° + y’ =2 and xy = 9 respectively in the first quadrant. 


5.198 > Application of Derivatives II 


ILLUSTRATION 257: 
SOLUTION: 


ILLUSTRATION 258: 


SOLUTION: 


Thus in order to find the least value of the given expression we must find the least distance 
between the indicated curves. 
dy y 9 
Forxy:=9,.-- = -_ => 
cd dx x x’ 2 


. x. : ; 
Hence slope of normal to xy = 9 at £, (x2, yz )is~ and the equation of normal at P, is; 


(y-») = (-»,) 


It must pass through the origin (as we are interested in common normal) 


=0-==2(0-x,)= x =81 


2 
> x, =3>y, =3. 


Thus least distance between the curves is V9+9 — J2 =2V2. 
Hence the least value of the expression is 8. 


Find the shortest distance between the line y = x — 2 and the parabola y= x” + 3x + 2. 


Let P(x,, y,) be a point closet to the line y = x —2 


Then ed = slope of line 

(% .%) 
=> 2x,+3=1 => x,=-1 
=> y,=0 


Hence point (—1, 0) is the closest and its perpen- 
dicular distance from the line y = x — 2 will give the 
shortest distance 


7 PR FIGURE 5.305 
The point (0,5) is closest to the curve x?=2y at 

(a) (2V2,0) (b) (0,0) 

(c) (2,2) (d) None of these 


? 
If x = t, then y = #/2 are the parametric equations of the parabola, any point on it is C 4 
and if its distance from (0, 5) be D. 


2 
t? 
then Z=D? =? (e -s) 


2 
© 545) 25 2G 
dt 2 


t 1 
7-8) = (@ 81) =0 => t=0,+2V2 


2 
a’Z 1 
Now, de a) Br - 8) 


It is tive for t = + 2V2 
t 
D is min. when t = + 2V2, y= 


Points are (+22, 4) 


Application of Derivatives Il < 5.199 


ILLUSTRATION 259: The co-ordinates of a point on the parabola y7 = 8x whose distance from the circle 


x?+ (y + 6)?= 1 is minimum is 
(a) (2, 4) 
(c) (18, -12) 


(b) (2, 4) 
(d) (8, 8) 


SOLUTION: Any point on the parabola y = 8x (4a = 8 or a = 2) is (a?’, 2at) or (2P, 47). Its distance from 
the circle means its distance from the centre (0, —6) of the circle. If D be the distance, then 


Z= 1 =(2Fy + (4t + Oy = 46 +ers 1249) 


dz 


ae Bee 1I2y=0 > 16 (6 + 2t+ 3) =0 


or 16(¢+ 1) (#-—t-3)=0> 
2 

ae 

Point is (2,-4) 


No 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


1. Towns A and B are situated on the same side of a 


straight road at distances a and b respectively, from it. 
Perpendicular drawn from A and B meet the road at the 
points C and D, respectively. The distance between C 
and D is c. A hospital is to be built at a point P on the 
road such that the distance APB is minimum. Find the 
position of P. 


. A lantern must be hanged directly above a circular 
plaza of radius R. At what height it must be installed 
to provide the best lighting form the road around 
the plaza? (the intensity of illumination of a surface 
is directly proportional to the cosine of the angle of 
incidence of the rays and indirectly proportional to the 
square of the distance from the source of light). 


. What must be the dimensions of a symmetrical cross 
of maximum area that can be removed from a circular 
disc of given radius 'a'? (see figure) 


FIGURE 5.306 


i{=—-]l 


=16 (3f + 2) = positive, hence minimum 


4. Amanufacturer plans to construct a cylindrical cane to 


hold one cubic meter of liquid. If the cost of construct- 
ing the top and bottom of the cane is twice the cost of 
constructing the sides, what are the dimensions of the 
most economical cane? 


. The shape of a hole bored by a drill is cone sur- 


mounted by a cylinder. If the cylinder be of height '7' 
and radius 'v' and semi-vertical angle of the cone be a 
where tan a = h/r, show that for a total height H of the 
hole, volume removed is maximum if # = H(V7 + 1)/6 


. A factory D is to be connected by a road with a 


straight railway line on which a town 'A' is situ- 
ated. The distance DB of the factory to the rail- 
way line is 5V3 km., length AB of the railway line 
is 20 km. Freight charges on road are twice the 
charges on the railway. At what point P(AP < AB) 
on the railway line should the road DP be so as to 
ensure minimum freight charges from the factory to 
the town? 


. Find the coordinates of a point on the parabola y = x’ 


+ 7x + 2 which is closest to the straight line y = 3x—3. 


2 2 


y 


. Find the point of the hyperbola calle | which is 


24 18 
closest to the straight line 3x + 2y + 1 = 0. Compute 


5.200 > Application of Derivatives I 


the distance between the point and the line. 


Find the point on p*x? + 9y* = 9p’, 9 < p* < 18, that is 
farthest from the point (—3, 0). 


. Prove that the minimum intercept made by the axes on 


2 2 


the tangent to the ellipse tae =l isa-+t b. Prove 
a 


further that it is divided at the point of contact into 
parts which are equal to semi-axes, respectively. 


Answer Keys 


ac 
1. At distance x = 


— 
(4z7)3 
11 
7. (-2, -8 8. (—6, 3), 
( ) (6, 3) Ti 
11. 3.1] 13. (a— 5) 


11. 


12. 


Find the point (a, 8) on the ellipse 4x? + 3y° = 
12 in the first quadrant, so that the area enclosed 
by the lines y = x, y = B, x = a@ and the x-axis is 
maximum. 


N is the foot of the L' drawn from the centre O on to 
the tangent at a point P on the ellipse (a > b). Prove 
that the maximum area of the triangle OPN is 


] 
rica —b’) and find the maximum length of PN. 


from C. 2. eid 3: 10-25 5-2/5 
2 4, 
5 5 


6. At distance x = 5 km from B 


9. (3, 0) 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. 


The shortest distance between the line y — x = 1 and 
the curve x = y’ is 
2/3 


3 rs 


V3 
d aca 
(@) ~ 
If 8 is the semi vertical angle of a cone of maximum 
volume and given slant height, then tan 0 is given by 
(a) 2 (b) 1 


(c) V2 (d) V3 


. A circular sector of perimeter 60 m with maximum 


area is to be constructed. The radius the circular arc in 
metre must be 
(a) 20 
(c) 15 


(b) 5 
(d) 10 


. Divide 12 into two parts such that the product of the 


square of one part and fourth power of the second part 
is Maximum, are 
(a) 6,6 
(c) 4,8 


(b) 5,7 
(d) 3,9 


. The minimum value 2x + 3y, when xy = 6 is 


(a) 9 
(c) 8 


(b) 12 
(d) 6 


. The maximum area of the rectangle that can be 


inscribed in a circle of radius r, is 
(a) cr (b) 7°’ 
(c) mr’/4 (d) 2r° 


. The perimeter of a sector is a constant. If its area is to 


be maximum, the sectorial angle is 


c 


a Va 
b 
(a) = (b) 
(c) 4° (d) 2° 
. The maximum value of xy, when x + 2y = 8 is 
(a) 20 (b) 16 
(c) 24 (d) 8 
. Ifx + y = 8, then maximum value of x’y is 
2048 2048 
ee b ee 
(a) = ) = 
2048 2048 
pa d tien 
Oo = () = 
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10. If x —2y = 4, the minimum value of xy is a 
(a) —2 (b) 0 (c) == (d) -— 
V2ab 2ab 

(c) 0 (d) -3 7 


13. The point (0, 5) is closer the curve x? = 2y at 
11. The sum of two numbers is 20. If the product of the 


square of one number and cube of the other is maxi- (a) (2V2, 2) (b) (0, 0) 
mum, then the numbers are (c) (2, 2) (d) None of these 
(a) 12,8 (b) 3,4 | | ey | - 
(c) 9, 12 (d) 15, 18 14. If Pis a point on yt Ee =1 with focii S and S', then 
12. If a*x* + b*y* = c*, then maximum value the maximum value of ASP" is 
of xy is (a) ab (b) abe? 
C2 3 (c) abe (d) ab/e 
(a) ee (oy 
ab ab 
Answer Keys 


1. (a) 2. (c) 3. (c) 4. (c) 5. (b) 6. (d) 7. (d) 8. (d) 9. (d) 10. (a) 
WW. (a) 12.(c) 13.(d) 14. (c) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLE 


1. Let three degree polynomial function f(x) has local 


maximum at x = — 1 and f(-1) = 2, f(3) = 18, f(x) has 

a minima at 

x = 0, then: 

(a) The distance between (—l, 2) and (a, f (a)) 
where a denotes point where function has local 
max/min is 2V5 

(b) The function decreases from 1 to 2V5 

(c) The function increases from 1 to 2V5 

(d) The function decreases from —1 to 1 


Solution: (a) Let f%) = ax’? + bx +ext+d 
fC1) = 2, f3) = 18, f(x) has a min. at x = 0, so that 
f'G) = 90 at x = 0, f(y) has a local max, at x =— 1 
. f(-l1)=0 
These conditions imply—a+b-—c+d=2 
27a +9b+3c+d=18 
. 28a + 8b + 4c = 16 
IG) = 3ax? + 2bx + c, f(x) = 6ax + 2b 
fC-1)=0 
3a—2b+c =0, f'(0) =90 
b=0 
Putting b = 0, 7a +c =4,3a+c=0 
a=l1,c=-3,b..d=0 
Hence f(x) = x — 3x 
. fie) =3 0-1), fd) = 6x 
Now, f(x) = 0 
=> x=1,-l1;y =-2, 2 respectively 
(1, — 2) or (-1, 2) = (a, fla)) 
Now, /"(4) = 6x = 6 atx = 1,=-6atx =- 1 
at (1, — 2), f(x) is min. and at(—1,2), f(x) is max. 


d? =J44+16 =2V5 


. The set of values of 2% for which the function 
f(x) = (44 — 3) (x + logs) +2 (A—7). cot sin’ = does 


J 


not posses critical point is: 


(a) [I, 00) (b) (2, ©) 
(c) (00, 4/3) (d) (2, — 1) 


Solution: (0, c) 2cot—sin? ~ = 2cos—sin~ = sin x 
2 2 2 


f(x) = (4A — 3) & + log5) + (A — 7) sinx 
f) = (44-3) + (A— 7) cos x = 0 (1) 
pe ... (il) 
A-7 
Now—1<cosx<1l 
4A -3 
A-7 


-l< <1; Above gives us two inequalities 


—5/4 +10 - 3A 4+4 Z 

A-7 A-7 
ay OD eG) 

A-' A-' 
Above are the conditions for f(x) to have critical 
points. But the function does not posses critical 
points. Therefore we must have 


5(A — 2) Zoe 3(A + 4/3) 50 
A-7 A-1 
aaa 7) <0 
(A—7) 
scl) Cea 50 
(A—7) 
Xd € (2, 7) or A <— 4/3 or > 7 
dX. € (2, 7) or A € (0, — 4/3) or (7, ©) 
Xd € (2, 8) or A € (00, — 4/3) 


sin 2x 


. The greatest value of the function f(x) =————_~ 
sin{ 1 + -) 


on the interval 0,2 | 1S 


l 
Or (b) V2 
4 (a) -V2 
Solution: (c) f(x)= Sea : es! 
haa x + COS x) : 


(Putting sinx + cosx = 2) 


or fix) = o(t) = V2 (1-2) 


where t = g(x) = sinx + cos x, x € [0, 1/2] 
g(x) =cosx—-—sinx =0> tanx = 1 
x = n/4 and g"(x) <0 


. g(x) is max, when x = 7/4 


Atx=0,t=1..te (1, V2] 

Now 0(f) = s3{+-7) where ¢ € [l, V2] 
(0) = a{i++]>0 

(2) is increasing 


Hence 9(f) is greatest at the end point of interval 


(Lv2]ie. t= V2 


fe) = o()= V2 3 -—-1 


2 


4. The least value of a for which the equation 


——+ 


1 
=a has at least one solution on the 


sinx l—sinx 

interval (0, 7/2) is 

(a) 9 (b) 4 
(c) 8 (d) 1 


4 
Solution: (a) Since a= (++ 


Or 


; , ais least 
sinx l-—sinx 


da 4 l 
—— a9) oe cosx =0 
dx sin’ x (1 —sin x) 


We have to find the values of x in the 
interval (0,7/2). 
cos x # 0 and the other factor when equated to 


Zero give: 
sin x = 2/3 
d’a 8 Z 
a Ce ed aS 
dx sin’ x (l-sinx) 
Put sinx 2 
u =— 
3 
4 5 
cos’ x = ]— —=— 
9 9 
2 
g :-| : +227]=81 
dx 8/27 
ais minimum and its value is 
: =6+3=9 


—_ + ——— 
273 1/3) 
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5. The set of all values of & for which the function 


fx) = (Ke — 3k+2) cos? sin =| +(k—1)x+sinl 
does not posses critical points is 

(a) [1,00) (b) (0,1) U (1,4) 

(c) (-2,4) (d) (1,3) U G,5) 


Solution: (b) Replacing cos? 7 — sin? i by 


ee 
cos 5 3 WE Be 

dy 13 ee 

—=-—(k* -3k+2)sin—+(k-1 

he a ) 5 (A -1) 
Ave ya eS 
2 2 


= ED - 2)sin~— 2 #0 
9) 2 


Because the function does not posses critical points 


2 
k —1 #0 and sin> = -o does not posses any 
solution 7 


> las <1 


— kzand 


=o 
sin— 
_ 2 
=> k#and|k—-2|<2 
=> k#1 and—2<(k-—2)<20r0<k<4 
Thus k lies in the interval (0,4) but k # 1 
Le. k € (0,1) U 0,4) 


. Rectangle of maximum area that can be inscribed in 


an equilateral triangle of side a will have area = 


a3 a3 


v OG 
a’ J3 
8 


Solution: (c) Let the side BC = a be chosen along 
x — axis and altitude AD be along y — axis 


(a) 


(c) (d) None of these 


a 3a’ 


AD? = AC*— DC?= a* ~-—— = 
4 4 
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B 


ip Pee 

Z 
Let QPRS be the rectangle inscribed in the 
triangle. If A be its area, then A = 2xy where (x, y) 
are the coordinates of vertex P which lies on line 


AC whose equation by intercepts form is 
x y 2x 2y _ 


— + —=—_-_ = 1 or—_+—== ee | 
al2 J3a/2 a an3 W) 


2 
Area A = 2xy = “(1-2 | a V3 by (1) 
a 


t -avi(1-)-0 


dx a 
a 
x=— 
4 
2 
ee, <0 and A is maximum 
x 


2 
4=4{1-t a 3 V3 
4\ 4 


8 


7. The semi-vertical angle of a right cone of given total 


surface (including area of base) and max. volume is 


(b) sin” (—.) 


(c) 45° (d) 30° 


_ 1 1 
sin — 
(a) sin! 


Solution: (a) s = ar(r+ J) = constant 


Fe ark 
3 
genet 
9 
or Z= sere —r’) 


Hence z is a function of two variables r and / and 
we will eliminate / with the help of (2) in order 
to make z (i.e., V’) a function of a single variable. 
From (2) [(S/ar) —r] =/ 


Z = Sar [(S/ar)-r) —r’] 
2 
or expe S-3 
9 
a 


or Z= 


Now V is max. when ” i.e., z is max 
dz/dr = (S/9) [2Sr — 8xr*] = 0 
r=Oorr S/4n 

r = 01s obviously rejected 


Now @z/dr’ = (S/9)[2S — 24nr°] 

= (S/9) [2S — 6S] = — (4587/9) < 0 

When r* = S/4n. Hence z i.e. V? is max or Vis max 
Now r* = $/4nx or 4nr? = S = mr’ + arl 


3277 = mrl 
r li ] 
—=— or sina =— 
1 3 3 
a=sin ! — 


3 


8. The ratio of altitude of the cone of greatest volume 


which can be inscribed in a given sphere to the 
diameter of the sphere is 


(a) 2/3 (b) 3/4 
(c) 1/3 (d) 4 
Solution: (a) Let 4 be the height of the cone and r 
be its radius. 

h=CL=CO+OL=a+OL 

OL =h-a 

R =LA = \(O4? - OL?) 

C 


B [tal Np 
or r= V{a?—(h—a)*} = (2Qah — h?} 
V ae = 

3 3 

~ 37 (2ah* ~h’) 


m(2ah—h*)h 


dV/dh = (n/3) (4ah — 3h’) = 0 
h = 0 or 4a/3 

h = 0.(rejected) 

h = 4a/3 = (2/3) (2a) 


2 
h= z (diameter) 


9. Global minimum value of f(x) = x* + x®—x*-— 2x? — x 


—2x + 9 is 
(a) 0 (b) 1 
(c) 5 (d) 9 


Solution: (c) f(x) = x8 + x®—x4—2x3—-x?-2x +9 
If we represent f (x) = (real number)’ + c. Then c will 
be minimum. 


10. 


FO) HOR 20 PAE Oe 2) ee 2 a) 
+(x?-2x + 1)+5 
=(x*-17% +0? - 17% + 0?- 17% +@-1¥% +5 
Obviously at x = 1 all square term will be zero 


=> f(x), = 5 atx = 1 
1+ : (1 : 
sin’ a cos a@ 


is given by 


The minimum value of 


a 
for a €| 0,— 
i ( =) 


(a) 1 
(c) (1 + 2°") 


(b) 2 
(d) None of these 


3 | : 
= 1+ : 
sin" @ cos @ 


fia) = (1 + cosec’a) (1 + sec”a) 
=> f(a)=(ncosec’—' a) -cofa) (1 + sec?a)+(1 + 
cosec”a) (n sec”~'a tan’a) 


1 cos’ a 1 
=> f(a) = 7 x 1+ - + 
sin” a sin’a@ cos" a 
,_ sin’ a 
rr: a aa cos’ a@ 
f' cos’ a \{ cos” cos'atl sin" a+] 
f(a)= ee ee 
sin” @ cos” a sin” a 
sin’ a 
n 
cos” @ 


Now f(a) = 0 


Solution: (c) Letf(a)= (1 + 


(cos” at 1)(cos? a) (sin” at 1)(sin® a) 
sin” a cos" a@ sin” acos”™ a 


cos’3a+ cos’a = sin’ a + sinta 


) 


(cos”?a@ — sin"? a) + cos’a — sia = 0 


) J 


(cosa — sina) [cos”*? a + cos"*!a sina + cos- 
"osin’a +....+ sin”*?a + cos*a + cosa. sina + 
sin’o | 

= (cos a— sin a) [cosa (1 + tana + tan’a +.....+ 
tan”’’a.) + cos’a (1 + tana + tan’a)] = 

Now for @ € (0, 7/2); 
[cos”*? a (1 + tana + ..... 
tana + tan’a)] > 0 

only solution of f(a) =0 > cos a = sina 
a = 71/4 

For a — 1/4-; cosa — sina > 0 => f(a) < 0 
and a — 1/4*; cosa — sina < 0 > f(a) > 0 
a = 7/4 is a point of minima 


tan’”** a) + cos’a (1 + 


) y 


11. 


12. 
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2 


| 


And *(2)- aay 


f(y) is cubic polynomial which has local maximum 

at x = — 1, If f2) = 18, f1) =— 1 and fy) has local 

minima at x = 0, then 

(a) the distance between point of maxima and minima 
is 2, V5. 

(b) f(x) is increasing for x € [1, 2, V5) 

(c) f(x) has local minima at x = 1 

(d) the value of f(0) = 5 


= (1 4 gut y 


Solution: (5, c) Since f(x) has local maxima at 
x =— 1] and f(y) has local minima at x = 0. 
SO) = dx 
2 
x 
f'() araas "(1 = 0) 
Rene 
2 
> K=-2c¢ ...(1) 
again, Integrating both sides we get 
3 
SQ) =A tertd ...(2) 


f@Q)= A{é )r2e+d=18 and 


f=Sterd =—] 
using (1),(11) and (111), we get 
fi(x= 2572" —57)= ons —1)(x+1) 


(using number line rule) 


f(x) is increasing for [1, 2, V5] and f(x) has local 
maximum at x =—1 and f(x) has local minimum at 


34 
x = 1 also, f(0) = a 


Number of solution(s) satisfying the equation, 


3x* — 2x? = log, (x* + 1) — log, x is: 

(a) 1 (b) 2 

(c) 3 (d) None of these 

Solution: (a) Compare the greatest value of the 


function appearing on the left hand side of the equa- 
tion with the least value appearing on the right hand 
side. > x = 1 

Note that L.H.S. has a maximum value | at x = 1 but 
R.H.S. side has a minimum value at x = 1 

= x = 11s the only solution 
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13. A right triangle is drawn in a semicircle of radius 5 


with one of its legs along the diameter. The maximum 
area of the triangle is 


1 3/3 
as b SS 
(a) 4 ) 5 
3/3 1 
eee d — 
Solution: (b) Construct an altitude from B to AC 


meeting the diameter AC at D and produced BD 
intersect circle at E. 
(BD)(DE) = x (1 — x) (property of circle) [AD = x; 
CD =1-x|] 

but BD = DE 


BD = Jx(l—x) 


x-x 
2 
1 

GS x Base x Height) 


x 
Area = A= 


B 
ZaN 
E 
ee 
5 4aN*=3 
2 
34 2 
=> A Noy 2 =0 
Z dx 
3x° —4x° 
Sa 
4 
=> x (3 -4x)=0 
=> x=Oorx =3/4 
d°(A’) _ 6x-12x’ 
dx? 4 
d’ A’ 
C <9 atx =O and<Oatx=% 
dx 
maximum area of triangle is achieved when 
ae 
3 3 V4 16 
=— d A = — K — 
Oe pe ee 


aes fi2-9 _ 3v3 
8 16 32 


9. Let N be any four digit number say x, x, x,x,. Then 


14. 


15. 


ie? saa sae. 


maximum value of ————————— is equal to 
% be x, 
1111 
(a) 1000 (b) ae 
(c) 800 (d) None of these 


Solution: (a) 
N _ 1000x, +100x, +10x, + x, 
X +X, +X, +%, Ky 
(900x, + 990x, + 999x, ) 
(rxtx, +X) 
N 


KF PE, 


= 1000 — 


=> maximum value of = 1000 


Suppose x, and x, are the point of maximum and the 
point of minimum respectively of the function f(x) = 
2x° —9ax’?+ 12a’x + 1 respectively, then for the equal- 
ity x = x, to be true, the value of ‘a' must be 


(a) 0 (b) 2 
(c) 1 (d) 1/4 
Solution: (b) f’ (x) =6 (’—3 ax +2’) 


= 6 (x-2a)(x-a)=0>x=2ao0ra 
f{" (x) =6(2x-3a) 


ecia 
; Now 
f'(a)=-a 
If a>O then x, =a 
Case !: 
X, =2a 
Now x, =x,>a@=2a >a=2 


If a<0O then x, =2a 
Case Il: 
X, =a 
Now x = x, but LHS > 0 and RHS < 0 
not possible 


Point ‘P' lies on the curve y=e”~ and has the 


coordinate (x, a where x > 0. Point Q has the 
coordinates (x, 0). If ‘O' is the origin then the 
maximum area of the triangle POQ is 


| 1 
° Pe ”) Tae 
1 1 
FE Tee 
Solution: (d) Area = A = 


lI 
2 
mh 
a 
—_— 
| 
i) 
cat 
th 
Ld 
lI 
© 


eV? 1 


SA pe fe 
max mb) J8e 


tan(x + Zz) 


16. The minimum value of ——-———— 11s: 
tan x 


(b) 1/2 
(d) 3 


(a) 0 
(c) | 
Solution: (d) f(x) has a period equal to a and can 
take values (—co, 0) 

= 3 is the local minimum value. 


y 


: Local minima 


Rei (x +2] COs x _ sin (2x + %)+sin Z 
: rs ; A\_ win 2 
2 sin x cos (x + 2} sin (2x +4 sin 
] 
a Pare er 
sin (2x + Z)—sin Z 


en eon irae 1 a IB: 
y is minimum if sin ar Se is maximum 


ee 
6 2 
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17. Let f() = =——., ne N, wherex € 0, =) 


(a) f (x) is bounded and it takes both of it's bounds 
and the range of f (x) contains exactly one integral 
point. 

(b) f(x) is bounded and it takes both of it's bounds and 
the range of f (x) contains more than one integral 


point. 
(c) f (x) is bounded but minimum and maximum does 
not exists. 
(d) f (x) is not bounded as the upper bound does not 
exist. 
Solution: (a) Let tanx =f 
= fi) Z 
SS ——— 
ltttite tee 
_ 1 
7 n ] n-l 
i aero el EAs ceererad (a sede eat a 
t t t 
| 
< 
2n+1 


[Equality holds at x = 1/4] 
] 
also f (0) = 0 => range of f (x) is 0, =a 
2n+] 


18. (a) Let f(x) =(1 + Bb?) x?+ 2bx + 1 and let m(b) be the 
minimum value of f(x). As b varies, the range of m (b) 
is 


(a) [0, 1] (b) 0, ;| 
© [5a] (@) 0,1] 
Solution: (a) f(x) =(1 + b*) x? +2bx + 1 


1 + b* > 0 so upward parabola 
D 

min f(x) = m(b) =- — 
4a 


4b? — 4(1+ 5?) 


Nei) 


1 
b) = —; 
a) 1+b’ 
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19. 


20. 


>0 


1 
for 1 + b*>1 and 
1+ 


1 
<1 
1+b° 


<1 


O< 
oo 1+5° 


0<m(b) <1 


If P(x) is a polynomial of degree less than or equal to 
2 and S'is the set of all such polynomials so that P(0) 
= 0, P(1) = 1 and P'’) > 0 V x € [0,1], then 

(a) S=9 

(b) S=ax+1(1-a)x* Vae (0, 2) 

(c) S=ax+(1—-a)x Vae (0, 0) 

(d) S=ax+(l-a)xVae(0, 1) 


Solution: 
bx +c 
Given P(0) = 0 and PO) =1>c=O0anda+b=1 
> a=1-b5 

. P@)=(1—b)x + bx 

=> P'(x)=2(-5b)x +b 

Given P'(x) > 0, V x € [0,1] 

2(1-—b)x+b>0 

When x = 0, b> 0 and when x = 1,5<2 
0<b<2 

S = {1 —a)x’*+ ax, a € €0, 2)} 


(b) Let the polynomial be P(x) = ax* + 


“UY Y 


The tangent to the curve y = e* drawn at the point (c, e*) 
intersects the line joining the points (c. — 1, e*~') and (c 
+ 1, e"') 

(a) on the left of x = c (b) on the night of x =c 


(c) at no point (d) at all points 


Solution: The equation of tangent to the curve 
y=e at (c, &) isy—e =e (x-c) 

and equation of line joining (c — 1, e~ ') and 
(else 1S 


ct+l c-l 


c-l e Te 


—e =————_ [x --(x- 1 
4 faneGen. 
c ing 
a yet = 2 iy (e+) -..(2) 
Subtracting equation (1) and (2), we get 
c c-l c ee 72 c e-e! 
e —e° =e°(x-c)| ———— |+e 
2 
ol 
I-e"-{! e 
ee 2 2-e-e! 
e-e'-2 e-e'-2 


21. 


22. 


ere => 


7 2(e-e") 7 1_ 


> x-c<0>x<e 
The two lines meet on the left of line x = c 


1 
For the function f(x) = xcos—,x 21 
Bs 
(a) for least one x in the interval [1, 00), f(x + 2) — ffx) 
<2 
(b) lim f(x) =1 
(c) for all x in the interval [1, ©), f(x + 2) —f(x) > 2 
(d) f(x) is strictly decreasing in the interval [1, 0) 


1 
Solution: (b,c, d) we have, f(x) =xcos—,x21 
x 
fi(x)= ‘ee 
x x Xx 
lim f(x) =cos0 + (0) x (some finite value) 
lim f(x) =1 
1 1 1 1 | 


1. : 
Also f"(x)=—>sin———>sin———; cos— 
x x x oe x 


=> f(x) a Neo <0,V x €[1,0) 
x x 


= f(x) 1s strictly decreasing in [1, «) 

f(x) > lim f(x) 

f(x+2-f@) 

(x+2)—x 

=> fix + 2)—-fxy) > 2 
Consider the function f (x) = x cos x — sin x, then iden- 
tify the statement which 1s correct. 
(a) fhas a minima at x = 0 
(b) fis monotonic decreasing at x = 0 


(c) fhas a maxima at x = 1 
(d) fis monotonic increasing at x = 7 


(b) f‘ () =—x sin x = 0 when x = 0 
f' 0 )=O)C-)O-) < 0 
f'(O)=-\HG) <0 


f(x) does not have a minima at x = 0. 


Solution: 


| no sign change; 


This also implies that fis decreasing at x = 0 
= (b) is correct 


23. 


24. 


25. 


l 
* 10+P) 


f(x) =-(«xsin x) 
f(a" )=(-)G)(-) > 0 
I(t )=OHG) <0 
ff) = Hx sin x) 
Therefore f(x) has maxima at x — x. Thus also 
means that f(x) is non-monotonic at x = 7. 


sign change from 


positive to negative 


Let f (x) and g (x) be two continuous functions defined 
from R — R, such that f (x,) > f (x,) and 
g (x,) < g @&), V x, > x,, then solution set of 


f( g(a -2a)) > f( gGBa-4)) is 


(a) R (b) 
(c) (1, 4) (d) R—-[1, 4] 
Solution: (c) Obviously f is increasing and g is 


decreasing in (x,, x,) 


Hence f( g(a’ -2a) ) > f(gGa-4)) 

Now, as fis increasing; we get g(a* — 2a) > g(3a — 4) 
a’ — 2a < 3a — 4 (as g is decreasing) 
o—-S5a+4<0 
(a — 1)(a—4) <0 

> ae(l,4) 


A function y = f(x) is given by x = Lee 


for all t > 0 then fis: 


(a) increasing in (0, 3/2) and decreasing in (3/2, 00) 
(b) increasing in (0, 1) 
(c) increasing in (0, ©) 
(d) decreasing in (0, 1) 


dx 2t 

Solution: (b) —=- 
a dt  (1+t)y 

dy_ +3 

dt ¢t(l+t’?y 

dy 1+3t 

—= >0 for t>0 

dx 2 si 


‘. y 1s increasing for every xe(0, 1)] 
” dt 
If = |_——,x>0,#1 the 
fc) | = n 


(a) f(x) 1s an increasing function 
(b) f(x) has a minima at x = 1 
(c) f(x) is a decreasing function 
(d) f(x) has a maxima at x = 1 


26. 


27. 


Application of Derivatives Il < 5.209 


” dt 
Solution: f(x) = | ag 
, In 


For increasing or decreasing function, 
l 


f@)= 7 3x° — 2 .2x (using Leibniz formula) 
nx nx 
1 2 
= — (x -x 
In x! ) 
sign of f(x) 
+ + 
——_—_—______—_—__ 
0 1 


Since f(x) > 0 for x > 0, x # 1 hence f(x) is increasing 
function 
Hence (a) is correct 


f:[1, ©) > R: f() is a monotonic and differentiable 
function and f{(1) = 1, then number of possible 


solutions of the equation f(/(x)) = = is/are 
x 


] 
—2x+2 
(a) 2 (b) 1 
(c) infinite (d) zero 


Solution: (b) g() =/(()) 


g'(x) =f) f(x) > 0 
gl) = A401) =A) = 1 


g(x) = 1 
Also RHS = f{g(x)}> fig(x—)} 
{fx = ; we can infer that the LHS is 


tS 24 42 
> 1 where RHS is < 1 


Only one solution is possible 1.e when both sides 
are equal to 1 


Suppose /’ (x) exists for each x and h(x) = f(x) -f@@)Y 
+ (f(x))° for every real number x. Then. 

(a) h 1s increasing whenever / is increasing 

(b) h is increasing whenever / 1s decreasing 

(c) his decreasing whenever fis decreasing 

(d) nothing can be said in general 


Solution: (a,c) We have 


R(X) = f' C0) — FCO FO +3 fC F OS 
= 3f" (x) fey -2 0045 | 


= 3 f' (x) [fF @&) — 1/39 + 2/9] 
Thus, h' (x) > 0 if f’(x) > 0 
and h' (x) < Oif f'(x) <0 
Therefore, # increases (decreases) whenever f 
increases (decreases). 


5.210 >» Application of Derivatives II 


28. 


29. 


x 


The maximum value of F(x) = | (asint+bcost)dt, 


7216 
abe R,xe 7, Vii 


7 
(a) a+b (b) a V21 -b-— 
(c) 0 (d) None of these 
Solution: (c) Let F’%) =asinx+bcosx<O0VxeE 


a 
1, 
2 
ee 
= F(x) is decreasing in vai 


; ATE” potent 
so, F(x) is maximum at x = ra which is 0. 


Let g(x)= | S(Hdt and f(x) satisfies the equation 
0 


fix + y) =f) + fly) + 2xy — 1 for all x, y €IR and f(0) 
= 2, then 


(a) g increases on (0, 00) and decreases on (—2%, — 0) 
(b) g increases on (0, 0) 

(c) g decreases on (—0, 0) 

(d) g increases on (—00, 0) 


Solution: (d) g(x) = f Ff (t)dt 


=> g(x) =f) 
Now given f(x + y) = f(x) + fly) + 2xy - 1 
Putting x = 0, y = 0; we get 
f(0O) = f(0) + f(0) + 0-1 
=> f(0)=1 
Also given that /(0) = 2 
Now; f(x) = jim IS) 


: in J ODT LA) + 2xh -1- f(x) 


h->0 h 
= fy St 2xh-1 
h0 h 


Applying L'Hospital Rule, we get 
P(x) = tim fh) + 2x 


= f(0) + 2x = 2x +2 
6 flop H=xer+2x+e 7. f0O)=1 > c= 1 
=> fix)=@ + 1P => g(x)>0 
= g(x) 1s an increasing function. Hence g(x) increases 
(— 00, 00) 


30. The function f(x)= 


31. 


log(z#+x) . 

log(e+ x) 

(a) increasing on [0, 0) 

(b) decreasing on [0, ©) 

(c) increasing on [0, 7/e] and decreasing on [7/e, «) 
(d) decreasing on [0, 2/e] and decreasing on [7/e, «) 


Solution: /(x)= petra 
( 1 i ( 1 i 
_ \a@+x e+x 
mY (log(e+x)) 
cre log(e+x) _ log(z +x) 


H+Xx CTX 


Let us cosigner g(x) = x Inx 
=> g(x) = xx—t+hlnx= +2knx 


g'(x) >0V xe (le, ©) and g(x) <0 Vx € (0, 1/e) 
Nowe<zt 

>etx<n+xVxe (0,0) 

=> g(etx)<g(n +x) 
[-.. g(x) is an increasing function for x > 1/e] 

=> (e+x)£(e+x) <(x +x) ln (nm + x) 


éx(e+x) Z n(x +x) 


+x e+x 
£ £ 
n(e+x) n(z+x) 4 
+x e+x 
=> h(x) <0 
h 
6 Hija S25 io) 


(én (e + x)) 
Hence f(x) decreases for [ 0, 2) 

f(x) is cubic polynomial which has local maximum at 

x =-1, If f2)= 18, 

fli) =- 1 and f(y) has local minima at x = 0,then 


(a) the distance between point of maxima and minima 
is 2V5 


(b) f(x) is increasing for x € [1,2v5 | 
(c) f(x) has local minima at x = 1 
(d) the value of f(0) = 5 


Solution: (b), (c) Since f(x) has local maxima at 
x =—1 and f’(x) has local minima at x = 0 


2 fe) =x 


feay= AL +e YC1)=0} 
=> “+e=0 
=> XK=-2c ...(1) 


again, integrating both sides we get 


fo)=AX tec+d ...(il) 
f(2)=2(2|420+d=18 


and f(1) = —+c+d=- .. (IIL) 
Using (1), (11) and (111) we get 
f (x)= il 9x° —57x +34) 


lea 
(x) =—(57x*° -57 
f(x) =7 (57x? -57) 
57 ; 
= rec —1)(x+1) (using number line rule) 


f(x) is increasing for E 2/5 | 


and f(x) has local maximum at x = — 1 and f(x) has 
local minimum at x = 1 


34 
also, /(0)= 7 


32. A truck is to be driven 300 km on a highway at a 


constant speed of x kmph. Speed rules of the highway 
required that 30 < x < 60. The fuel costs Rs 10 per litre 
Zz 


and is consumed at the rate of 2 + = 
600 


liters per hour. 


The wages of the driver are Rs. 200 per hour. The 
most economical speed to drive the truck, in kmph, is 
(a) 30 (b) 60 


(c) 30V3.3 (d) 20V3.3 


300 
Solution: (b) Time taken by the truck = —— hours 
x 


x’ ) 300 . 
petrol consumed = | 2+—— | —— litre expenses on 
600) x 
travelling 
2 
pa 
x 600 x 
60000 6000 
= +—— + 5x 
x Bs 
66000 
= + 5x 
x 


Application of Derivatives Il < 5.211 


dE es 66000 
ax x’ 


most economical speed is 60 kmph. 


+5<0Q for all x € [30, 60] 


2 
33. The curve = es has 
x 


(a) exactly three points of inflection separated by a 
point of maximum and a point of minimum 

(b) exactly two points of inflection with a point of 
maximum lying between them 

(c) exactly two points of inflection with a point of 
minimum lying between them 

(d) exactly three points of inflection separated by two 
points of maximum 


Solution: (a) Graph of y = 


x 
1+x 


Figure from the graph it is clear that there are three 
points of inflection separated by a point of minimum 
and a point of maximum 


25 sre 
Aliter: dy _ 2(1+ x“) oie 7 2(1 = 
dx (1+x*) (1+ x") 


x =— 11s aminimum and x = 1 is a maximum 


dx? (1+ x’)? 
> —4x(1+ x*)-8x(1—x’) 
(l+x°) 


_ 4x —4x° —8x+8x° 2 et 4x? = 4x(x? —3) 
(l+x’) (l+x’) (l+x*) 
there are 3 points of inflection: 
x =0,- V3 : V3 
2 
(-. Te 
points) 


changes sign while x passes through these 


5.212 >» Application of Derivatives II 


SECTION-II 


SUBJECTIVE SOLVED EXAMPLE 


1. Show that the maximum value of (1/x¥ is e!””. 


Solution: Let y = (1/x) ..(1) 
Then logy = x log(1/x) =— x log x 


Differentiating both sides with respect to x, we get 


oe) = ee ee eee ..(11) 
x 


y dx 


Differentiating again with respect to x, we get 


l(dy) 1@ 1 
-+(4) pa ae iii) 
y \dx y dx x 
d 
From (ii),  =—y (1 + log x) 
ax 
= — (1/x)* (1+ log x) ..(1V) 


a dy 
For maximum or minimum values of y, ak = 0 
Xx 


l x 
(+ (1 + log x) = 0, but #0 
x 


1 + logx =0 
log x =—lorx=e!=I/e 
Putting x = 1/e in (ii) and noting that for this 
value of x 
=> sae 0, we get, 
dx 


LoL) 
dx? pea er bak ol RY 


=e (e)\” < 0 
at x = l/e, y has maximum value and the maxi- 
mum value of y is e!”. 


1 1 
. Let f%) = sin’x + A sir’ i eS Find 


the intervals in which A should lie in order that f(x) has 
exactly one minimum and_ exactly one 
maximum. 


1 1 
Solution: f(x) =sin’x +A sin’x, 5 ™<Xx re 


f'(x)= 3 sin? x cosx + 2A sinx cosx 


= sinx cosx (3 sinx + 2A) 
For max. or min. of f (x), 


=> f(x) =0 


=> sin 2x =0 


or 


NIT 


J = — I 
x ane 
3 sinx + 2X = 0 
2A 
sinx = -—, 


Or 


2A 
which is defined only if—1 < a <1 


3 Zi 
2 2 


1 1 
But -—-7<x<-Z 
wen? 2 


the only values of x for which f (x) = 0 are x = 0 
2A 3 
dy = sit |) =|] 0. 
and x = sin ( 3 5 F 


Here A # 0. as then we have only one critical 
point. 

Now f(x) = cos 2x. (3sin x + 2A) + : sin 2x. 3 
COSXxX 

When x = 0, f"(x) = 2A 

Which is + ve or — ve according as A > or < 0 
respectively. 

When x = 0, f (x) is max. if A < 0 and minimum if 
A> 0. 

Also when x = sin7! (24 


f"(*) = (1 — 2sin? x) Gsinx + 2 A) + 3 sin x 


(1 — sin’ x) 


= _8, 9 42 — 8, a+2 peed 
9 14 9 2 2 
Obviously, f(x) is + ve if— 3/2<A<0 
in this case f(x) is minimum 
and f(x) is—ve, if0<A< 3/2 
in this case f(x) is maximum 
Hence f(x) has exactly one minimum and 


exactly one maximum if 


+ = 
9 ———$_o——_—__o——_——_ 


—3/2 0 3/2 


—3/2<r<0 or 0<A<3/2 


3. The function y = 


ax+b 
(x -I)(x-4) 
(2, — 1). Find the values of a and 6 and that y is maxi- 
mum at P. 


has turning point at P 


+b 
Solution: We have y = PET ..(4) 
d > —5x+4)—(ax+b)(2x-5 
Sohag eee, A 
dx (x° —5x+4) 
Since P(2, — 1) is the turning point, 
d 
~=0 


P lies on (1) and at P, — 
dx 


P(2, — 1) lies on (1) 
Substituting x = 2, y =— 1 in (i) 
Also at P (2, — 1), 
dy —2a+(2a+b) _ 
ax 4 7 
> b=0 
‘. From (iil) we get a = 1 
Hence a = 1,b=0 
Putting a = 1, 5 = 0 in (i), we a 
ek: eee ee ee 
x°-5x+4 x-5+4/x 
where z =x—5+ 4/x 
dz 4 d’z 8 


> —=1l-—,—=— 
dx x dx x 


y= == (say) 


dz 
For max. or min. of z. — =0 
dx 
=> 7S 22 
when x =2,y =— 1 
When x =2,y =-1 


2 


d 
and — “= =1 (+ve) 


=> zis minimum at P(2, — 1) 
Hence y = 1/z is max. at P (2, — 1) 


. Find all the values of the parameter a for which the 
points of minima of Oe function f(x) = 1+ a’x — x 
+x+2 
————— < 
+5x+6 
Solution: f(x) =1+a’x-x 


Since points of minima of f (x) satisfy the inequality 


satisfy the inequality — 


x7 4+x4+2 
x7 +5x+6 


We should consider the solution set of the inequality 
as domain of f (x) 


Application of Derivatives Il < 5.213 


xe +x+2 (1+1/2)°+7/4 — 
ee er meme ee ea cra ree 
x? +5x+6 (x+2)(x+3) 
(x + 2) (x + 3) <0 
a, (i) 
f(x) =a?—3x?=0 


Zz 
° 


YW YYY 


a a 
Casel: x = —= then—3< — <-2 
NE V3 
so 3V3 <a <-—2/V3 
a 6a 

: wy Sen ail >0O 

5] 3B 

a7 is point of minima of— 3V3 < a <— 2/V3 


Case ll: x= <= 2 


a a 
===, then =3=< =—— 
ae V3 
or 2V3 <a< 3v3 
Hence ae (-3V3 3 yu (23 ; 3/3) 


. Find real values of x for which 27°". 815" is 


minimum. Also find this minimum values. 


Solution: Let y = 27°, 8182 = 3 3 00s 2x + 4sin 2x 
Now, y will be minimum when 3 cos 2x + 4 sin2x is 
minimum 

Let u = 3 cos 2x + 4 sin 2x 

Putting 3 = r cos0, 4 =r sinO 


then r = /(3° +4’) =5; tanO = 4/3 
8 = tan~! (4/3) 
sin8 = 4/5, cos8 = 3/5 


> 0eEQ 
u = 5 cos (2x — 8) 
=> -5<usd5 


min. wu =—5 
=> y=3°= = 
243 
Also u (so y) will be minimum when cos (2x — 8) 
=—] 


=> 2x-0=2nn+nt 
| 
=> X= new. + 5 tans 


Hence, y will be minimum when x = nz + n/2 + 


5.214 >» Application of Derivatives II 


. Show that (a — l/a — x) (4 — 3 x’) has just one 


maximum and one minimum value. Show also that the 


4 
difference between then is a? +1/a). 


Solution: Let f(x) =(a—- 1/a—x)(4— 3x’) 
I'(x) = 9x? — 6 (a— 1/a)x-4 


This is a quadratic in x, and hence f (x) = 0 gives 
one value, which is maximum and another value 
which is minimum. The two roots are 


6(a—-1/a)+./36(a—-1/a) +144 
ani BAe ene Ne ee 


18 
2a 2 
an ee 
3 3a 
The difference between the values of f (x) at 
2a 
x = -— andx = —I1s 


7 1 4 1 8 8 
= 41 a-— |- | Oa |S 
a} 3a a 3a 9a 
4 1 ae | 8f ;, 1 
3 a a 9 a 


~ 
+ 
Q |e 
NY NN LY 
a 
Le) 
aay 
+ 
—_" 
Le) 
fr N 
Q 
| 
i ae 
NY 
| 
CO 
a. 
Q 
+ 
R|- 
| 
Sy 
ee 


. Obtain the maximum and minimum values of the 


x’? -2xcosa +1 


—————, xER and 0<B <7. 
x’ -2xcos +1 si pn 


expression 


x’? —2xcosa +1 
x’ —2xcos +1 
=, fe r= 1)\(cosa — , 
(x° —2xcos 6 +1) 
_ 2(1—x’)(cos B-cosa@) 
(x? —2xcos B +1)’ 


For maximum or minimum of f(x); f'(x) =0 


Solution: Let f(x)= 


C.0<B<a<7/2) 


x =+] 


of") < 4(cos 8 —cosa)(x*° —3x +2cos f) 


(x? —2xcos B +1)’ 


=> f' (1) <0 and f"-1) > 0 
=> f(x) 1s maximum at x = 1 and minimum at x =- 1 
— Hence maximum and minimum values of f (x) are 
fC) and f(-1) 
2—2cosa 2+2cosa 
- 2—2cos B a 2+2cos B 


- sin’ a /2 - cos’ a /2 
' sin’? B/2 cos’ 8/2 


2(y-1 i 
. Show that log y lies between a=) and 2—— for 
y+ y 
all y > 0 
2(y-1 
Solution: If g(y) = 20) ) log ys 
yl 
(y-1)’ 
2'(v) = - —— <0 forall y>0 
y(y +1)’ 


Thus g(y) is a decreasing function for all y > 0 and as 
g(1) = 0, g (vy) < 0 for all y > 1. 


y-1 1 1 
If h(y) = —— - log y,h\(y)=1-—+- 5 > 0 for all 
BY 2 a 


y> 1. 
h(1) = 0 and A (y) is increasing for all y > 1 so that 
hy) >0,y> 1 


for all y> 1, 


— 2 
BOE Aopye d= 
+] 


l 
When 0 < y< 1, one can introduce y'=— >1 and 
y 


2 
—] 
O y<2— 


. The sum of the surfaces of a cube and a sphere is 


given; show that when the sum of their volume is 
least, the diameter of the sphere is equal to the edge 
of the cube. 


Solution: Let x be side of the cube and r be radius 
of the sphere 


10. 


Surface area = 6x° + 4n rr =k (i) 
Volume =V=x%4+aP°r ...(11) 
dV dr 


...(iii) 


Sa Sy ee 
dx 7 i dx 
Differentiating (1) with respect to x, we get 
dr 
= I Oh = 
dx 


= dr _ _ 3x 
dx 


equation (iii) becomes, 


2ar 


d 3 
GY os 3x27 ++ 40 r? (-*] = 3x (x-2r) ....(iv) 
ax 2mr 


d 
For local maxima/minima, ula = 0 
dx 
=> x=O0orx =2r 


Differentiating (iv) w.r.t. x we get 
d°V 7 dr 


18(2r)? 

2ar 
sum of volume of cube and sphere is least when 
x= 2F 


=> PV" (2r) = 12r-—6r+ +ve 


Choose a and 6 such that the point A(2, 2.5) becomes 
a point of inflection of the curve x*y + a x + 
B y = 0. Will it have some more points of inflection? 
What are they? 


Solution: xy+ax+ By =0 
_, ya Te 
+B) 
2 
, —a& _ 
5, ya reB=*) 
(x° + B) 
a(x? + B)[2x -6 
— [piesa 22) CE 21) y’=0 condition 
(x° + f) 


for point of inflection 


= 2x°-6xf=0 at point (2, 2.5) 
— 2(2) -6(2)B=0 
=> B=4/5 
=> xy+axt py =0 
5 45 
=> 


4. —+a.2.—.—=0 
2 a2 


11. 


Application of Derivatives Il < 5.215 


2a =—-—-10 
= 3 
40 
=> 20> 
3 
sg 
3 
And y” =0 
=> 2x°-6xfB=0 
—> x(2x’ -6f8)=0 


> x=0,x=+ 38 =+2 


Points (—2, — 2.5); (0, 0) are also point of inflection 


A firm has a branch store in each of the three cities 
A, B and C. A and B are 320 km. apart and C is 200 
km. from each of them. A go down 1s to be built equi- 
distant from A and B. In order to minimize the time 
of transportation it should be located so that sum of 
the distances from the godown to each of the cities is 
minimum. Where should the godown be built. 


Solution: At G where GA = GB = 320/V3 and G is 
on the perpendicular bisector of AB 
Let G be the position of go down at a distance x each 
from A and B. 

C 


200 200 


A 160 D 160 B 


Also CD = V(2002 — 160?) = 120 
GD = V(x? — 1602) 
GC = DG — DG = 120 — V(x? — 1602) 
Ify = GA + GB + GC, then 
y = 2x + 120-— V(x? — 160?) 
dy 51 


= 2 -———..2x = 0 for max. /min. 
dx 2,| (x? —1607) 
2 l 
<= ..-(i) 
* (x? -1607 ) 
320 
or 40°-160°) =x 1. x= 
(3) 
dy _ | =! 


1._—$_———_—_ . x. —_——__—- 2x 
V(x? -1607) —-2(x* - 160°)" 


5.216 >» Application of Derivatives I 


I 

| 
V 
o 


320 
“. y is minimum when “1 and G is on the 


perpendicular bisector of AB. 


12. A window of fixed perimeter (inducing the base of 


the arc) is in the form of a rectangle surmounted by 
a semi-circle. The semi-circular portion is fitted with 
coloured glass while the rectangular part 1s fitted with 
clear glass. The clear glass transmits three times as 
much light per square meter as the coloured glass 
does. What is the ratio of the sides of the rectangle so 
that the window transmits the maximum light? 


Solution: Let 27 be the diameter of circular arc and 
x be length the other side of rectangular portion 

...(1) 
Let the amount of light per square meter for the 
coloured glass be c: then for the clear glass it is 3c per 
square metre. Let S denote the total amount of light 


Total perimeter = 2 (2r + x) + mr =k, say 


Coloured glass 


A 


Then S =(2rx)3c+ ee = <[129x + nr? | 
Zz Z 


Cc 
=_l r _— —_— 2 
516 (k-4r-—ar)+ar ] 


= 5 L ork —24r’ —Sar’ | 


© = <[6k -48r—10nr]=0 
r 


6k 
48 +107 
2 
FS _ 1 49102] <0 
dr“ 2 
Max 


(2) 


13. 


14, 


A8r + 10nr = 6 [4r + 2x + ar] by (1) and (2) 
r (24+ 4nr) = 12x .. 27 (6 + 1) = 6x 


Rae = 
x 642 


Find the point on the curve 4x* +a*y’= 4a*; 4< a’ <8 
that is farthest from the point (0, — 2). 


2 2 


Solution: The given equation is = - a =1, which 
a 


represents an ellipse on which any point may be taken 
an (a cos, 2sino). 
If d be its distance from (0, — 2), then let z = d@ = a’ 
cos*@ + 4 (1 + sino) 

d. 
Tae cos o sin @ +8 (1 + sin o) cos d = 0...(i) 
= (4— a’) sin 29 + 8 cosd 
From (1), we get cos o = 0 

] 

Or sing =—~—_ = ———_ > 1 

rey a’-4 a’/4-1 
By the given condition 4 < a* < 8 or 1 < a’?/4 <2 and 
this value is rejected. 
We choose cos 6 = 0 


o = n/2 
So the point becomes (0, 2) 

d*z , 
Also dp = (4 — a’) 2cos20 — 8 sind 


= (4- a’) (-2)-— 8 =2 (a@’ — 8) =-ive as4<a’<8 
Hence z = @ is maximum when ¢ =F 


= Point = (0, 2) 


A tall electric pole is to be kept in vertical position by 
a stretched straight wire from the pole to the ground. 
The wire has to clear a wall 6 meter high and 4m from 
the pole. The least length of the wire that can be used 
between the pole and the ground is 


Let y = OP and ZPOQ=8@ .Then from 
the figure, it is clear that y = 6 cosec 8 + 4 secO 


Solution: 


15. 


16. 


d 
97% cosec 8 cot 8 + 4 sec 6 tan 0 = 0 
For max. or min 

= tan’0 = 6/4 = 3/2 


tanO = 3!2/2'3 


2 
— = 6cosecO cot? A+ 6cosec’O + 4 secO tan’0 
+ 4sec*0 > 0 


Since 8 is an acute angle. Hence is minimum 
when tan@ = 313/218 


Min. value of y is given by 


52. Dee 
y= ais Fg Se ad 
= 9) aia aa a 
2 2 
From a variable point of an ellipse tel 


normal is drawn to the ellipse. The maximum distance 
of the normal from the centre is ellipse is ... 


Solution: Any normal to the ellipse is ax sec t — by 

cosect=a°—b’ 

If p be the length of perpendicular from (0, 0), then 
a’ — p? 


P = ee 
\(a’ sec’ t +.b* cosec’t) 


Now p will be maximum if its denominator 
2 2 2 2 . om his Z 
(a sec’ t+ b* cosec t) is minimum as its numerator 


is constant 


2 2 
a b 
Now, let K =—, a: 
cos’*t sin*t 
dK 
ore 2a’ sec’ ttant — 2b’ cosec’tcott =0 
e  O 
=> tan°t=— 
a 
K=(a+ b)2 


minimum value of VK is (a + b) 


Maximum value of p = (a? — b’)/(a + b) =a-—b 


Two towns located on the same side of the river agree 
to construct a pumping station and filtration plant at 
the river's edge, to be used jointly to supply the towns 
with water. If the distances of the two towns from the 
river are 'a' and 'b' and the distance between them 1s 'c', 
Show that the pipe lines joining them to the pumping 


station is atleast as great as /c’ + 4ab . 


17. 


Application of Derivatives Il < 5.217 


Solution: 2 =AP+PB 
L=Va?+x? + J(K-x/ +b’ 
aL 2x 2(K — x) 


dx Va’ +x? - 2,/(K —x)° +b’ 
dL 


for maximum or minimum ra =0 
x 


x = K-x 
Vae+x? (K-x) +b’ 


x’ [(K—x) + b*) ]=(K—x/) (@ + x’) 
b? x? = a? (K-x/y 


bx =a (K —x) 

x(a+b)=ak 

x= ae (epee 5 
at+b a+b 

|, xe 


atb 


, Ka , Kb 
= fa + Se ee 
(a+b) (a+b) 
a 2 D b 2 2 
= ——,(a+b)y+K* + ——J(a+by+K 
at+b a+b 
2 2 
V(at+tby +K Gat 


a+b 
= (a+b) -c’ -(a—-by 
= Vc’ +4ab 


A point P is given on the circumference of a circle of 
radius r. Chords QR are parallel to the tangent at P. 
Determine the maximum possible area of the triangle 
POR. 


2rcos@(r+rsin@) 


Ar. of APQR = 3 


Solution: 


A(8) = r’ cos@ (1+ sin@) 
A'(8) =r [cos@. cosO@ — (1 + sin®) sin®] 


5.218 >» Application of Derivatives II 


18. 


dI 
F ima, — =24-2b-b’=0 
or maxima, — 


b> +2b-—24=0 
(b + 6)(b—4)=0 
As b#-—6 hence b = 4 


) J 


Ve 
a 


for maximum or minimum A (8) = 0 
cos’8 — sinO (1 + sinO) = 0 


4 
Lenced = | (25-(x4+1) ]}”? dx 
=1 


putx + 1=5sin®@ 


= | — sin’0 — sin® — sin*8 = 0 n/2 Sr 
=2 sin?® + sind — 1 =0 =24 | cos'@d9 = =~ 
=(sinO + 1) (2 sind —- 1) =0 ? 
sind = — | (not possible) Ans. Hencea =—1,65=4;1 = = 
sin8 = 1/2 hence, 8 = 7/6 or S5n/6 
aA 19. If f and F are continuous in [a, b] and derivable in 
18 =— 2 cos@ sin@ — cosO — 2sin@ cosO (a, b) with F' (x) #0 V xe(a,b) . Prove that dc e€ 
aA Giuchitige 2a. 
ea =—ve Fic) FO)-F(@) 
0=1/6 
= df maa Solution: Let K, = /(b)—/(a) and K, = F(b) — F(a) 
_, LO_K 
Pp F '(c) K, 
C/\ 9 Consider a function $(x) = K.F(x) — K,f(x) ....(1) 
\ f (x) and F(x) are continuous in [a, b] and derivable 
in (a, 6) hence (x) will also be continuous and 
differentiable 
A also (a) = K F(a) — K, f (a) 
Q and $ (b) = K,F(b) — K,flb) 
~ now (a) — o(b) = K, (Fla) — F()) — Ka) —f (6) 
=[f (bo) —f (a)] [ F@) — F(O)] — [FO) - FO) 
[f(a)-—f(®) ] 
ae a i} =[f(b)—S(@) ] { Fla) ~ F(b) + F(b) - F(a) |= 0 
a 2 2}2 => (4) = (6) 
3/3 ; Hence rolles theorem is applicable for (x) 
ete “4 .. dsome c € (a, b), such that, 0 ' (c) = 0 


e\(x)],_. = K, F' (i) -K,f' @) =0 
or K, F'(c) =K,f'(c) 


fO _ Ki _f®O-f@ 
F(c) K, F(b)-F(a) 


Find the value of a and b where a < b, for which the 


b 
integral | (24—2x-x’)'? dx has the largest value. 


b 

Solution: /= | [25-—(x+1)*]! * dx 20. Use the mean value theorem to prove e* = 1 + x, 
a VxeR, 

for J to be largest (x + 1)? must be minimum 


Solution: Consider the function f (x) = e* — 1 in 

= 4==116.4a-——1 

, [0, x] where x > 0 

i f= | (24-—2x—x")dx .. f 1s continuous and differentiable hence using 
=] 


LMVT A some c € (0, x) 


Application of Derivatives Il < 5.219 


— (e-lI)-0 — e-l ' = —40 t 
ea a Gee 
fio)= f(x)-f | = g(x) has same critical points as that of f(x). 
x—0 A rough sketch of y = f(x) is 


*—] 
but f' (c) = e°; hence e 


=e°> 1, forx>0 


e—l|>x 
e>x+1 forx>0 sees) 
again consider the function 
f(y =e -1 in [x, 0] where x < 0 
using LMVT J some c € (x, 0) such that 
f(c) = 0-@ -) = l-et me eu! 
—Xx —Xx x 


e —] 


but f(c) = e* hence 


ee | Let zeros of f(x) be a, B 


(e* -1) => g(a), 2(B) are undefined, 
hence <1 forx <0 Nowsinee lim g(x) =0, lim g(x) =—00 , 
(e°—1)>x (as x 1S —ve) lim g(x) =—00 lim g(x) = 00 
e*—-1—x>0forx<0 ve) ad xa" 
from (1) and (2) => x=a,x =f are asymptotes of y = g(x). 
e>x-t+1forx#0 Also lim g(x)=0, lim g(x)=0 


for x = 0 equality holds 


: : = y =0is also an asymptote. 
e2x+1torxeR => x =—3,x =] are local minima of y = f(x) 
21. Find extrema of f(x) = 3x* + 8x? — 18x? + 60. Draw => x =-—3,x = 1 are local maxima of y = g(x) 


d RTE, ee ey Similarly, x = 0 is local minima of y = g(x). 
f(x) PTY penrranin stay geri ene Global extrema of g(x) does not exists. 


global extrema. A rough sketch of y = g(x) is 


graph of g(x) = 


Solution: f(x) =0 
=> 12x @’+2x-3)=0 
=> 12x (x-1)@+3)=0 


=> x =-3,0,1 
fC) = 12(« + 3) x(x - 1) 
+ + 
————+- +--+ 
—~ =3 0 = 1 
local minima occurs at x = — 3, 1 


local maxima occurs at x = 0 
fi-3) =— 75, fU) = 53 are local minima 


S(O) = 60 is local maxima 


22. Let A(1, 2) and BC-2, -4) be two fixed points. 


a nee ae 2 ea A variable point P is chosen on the straight line 
Hence global maxima does not exists: Global y =x such that perimeter of APAB is minimum. 


minima is — 75 Find coordinates of P. 


5.220 » Application of Derivatives II 


23. 


Solution: 


to minimize (PA + PB) 
Let A' be the mirror image of A in the line y = x. 


F(P) = PA + PB 
F(P) = PA' + PB 
But for AP4'B 


PA' + PB = A'B and equality hold when P, A' and B 
becomes collinear. Thus for minimum path length 
point P is that special point for which P4 and PB be 
come incident and reflected rays with respect to the 


mirror y = x. 


Equation of line joining A' and B is y = 2x intersection 


of this line with y = x 1s the point P. 
Hence P = (0, 0). 


yx 


(—2,—4) 


A L cm long wire is went to form a triangle with one 
of its angle 60°. Find the sides of the triangle for 


which area is largest. 


Solution: 


ec bea 
cos— = ——__——_- 
3 2bc 


Since distance AB is fixed so for 
minimizing the perimeter of APAB, we basically have 


Let the sides be a, b, cand ZA=2/3 


24. 


=> 


— 


b° +c’ -—a’* =be 


(b+c) -—a’ =3be 


Alsoat+bt+c=L=> b+c=L-a 


—- 


) YY Y | 


) 


(L—a) —a’ =3bcor bc = SLL —2a) 


Now the area of triangle 
2 L(L-2a)=> Le ee 
4,/3 da 23 
Thus A is a decreasing function of a. We have 

] 
bt+cec= 3-4 and be = L(L-—2a) 


(b—cy =(b+c) -—4c20 


A= bc sin 60° = 


(L-a) = + UL 2a) 


3’ +3a* -6aL>4L -8La 
3a°+2aL-L>0 


(Ga-L(a+L)20=> a2 = 


Thus least value of a is 1/3 and '‘a' attains this 
value when b = c 
whena=L/3,b=c=L/3 


Now A is maximum when a is least. Hence for 
maximum area, sides of the triangle must be equal 
and must be equal to L/3 each. 


If a, b, c be non-zero real numbers such that 


f, (1+cos® x)(ax* + bx +c)dx 


2 
= I, (1+cos* x)(ax* + bx +c)dx =0, then equation ax? 


+ bx + c = 0 will have one root between 0 and 1 and 
other root between 1 and 2. 


Solution: Let f(x)= | : (1+ cos® x)(ax* + bx +c)dx 


=> 
=> 


= 


f'(x) =(1+cos® x)(ax? +. bx +c) 


From given conditions 


fC) =f) =0 
f(0) =f (1) and f (2) —f (0) = 0 
F (9) =f) 


From (ii) and (111), we get f(0) = f(1) =/(2) =0 
By Rolle's theorem for f (x) in [0, 1] 

f' (a) = 0 at least one a such that 0<a <1 

By Rolle's theorem for f (x) in [1, 2] 

f' (B) = 0 at least one B such that 1 < B <2 

Now from (1), f' (a) = 0 


(1+cos® x)(ax’ +bx+c) =0 - l+cos' a #0 


ao’+Bat+c=0 

Similarly, B is a root of the equation ax? + bx + 
c=0 

But equation ax? + bx + c = 0 has one root a 


between 0 and 1, and other root B between 1 
and 2. 


25. IfA, p be real numbers such that x° -Ax* + ux-6=0 


26. 


has its roots real and positive, then the minimum value 
of u is 

Solution: Let f(x) = x -Ax’ +px-6=0 

Let a, B, y be the roots. 


> at+Pt+y=Ar (i) 
and a@f+ By+va=u (ii) 
=> afy=6 _..iiii) 
oa aoenGiaee a 
apy 6 
1 1 1 
= —+o+—st. ...(iv) 
a py 6 
As we know 4M > GM 
1 1 1 
ee eae ae 111 
ay (2 P| ek 
3 apy 
/6 1 1/3 
= a 2 (2) (using (iii) and (iv)) 
1 1/3 18 
=> > 18] — > — 63 
5 a mee 


For all x in [0, 1], let the second derivative f(x) 
of a function f(x) exist and satisfy | f(x) | < 1. If 
f(O) =f), then show that | f(x) | <1 for all in [0, 1]. 
Solution: f" (x) exists for all x in [0, 1] 
. f£(~) and f' (x) are differentiable and continuous in 
[0, 1]. 
Now f (x) is continuous in [0,1] and differentiable 
in (0, 1) and f(0) = f(1) 
‘. By Rolle's theorem there is at least one c such that 
f'(c) =0 
where 0<c< 1. 
Casel: Letx =c then f' (x) =f'(c)=0 
If’ @)|=|0|=0<1 
Case Il: Let x > c. By Lagrange's mean value 
theorem for f' (x) 1n [c, x] 
f'(x)- f°) 


X—-C 


= f"(a) for at least one a, c<a<x 


Co f'(c)=0) 


27. 


Application of Derivatives Il < 5.221 


or f(x) =(x-c) f"(@) 

or | fF MI=!@-o)||f'@)| 
But x € [ 0, 1], c € (0, 1) 
Ix-c|<1-0 or|x-—c|<1 
and | f’"(x)| given 1 for all x € [0, 1] 
| f"(@)| <1 
IFO <1L1 (HIF @OIH1@-S NAF (@I/) 

or |f'(x)| <1 for all [0, 1] 

Case lil: Letx<c then aes 


= f(a) 


If") |=le-x|| f"(@)| 
=> |F OO) <1 
or | f'(x)| <1 
Combining all cases, we get 
| f'(x)| <1 for all x € [0, 1] 
If fis an increasing function from R —> R such that 
f() > 0, fo) # 0 and f~' exists, then show that 
2 -1 
PFO) <9 
dx 
Solution: Let fbe an increasing function 
=> f'(x)>0 and f(x) >0 ...(1) 
(given) 
Let g(x)=f'(x) 
Then f'(g(x)). g'(x) = | 


g'(x)= 


(ii) 


1 sets 
Flex) (e(x) (111) 


Again differentiating both sides with respect to x, 
we get 


g"(x)= > I "'(g(x)).2'(x) (iv) 


"eg : )} 
Let g(x) =f (x) =y 
x = fly) P 
(70). 

wy 1. 

dx f'(y) 

g(x) >0 

From equation (iv), we have 


SS =(g(x))<0 [ - f(g(x)) > 0] 
xX 


PFO) 
dx’ 


0 fv a@=sf 


5.222 >» Application of Derivatives I 


28. 


29. 


Let f(x) =(x-a)(x-b)(x-c),a<b<c. Show that 


f'(x) =0 has two roots one belonging to (a, b) and 
other belonging to (8, c) 


Solution: Here, f(x) being a polynomial is continu- 
ous and differentiable for all real values of x. 


We also have f(a) = f(b) = f(c) 


If we apply Rolle's theorem to f(x) in [a, 5] and [b, c] 
we would observe that f'(x)=0 would have atleast 


one root in (a, 5) and atleast one root in (5, c) 
But f'(x)=0 is a polynomial of degree two, hence 


f'(x)=90 cannot have more than two roots. 

It implies that exactly one root of /’(x)=90 would lie 
in (a, b) and exactly one root of f'(x)=0 would be 
in (, c). 


If the function of f [ 0, 4] > R is differentiable, then 
show that, 


(i) (£14) - SOY =8F' (AS) for a, b € (0, 4) 

(ii) [SO dt=2{a f(a?) +B f(B?)} for all 0 <a, 
B<2 

Solution: (i) Since fis differentiable 


= fis continuous also 
Thus by lagrange's mean value theorem a € (0, 4) 


such that 

FA-fO)_ fA-fO) 
AO earn ; (i) 
Also by intermediate mean value theorem there 
exists b € (0, 4) such that 


f(b) LOtLO 


; ii) 
from (1) and (11), we get 
> fo f= LOLO, LO+f0 
> so sfe-LHFO 
=> 8 f'(a) f(b)=(f4) -C/))’ for some a, b € 
(0, 4) 


(ii) Putting ¢ = 2 we have [ f() dt = [22 f(2)az 
Consider the function of  (¢) is given by f. F(t) dt 


+ ¢(t)= [22 f(2)dz , t € [0, 2] 


30. 


Clearly,  (t) being an integral function of a con- 
tinuous function, 1s continuous and differentiable 
on [0, 2] 


9(2)- 90) 
se =¢(c) 


— j22f@?) de—[ 22 £2) de — 2cf (c’) 


2-0 
(using ot) = 22 f(0)} 
= [22 f(2) dz=4ef (co) i) 


Also by intermediate mean value theorem for c € 
(0, 2) there exists a, B € (0, 2) such that 


= FOOD - $6) where 0<a<c<B<2 


=> 2a f(a’)+2B f(B’)=2{2c f (c’)} 
from (1) and (11) 
J, 22 (2? )dz = 2a f(a") +26 f(B’) 
for allO <a, B <2 


(ii) 


The curves y=a(x) and y=b(x) are concave on an 


interval (a, b). Prove that in the given interval 
(i) the curve f(x) =a(x)+b(x) is concave 


(11) if a(x) and b(x) are positive and have a common 
point of minimum, then the y = a(x)b(x) curve is 


concave. 
Solution: y= a(x); y= d(x); y" > 0 
a"(x)>0; b"(x)>0 


given in the interval (a, 5) 
(i) f(x) = a(x) + B(x) 
=> f"(x)=a"(x)+b"(x) 
f'(x)>0 
a(x); b"(x) 
f(x) is concave in the given interval (a, b) 
(11) a(x) 1s +ve; b(x) 1s +ve both have common point 
of minimum 
=> f(x)=a(x).b(x) 
=> f'(x)=a'(x).b(x)+b'(x).a(x) 
=> f"(x)=a"(x).b(x) +5'(x).a'(x) + b"(x).a(x) + 
b'(x).a'(x) 
a’'(x).b(x) + b"(x).a(x) + 2b'(x).a'(x) 


b"(x)>0; a(x) is +ve 


31. 


32. 


=> a(x) >0; 
a(x) is +ve. 
So b'(x).a‘(x) is +ve. 
Hence f(x) >0 


So f(x) is positive, hence f(x) is concave 


Prove that if the relationship | f(x)| =| @’(x)| is valid 
in the interval [a, b] and o' (x) does not vanish, then 
the |A f(x)| 2|A@(x)| relationship is also valid, 
where A f(x) = f(x+Ax)— f(x) , 
A @(x) = (x + Ax)— G(x) and x and x + Ax are arbi- 
trary points of the interval [a, 5]. 


If f(x), @(x) be two functions defined in 
an interval [a, b] 
f®-f@ _ fo 
g(b)-¢(a) Pc) 
Leta =x;b=x+Ax 
f(xtdxn- fi) _ £0 


Solution: 


7 Ort hx)— dx) (0) 
_, Af) _f'O 

Aga) ¥'(c) 
> [fDOl21¢0d| (given) 
=> [f(Olz1¢'O| 

rol, 
~ 1] 

IA f(x) | | 
=> TAAG)| Ada) | >] (from (1)) 


Applying modulus both sides of (1), 
we get |A f(x)|2| A¢g(x)| 
A cubic f(x) vanishes at x = —2 and has local minimum 


and local maximum at x =— 1 and x = 1/3 respectively. 


14 
If | f(x)dx=—, find the cubic f(x) 
=I 


Solution: Now, since f(x) is a cubic polynomial, 
hence f(x) is a quadratic polynomial and given that 
SG) has its local minima at x = —1 and local maxima 
at x = 1/3. 


ff) =a(xt+1) (x-5] 


2,2 1 
f= af» re | 


33. 


34. 


Application of Derivatives Il < 5.223 


3 2 
Integrating f(x) =a = re -*) HC 


3 3 3 
' f(-2)=0 
> 0 [+ S42 }0 
— @ —_— — —— 
3 3 3 
= 2a 
rans 
3 
x x x 2 
Jo) {3 33 q 
_14 
Given that | 4 f(o= = 
(ea. ae _14 
= 314 +X ee cers 
aft ty) 
3} 4 3 2 
= |24 |-4 
3| 3 3 
“4)-3 
3| 3 3 
> a=3 


Hence f(x) =x? + x*-x+2 


Investigate for maxima and minima for the function 
FS) where 


f(x)= fre —1) ¢-2) +3 (¢-1) (¢-2) Jdt 
Solution: 
fC) = fic —1)(t-2)° +3(t-1)’ (t-2)* Jdx 


By Newton Leibnitz's Rule; we get 
f'(x) =2(¢ — 1) @-— 2)? +3 («- 1)? &—- 2) 
= (x- 1) @-2) (5x-7) 
Now, sign convention of /’(x) is as shown below: 


— oO ————_+—_+_ + © 
1 7/5 2 
Max. atx = 1; f(1)=0 
; 108 
Min. at x = 7/5; {(7/5) =- ——— 
3125 


Find the greatest and least value for the function 


y=xtsin2x,0<x<2n 
Solution: y=x+sin2x xe [0, 27] 


d 
Equating = 70 ; we get 1 +2 cos 2x =0 
x 


5.224 >» Application of Derivatives I 


Now, the greatest value (4) and the least value (m) 
will be given by 


max f (0), (¥) ()s Gal (=r an| 
and 
min) £0./(=).4(7 ).s().1( =}. 202m] 


respectively 
F(O) = 0; f2n) = 2 1; 


((Z)-2+2. (2)-4 +3. 


3 3 2° 3 2 
(2H) 22 NB. (Sa)_5a_v3 
3 3 i 3 32 
* M =2n achieved at x = 2x and m = 0 achieved 
atx = 0. 


35. Suppose ffx) is a function satisfying the following 


conditions: 
G1) f (0) = 2, fd) = 1 
5 
(11) fhas a minimum value at x = 5 and 


(111) for all x, 


2ax 2ax —1 2ax+b+1 
I'@) = b b+1 —1 
2(ax+b) 2ax+2b+1 2ax+b 


Where a, b are some constants. Determine the 
constants a, b and the function f(x). 


Solution: 
2ax 2ax —-1 2ax+b+1 
I'@= b b+1 —1 
2(ax+b) 2ax+2b+1 2ax+b 


On applying C, > C, + C,—C;; we get 


2ax 2ax+b 2ax+b+l1 
fi@-| b 0 “1 
2(ax+b) 2ax+b+1 2ax+b 


36. 


On applying R, > R, — R,, we get 
2ax 2ax+b 2ax+b+1 
f'@= | 6 0 —] 
2b | —] 
On applying R, > R, — 2R,; we get 
2ax 2ax+b 2ax+b+1 
f'@=| 6 0 —] 
0 1 l 
On applying C, > C, — C,; we get 
2ax 2ax+b 1 


fi=-|b 0 =I 
0 l l 


=> f'(x) =2ax +b 
{5 
Now, f > = 0 
=> 5a+b=0 (1) 
Substituting b = — 5a in f(x); we get 
Ff '\Q0) = 2ax —Sa 
=> f') = a(2x—5) 


Integrating both sides; we get 


fd) = a’ —5x) +e 
Given f(0) = 2 and f(1) = 1 
Solving the above equations; we get c = 2 and 


Bee 
4 


=> fa= 7 (2-53) +2 


1 x 5 

N = —(2x-5)=—-— 

ow f'(x) Fac ) a 
5 1 
b= —— andb= — 
4 4 


Suppose f(x) is a real valued polynomial function of 
degree 6 satisfying the following conditions; 

(a) fhas minimum value at x = 0 and 2 

(b) fhas maximum value at x = 1 


One 
x 
| 
(c) forallx, lim—én} 0 — 1]=2. 
x0 x x 
i o = 
x 


Determine f(x). 


37. 


f@) 4 
x 
Solution: lim—log,|) 0 — 1/=2 
t @.2 
x 


=> lm— “tog, |G 4 i} = 2 
x30 x 
{2241} ae 
x 
Let f(x) =ax6+ be t+ott+detertfrteg 


F (x) ae 


= limlog, 


x—0 


For the im en 1) to be finite lim—~— 


must be zero. 


= limax’ + bx’ sertds 24 FS 29 
x0 x xX xX 
=> fix) = ax® + bx? + cx* 


Now, Limlog, LO A) ay 


f(x) 


y 
=e 
2B 
a 
= 
s 
ad 


x2 x0 x 


Lim ax*+ bx +c=2 
x0 


c=2 

Ts) = ax® + bx? + 2x4 

f(x) = 6ax? + 5hx* + 8x? 

Now given that f'(1) = 0 and f'(2) = 0 
6a+5b=-8 ...(i) 
and 24a + 10b =— 8 ... (1) 


YUU dv Y 


) 


2 12 
Solving; we get a= and b=-—= 


eee 
5 


2 
=> fx) = 3 x° 


Find the maximum perimeter of a triangle on a given 


base 'a' and having the given vertical angle a. 


ab _e¢ 


Solution: R= 


2sina 2sinB 2sinc 


38. 


Application of Derivatives Il < 5.225 
P(perimeter) =a+b+c 
P=a+2RsnB+2RsinC 
B-C 

2 


B+c 
=a+A4R sin cos 


A 
L\ 


hy 


We cca 


B-C 
2 


a 
ESPON. cos 


P is max when cos (25*) =| 


a 
> B=C is Fe a CO 


a 
cos— 
2sina@ Ws 


=a+4 


a 
= Fen GRO 


The plan view of a swimming pool consists of a 
semicircle of radius r attached to a rectangle of length 
'2r' and width 's'. If the surface area A of the pool is 
fixed, for what value of '7' and 's' the perimeter 'P" of 
the pool is minimum. 


Solution: Area of swimming pool = area of rect- 


angle + area of semi-circle 
2 


> 4=75+27 


A- sa 
id) 


2r 


P(perimeter) = 2r + 4r + ar 
ar’ 
2 


PeEZ2 +2r+ mr 


5.226 >» Application of Derivatives I 


39. 


A 
pat tort 
yr 2 


._ aP 
Equating a =0; 
r 


we get — 2 geg eG 
ro 2 


A 
—> =o ja 
r 2 

a+4 


= | 2A 
oe eee 
a+4 


For a given curved surface of a right circular cone 
when the volume is maximum, prove that the semi 


1 
vertical angle is sin=! —. 
= 3 


Solution: Let the radius of right circular cone is r 
and semi vertical angle is 9. 

According to question, curved surface area of right 
circular cone 1s given. 

So, Let curved surface area = c (constant) 

=> url=c 


= rl=— (i) 


Now, in AABC, we have 


BC 
sind = —— 
AC 
r 
=> sind = — 
sin 7 
P r : ; 6 
=> sin0 = [from equation (1) 2 = —] 
c/(ar) mr 
2 
= sind = — fii) 
BC 
Again tan = —— 
AB 
r 
=> tan0 = — 
an i 
- —"_=rcot6 
tan 


volume of right circular cone 


1 _ , 
V = —-ar'h 
3 


= V(0)= =r r00t8 


= Li cotd 
3 


: 3/2 
= (Sone) cot 0 


3 A 


csin@\ 
from equaton (ii) r= ( 
1 


l 3/2 


V(0) = E = 5 }sin” * @.coté 


3/2 
psi eg Oe! Ngo 
sin @ 37 


: 1/2 


= k sin'”0. cos0 
dV(O) _ | l 
dé | 2Vsin@ 


cos GO. 3 
=k | ———- sin’ 0 
4% 


cos’ — 2sin’0] 


cos @.cos@—sin’” @sin 7 


k 
2V/sin@ 
k a) a 
= ——T/]-sin‘* 8-2sin’ 0 
a Jeind | 
= ee ec 0] 


2Vsind 
For the volume to be maximum; we must 
dV (@) 0 
dé 
1 — 3sin?8 = 0 
sin’8 = 1/3 


have 


Ye v 


=> sind = ee 
43 


k 
2Vsin@ 
>0 
The sign convention of V'(8) is as shown below 


Now, V’(6) = (1— V3 sin 9) (1+ V3 sin0) 


" _ 
sin-1(1/-/3) 


So, V(@) i.e., volume has maximum vlaue at 


ve 


40. Of all the lines tangent to the graph of the curve 


6 
ar find the equations of the tangent lines of 
x 


minimum and maximum slope. 


Solution: Equation of curve is y=-5 a 
x 

since, we have to find the equation of tangents lines 
of maximum and minimum slope i.e. we have to 


maximise/minimise f'(x). 


f(x) = — 
ey = 6 9) 
=> fY=- (x7 +3) 


=> fi) = gx) =—1 


x 


x 
7 (x? +3) 
gi) =—12| (x? +3)" | 
ee (xf +3) — 4x" (x? +3) 
_ (x? +3)’ 

5 x° +3-4x" 
=~ 12 G2 +3) aS 


3-3x? 


4, (x-)I (t+) 
- (x? +3) 
Now; sign convention of g(x) is as shown below 


+ — + 


——— | 
—1 1 
So, g(x) has maximum value at x = —1 and 
minimum value of x = 1 
—1 12 3 
= g(-1) =- 12 = 
Bmax 81) (143P 16 4 


— maximum slope = 3/4 at the point x = — 
The y — coordinate of f(x) at x = —l can be 
obtained by 


Substituting x =— 1liny= 
a, OL 
w= T 143 4 


Equation of tangent line passes through point 


x? +3 


y 


6 
-1.5 with maximum slope 3/4 is 


y-6/4=3/4 (x +1) 


Application of Derivatives Il < 5.227 


=> 4y-6=3x+3 
=> 3x-4y+6+3=0 


3x -—4y + 9=0 
Similarly g . = g(+1)=- Pal ae 
ae (1+3) 16 
minimum slope = — 3/4 achieved at x = 1 
And at the point x = 1; we have 
6 6 6 
a e435 143 4 


hance equation of tangent line passes through 
: 6 — =): i 
point Pa and minimum slope 471s 


y-2=-2 1) 
=> 4y-6=-3x+3 
=> 4y-6+ 3x-3=0 
. 3x+ 4y-9=0 


3x.(x+l 
. Prove that sin x + 2x > Le ce E 0,2 | . (Sustify 
ye 


the inequality, if any used). 


Solution: Let us consider f(x) = sinx + 2x — 
3x(x +1) 
1 


f'() = cosx + 2— = (2x +1) 


6 
f(x) =-sinx- — <0V xe 0,2 Ff '() decreasing 
ya 


function . (1) 

Also f'(0) = 3 — => 0 ...(i1) 

p(2}-2-2@+y=-1-2<0 (ii) 
2 1 a 


(1), (ii) (iii) there exist certain value x € 0,2 | for 


which f '(x) = 0 and this point must be a point of 
maxima of f(x) since the sign of f '(x) changes +ve 
to —ve 


l 
Also we can sec that (0) = 0 and f (=) =-*__39 


Let x = p be the pt at which the max. of f(x) occurs in 
0.2 since f'(x) = 0 in only once in 0.2 


Consider x € [O, P] 
=> fx) 20 


=> f(x) is an increasing function 


5.228 >» Application of Derivatives I 


42. 


43. 


Also x € Pe 
2 


=> fix) <0 


=> f(0) < fy) [0 <x] 
f(x) 1s decreasing 


=> f(x) >0 
for x < = 
2 
=> fix) > 4(§)>0 


Hence fx) =O Vxe 0.2 | 
Find the greatest rectangle that can be inscribed in a 
circle x? + y* = R? 


Solution: Area of rectangle ABCD = (2x ,,).(2y,) 
Kx ,) = (Area)? = 16x*, (R? — x*,) 


Of (x4) — 16| 2x,(R? — x4) +x7(-2x,) | 
ax , 
= 16| 2R°x, - 4x; | 


2 
- S10) «16 2R? - 1227) 
dx’, 


df (x4) ~0 


A 


for maxima/minima, 


Rectangular with maximum area is a square and 
area of greatest rectangle (square) = (2x ,)(2y,) = 
2R? 
l 
Analyze the graph of f(x)=x+—.Prove that local 
x 


maxima value is less then local minima value. 


l 


A eer (1) 


Solution: 


P"@=5 
x 


For points of local maxima/minima 


3D) 


44. 


fi =0>x=+1 
f'(-1) =— ve 

—> x = -1 is a point of local maxima and local 
maximum value is —2. 
Also f"(1) = +ve 
x = 1 is a point of local minima and local 
minimum value is f(x) = 2 


We further observe that f(x) = 
discontinuous at x = 0 

Also, (1) hm f(x)=e (Asymptotic to y — axis) 
(ii) lim f(x)=-« 
(iii) lim f(x)=0 
(iv) lim f(x) =—20 
(v) f) > OV |x| >1ie, Vx>l1andx<-1. 


=> f(x) is increasing V|x| > 1 otherwise decreasing 


(Asymptotic to y — axis) 
(Asymptotic to y = x) 
(Asymptotic to y = x) 


From the above information, we can draw the graph of 
f(y) as shown in figure. 

Note: A line is asymptote to a graph (curve) if curve 
approaches to that line in the limiting case 


Find the value of a and b, if y = a log x + bx’? + x has 
local maxima and minima at x = —1 and x = 2 respec- 
tively. 


Solution: Since x =— 1 and x = 2 are points of local 
maxima and minima respectively 


d 
So = should vanish at these two values 
x 


dy a 


=—+2bx+1 
dx x 
(+) =-—a-—2b+1=0 ...(1) 
dx x=-1 
(+) =~ +44b+1=0 ii) 
dx },-» 


On solving (1) and (11), we get 
a=2,b=-—-1/2. 


45. Prove that the least perimeter of an isosceles tri- 
angle in which a circle of radius r can be inscribed is 
6r V3. 


Solution: Let a be the semi — vertical angle of the 
AABC 
AE =rcota 
amen ay) 
. AD=AI+ID 

=rcoseca +r=r(coseca+ 1) 

BD = AD tana 

= rtana (1 + coseca) 

=rtanatrseca 

Since AABC 1s isosceles, AD bisects BC 
=> BD=CD 

46. 


Recall: Length of tangents to a circle from outside 

points are equal in magnitude 

CD = CE and BD = BF 

Perimeter = 2 (AE + BD + CD) = P(say) 

P=(AE +2 BD)x2 

P=[rcota+2r(tana+seca)]| x2 

0 (1+sin* a+2sina) 

sina cosa 

dP _2r(1+sina)’(2sina—1) 


da (sina cosa)’ 


. ee ce 
for maxima and minima — =0 
da 
sina =—lorsina = 1/2 


; ya 
Not possible or @ = Zz 


a, : me te 
To prove that @ =a is a point of local minima, 


we can use the first derivative test or second 
derivative test. Which one should be prefer? 
Think, before you proceed further. 


Application of Derivatives II < 5.229 


O 


p(z-4 =—ve sin 2-1) <> 
6 6 2 
P(E +n |=He vsin{ Z44)> 
6 6 2 
a : So 
=> a is a point of local minima 
2r|L+sin? + 2sin 7 | 
> n,<2(2)-)—b do, 
6 ee 
sin — cos— 
6 6 


Find the maximum surface area of a cylinder that can 
be inscribed in a given sphere of radius R. 


Solution: Let 7 be the radius and h be the height of 
cylinder. Consider the right triangle shown in figure 
r = Rcos@ and h = 2R sino. 

Surface area of the cylinder S(0) = 2a rh+22°r 


S(8) = 4nR? sin®8 cosO + 2 1R?* cos’ 

S(8) = 2nR* sin 20 + 2 1R? cos’0 

S'(8) = 4nR? cos 20 — 2 mR? sin2 0 
Equating S‘(8) = 0 > 2 cos 20 — sin20 = 0 
tan20 = 2 


l 
=> @=—tan~'!2 
7 an 


S V (0) =— 8 mR’ sin’0 — 4 1R? cos20 


S"(0) = —82R? | —47R* | <0 


Deas as 
Hence surface area is maximum for 0 = a we 
S_4. = 2 7 R’sin20 + 2nR* cos’O 


S_ = 2aR* | +22R° ea = nR?(1 + V5) 


5.230 >» Application of Derivatives I 


47. 


48. 


37 5 
Prove that at x = 1/5, f(x) = 24x° aes “| x3+ 4x? 
—x + 5 has local minima 


Solution: f(x) = 120 x* — 74x3 — 5x? + 8x-1 
Well, this is difficult to factories 
You should have realized that there is no need to 


ce 
factories, you just need to verify that f 2) is zero 


| — |=120. — |-74] — |-5] — |+8] —|-1 
F(z) be G @ | 
= + (24-74-25 +200-125) =0 
5 


at x = 1/5, there could be a local maxima/minima 
Think before proceeding further: 

Should we use first derivative test or second 
derivative test 


1 1 
It is difficult to find f{2-h Jor (22), SO we 


find f" 2) . 


=> f'(x) = 480x° — 222 x°- 10x + 8 


(3) = 480.5-222(]-248 = +ve 
5 5 25 


| ae ae 
x= 5 is a point of local minima 


For all real 'x', find the points of local maxima/ 
- 1-x+x° 
minima of ———. 
l+x+x 


Solution: 


Method 1: The equation can be rewritten as 
_ (l+x+x°)-—2x 
dt xx? 
2x 
(l+x+x’) 


Or y=l- Or y=l- 


—+1+x 
xX 


1 
Let z=—+1+x 
XxX 


2 
We have y=1-— 
Zz 


If for x = x,, z has local maxima, then for x = x,, y has 
local maxima 

If for x = x,,z has local minima, then for x =x, y has 
local minima 

Now we have to simply find maximas and minimas 
of 'z' 


—=-—+ +1 

dx x 

dz . Sees 

rs = 0 (for maxima/minima) 

x 

=~ 2 1 or at: 1 a : 

x= x = we 
dx x? 


d’ 
Now (<) =2>0 (minima) 
dx” )} _, 


d’ 
Again (=) =-2<0 (maxima) 
dx") _, 


2 


l-x+ 
So y= = aad has a minima at x = 1 and its 
l+x+x 
corresponding value is f(1) = 0 and has a maxima 
at x = — 1 and its corresponding value is f(—1) = 3 
l—-x+x’ 
Method 2: =a EEF 
etho as ESTES (f(x) say) 
dy (1+x+x?)(2x-1)(1-x+x7)(1+2x) 
dx (l+ x42 iE 
— 2x-)Yer+) 
(lt¢x+x°y 
be vy 
For points of maxima minima / ‘(x)= ee =0 
Xx 


a) ee el | 
Consider x = 1 
Left hand derivative at x = 1 


aie 20-h-)Dd-hA+1) az 2(—h)(2 —h) 
(+ve) (+ve) 
_ 2(-ve)(+ve) _ 5 
7 (+ve) 7 


Right hand derivative at x = 1 


f(+h)= 21+h-1)+h+1) _ 2(+ve)(+ve) ae 
(+ve) (+ve) 
(note) h > 0, h>0) 


—> x = 11s a point of local minima and its minima 
] 
value is f(1) = 3 


Consider x = — 1 
Left hand derivative at x = — 1 


2(-1-—h—-1)(-1-A+1 


_— 2(-2-h)\(-h) _ 2(-ve)(-ve) 
- +ve 7 (+ve) 


= +ve (where h > 0, h — 0) 


Right hand derivative at x =— 1 
2(-1+h-1)(-14+A+1) 


ee (+ve) 
— 26-2+h)h)  2(-ve)(+ve) 
7 (+ve) 7 (+ve) 
=-—ve 
=> x =-1 is a point of local maxima and its local 
maximum value is f(—1) = 3 
1 1l-x+x? 
Can we say Ao eee 


Think before you proceed further: 
l-x+x° 

L+x4x7 
yptxaytxery=1l-xtxr 

> xr’(y-Dt+xyvt)l+o-)H=0 
Since, x 1s real, D > 0 

y+ 1P-40Q-l1(Q-1)20 

(y+ 1yYr—-Qy-2y 20 
(yv+1—2y+2)(vt+1+2y—2)20 
(3-—y) Gy-1)20 


1 
(y — 3) [y-z}<0 


Method 3: Let y= 


YUUY 


=> 

=> ae <3 
a 
Well let us return to method 2. We have proved 
that at x = —1, we have a point of local maxima 


and its value is 3 and at x = 1, we have a point of 
= 1 
local minima and its value is 3 One possible 


graph of the given function based on this 


information could be. 


But according to method 3, absolute minimum of 
or : 
the function is 3 and absolute maximum of the 


function is 3. So, let us analyze the problem fur- 
ther using calculus. 


Application of Derivatives Il < 5.231 
f(0) = 1 
bay 
2 aaa 0-0+1 
lim f(x) = liim——— = = 
X00 IC ) X00 a 0+0+1 
ee 
ae 0+0+1 
lim f(x) = lim ——— = = 
A ge SH 60-041 
ee x 
2(x? -1 
Further we observe that f(x) ee caeae 
(x° +x+1) 


positive V x € (-«, — 1) U (J, &) Le., in this 
interval f(x) is increasing and V — 1 <x < 1, f(x) 
is negative i.e. in this interval, f(x) a decreasing 
function 

Using this information, we can draw the graph of 


1=x+x°* 
f(xy= a as follows 
l+x+x 


y 
3 
y=1 
| x 
1 
x 
49. Prove that — is maximum’ when 
1+xtanx 
x =cos x, for0<x<n7/2 
x 
Solution: Given y=—————(= f (x)say) 
1+xtanx 
l l l 
y can be rewritten as y = 1 = — where z =— + tan x 
—tanx 7 : 
x 


=> 'y' is maximum when 'z' is minimum and 'y' is 
minimum when 'z' is maximum 
So, to find maximum of y, we find minimum of z. 


dz 2 

—=——,+sec" x 

dx x 

dz ti 

on =0 for points of local maximum/minima 
x 


=> x =+Ccosx 


Note: In this problem, we are required to find 
absolute maximum or minimum. So we should not 
find second derivative. We should find value of the 
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50. 


51. 


function at the end points as well as at the points, 
where there is a possibility of local maxima/minima. 
cos x 


f (cos x) = —————————_ = + ve 
1+cos x tan(cos x) 


(-. x = cos x € [0, 1]) 
( E (0,2) 
2 


woe (2 


x = cos x 1s a point of absolute maximum for f (x). 
Find the co-ordinates of the point on the curve 


x 
y rae , where tangent to the curve has greatest 
x 


slope? 


Solution: It is important to note that it is not the 


d 
value of 'y' which is maximum rather it is value of es 
Xx 


dy  1-x? 
— = ——____ = §(sa 
a ax (it+x’) (say) 


Now we have to check the maximum value S. 


dS 2x(1+.x’)(x’ -3) 
50). SS 


dx (l+x’)* 
_ 2x(x* -3) 
— 4x’y 


dS 
Equation = =0 for points of local maxima/minima, 
x 
we get x = 0 or + V3 
dS 
It can be checked that a changes sign from (+)ve to 
x 


(—)ve about x = 0, so maxima at x = 0 

And at x = + V3 slope changes from (—) ve to (+)ve, 
so minima at both points. 

When x = 0, y is equal to 0. 


x 
So the co — ordinate at which curve y areas > has 
x 


greatest value of slope of tangent is origin. 


Let (h, k) be a fixed point, where h > 0, k > 0. A 
straight line passing through this point cuts the 
positive direction of the coordinate axes at the point P 
and Q. Find the minimum area of the triangle OPQ, O 
being the origin. 

Solution: Equation of any line through the point (h, 
kK)isy—k=m(x-h) 

For this line to intersect the positive direction of two 
axes, m = tanO < 0. 


k 
The line (1) meets x-axis in p(n—*.0) and 
m 


y-axis in O(0, k — mh) 
Let A = Area of triangle OPQ 


l 1 k 
= arg) = AG -=\e —mh) 


l 
= ——(k-—mhy 
ae ) 
eee (k —htand)y 
2 tan 
Si [k? +h’ tan’ 0 —2hk tan 6] 
2 tan 
= = (2hk —k’ cot@—h’ tan] 
oe qe (—cos ec’) —h’ sec’ 0] 
d@ 2 
Now, 
aries dA 
To obtain minimum value of A, we put 70 =0, 
This implies k? cosec” 8 — h? sec” 9 = 0 
k? h? 
sin20 cos?0 
= tan = +k/h 
k 
As tan@ < 0, we get tan0 = re 
d’A 1 2 2 2 2 
Next, ya ae cosec’@ cot@—2h* sec’ PO tan d] 


=— [kK (1 + cof’@) cotO + A? (1 + tan 76) tan 0] 


| 
de” tan 0=—-k/h 
2 2 
=—|k? (ee (4 h° ies Ga 
k k h h 


hk 
= (h° + kK?) | —+—|>0 
ces ey (Z+8 | 


k 
Thus, 4 is least when tan 0 = “ae Also the least 


value of A is 


sam [ome ()-"(-4) 


A= = [2hk + hk +hk] = 2hk 


Method 2: tan@= ss 
MP 


=> k= MP tanO 
=> MP=kcot0 


Area = 5 X(h+ kot 0)(k + htan @) 


= = (2hk +h’ tan@+k’ cot 6) 


< = nla sec’ 0—k* cosec’6] 


dA 
For local maxima/minima 76 = (0) 


h? k? 
cos?@sin26 


ky 

tan*® = | — 
> wo - (£) 
k 
tanO = +| — 
no = (4 | 


Since, 9 is acute andh>0,k>0 


k 
tan@ = +— 
=> tan h 


d*A_| 
de 2 [h’ (2 sec 8 tanO) + k’ (2 cosec® cot@)] > 


OVOe (0,5) (see figure) 


k 
tan0 = y is point of local minima. 


Think before proceeding further: 


ae kK, 
Use first derivative to prove that tan@ a is a 


point of local minima 


2 
ior u id {tan +4 (tano—*) 
d@ | 2(sin@) h h 


Application of Derivatives Il < 5.233 


= | = 


Let atO0 = 0,, tanO, = 


A(8, — AO) = [+ve] tan (0, —-A@) -*) =—ve 


(. tan(@, -A@)< 4 


AO, + AQ) = [tve] tan (0, +A8) =) =+ve 
& tan(@, +A@) > 4 


1 hk hk 
(Area). = si + my + *) 


= 5 (2h 2K) = 2hk 


52. Determine the points of maxima and minima of the 


l 
function FH)=F Inx— bx + x*,x > 0 where b > 0 is 
constant 


Solution: Note that f(x) is differentiable for each 
x>0 


Thus, critical points of f(x) = 0 are solutions we have 
fo= a b+2x 
8x 


For critical points, we solve f(x) = 0 
Now since equation f(x) = 0 1s quadratic in x, so on 


b+ Vb? -1 
ancy a 
For x to be real, b?>—- 1 >0; b<—1lorb>1 
but b = 0 is given, so b= 1 


" ae 2 
I") = on 


DANO Al ey yi i} +16 
4° 8| (b+ (6? -1) 


I 
solving ~~ 6 + 2x= 0, we get x= 
x 


At x 


l 
= 2) 1-———_ | as > 1 
| ad ae 
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+ b+ vb?4+1>1 
2 
=> (6+ Ve? 1] >] 
1 


(6+ 5-1) 


<1 


S' (x) = +ve for x= forb>1 


a 


b+vVb’ -1 
4 


16 
sf "(x)= 2- 
soe oo 


1 
— 2} 1 -——_=—_ 0 <b - Vb? -1 <1 forb>1 
| _ 


Vb’ -1 
(1) For b> 1, f(x) has maxima at x = ri and 
oe b+vb’ -1 
minima at x =—————_- 
4 
we 1 
For b = 1, f"() = 0, I: (x) = 8x "45 


aera +0 (ona 

4(1/ 4) 4 

If b = 1 then function has neither maxima nor 
minima at any x. 

Note: Forb=1 


So f"(x) = 


(4x-1) 


FC ee ee >0 Vx>0 
8x 


‘. f(x) is strictly increasing function 


53. A rectangular sheet of metal has four equal square 


portions removed at the corner and the sides are then 
turned up so as to form an open rectangular box. Show 
that when the volume contained in the box is maxi- 


1 
mum, the depth will be AG B4 Sop ee i 
Where a, b are the sides of the original rectangle. 


Solution: Let x be the length of each side of the 
squares removed at the corner. Then the dimension of 
the box are (a — 2x), (b — 2x) and x, see figure 


54. 


V be the volume containing in the box, then 

V = (a — 2x) (b — 2x)x 

V = 4x° — 2x? (a + b) + abx .. (i) 

OF ie AGA eak: .. (il) 

dx 

sil os 
= 24x -4(a+b) ... (ill) 


. aV 
a to zero, we get 
Xx 


12x?- 4x (a + b) + ab =0 


_ A(a+b)+VJ16(at b)’ —48ab 


24 
-2| (a+b) (a+b) ~3ab | 


r= (a+b) (a—by + ab | 


The value of x are real as {(a — b) + ab} is 
positive 


Let x=—| (a+b) +Ve +b’ ab | 
2a—b-Va’ +b’ —ab 


+ aan Tne, ...(iv) 


or 


(Should be greater than zero) similarly, 


b-—2x =2b-a— Va’ +b’-ab>0 ...(V) 
Adding (iv) and (v), we get a+b > 2Va’ +b° —ab 
Squaring and simplifying, we get (a— b)’ <0 
which is false 


l 
> x =| (a+b) +a" +b? ab | is rejected 


2 


dV 
Al 
Sa 


—=-4/a’* +b’ —ab forx=—| a +b—-Va’ +b’ ab | 


Volume is maximum for this value x, i.e. depth of 
the box 


= 24x-4(a+b) 


Assuming the petrol burnt (per hour) in driving a 
motor boat varies as the cube of its velocity, show that 


most economical speed when going against a current 


3 
of c km per hour is = kms/hour. 


Solution: 
v km/hour 


Then velocity of the boat relative to the current = 
(v — c) km per hour 


Let the velocity of the motor boat be 


36. 


Let the total distance to be covered be 'a' k 


Also we are given that petrol that burns in covering 'a' 
kms is given by 


P=K——y’ (K is proportional constant) 
v—-c 
ee ee 342 
aP _ uk (v—c)v a (1) = ak(2v 2 ) x 
dv (v-c) (v—c) 
d’p ak 
ae = eo —c) (6v’ —6vc) —(2v’ —3cv")2(v- c)} 


: ico |[u0-e ~2v?(2v—3e) 


._  aP 
Equating Wy to zero, we get 2v’ — 3cv* = 0 
Vv 


3 
Which gives wither v = 0 or (> C 


3c d’ 


v= 
2 adv 


= Positive 1.e., P is minimum 


wera 3c 
Petrol burnt is minimum when v= = 


3 
1.e. the most economical speed is (= km/hour 


The sum of the surfaces of a cube and a sphere is 
given; show that when the sum of their volume is 
least, the diameter of the sphere is equal to the edge 
of the cube. 


Solution: Let x be side of the cube and r be radius 
of the sphere 
Surface Area = 6x* + 4nr’ = k (constant) 


acl) 
(2) 


If we substitute the value of r from the equation (1) 
to equation (2) proceed further, then the calculations 
become complicated. Try it. Before proceeding fur- 
ther think, what else can be done? 


4 
Volume = V= x° + ar 


dV d 
“ =3x? +427? = (from (2)) 4G) 
dx dx 
Differentiating (1) with respect to x, we get 
dr dr 3x 
12x + 8ur —=0>— =-— 
oe dx dx 2ar 
dV 3 
equation (3) becomes, — =3x* +4zr’ (- 2] 
dx 2ar 
= 3x (x — 2r) ...(4) 
For local maxima/minima, 
dV 


—=0>x=0o0rx=2r 
dx 
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Differentiating (4) w.r.t x we get 


2 
e = 6x — 6r —6x— 
dx Xx 
= 6x — 6r — 6x (- 2] 
2ar 
v"(0) =— ve 
18(2r) 


V"(2r) = 12r—-6r + 


= +ve 


Sum of volume of cube and sphere is least when 
x =2r. 


Determine the least value of the function 
fo) =(x+a+b)(x+a-—b)(x-a+t b)(x-a-b), 
where a and b are real constant 


Solution: This problem can be solved easily without 
using calculus as follows: 
f(x) = (x + (a + b)) & — (a + B)) (& + (a — B)) 
(x — (a— 5)) 
= (x’ — (a + B)’) (x’ — (a— by’) 
=f—t((a + by + (a — by’) + (a — 6’) where 
t= x 
=P-2t(a@+b’*)+(a7’-by 
= (t— (a’ a3 bh’)? -< (a’ zs b’) Hes (a’ _ b’)y 
= (x? — (a + b’)? — 4a°b’ 
Fin = — 4a°b* when x* = a? + b* 


f(x) has local minima's at x =+¥V a’ +b’ 
Because of symmetry, f(x) should have local maxima 
at x = 0. And its local maxima value is 


J(0) = (a + b) (a — 5) (6 —a)(-a - B) 
=(a + by (a— b)’= (a — B*y’ 
Method 2: f(x) = (x’— (a + b)’) (x — (a— b)’) 
fd) = 0? - (a + bY. (2x) + G?- (a — bY. 2x = 4x 
be—(@ + BY 
For points of local maxima/minima 
fo) =0>x [°-(@ + B*)=0 


+ x=Oor x=tWVa’? +0’ 


f'(x) = 3x*— (a? + B’) 
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38. 


59. 


f'(0) =~ (a + B) =~ ve 
= x =0is point of local maxima 


f"(4Na’ +b’) =2(a’ +b’) =4ve 
=> x=+Va’+b’ are points of local minima's. 


Two towns, located on the same side of a straight 
river, agree to construct a pumping station and filling 
plant at the river's edge to be used jointly to supply the 
towns with water. If the distances of the two towns 
from the river are 'a' and 'b' and the distances between 
them is 'c', show that the sum of the lengths of the pipe 


line joining them to the pumping station is at least as 


great as Vc’ +4ab 


Solution: Well, this problem can easily be solved 
using concepts of plain geometry, instead of calculus. 
We have to minimize AP + BP 

Let BM = MB' and BB' be perpendicular to LM. 


ee B <——S\n bp B' 


b 


we have to minimize AP + PB' 

(.. PB = PB') 

Sum of two sides of a triangle > third side 
=> AP + PB'> AB' 
= least value of AP + PB' = AB 


— AB'=,/(B'D) + AD? = J(a+by + (BEY 
= (a+b) +c’ -(a-by = Vc’ +4ab 


(a+x)(b+x) 


C+X 


Prove that the minimum value of 


2 
x>-c is(Va—c + b-c) ,a>c,b>c 


Solution: There are various ways by which this 
problem can be solved. 
(a+x)(b+x) 


CEX 


Method1: y= 


Letc+x=t 
[(a—c)+t][(b-—c)+1¢] 
a ae 


=1+(a-0) + (6-0) + SIC“) 


x pS 2 (a—c\(b—c) + 


(Ja—cy +({b-c))’ -2,/(a—c)(b-c) 


; is (29) « (va=e—vo=<) 


= Im, =(Va-e—VB=e) 


Well, / think we have gone wrong. Can you locate 
the mistake Think before you proceed further? 
x S=CS xe rce0 

=> t>0 


= Forno value of t; vt ar oe can be zero 


‘. ycan also be written as 


y-[i- faaodea | +(va-c+ b—c) 


ee (Va-c+ b—c) when 


Jj - [@=2@=9 _ 
f 


= (a+x)(b+x) 7 ab+(a+b)x+x? 


Method 2: 
c+x c+x 
dy _(c+x)(at+b)+2x)—-(ab+(a+b)x+x’) 
ax (c+x) 
7 x’ +2cex—ab+be+ca 
- (c+xy 


For points of local maxima/minima 
—2c+2,/(a-—c)(b- 

fe)=0= = ete 9-9 

Since x >—c 

> x=-ct+ (a—c)(b-c) 


f= (x+c—,/(a—c)(b—c))(x+c+./(a—c)(b-c)) 


(c+ x) 


(aeelG=n\ean he on = 
f'(-e+,{(a-c)(b-c) -h) es ve 
f'(-e+,(a-c)(b-c) +h) aks ol ee 


(+ve) 


. x =-—e¢ + J(a-—c)(b-c) is a point of local 


minima or local minimum value of the function is 


60. 
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f(-—c+(a-c)(b-c) 

_ (a-c+J(a-c)(b-c)(b-c+ (a -c(b-c)) 
. /(a—c)(b-c) 
=(a—c)+(b—c)+2y(a-c)(b-c) 

= (Va-c+ b—c) 


Note: In this problem, finding second derivative 
would be more cumbersome. 


(a+x)(b+x) 
c+x 


Method3: Let y= 


> cytxy=abt+(atb)xt+x 

=> x+(at+ b—y)x + (ab-cy)=0 

Since x is real > D>0 

(a+ b—y)y—4(ab—cy)=0 

(a+ bPe+y—-2(a+b)y—4ab + 4cy =0 
y +2 (2c-—a-—b)+(a-by2=0 


—»> 
=> 
=> 
2 
= y2(Va-c+ b-c| (.x+c>0) 
ae 
If ax” +—>c for all x, where a > 0 and b > 0. Show 
x 


that 27 ab? > 4c’ 
Solution: Well, if you think, you may get the idea 


b b 
that if ax’ +—>c 9x e R then [at +?) >C 
x x minimum 


2b 


Let fix) = ax? +2 f(x) =2ax-2 (x)= 204 
Xx Xx Xx 


for points of maxima/minima /"(x) = 0 


1/3 
=> 2ax-=-0->x-(] 


Xx 


by. _ 
x= FA is a point of local minima 
a 


= (2) 6 


27ab* > 4c? 


(. f(x) >cVx eR) 


A variable line through the point (a, 5) meets the posi- 
tive x-axis and positive y-axis in the points A and B. 
Find the minimum perimeter of the triangle OPQ.(a > 
0,b> 0). 
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Solution: P= OA+O8B+ AB 
= (a + 6b cot 9) + (6 + a tan 8) + 


V(a+bcot6) +(b+atandy 
=atb+atan0+bcot0+ (asecO + bcosec 6)” 


( sin@ 1 ( cos@ =. 
=a\l+ + + b| 14+——~+— 
cos@ cos@ sind sind 


= (1 + sin 9 + cos 9) (a secO + bcosec 0) 


O bcoté A 


= = a(sec’ 9) + b(—cosec’) + asec tan 0 — 


bcosec@ cot @ 
4 (oe 
= @ 2 =D aE 
cos’ @ sin’ 0 


, , _.  aP 
For points of maxima/minima 70 =0> 


_ 1-sin@ 
l1—cos@ 


o~| a 


Well, do you think that we are doing right? Think 
again before J correct the mistake that is com- 
monly committed by the students. 


; ; a 
Again consider, ; = 


6 .@ 
7 «COS ~ SIN 
= +f ae eG (i) 
7 Visin{ $) 
yi 
Pe (0,5 for AOPQ to be formed. 


aye 
2 


1X @ .@ 
e| 0,— | => cos— > sin— 
4 2 2 
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= Right Hand Side of (1) is positive 


G6 .@ 
eg fe 
=> —4—34=H+,/— 
V2sine b 


0 2a 0 2a 
= cot—-—l=,/— => cot} — |=1+ 
2 b 2 b 
Note: Well, now the problem is how to prove that it 


is a point of local minima and not local maxima. Why 
don't you try it yourself? It is you who has to clear 
IIT—JEE and not me. 


Let us consider — 


do 
aP a b 
d@ 1-sin@ 1-cos@— 
dP 
Let 75° for some 0 = 0, «(0.5 


At 8 =0 —A, sinO < sin®,; cos 0 > cosO, 
b b 
1—cos@, 


a and 
I-sin@ 1-sin@, 
=> P\(0,—h) =—ve, Similarly, P' (0, + h) = +ve 
Q — 0, can only be a point of local minim and 
minimum perimeter is given by 


; 
sin? 


= | 2cos’ am pie 
2 Z 2 


l1—cos@ 


P=(1 + sin®@ cos@) (— 
cosé 


a b 
+ 


2cos” a5 age 
2 2 2 


Vb +/2a 
Tb 


Since, cot—= 
2 


V2Vatb+\V2ab 
Vb 


V2b+Vb 


62. 


=> r= Dba rats mad 
2 2. 2 


gy, 
ge aed 
2 2 2 
3 2 
nae (a+b+4/2ab] 


 ————— ee er ae 
a+b+2ab (a+b+3 \2ab 
Z 
= 2(a+b+~/2ab 


y =a'‘sec’x + b* cosec*x 

=> y'=a* x 2 sec’x tanx + b* x 2 cosecx (—-cosecx 
cotx) 
Now for maxima/minima; we should have y' = 0 


=> a sec*x tan x = b* cosec2x cot x 
sin x cOsSx 
Se = = b* =c3 
cos x sin’ x 
4 2 
4. _ 7 pees 
=> tanx*x = ==> tan x=—> 
a a 
; 2 2 ; a + pb? 
= sec x= ; & cosec’x = re 
a 


Now y" = 2a‘ x 2sec x (sec x tan x) tan x + 2a* x 
2sec’x (sec’x) 
— 2b* x 2cosec x(—cosecx cotx) cotx 
— 2b* x 2 cosec’x (—cosec?x) 
= A[a‘(sec?x (sec*x + tan’x)) + b* (cosec*x (cosec?x 
+ cot?x)] > 0 V tan’x = b’/a’ 
= y has a minima when tan’x = b?/a’ 


745° 24h 
NOW Yan = “(2 a’ jew? b? 


(a? +- b’)? 


Determine the points of maxima and minima of the 


| 
function f(x) = lmx— bx + x°,x >0, where 5b > 0 is 


a constant. 


Solution: f(x) =< tnx — b+ x’,x>0,b>0 


f(a)=——b4 2x (1) 


f(y) = 0 => 16x?- 8bx + 1 = 0 (for max.or min) 


= [646-1 ‘es(2) 


Above will give real values of x if b> —- 120 
1e., 5 > 1 or b < —1. But b is given to be +ve. 
Hence we choose b> 1 


63. 


64. 


1 \ 
If} =1 then x= ;1fb> Ithenx=—| bt b-1 


] 16x* -1 
“x) =-—~+2= 
£9) 8x? 8x? 


Its sign will depend on N” 16x* — 1 as 8x? is +ve. 


1 
We shall consider its sign for x=— 


and 
x=- 526" =1) 
Note this step: 
Sf") =O atx = 1/4 
Neither max. nor min. as f(x) = 0 
2 
N’of f'(x) = 162-1 = [b+ vb? +1 - 
=+ve for b> 1 
minima 
2 
or Nof f(x) = [b- vb" -1) —l1 =~-ve for b> 1 
maxima 
Suppose p(x) = a, + ax + @,x’....ax" 
If |p| < |e ~' — 1| for all x > 0, prove that 
la,+ 2a,+....na| <1 
Solution: Given that 
p(X) =a,taxt ax t.....+ax" ...(i) 
and |p(x)| < je"~'- 1], Vx>0 ...(il) 


To prove that |a,+ 2a, +... na,|<1 

It can be clearly seen that in order to prove the result 

it is sufficient to prove that |p‘(1)| < 1 

We know that, 

iene ey im Pet tle 
h h—>0 | h| 


p'| = lim 


[Using equation (2) for x = 1] 
But |p(1) < |e®— 1| 
[Using equation (2) for x = 1] 
=> |[p(l)| <9 
But being absolute value, |p(1)| = 0 
Thus we must have |p(1)| = 0 
Also |p(1 + h)| < |e’ — 1| 
(Using equation (2) for x = 1+ h) 


di 
Thus |p'(1)| < lim =! 


| 
or |p(1)| <1 
=> |a,+ 2a,+...+ na" <1 


Let— 1 <p <1. Show that the equation 4x°— 3x — p = 0 
has a unique root in the interval [1/2,1] and identify it. 


65. 


Application of Derivatives Il < 5.239 
Solution: Given that—1<p<1 
Consider f(x) = 4x?- 3x —-p =0 


3 
Now, (1/2) = Se sak aa as (-1 <p) 


Also f1)=4-3-p=1-p20as(p<1l) 

.. f(x) has at least one real root between [1/2,1] 
Also f(x) = 12x* — 3 > 0 on [1/2,1] 

=> fis increasing on [1/2,1] 

= fhas only one real root between [1/2,1] 
To find the root, we observe f(x) contains 4x°* — 3x 
which is multiple angle formula of cos30 if we put 
x = cos8 
Let req. root be cos 9 then, 
4cos?0 — 3cos0 — p = 0 

=> cos30 =p 

=> 30=cos"'p 


=> 9 =—c0s-"(p) 
I 
Root is cos{ 00 0) 


Using Rolle's theorem, prove that there is at 
least one root in (45'", 46) of the polynomial 
P(x) = 51x! — 2323 (x)! — 45x + 1035 


Solution: We are given 
P(x) = 51x!" — 2323x'_— 45x +1035 


To show that at least one root of P(x) lies in 
(451 46), using Rolle's theorem, we consider anti — 
derivative of P(x) 


102 101 2 
ORE oC ae [VL 
Z 101 2 
Then being a polynomial function F(x) is continuous 


and differentiable 


102 101 
45)i00 2323(45)!0 
Now, Fr4siieo = (45) _ 2323(45)% _ 
2 101 
2 
45,(45)100 AK 
45.(45) 1 1935(45)im 
45 ~ 
= (45) —23x45(45)' — 
2 
100 it 
49.49)" +1035(45)™ = 0 
And 
102 101 Z 
F(46) =F - SEES ET + 1035(46) 


Z 101 
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66. 


67. 


= 23(46)!!_ 23 (46)! 23 x 45 x 46 + 1035 x 46 =0 


1 
{asi = F(46) =0 


Rolle's theorem is applicable 
Hence, there must exist at least one root of 
F'(x) =0 


1 
1.e., P(x) = in the interval 45,46] 


If |Ax,) — fx,)| < @&, — x,)* for all x, x, e R. Find 
the equation of tangent to the curve y = f(x) at the 
point (1,2) 
Solution: 
x,ER 


Given that |fx,) — f(x,)| < @,- x,)? x, 


Let x, =x + hand x, =x then we get 
Ix + h) —f(x)| < he 
=> [fix + h) —f(x)| < |AP 


an ferpe re <jh| 


Taking limit as h — 0 on both sides, we get 


km fet - SO) 

h0 h 

=> |f)|<9d => f(x) =9 

=> f(x) is aconstant function. Let f(x) =k1.e., y =k 
As f(x) passes through (1, 2) > y =2 
Equation of tangent at (1, 2) is, 
y-2=0(-l)ie., y =2 


<6 (a small + ve number) 


For a twice differentiable function f(x), g(x) is defined 
as 2(x) = [(P(x)°] + (F'C) x f(x) on [a, e]. 

If fora<b<c<d<e, fla) = 0, f(b) = 2, fo) =- 1, 
fid) = 2, fle) = 0 then find the minimum number of 
zeros of g(x). 


Solution: | g(s) = (F())* + Go)fts) = ~f6) 6) 
Let h(x) = fs) P60) 


Then f(x) = 0 has four roots namely a, a, B, e 
Where b<a<candc<B<d. 
And f'(x) = 0 at three point k, k, k, 
Where a<k,<a,a<k,<B,B<k,<e 
[-. Between any two roots of a polynomial function 
f(x) = 0 there lies atleast one root of f(x) = 0] 
There are atleast 7 roots f(x). f(x) = 0 


d 
= There are atleast 6 roots of Be LOAD) = 0 
x 
1e., of g(x) = 0. 


68. 


69. 


70. 


Let f be a function defined on R (the set of all real 
numbers) such f(x) = 2010 (x — 2009) (x — 2010)” 
(x — 2011)? (« — 2012)* for all x € R. If g is a function 
defined on R with values in the interval (0, 0%) such 
that f(x) In (g(x)), for all x e R then the number of 
points in R at which g has a local maximum is 


Solution: We have, F(x) = 2010 (x — 2009) 
(x — 2010)? (x — 2011)? (« — 2012) 
As f(x) = In g(x) 
> g(x) = 
=> g(x) = f(x) 
For max/min, g'(x) = 0 
=> fx) =90 
Out of two points one should be a point of 
maxima and other that of minima 
There is only one point of local maxima 


For all x e€ [0, 1], let second derivative f"(x) of a 
function f(x) exists for and satisfy |f"(x)| < 1. If 
f(O) = f(1), then show that |f’(x)| < 1 for all x € [0, 1]. 


Solution: As /(0) = (1), by the Roll's theorem there 
exists a € (0,1) such that f(a) = 0 

Let x € [0, 1] and x # a. Applying Lagrange's mean 
value theorem to [x, a] if 0 < x < a or [a, x] if 
a<x <1, we get there exists B lying between ao and x 


f(x) — f'(@) = f"B) 
X= 


=> fi) = (x— a) f(B) [-- f(a) = 0] 
=> |f'(x)| = |x — a |f"(B)| Ss  — a] (1) < 1 
[. x,a € [0, 1],x#a] 
But |f(a)| =0 
Thus, |f(x)|< 1 V x e€ [0, 1] 


such that 


Show that the function f(x) = log (1 + x) - is an 


2+x 
increasing function 


2 
Solution: We have f(x) =log(1 +x)- rae whose 
x 


domain is (—1, «) 


] 2(2+ x)—2x.1 


Now) ae - ae 

_ 1 x 7 (2+x) —4(1+ x) 
4x (24x (1+ x)(2 +x) 
7 44+4x+x°-4-4x _ x? 

4 x\2+xP (1+. x)(2+ x) 
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We observe that f(x) > 0 for all x > — 1 except 
at x = 0 where its value is zero. 

Hence, f (x) is an increasing function in [— 1, ©). 
Since, f (x) is increasing throughout its domain, so its 
is an increasing function. 


Show that f(x) = log sin x 1s increasing in (0) and 


: at 
decreasing in G n) 


Solution: We have f (x) = log sin x 


1 
. f(x) = — cosx=cotx 
sin x 


When x &€ (0,5) i.e., when 0 <x ao , we have 
cot x > 0 


Thus, f'(x) > 0 for all x in (0,5) and so f (x) is 


, —— 1 
increasing in (0,2) 


1 V4 
Again when x € (=.2) 1.e., when oy, <x<T, 
we have cot x < 0 


Thus f(x) < 0 for all x in 


(=.2) and so f (x) is 
ee H 
decreasing in. [=.2) 
Let f(x) = 


Gea 272 og (x? +x+1)+(b° -5b+3)x+C 


V3 V3 


If f(x) is a decreasing function of x for all x € R, find 
permissible values of parameter 5. 


2. 


V3 1+((2x+1)/¥3) 
2 (2x-1) 2 
— |-———_ + (0 -56+3 
(=) x +x+1 ( 
43) BY so sie 
3\ 4x +4x4+4) x°+x4+1 
2% 


= Fy tO 58 +3) 


ev 4xt 


Solution: 


I(x) = 


f'(x) <9 for allx e R 


=> ne eee 
x +x4+1 


73. 
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Application of Derivatives Il < 5.241 

2x : 
a 
yx°+(y—2)x+y=0 
(y-2yr-4/72>0 (V 
(3y—2)(y+2)<0 
—2< y<2/3 


Let y 


x € R) 


WY QYYY 


Olle wee oa Oa 


& be-=Sb +352 
= b—5b+5<0 


= 1 a 


2 2 


b 
If ax + = > c for all positive values of x, where 
x 


a, b, c are positive constants, show that ab = — 


b 
Solution: Let y =f(x) =ax+— —-c, 
x 


d b 
Differentiating w.r.t., x a= 7. aa 
dx x 


dy b b b 

If — 20ie.,a>— orx*> — orx= ,||—| orxis 
dx x a a 

positive since a and 5 both are positive; then the given 

function increases. 

Thus the function f(x) is strictly increasing for 


Hf 


b 
Thus y = f(x) = 0 for all x => = 
a 


b b 
=> ax+ — —c20forx = = 
Xx a 


b b 
> ax+ — 2cie,ax?++2ab2>c’ forx’= ,j| — 
x a 


b b* 
1é.,x7+ — - CRY —ab2>c’ 1.e., 4ab> ec’ 
“a 


a 

Find the value of a in order that f(x) = V3 sin x — 
cos x — 2 ax + b decreases for all real values of x 
Solution: Let f(x) = 3 sinx—cosx—2ax+b 


V3 


, l 
=> fy) = 2 & Sin Xx ) cos —2axt+b 


5.242 >» Application of Derivatives II 


=> f(x) =2 cos sin x7 cos —2ax+b 
= f(s) =2sin[x-4) —2ax+b 
=> f(x) =2 sin (+-2) as +b 


=> sin [ = 4 < ax for f(x) to be decreasing. 


Therefore, it gives a > 1. 


75. Find the set of all values of a for which the function 


Va+4 
I (x)= se - i} -3x+log5 decreases for all 


real x. 


Va+4 


Solution: /'(x) -[ SE as —3; For f (x) to 


be decreasing x, we must have f'(x) <0 V x 


(3 


3 
—1|x*<= V real values of x. This is 
l-a 5 


Vat+4 


-1<0 


possible only if 


This inequality is always true if a> 1 w (1) 
1..e a € (1, ©). 

We must have a >—4 
for Va+4 to be real. 


Va+4 


Therefore we have <1 


l-a 
Vat+4 <1l—-a 
a+4<l+a@-2a 


3-J21 
2 
So combining (1) and (11) we get 


=> ae 4 at U (1,0) 


then concluding (1) and (iv) 


(ii) 


) y 


> as 


_..(iii) 
(iv) 


76. Find the values of x for which f(x) + g(x) 1s strictly 
increasing/decreasing for 0 < x < 1 where 


f0) = sy &8@= 


2c 6x —6sin x 


(1—cos x)2x— x’ sin = 


] 
Solution: (x)== 
Pano: | (1—cos x)’ 


Now consider the numerator as 


77. 


p(x) = 2 (1 — cosx) — x sinx 


~ Asin? ~—2xsin~cos— 
2 2 y) 


= 2xsin—cos— 
Z — 
2 
=> fw>9 
= fis strictly increasing 
Nee 1| (x-sinx)2x z x? ( — cos x) 
6 (x-—sin x) 


Again, consider the numerator as 
q(x) =x —2 sinx + cosx 


= 2xcos?~ —4sin~cos— 
2 2 2 


= 2xcos?~| 1— 
2 


=> g(x) <0= gis strictly decreasing 
Now f(x) + g'() 


tanx/2 5 eS « 
= 2x|1- xcosx/2x| cos——sin— 
/2 2 2 


x>0O0Vxe (0, 1) 
and tanx >x V x € (0, 7/2) 
For x € (0, 1); x/2 € (0,1/2) 
= tanx/2 > x/2 
tanx/2 
x/2 
_ tanx/2 
REZ 
Now, for x € (0, 7/2); cos x/2 > sinx/2 
= for x e (0, 1); cos x/2 > sin x/2 
Now; f'() + 2’) <0 Vx € (0, 1) 
And hence f(x) + g(x) is strictly decreeing in (0, 1) 


>] 


= |] <0 el) 


Let f(x) = 1 —x — 4x’; find all real values of x satisfying 
the inequality 1 — f(x) — 4 ((@)) > fl — 3x) 
Solution: /(%) =1-x-4x 
=> Nf) = 1-fe) — 4 Fooy 
Also f(x) =—1-—12x° <0 
“. f(x) is strictly decreasing for x € R 
(f(x) > f1.3x) 
f(y) <1-3x (... f(x) is a decreasing function) 
=> 1-x-4°<1-3x 


78. 


=> 2x-—4°<0 
=> 2x (1 - 2x’) <0 
=> x(2x?-1)>0 


axe t(set)>c 


1/2 —1/V2 


The values of x satisfying the above inequality are 


1 | 
——,0 |U| —,0 
V2 ee 
Find the set of all values of 'a' for which f(x) = 


[yes 


2-a 


-1 x° — 7x + log,4 decreases for all x 


2-a 


Solution: /(x) = { as -1}s" =7 


Since f(x) decreases for all x, f(x) < 0 


= {~ Sa)st-750 


2-a 
=> {eta} <5 
2-a x 


The LHS should be less than equal to the least 
values of RHS 


> {et8-1}<0 


—a 


Vat+8 


<1 
2-a 
Now; a+820 
> az=-8 
Casel: If2—a>0Othena<2 


And Va+8<2-a 


Squaring; we get 
a+8<4+a’°—-4a 


a—S5a-—4>0 
7 5 tN25+16 _5+V4l 
2 2 


79. 


80. 


Application of Derivatives Il < 5.243 


5—/41 5+V/41 
=> ae] —o, U , 00 oS) 
2 2 
Taking intersection of (1) and (3); we get 
-8 5+V41 2 2 5+V41 
2 2 
oe 9S ...(4) 
2 
Casell;: If2—a<0>a>2 ..(5) 


Then <1 is 


2-a 
Always true since LHS < 0 and RHS > 1 
Taking intersection of (4) and (5); we get 


Prove that 2sinx + tanx > 3x V x € (0, 77/2) 


Solution: Let f(x) = 2sinx + tanx V x € (0, 7/2) 
and g(x) = 3x V x € (0,7/2) 
and h(x) = f(x) — g() V x € (0,n/2) 
= 2sinx + tanx — 3x Vx € (0,7/2) 
h'(x) = 2cosx + sec? — 3 
= 2cos*x — 3cos’x + 1 cos?x 
Let p(x) = 2cos*x — 3 cos? x + 1 
Now p'(x) =—- 
=> p'(x) = 6 cosx sinx (1 — cos x) 
For x € (0,7/2) 
cosx > 0; sinx > 0 and 1 — cosx > 0 
=> p(x) >0 
=> h'(x)>0 
= h(x) is an increasing function 


6cos? x sinx + 6 cosx sinx 


=> f(x) — g(x) is an increasing function 
Now h(x) > h(0) 

=> I) — g(x) > KO) — 8) 

=> fx) — g(x) 20 

=> IO) 2 gy) 


= 2sinx + tanx > 3x 


A sector of angle V0" is circular ring bounded by the 
cut from a curve C where C:x*° + yY=r(a<r <b’). 
Find the value of V0" which is just sufficient enough 


5.244 > Application of Derivatives II 


to contain the rectangle with the maximum area that 
can be carved out of this circular ring. 


Solution: Let the dimensions of the rectangle of 
maximum area be p and 2q (as shown in the diagram) 
From AOEC, we get 

gq =a tana 

From AOFB; we get 

b°= gq’ + (a + py 


> p= py? 9? ~ 


Now Area of rectangle = A = 2qp 
= 2( [7-9 -a)q 
a =0>( b* —q’ a)+g =a 
dq 2./b* =q’ 
2 
= lb? -g? -a= q 


=m bg? -a [p? — ¢? =¢ 
7 Ib? —q? =2q° —b’ 
= a.|b? — 7 =f’ -2¢° 
Squaring 

=> a’(b’-q’)=b* +4q* -4b'¢? 
@ hb? — ag? — ptt 4g‘ 4b2g? 

as 4q* + g? (4b?- a) +B (a—b’) =0 
, _ —(48? -a?) + V16b* + a4 - 8b7a? +16ab? - 166" 

7 -8 

: —4b* +a°+Va*+8a°b’ 
ga 

—8 
; 4b* —a° Fava’ +8b° 


on 8 


fie. Ab? —a* +avVa* +8b’ 
8 
Ab? —a* -avVa* +8b° 


or g = Sg ee balue of q) 


Now g =atana 


=> 
— 


q 


(Rejected -.- q? <b’) 


_, [40° -a’* -—ava’ +8b’ 
=> 0 =20 = 2tan ,,————_—_.—__ 
8a 

Aliter: b?=q°+ (a+ py 

> g=b—(at py=b-a’— p’—2ap 
Area’ = 4q? p*= 4(b?- a’— p*— 2ap) p’ 

d( Area) _ 


= A(h? Di yd ae D 3 
(b* p*— a*p*— p*— 2ap”) TP 


=> 2b p— 2pa’— 4p>— bap’*= 0 
=> 2p (b’- a’— 2p’ — 3ap) = 0 

either p = 0 or b? — a’— 2p’ — 3ap = 0 
or 2p?+3ap+a’—b’=0 


_ —3a+V9a’ -8a* +8b° = —3a+V8b? +a’ 


7 4 4 
= foz2 , 2 
=p = SEEN 2S (Acceptable value of D) 
—3a—V8b? +a’ ; 
or p= ——__—_—_——( rejected ) 


(... p cannot be less than 0) 


2 
g=b- Grants va | 


2 
42 _| 2, NSB +a" 
4 4 


16b? —a’ —(8b° +a”)—2av8b’ +a’ 
16 
4b* —a’ —avV8b’ +a’ 


8 


E |4b? * —av 8b’ +a’ 
Therefore® =2a,= 2 tan™ a 
a 


81. Find the maximum value of f(x) = |x/? |x — 1]? for all x 


(1)? x? (x-1)' 5x <0 


0 >x=0 
e where p, g, € f(x) = (-1)" x?(x-1)’ ;0<x<l 
0 io | 
x? (x-1)’ -x>1 
Solution: 
(-1)?** [x?"(p)(x 1)! + gx? (x-1)*"], x <0 
0 7x=0 
f(x) =$ (1) [px?"(x-1)! +x? (x-D*"];0<x<1 
0 I 
px?" (x—-1)? +qx?(x-l)"" ;x>] 


fi) = 0 = ((x?")(x-1)" |(P@-1) + 4x) =0 


Now x = 0 (Rejected) or x = 1 (rejected) 
or (p + q)x = p 
P 
+q 


> x= (accepted ) 


82. 


83. 


For maxima 
P p_\ 
Pptq Pt+q 
2308 E -1<0| 
Pptq Ppt+q 
P + q 
a (2) = Pd 
P+q) (p+q) 
A regular hexagonal cardboard with side length = 


‘a' is to be converted into an open box of maximum 
volume (with an hexagonal base). Find the volume. 


2 


Pp 
Pptq 


Solution: Let AB = x; then BC = xsin 60° and 


B=a-x 


Now volume of hexagonal cardboard = Area of 
base x height 


a (3) x (OBY x | x xsin 60° 


For volume to be maximum/minimum; we equate 
V= 6.=(a*x +x = 2ax" ) 
8 
dV 


—=0> a’ +3x’ —4ax=0 
dx 


= 3x’ -3ax-—ax+a’ =0 => 3x(x-a)-a(x-a)=0 
=> x =a (Rejected) or x = a/3 


2 3 
y=622 (28) 2 6a0 


A cylinder is obtained by revolving a rectangle about 
the x-axis, the base of the rectangle lying on 
the x-axis and the entire rectangle lying in the 


x ’ 
region between the centre y=-; a and the x-axis. 
x 


Find the volume of 


the cylinder. 


maximum _ possible 


1—x’ 


x dy _(x'+1)-2x° _ 1-x? 
(1+ x) 


+l dx (x? +1) 


Now dy/dx =0>x=1or-1 


Solution: y= 


Application of Derivatives Il < 5.245 
Now v = ny’ (x, —x,) 
Since the ordinate at A and B have to be equal 

x Xx, 


hence —=-—— = 
bis os ae | 


Or XX, +X, =X Xi +X, 
or x, x, (x,—x,)—(x,—x,) =0 


= Oe = 4) Oa =) 0 


] 
=> x, =— as (x, #X,) 
x 


x: I mx,(1— x; ) 
Hence v= x| —7-*%, |= ; 
(1+27) x (1+x;) 
1X 
v(x) = ——— 
(2) (lt+x°/ 


Vis)» = a [A + PC — 3x7) - & — X)2 
(1 + x’)2x] =0 
On simplifying x* — 6x* + 1 =0 


_ 632 3499 
+ sign 1s rejected as x= 3+2V2 =J/2 +1 which 


is greater than 1 


Hence x=3-2¥2 =V2-1 
_ a(¥2-1)(1-(3-2V2)} 
_ (1+3-2,/2) 
_ a(V2-1)(2V2-2)  22(3-2v2} 
(4-2V2) 4(2—2) 


Assertion and Reason 


84. A: The function f(x) = 2sinx + cos2x (0 <x < 27) has 
minimum at x = 2/6 and maximum at 57/6. 
R: The function f(x) above decreases on (0, 1/6), 
increases on (12/6, 52/6) and decreases on 
(51/6, 27) 


Solution: f(x) = 2 sinx + cos 2x; x € [0,27] 
“. f'(x) = 2cosx — 2sin 2x 
= 2 cosx (1 — 2sinx) 
Cos x > 0 for x € [0, 2/2) U [327/2, 27] 
and cosx < 0 for x € (n/2, 37/2) 


5.246 >» Application of Derivatives I 


85. 


86. 


and 1 — 2sinx > 0 for x € [0, 1/6) U (52/6, 27] 
and 1 — 2sinx < 0 for x € (7/6, 51/6) 
forx € 
. f'(x) > 0 for x © [0, 2/6) and 
(1/2, 51/6) and (31/,27] 


Wavy curve of 1-2 sinx 
ww Wavy curve of cosx 


f(y) < 0 for x € (2/6, 2/2) and (52/6, 32/2) 

Now at x = 7/6; LHD > 0 and RHD < 0 

and since f(x) is a trigonometric function of sinx 
and cosx, therefore (x) is a continuous function in 
[0,27] 

Hence; f(x) has its minima at x = 71/6 


Similarly; at x = 52/6; LHD > 0 and RHD < 0 and 
hence another minima at x = 52/6 


At x = n/2; LHD < 0 and RHD > 0 
maxima at x = 7/2 

Similarly x = 32/2; LHD < 0 and RHD > 0 
maxima at x = 3n/2 


Now of the statement is correct 


A: Let f:[0, 00) — [0, 0) and g :[0, 00) — [0, 00) be non- 
increasing and non-decreasing functions respectively 
and h(x) = g(f(x)). If fand g are differentiable for all 
points in their respective domains and A(0) = 0 then 
h(x) 1s constant function. 


R: g(x) € (0,7) > hi) =O0andh'(x) <0 


Solution: (A) h(x) = g(f(&)) and f(x) € [0, ) 
. h(x) =0 (1) 
and h(0) = 0 .Q) 
Also h'(x) = g(x) fe) <0 ..B) 


from (1), (2) and (3) 
h(x) is constant function. 


A: The equation 3x? + 4ax + b = 0 has at least one 
root in (0, 1), if 3 +4a =0 

R: f(x) = 3x’ + 4ax + b is continuous and differen- 
tiable in the interval (0, 1) 


Solution: (D)A 
Case: for case l 


KO) fA) < 0 


87. 


b(3 + 4a + b)<0 


Case 2: for case 2 


f(0) > 0 
=> b>0 (1) 
And f(1) > 0 
=> 3+4a+b>0 ...(11) 
4 
AikoeS=— <] 
6 
to 
=> (e226 
6 
3 as 
— a 5 <a<0 (111) 


(1), (41), (411) will be satisfied simultaneously 
statement — | is false 
Statement — 2 is obviously true. 


A: f(x) is increasing function with concavity 
upwards, then concavity of f'(x) is also 
upwards. 

R: If f(%) is decreasing function with concavity 
upwards, then concavity of f'(x) is also 
upwards. 


Solution: (d) Let g(x) be the inverse function of f(x). 
Then f(g(x)) = x. 
fi (g(0)).3'X) = 1 


aie ] 
re Fa) 

1) ae | ' 
8") ~~ gay & 


In statement — 1 f"(g(x)) > 0 and g'(x) > 0 


g(x) < 0 and so the concavity of f'(x) is 
downwards 


statement is false 
In statement — 2 f"(g(x)) > 0 and g'(x) < 0 
g(x) > 0 and so the concavity of f-'(x) is upwards 


statement is true 


Application of Derivatives Il < 5.247 


Column Matching = © 6,2), 3 
88. Column I 


(1) A rectangle is inscribed in an equilateral triangle (an. (fo 
of side 4 cm. Maximum area of such a rectangle A BG D 
1S 

(ii) The greatest distance between x* + y?— 2x —2y + 


1=0,x?+y>— 10x + 4y + 20 =0 is 3A then A is 


(iii) Maximum value of x? — 3x*-— x + 3 when x € [0, a distance is AD 

4] is 5k, then value of k is =CO, +R +R, 
(iv) Minimum value of cos4x — 6 cos2x + 5 is a a a ae 

Column II (iii) y = 2° — 3x*-x +3 

(a) 2V3 => y’ =3x2-6x- 1 
(b) 0 y' = 0, we get 3x2 —6x-—1=0 
(c) 32 Equating y' = 0, we get 3x? - 6x-1=0 
(d) 3 ™ 8+ 4N3 6-43 
Ans. (i)> (a); __ (ii) > (); 6 6 


(iii) > (a): (iv) > (b) Now y' = {x-[245}| .-(48)) 


Solution: (i) Let PO = x 6 6 


Then BP = 4—-x wavy curve of y' is as shown below 
In ABPS 
ps =4=* tango? = N34-%) 
2 2 
A Hence; we see that y attains its maximum values 
at the end points only 
f(0O) = 3, f4) = 15 
4°S R => Maximum is 15 
=> 5k =15 => K=3 
Ps (iv) y = cos* x— 6 cos’ x + 5. Let cos* x =f 
Ae |+— x —> y=P-6t+5;0<t<1 
B a C for ¢ < [0, 1] min occurs at ¢ = 1 

Area A of rectangle = PS.PO ymin = 0. 
_ x3 (4—x)x 89. Column] 

2 (i) Ifx is real, then the greatest and least value of the 
dA 3 te 
4 B46 ax)=0 ay. eS expression aasaE is 
eeu (ii) Ifa +b=1;a>0, b> 0, then the minimum 

~=-v3<0 ] ee 
dx value of ,/} 1+— iF is 

a 

A is maximum, when x = 2 


B (iii) The maximum value obtained by 
maximum area =——2.2 = 2v3 y=10-|x-10);-9sx<Q, is 
2 (iv) If P(?, 24), ¢[0, 2] is an arbitrary point on 
(ii) S,=x° + y°-2x-2y+1=0 parabola y* = 4x. QO is foot of perpendicular from 
=> C:(0,1;8,=1 focus S on the tangent at P, then maximum area 
S=x+y—-10x + 4y + 20=0 of triangle POS 


5.248 > 


Column II 
(a) 3 
(b) 1/3 
(c) 5 90. 
(d) —1/13 
Ans. (i) > (6, d); (11) > (a); 
(111) > (a); (iv) > (c) 
. ; x+2 
Solution: (i) y = I 43x46 
=> 2 yx?+3xy + 6y=x4+2 
2yx* + x3y—1)+ 6y-—2=0 


Application of Derivatives I 


D220 


(3y — 1) — 8y(6y — 2) 2 0 


Oy? — 6y + 1— 48)? + 1l6y >0 


ss RO (Oye 1 S040 = yO 
2 (13y $1) Gy=1) 20 

| 1 

ae gp 

3 3 
Gees 


1 1 1 1+1 
= (SP 2 Le 
b ab ab 
a+b 1 
Also Vab < a 
2 2 
b< => > z 
we Be, EN 
4 ab 1 


fist) f1+4) > Ay =3 


(iii) y = 10 — |x — 10} 


—-9<x<9 
—19x-10-1<0 
= 10—-(l0-x) =x 


oy 


maximum value of y = 9 


(iv) Equation of tangent at Pisty=x+? 
it intersects the line x = 0 at O 


coordinates of Q are (0, £) 


0 ¢ | 
area of A POS = =I 0 | 
tt | 
5-5 G2) 
2 2 
dA 1 


rrr BP+1)>0V te [0,2] 


t 


Area is maximum for t = 2 


] 
max area = 5 [2+ 8] =5. 


Column I 
(i) The dimensions of the rectangle of perimeter 36 
cm, which sweeps out the largest Volume when 
revolved about one of its sides, are 
Let A(-1, 2) and B(2, 3) be two fixed points, 
a point P lying on y = x such that perimeter 
of triangle PAB is minimum, then sum of the 
abscissa and ordinate of point P, is 


(ii) 


(iti) If x, and x, are abscissa of two points on the 
curve f(x) = x —x’ in the interval [0, 1] then maxi- 
mum value of expression (x, + x,) — (x,° + x,’) is 


(iv) The number of non — zero integral values of 'a' 


2 
for which the function f(x) = x* + ax? ee +1] is 
concave upward along the entire real line is 
Column II 
(a) 6 
(b) 12 
(c) 4 
(d) 1/2 
Ans. (i) > (6, a); 
(iii) > (d); (iv) > (c) 
Solution: (i) Perimeter of the rectangle = 36 cm 
If one side is x then the other side = 18-—x 


(il) — (c); 


If the rectangle is revolved around the side x then 
volume swept out 


V = nx (18 -xy 
a = ~ [(18 — x) — 2x (18 - x)] 
dx 


=n (18 —x) (18 —x— 2x) 

x =6andy=12 

(ii) A (-1, 2), B(2, 3) and P in a point on y = x 
perimeter of APAB is minimum when PA + PB is 
minimum 


91. 


image of A(—1, 2) in the line y = x is A'(2, — 1) 
Equation of A'B is x = 2 
hence P is (2, 2) 
(iii) Let (x,, y,) and (x,, y,) are two points. 
oy ty, =, +x,)-@? + x,’) 


(Y, TVs) ag = 2 ‘~ 


(iv) f'(x) = 12x* + 6ax 
=> ae[-2, 2] 
= No. of non-zero integer values of 'a' is 4. 


Column I 
(i) A function fis differentiable in [0, 5] such that 
JO) =4 and f(5) =— 1. If gy) 2) , then there 
x 


exists some c € (0,5) such that gc) is equal to 
(ii) Let f(x) and g(x) be differentiable for 0 < x < 
1 f(O) = 2, g(0), (1) = 6. Let there exists a real 
number ce (0,1) such that f(x) = 2g'(x), Then 
g(1) is equal to 
(111) Let Lagrange's mean value theorem is satisifed 


fot f(x) = V25—x’* andc e€ (1,5). Then the value 
of c’ is 
Column II 
(a) 3 
(b) —5/6 
(c) 15 
(d) 2 


Ans. (i) > (b), 
(111) > (c) 


Solution: 


(il) > (d), 


Using LMVT 
pn /B(>) 80) =1/6=4 5 
& (c) 7 5 - 5 2 6 
(11) > (b) 
Let o(x) = f(x) — 2g(x), x € [9, 1] 
=> 0 (x) =2, (1) =6—2g(1) 
Now 0'(x) = f(x) — 2g'(x) 
=> 0 (x) satisfies condition of LMVT on [0, 1] 
=> 0(0)=9o() 
=> 02=6-2¢9(1) 
=> og(l)=2 
(111) > (c) 
f(5)-f(0) 
—1 


fie)= 4 


92. 


Application of Derivatives Il < 5.249 


fet 1 NG 
25-c’ 2 
> ¢=15 


— 


Match the internal with function which are increasing 
int eh interval 
Column I 
(1) (20, 0) 
(11) (0, 0) 
(iii) R 
(iv) (-1, 5) 
Column II 
e** —] 
(a) f0) = Tay 
(b) fy) =-27 + 6x? + 15x +5 
(c) fs) =1-2-x° 
(d) fi) =x + bx? +ex+d,0<bB<c 


Ans. (i) — (a); (c), (d), Gl) > (a), (©), (), 
(iil) — (a), (c), (d), (iv) — (a), (b), (c), (d) 


Solution: f(x) = a = 
e* +1 
e* 
=> JO) = =—— Fs S OVXER 
(e* +1) 


—> P->A,B,C,D 

SG) =- x + 6x? + 15x +5 
=> ff) =-3x*+ 12x 4+ 15 
=> Q-~D 

f(x) > 9 

JO = 14X42 
=> ff) =3+5x42>0VxER 
=> R-A,B,C,D 

fi) =x 4+ be +ext+d 
=> f(x) =3x°+2bx +c>0xeRasbh’<c 
=> S-A,B,C,D 


=> xe(l, 5) 


Comprehension Passage 


AG 


| 
Consider a function f(x) = C == | (4—3x*) where 
a 


‘a' 1S a positive parameter 


93. Number of points of extrema of f(x) for a given value 


of o Is 
(a) 0 (b) 1 
(c) 2 (d) 3 


5.250 » Application of Derivatives I 


Solution: (c) f(x) = C — — oa :| (4—3x°) 
f(x)= 4-30) @ -2-x) 
a 


(—6x) = 9x? -6f« 1 |e4 
a 


2 
p=36{a-+) +144>0 
a 


there are two critical points are given by 


Os 44 yet 2a 
x =—— 1s point of local maximum and x =—— 
3a 3 


is point of local minimum. 


94. Absolute difference between local maximum and 


local minimum values of f(x) in terms of @ 1s 
4( 1) 7) ee 

(a) AG + (b) a(« +] 
9 a 9 a 


1 3 
(c) C + (d) independent of a 
a 


2 
Solution: 6 ]-(e-2-3] ye 
3 a 3 9 


138 | 8 (a -390-4")= 


2 i. 2 4 
y (sel (@-a taal aa 
3a 3a 9a 


_2)_ -{2@)\_4Ga* =I)" | A(a* -3)° 
s| ica 9a° " 9a 


_ 43a’ -1) +4a? (a? -3) 


9a? 


4 | 9a* —~6a’ +1+a°-6a’* + 9c? | 
a 


9a 9a 


95. 


96. 


oF. 


98. 


100. 


101. 


96 


=, (a! +3a* +3a@’ +1) 
a 


A(a? +1) ‘( L) 
9a 9 a 


Least possible value of the absolute difference between 
local maximum and local minimum values of f(x) is 


32 16 
(a) ©. (b) 9 


8 l 
(c) 9 (d) 9 


32 
Solution: Least value = ee 


3 2 
: For the cubic f(x) == — (m—3)—— + mx +3 =0; find 


the value of ‘m' for which it has 


positive point of maximum 


(a) (0,1] (b) (-20,1] U [9,0) 
(c) [9,00) (d) None of these 

negative point of minimum 

(a) (0,1] (b) (-20,1] U [9,0) 
(c) [9,00) (d) None of these 

positive point of minimum 

(a) (0,1] (b) (—<0,0] U [9,0) 
(c) [9,00) (d) None of these 


. negative point of maximum 


(a) (—0,1] (b) (<0,1] U [9,0) 
(c) [9,00) (d) None of these 
negative point of inflection 
(a) (0,1] (b) (-20,1] U [9,00) 
(c) (-co,3] (d) None of these 
positive point of inflection 
(a) (3, 20) (b) (~0,1] U [9,0) 
(c) [9,00) (d) None of these 


x° x? 
Solution: Given f(x) = ao (m— ex + mx +3 


=> fi) =x? -—(m—3)x + mand f(x) = 2x —(m— 3) 


(c) For positive point of maximum; both roots of 
f'() = 90 must be positive 
Discriminate of f(x) = 0 must be = 0 and sum of 
roots > 0 and product of roots > 0 
> D20>meC(~x,]] U [9,«0) 
Sum >0>,m>3 
Product >0 >m>0O 
Taking intersection; we get m € [9,00) 


97. 


98. 


99. 


100. 


101. 


102. 


(a) For negative point of minimum; both roots of f(x) 
= (0 must be negative 

Discriminate of f(x) = 0 must be > 0 

and sum of roots < 0 and product of roots > 0 
D2=0>me (~,]1] U [9,00) 

and m—3<0andm>0 

=> me (0,1] 


=> 


(b) For positive point of minimum; atleast one root of 
f'() = 0 must be positive 
=> Discriminate of f(x) = 0 must be = 0 
Also; either both roots of f(x) = 0 must be posi- 
tive OR; both roots of f(x) = 0 must be opposite 


in sign 

Case I: Both roots of f(x) are positive > m e€ 
[9,0) 

Case Il: Both roots of f(x) = 0 are opposite in 
sign 


= f(0) < 0 and product of roots < 0 
=> m<0;AlsoD2=0 
> me (-~,0] m &€ (-0,0] U [9,00) 
(a) For negative point of maximum; atleast one root of 
f(x) = 0 must be negative 
Discriminate of f(x) = 0 must be = 0 Also; both 
roots should not be positive 
> me (-~,1]| 
(c) Negative point of inflection: 


d’y 
= The value of x for which at 
Xx 


= 0 must be 
negative. 

=> f'@) =0>m = (m- 3) Nowx <0 

> m-3<05m<3 

(a) Positive point of inflection 


2 


d“y 
2 


= The value of x for which = 0 must be 
positive 
f'@) =9 > 2x =m—-3 


Nowx>O0>m-3>0>m>3 


: Asector of angle 0 is cut from a circular ring bounded 


by the curve C represented by x” + y’ = r’ where a’*< 
r’< b* A right circular frustum is made of this sector 
(curved surface only) in a usual manner. Then answer 
the questions that follow. 


The angle 8 for which the volume of the frustum gen- 
erated is the maximum is 
2V2x 


b 
(b) B 
(d) V3a 


20 
(a) B 
(c) V2x 


103. 


Application of Derivatives Il < 5.251 
Solution: Let the radii of the frustum be a' and b' 
where a' < B' 
Now, 50 = 27b' 

b@ 

Qn 


= ' p= 


ao 


Similarly a'=— 
20 


V 


frustum = bigger cone ©" smaller cone 
-(b'y ~aa( *-(ay 
1 be], BA 1 ae a’@? 
Tr tacee, 2 b rae: ee Be 2 a — 2 
3. 4x 4n” 3) OA An 


| 
—" 
NO] 
S) 
me 
o~ 
Ww 
Q 
tod 
“ene” 
f= NR 
B 
bo 
— 
| 
iN 
y |S 
bo 
NH 


dV 
= Differentiating and equating ™ frustum =0 


eas 


20, {1- 


=> either 0 = 0 (rejected) 


oF) ee 
An’ Sx? 


or 
@(1 1 8 
l>d0=-2 
= ai > 3 
= a= 2x20 
3 


Find the maximum volume of the cone 


l R? V21(b =a’ ) 
(a) <a i 
2n(B° -a’) 
(Cc). (d) None of these 


9/3 


5.252 >» Application of Derivatives I 


104. 


105. 


106. 


107. 


108. 


109. 


Solution: 


7 8 33 
7 ae ae 


The semi-vertical angle of the cone with the maximum 
volume 1s 
1 1 
a b = 
(a) 7 (b) 3 
I sap tz 
= d) sin™ ,/— 
b' be @ 
Solution: Sing=— = —=—_; 
olution ing ee Sear 
sing = Zee, = sin 
3 22 3 


: ForxeR, areal valued function f(x) = x* + Ax? + Bx? + 


Cx + Dis having distinct positive root in AP (a being 
the smallest root), where the sum and the product of 
the roots is 24 and 945 respectively 

On the basis of the information provided above, 
answer the questions that follows. 


The graph of f(x) is symmetric about x = 

(a) 3 (b) 4 

(c) 5 (d) 6 

For all real x, then function f(x) will observe the prop- 
erty 

(a) f(x) = f(6 —x) 
(c) f(x) = fl8 — x) 


The function achieves, one of its local minima in the 
interval 

(a) (a, a + 1) (b) (a+ 1,a+ 2) 

(c) (a +4,a + 5) (d) (a +5,a+ 6) 

If local maxima is achieved at x = x,, then the distance 
between the two local minima, will be 


(a) 2x, (b) 2x, -1 
(c) 2x, +1 (d) None of these 


The steepest slope of tangent (s) will occur for x 
belong to the interval 
(a) (at+1, at+2) 


(b) f(x) = fl12 — x) 
(d) None of these 


(b) (a +2,a + 3) 


(c) (a+ 4,a+ 5) (d) (a + 6, «) 
Ans: 1. (d) 2. (b) 
3. (a, d) 4. (b) 


5. (a) 


Solution: f(x) =(«—3)(«-—5)@-7) («- 9) 
= x4— 24° + 206x*— 744 x + 945 wavy curve of f(x) 


P(x) = (% — 3) (&— 5) @— 7) + (&— 3) @—7) (&- 9) + 
+(x — 3) &— 5) (x-9) + («-— 5) («X-7) &- 9) 
F'(3) < 0; #5) > 0 5 fC7) < 9; 
F'(9) > O F(A) > 0; F(6) = 0; F(8) < 0 
ff) = 0 => x — 18x?+ 103x — 186 = 0 
Now, we know that x — 6 is a factor of /'(x)=0. 
Therefore by long division method, we can factorize 
x>— 18x*+ 103x — 186 = 0 to get 
(x — 6) (?— 12x + 31)=0 > x =6 or x = 6+ V5 8.236 
and 3.764 
For, x = 6, the function wil have its local maxima 
And, for x = 6+ V5, the function will achieve its local 
minima. 
and f"(x) = 3x’— 36x + 103 =0 
=> x 7.291 and 4.70833 
at x = 7.291, the graph has the minimum slope 
And at x = 4.70833, the graph has the 
maximum slope. 


E: A park is in the shape of a trapezium ABCD 


length of three sides of a trapezium (including 
two non-parallel sides) are equal to 100 m Le., 
AD = BC = DC =100m.The fourth side is such 
that the area of trapezium ABCD is maximum. Four 
persons namely P, Q, M, N are standing at positing 4, 
B, C, D respectively. Based on the above information, 
answer the questions that follow 


. What is the area of the trapezium? 


(b) 7500 V3 m? 
(d) None of these 


(a) 7500 m? 
(c) 2500 V3m? 


. P and Q move towards each other along AB with a 


speed of lm/sec each N and M move towards each 
other along CD with a speed of 1/2 m/sec. Assum- 
ing that they all start simultaneously, each find the 
rate of change of area quadrilateral POMN after 
25 seconds 

(a) -7500V3 m?/sec 
(c) —2500m7/sec 


(b) —7500 m2/sec 
(d) —2500V3 m/sec 


112. N starts moving towards M and Q starts moving 
towards P at the rate of 1 m/sec respectively. Assuming 
all start moving simultaneously, find the rate of change 
of area of APON after 50 seconds. 

(a) —25V3 m?/sec (b) —50V3 m2/sec 
(c) —150V3 m/sec (d) —100V3 m?/sec 


113. P and M approach each other via the shortest distance 
possible at speeds of V3/2 m/sec, similarly for Q and 
N. If they all start simultaneously, find the rate of 
change of area of quadrilateral POMN, 50 seconds 


after they start 
(a) 50V3(1-3] 
(c) 100V3(0- V3) 


(b) 1002 (1-3) 
(d) None of these 


114. In the previous question, find the rate of change 


of area the circle circumscribing the quadrilateral 
PQMN, 50 seconds after start. 


(a) 2(25-50v3) (b) 2(75-100¥3) 
(c) —100zx (d) None of these 


Solutions: 


110. Let x be the height of the trapezium 


Area =( rx Vi00 a J+100%.x 


dArea _ 


0 


For area to be maximum; we have 


1002 — x? +xx=2__ +100 =0 
100° — x’ 


4 


1002 x?+ ~— 2x? = 10000 


x 
“a 100? —x 
=> (100?— x”) (—3x’) + x*=0 
=> 44-3 x 100?x x7 =0 
=> x =0or 4x’=3 x (100) 
=> x =50 73 

asin@ 


Aliter: Area= x(at+a+2acos@) 


= a’ sinO (1 + cos@) 
For Area to be maximum/minimum; we have 
d( Area) -0 

d@ 


Application of Derivatives Il < 5.253 
2a’[cos® (1+cos8) + sin® (—sinO)] = 0 
cos8 + cos20 = 0 
cos20 = — cosO = cos(x — 8) 
20 = 2nn + (a — 9) 
Casel: 20 =2nn + (x- 9) 
=> 30=2nn+n 
For 6 € (0,2/2); 8 = n/3 


=> 
=> 
— 
= 


Case ll: 20 = 2nn—(n- 9) 
8 = (2n-1)n 
Not possible 
3 l 

Hence maximum area = 1007 (1 +3 

3/3 x 100° 
= id = when height 50V3 

111. The height of the quadrilateral (trapezium) remains 


same 


Nee ea -* ((100 — 1) + 2(200 —22)) x 50V3 


natn metl2, 6 


Ss > 
t 200-2t t 


[. Distance between N and M after ‘t' seconds = 100 
— t. Distance between P and Q and after '7’ seconds = 
200 — 21] 


d(Area) d}|3 

Now ——— =—| —(100 -f) x 50V3 | = 75V3 x(-1 
a Al 3 a 5 | V3xCD 
= ~753 m? / sec 


112. Let coordinates of A be = (0,0) 


; ee (50+t,50V3) 
N 


C 


———— 


x 2(100-t) Oat, 
: = | t 
(200-2t,0) ere o) 


After ‘t' seconds; coordinates of N = (50 + t, 50V3) 
After ‘t' seconds; coordinates of O = (2(100 — 2),0) 


5.254 >» Application of Derivatives I 


0 0 and height of trapezium POMN = 
Height of t ium ABCD —(PR+N, 
dregei| 50+t 50V3]_ 1, 50 J(100-2) aa rapezium ( S) 
2\a(100-7) 0 | 2 ee a 
0 0 and MN = CD — 2(DS) = 100—- {82 3 
Now ae = —50V3 = 100-tV3 
1 Now Area of trapezium (PQMN) [ After time ‘Z’] 
Aliter: Area = Been Height is 
l ; 
= + x2(100-1)x50v3 5x (PO + MN)x height 
d (Area) 2k 24a a oe 
ee 2503 = sewn 3¢)+ (100 - V3t)]x (S0V3 -1) 
dt 
AD? + CD? — AC? oe 
113. In AACD; we have cos D = ce eR a = = (300 - 231) x (50V3 -1) 


2x ADxCD 


= (150-3 1)(50V3 -2) 
CAT) 

dt 
=~ V3 (50V3 — #) — 1(150 — ¥34) 
= — 150 + V3t— 150 + V3¢ 


Now; 


= 2(V3t — 150) 
-1 _ 100° +100? — AC’ d(Area) 
“~~, AC =100V3 SS} = 2(50V3 - 150 
a 2x 100° = dt |,-50 
In AABC; clearly; (AB)’= (AC) + (BC) = 100V3 (1 — V3) m?/sec 
= ACB is art.angle A with right angle at ZC 


Z CAB = 30° 
Now since P and Q are moving a long diagonals 
AC andBD with the same speed 
at any point of time, PQ is always parallel 
to AB 
Similarly MN is always parallel to CD 
PQMN 1s a trapezium with each diagonal (at time 
‘t') being equal to 100V3 — V3z¢. 
In AAPR; AP = t, ZPAR =30° 

= AR = tcos30° and PR = t sin30° 


t/3 


Bee aa pp 
2 2 


114... ZPMO &ZPNO are 90° each 


°. PQ is the diameter of the circle 
Let ‘O' be the centre 


Similarly In A DNS DN = t; 
=> DS =tcos30° and NS = t sin30° 


a 


—. Ds = and NS =~ 


For trapezium POMN; 


=> PO = Radius 
= Area = 1 x (Radius) 


PO = AB—2(AR) = 200- {! oan 200 — tv3 


F: 


115. 


116. 


117. 


118. 


B 


And radius = 100- “ 


2 
Area = 1% 00-2.) 


Ga ae a 100-F 
2 


dt 
= Vx{ 10 — 3.) 
2 
d( Area) 
dt t=50 


= ¥3n (100 — 25V3) 
= n (75 — 100V3) 


x’ +bx+ce 
x’ +bhxt+e, 
roots of the equation x? + bx +c =Oand @,,f, are the 


f: DOR, f(x)= , where a, B are the 


roots of x? + bx + c, = 0. Now answer the following 
questions for f(x). Now answer the following questions 
based in the above comprehension V 


If a,<a<f,<f, then 

(a) f(x) is increasing in (a,f,) 
(b) f(x) is increasing in (a, f) 
(c) f(x) is decreasing in (f,, 9) 


(d) f(x) is increasing in (—0,q@) 


If a,<f,<a<f, then 

(a) f(x) has a minima in (a, B) and a minima in (@, f) 

(b) f(x) has a minima in (a, B) and a maxima in 
(a,,f,) 

(c) f(x) > 0 where ever defined 

(d) f(x) < 0 where ever defined 


Given that b # b, and the equations x* + bx + c = 0 
and x* + b,x + c, = 0 do not have real roots, then 

(a) f(x) = 0 has real and distinct roots 

(b) f(x) = 0 has real and equal roots 

(c) f(x) = 0 has imaginary roots 

(d) nothing can be said 


In the above problem lim| f (x)] lim [ f(x)] (where [.] 


denotes the greatest integer function) is equal to 


(a) 1 (b) 0 
(c) —1 (d) does not exists 


119. 


120. 


115. 


Application of Derivatives Il < 5.255 

In the last problem if b > b,, then 

(a) x coordinate of point in minima is greater than x 
coordinate of point of maxima 

(b) x coordinate of point in minima 1s greater than x 
coordinate of point of maxima 

(c) it also depend upon c and c, 

(d) nothing can be said 


If b = b, and c # c,5 and x* + bx + c = 0 and 

x’? + bx + c, = 0 does not have real roots; then 

(a) f(x) = 0 will have real and equal roots 

(b) f(x) = 0 will have a local maxima at x = 0 ifc<c, 

(c) f(x) = 0 will have a local minima at x = 0 ifc<c, 
maxima at x =— b/2 ifc>C, 

(d) None of these 


Solution: 
The graph of x* + bx + c will be as shown below 


SS 


(assuming a < B) 
And the graph of x* + b,x + c, will be as shown below 


Si 


(assuming a, < B,) 


| 
Therefore the graph of ——————— will be as shown 
x 


+hx+e 


below 


ee ee 


( 
Ifa, <a<B8, < B then graph of f(x) will be as show 
below 


['. f(x) will have vertical asymptotes at x = a,,B, and 
fx) > 0 V (,a,,) and (a,B,) and (B, 00) 

Also f(x) < 0 V (a, a) and (B,B) with f(a) and f(B) = 0 
Graph of f(x) is shown.Clearly f(x) is increasing 
in (a, ’ fi) 


5.256 >» Application of Derivatives I 


116. Ifa, <B,<a<B x’ +bx+e 1 oa by)xte~e 


119. = 
a jj Oe fe) x +hxte, x +bx+¢, 
(x— a, )(x—- f,) (b-b,) ce, 

Wavy curve of /(x) = ee eee i x? 

7 b 
Fae 

= ; \ Mak 

P for b > b, 
Now f(x) > 0 V x € (-,a,,) U (B, a) U (B,0) lim f(x) > 1* 


and f(x) <0 V x € (04,,B,) U (0,8) 
The graph of f(x) will be as shown below 


| 120. f(x) 


= point of maxima is greater than point of minima. 


x’ +bx+e,+(c-c) 
meee Se See FE oe Eg (= b, = b) 


x* +bx +0, 


=> fy =1+ 


Now; f(x) will be maximum when eres 
x°+bx+c 
Clearly f(x) has a maxima in @,f and a minima 
maximum 
in (%,A,) If c > c, then f(x) will be maximum when 
117. If x’ + bx +c =O and x + bx + c, = 0 do not have x’ + bx + c, is minimum 
real roots; then Le., atx =— b/2 
x +bhxt+e If c < c,; then f(x) will be maximum when 
f(x) => > 0 VxeR Bs el ; : 
Vv +bhxt+e, x x +c, 1s Maximum Le., atx > + © 
nea Also; we already know that when b = b,; f(x) = 0 
n 


; ; will have real and equal roots hence; (a) and (d) 
fe (2x+b)(x° +5,x : c,)-(2x u b, )(x" + bx +c) options are corrects 
(x° +bx+¢,) 
Now /(x) is a rational function where denominator #0 | G: Let f(sin x) < 0 and f"(sinx) >0 Vx € (0,2) 
=> f(x) is differentiable for all x ¢ R Noancensilene tcionea = aa eo 
Now lim f(x) =1 and lim f(2) =] 


121. g(x) decreases if x belongs to 


Now /'(x) = 0 ~ ee 
=> (2x + b) @? + bx + ¢) - (2 + 5B) (a) (0,2) (b) (=.2) 
(x? + bx +c) =0 
Which is a quadratic and can have two roots (c) (=.=) (d) None of these 


Now, Since lim f(x)=1 


=> Ja'c' € (0,6) such that f(c) = 0 122. g(x) increase if x belongs to 


Now, if b = 6,, then f'(x) = 0 will have only one (a) (0,5) (b) (=.=) 
extrema 
Here, given that b # b,; then f(x) = 0 will have real ©) (= =) (a) (=.5) 
and distinct roots f(x) has one of the two graphs 8 3 6 3 

=> f(x) = 0 has real and distinct roots. 123. The set of critical points of g(x) is 

118. As explained earlier; lim f(x)= iim f(x)=1 (a) a a (c) a a a 
8 6 8 6 3 

= lim f(x)x lim f(x)=1 
x—>00 xXx—>—00 HH XK 
Clearly lim[ f(x] lim[f(x)]=0 " Pea] eee 


Solution: 
f(sinx) <0 Vx (0,5) A) 

>of) orl 

= f(cosx)<0Vxe (0,5) (2) 
Similarly as /"(sin x) > 0 ...3) 

> f"(cosx)>0Vxe (0,2) AA) 


Now g(x) = f(sin x). cos x — f(cos x). sin x 


g(x) = f'(sin x). cos*x — f (sin x). sin x — "(cos 
x) (-sin*x) — f(cos x) cos x 


gy) >OVxeE (0,5) 


{using (1), (2), (3) and (4); 


) 


g'(x) 1s increasing fn. x € (0,2) with g(x) 
x= n/4 
g(x) <0 for Vxe , 4 


g(x) is decreasing for (0, 1/4) 


an 
d / > 0 fe ~~ > 
and g(x) orx € 2 ) 


J Uv Y 


g(x) is increasing of (25) 


~ 4°2 
121. (a) 
122. (b) 
123. (d) 
H: Let f and g are two functions such that f and y are 


124. 


continuous in [a, b] and differentiable in (a, 5) then 4 
at least one c € (a, b) such that 


(@) fq =§ EL 

—a 
(ii) If f(a) = fb) but a # b, then f(x) = 0 
£6)-f(@) _ ©) 


(il) [If g(x) # 0, then f(b)-g(a) gc) 


(Cauchy 
theorem) 


The set of values of k, for which equation x* — 3x + 
k = 0 has two distinct roots in (0,1) is 

(a) ke (1, 4) (b) k € (0, «) 

(c) k € (0, 1) (d) ke 


125. 


126. 


124. 


125. 


126. 


127. 


Application of Derivatives Il < 5.257 
Which of the following is true? 

(a) |jtan-'x—tan-'y|<|x-y| Vx,yeR 

(b) |tan ‘x—tan 'y/>|x-y|/ Vx,yeR 

(c) |sinx—siny|=|x-—y| Vx,y ER 

(d) None of these 


sina —sin 


Let0<a<0<8 < , then is equal to 


cos 8 -—cosa@ 
(b) —tan 0 
(d) —cot 0 


(a) tan 0 
(c) cot 8 


Solutions: 
(d) Let0<a<@<6[< 1, anda, B are the roots of 
f@) =x -3x+k=0 
=> fla) = AB) = 0 
=> f(x) satisfies LMVT 
=> f(c)=0> 3c’ =0 
> c=11 
but c must be lies between o@ and B. 
Hence k €o 


(a) Let ffx) = tan~'x 


tan” y—tan™ x 
then for some a € (x, y), f(a) = a i i 


y-x 
(LMVT) 
-1 -1 
| _|tan” x—tan” y <] 
l+a? x-y 


= |tan 'x—tan 'y|<|x-y| 

(d) Let ffx) = sin x and g(x) = cos x, Also sin x # 0 
for x € 0, (o, 4 then by cauchy's theorem 

f(B)- (a) 
g(B)- g(a) 


sin § —sina@ 


f'(9) 


g'(9) 
cos 


=— =— cot 0 
—sina 


cos B-—cosa 


: There is a parabola y =x” + x + a, where a be a param- 


da 
eter which changes at a constant rate such that aE = 


5. If a = 0 when t = 0. let A(t) be the area bounded by 
y=x +x + a, x-axis, y-axis and x = a at the time ¢. 


A (2)= 
1450 475 
ee b eae 
@) = (b) — 
2 3 2 
(c) are (d) None of these 
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128. Maximum value of A(t) when ¢ € [0,2] 


475 1450 

—— b= 
(a =| AD) 

1950 2070 

ese d eae 
() = () = 

129. Maximum value of A‘(#) when ¢[0, 2] 

1450 475 

——S b <> 
@) = (b) — 
(c) 650 (d) 1350 
Solution: 


127. (a) < =5 


a=Stt+c 
. a=5t {'.. a = 0, when ¢ = 0} 
YY Paar 


Now /= iG +x+10)dx 
0 


YD iG 
3 2 


— 1000+450 1450 


5t 3 5t 
XxX Xx 
128. (b) | (x? +x4+5t) dt=|—+— +5 


3 2 
125¢ ee er 


AQ) = 


A(t) = 1252 + 25t + 50t > 0 
1000 1000 1450 
maximum valueof4A()= —— +—— +100 = —— 
3 Z 3 
129. (c) A") = 250t + 75 > 0 
max. value of A(t) = 500 + 50 + 100 = 650 
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TUTORIAL EXERCISE 


SECTION-III 


ONLY ONE CORRECT ANSWER 
ax+b . ; 
. The function f(x) = is a strictly increasing 
cx+d 
function V x e R-{-d/c}, if 
(a) ad—bc <0 (b) ad— bc >0 
(c) ab—cd>0 (d) ab-—cd<0 
~ If fa) = x is an increasing function, then 
(here a > 0) 
(a) x€[a, 2a) (b) xe€(-—«,-a] U[0,a] 
(c) x €(-a, 0) (d) None of these 


. The interval in which f(x) = cot! x + x increases, is 
(a) R (b) (0, 20) 
(c) R— {nr} (d) None of these 


. If f(x) = ax? + bx* + cx + d, where a,b,c,d are real 
numbers and 3b? < c’, is an increasing cubic function 
and g(x) = af’ (x) + bf"(x) + c’, then 


(a) [ sO dt is a decreasing function 
(b) E g(t) dt is an increasing function 


(c) I. g(t) dt is a neither increasing nor decreasing 


function 
(d) None of the above 


-] 


t 
. ff) =In(1 +x)- = ~ (for x > 0); then sgn f(x) 
Xx 
iS 
(a) 1 (b):=1 
(c) 4 (d) None of these 


. If f(x) > 0 and f(1) = 0 such that g(x) = f(cot?x + 2cot 
x + 2), where 0 <x < 1, then the interval in which g(x) 


is decreasing 1s 
1 
b) |—,.7 
(b) E 


(a) (0, 7) 
37 
(d) (0, =) 


0 (S- 


7. Let f(x) = 


10. 


11. 


12. 


en , where 0 <x as , then: 
(a) sin? x < x sin (sin x) 

(b) sin? x > x sin (sin x) 

(c) sin? x > 1 +x sin (sin x) 

(d) None of these 


. Let f(x) be a differentiable function such that, 


F(x) 


i - : f 
log,[log,,,(cosx+a)] A(x) is increasing for 


yea i, 3) 


(d) None of these 


all values of x, then: 


(a)ae (5, 00) 


(c)aeée [3.5] 


. If ox) = fx) + f(2a — x) and f(x) > 0, a > 0, 


0 <x < 2a, then 

(a) (x) increases in (a, 2a) 
(b) (x) increases in (0, a) 
(c) o(x) decreases in (a, 2a) 
(d) None of these 


Let f(x) > 0 and f"(x) < 0, where x, < x,, then which of 
the following is true 


(a) (2 | _ f(x) +2f(%) 


3 3 
(b) (2 = Z f(x) st (x,) 
X, + 2x, \_ fq) +2f/ 0%) 

o 1{ce2s) LO 


(d) None of these 


If 0 < A < 27/6, then which of the following is correct 
(a) A (cosec A) < 2/3 (b) sin (A)/A > 27/3 
(c) A (cosec A)< 1/6 (d) sin (A)/A > 27/6 


If f(x) < 0 for all x € (a, 5), then f(x) = 0 
(a) exactly once in (a, b) 

(b) at most once in (a, b) 

(c) atleast once in (a, b) 

(d) None of these 
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13. 


14. 


15. 


16. 


17. 


18. 


19, 


If a, b, c be non-zero real numbers such that 


f, (1+ cos® x)(ax* + bx + c)dx 
= {, (1+ cos* x)(ax* + bx +c)dx, 


Then the equation ax” + bx + c = 0 will have 
(a) atleast one root € (1, 2) 

(b) both roots between 0 and 1 

(c) both roots between 1 and 2 

(d) None of these 


Let f [2, 7] — [IR] be a continuous and differentiable 

function. Then the value of (f(7) -— /f(2)) 

SOY + FOF +F@IM ig were ce 2,0) 
3 ; , 

(a) 3f (c) fc) 

(c) S(O)S'(©) 


The equation sinx + x cosx = 0 has at least one root in 
the interval 


(b) SP (c).fc) 
(d) None of these 


(b) (0, ) 
(d) None of these 


Let f(x) = ax? + bx*+ cx? + dx’ + ex, where a, b, c, d, 
e € R and f(x) = 0 has a positive root a, then 

(a) f(x) = 0 has root a, such thatO<a,<a 

(b) f(x) = 0 has at least one real root 

(c) f(x) = 0 has at least two real roots 

(d) all of the above 


ftx) is a polynomial of degree 4 with real coefficients 
such that f(x) = 0 is satisfied by x = 1, 2,3 only, then 
FQ). f@). £G) is equal to: 

(a) 0 (b) 2 

(c) —l (d) none of these 


If f(x) is a polynomial of degree 5 with real 
coefficients such that f{|x|/) = 0 has 8 real roots, then 
fix) = 0 has: 

(a) 4 real roots only 

(b) 5 real roots (one — ve other + ve) 

(c) 3 real roots 

(d) nothing can be said 


If the function f(x) = |x? + a| x | + b| has exactly three 
points of non-differentiability, then which of the foll- 
woing can be true? 
(a) b<0,a<0 
(c) b>O,aeR 


(b) b<0O,aeR 
(d) all of these 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


The point of the curve 3x? — 4y* = 72 which is nearest 
to the line 3x + 2y— 1 = 011s: 

(a) (—6, 3) (b) (6, — 3) 

(c) (6, 6) (d) (6, 5) 

The equation 3x? + 4ax + b = 0 has at least one root 
in (0,1) if 

(a) 4a+b+3=0 
(c) b=0,a =- 4/3 


(b) 2a+b+1=0 
(d) none of these 
The point on the curve y = x’, where the tangent is 
parallel to the chord joining (1,1) and (3,27) is 
(2 1339 (= 1339 
a ? ? 


3 3 9 


(c) (| (d) none of these 


If fix) =(ab—-b’ -2)x+ [, (cos*@+sin*O)dO is a 


decreasing function of x for all x e¢ R and bd € R, 
b being independent of x, then 


(a) ae (0,V2] (b) ae[-2,2] 
(c) ae [-v2, 0) (d) None of these 
The angle between the tangent lines to the graph of the 


function f(x) = | (2t—5)dt at the points where the 
2 


graph cuts the x-axis is 


(a) 1/6 (b) 1/4 
(c) 1/3 (d) n/2 
In which of the following functions Rolle's Theorem 
is applicable? 

x, O<x<l 
(a) f(x) = on [0, 1] 

0, x=! 

= , —m<Sx<O0 
(b) Ax)=4 x on [—7, 0] 

0, x=0 
—6 

(0) lx) = ——— on [-2, 3] 

x — 2x! 5x+6 if x #1, on [-2,3] 
(d) Ax) = x-1 

—6 if x= 

Let f(x) and g (x) be two differentiable function in R 


and f (2) = 8, g (2) = 0, f(4) = 10 and g (4) = 8 then 


(a) g @)>4f') Vx e (2, 4) 
(b) 32’ (x) =4 f'(x) for at least one x € (2,4) 


27. 


28. 


29. 


30. 


31. 


(c) g(x) >f@) Vx € (2,4) 
(d) g(x) =4/'(x) for at least one x € (2, 4) 


For the cubic, f(x) = 2x? + 9x* + 12x + 1 which one of 

the following statement, does not hold good? 

(a) f(x) is non monotonic 

(b) Increasing in (—co, —2) and (—1, 0) and decreasing 
is (-2, —-1) 

(c) f R > R is bijective 

(d) Inflection point occurs at x = —3/2 


The set of value(s) of 'a' for which the function f(x) = 
3 


+ (a + 2) x*+(a—1)x +2 possess a negative 


point of inflection. 
(a) (oo, —2)U (0, 0) (b) {—4/5} 
(c) €2, 0) (d) empty set 


Consider f (x) = |1 —x|; 1 <x <2 and g(x) = f(x) + b 
sin x; 1 <x <2, then which of the following is cor- 


rect? 

(a) Rolles theorem is applicable to both f| g and 
b = 3/2 

(b) LMVT is not applicable to fand Rolles theorem is 
applicable to g with b = 1/2 

(c) LMVT is applicable to f and Rolles theorem 1s 
applicable to g with b = 1 

(d) Rolles theorem is not applicable to both f, g for 
any real b. 


x 


Consider f (x) = | Ga dt and g(x) =f '(x) for x 


0 


1 
<|3.3] . If Pis a point on the curve y = g(x) such that 


the tangent to this curve at P is parallel to a chord 


l l 
joining the points =. -(3)| and (3, g(3)) of the 


curve, then the coordinates of the point P 
4” 28 
, > 
» (P+ 
o (Ez 


For the function f(x) = x + sin x, x € [1, 2], the value 
of c for the L.M.V. theorem is applicable 


(a) cos” [2 cos 0085 
2 2k 


7 65 
(a) can't be found out (b) ( 


(c) (I, 2) 


32. 


33: 


34. 


35: 


36. 


37. 


38. 
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= 3 
(b) cos 20085) 


(c) cos” [2 cos sins 
2 2 
(d) None of these 


Let f be differentiable for all x. If fl) = —3 and 
f(x) = 2 for x € [1, 6], then 


(a) f(6)>8 (b) f(6) >7 
(c) f(6) <4 (d) f(6) =5 
If a function f(x) has f(a) = 0 and f(a) = 0, then 


(a) x = ais a maximum for f(x) 

(b) x =a is a minimum for f(x) 

(c) It is difficult to say (a) and (b) 

(d) f (x) is necessarily a constant function 


Let f and g be increasing and decreasing functions, 
respectively from [0, ©) to [0, 00). Let A(x) = f[g(@)]. 
If h(0) = 0, then h(x) — h(1) is: 

(a) always zero 

(b) strictly increasing 

(c) always negative 

(d) always positive 


The set of all values of 'a' for which the function, 


fo) = (@ —3a +2) (cos* 4 - sin? =) +(a 1) x + 


sin 1 does not possess critical points is: 


(a) [1, ~) (b) (0, INU, 4) 
Iff(x)=1+xt {( In*¢+2Int¢ )dt , then f(x) increases 
in 

(a) (0, ©) (b) (0, e-*) U (1, &) 


(d) (1, ~) 


f(x) = x + 3x’ + 6 is increasing for 


(c) no value 


(a) all positive realx (b) all negative real x 


(c) allxe R (d) None of these 
“TEX 
sin—; O<x<l 
Let f(x)= ; then 
3-2x: x21 


(a) f(x) has local maximum at x = 1 

(b) f(x) has local minimum at x = 1 

(c) f(x) does not have local extremum at x = 1 
(d) f(x) has global minimum at x = 1 
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39. 


40. 


41. 


42. 


43. 


44. 


45. 


sin? 0 cos” 8 
A function g(8) = I, Ff (x)dx +[. f(x)dx is 
defined in the interval (-=,5) , where f(x) is an 


increasing function, then g(8) is increasing in the 
interval 


NED 
0 (of 


Let f(x) > 0 and g(x) <0 Vx € R. Then 

(a) fig) <Ag@ +1) (b) g(fx)) > sfx — 1) 

(c) figx)) > Ag — 1) (d) g(x) > s(x + 1) 

From a fixed point P on the circumference of a circle 
of radius a, the perpendicular PR is drawn to the 


tangent at O(a variable point). The maximum area of 
APOR is ka’. Then k is 
33 


3/3 


(a) (b) 
2v3 2V2 
oP oS 


If f(x) + f(x) + f(x) = x’ be the differential equation 
of a curve and let P be the point of maxima, then 
number of tangents which can be drawn from P to 
x’—y* = a’ is/are 


(a) 2 (b) 1 
(c) 0 (d) either 1 or 2 
If mM and mn are positive integers and 


flo) = [(t-ay"(t-by""dt, a #b then: 
1 


(a) x = bisa point of local minimum 
(b) x 
(c) x =aisa point of local minimum 


= 61s a point of local maximum 


(d) x =a isa point of local maximum 


Point 'A' lies on the curve y=e” and has the 


coordinate (x,e~* ), where x > 0. Point B has the 


coordinates (x, 0). If ‘O’ is the ongin, then the 
maximum area of the triangle AOB 1s 


I 
” Pre ”) The 

1 l 
OTe © Tee 


The vertices of a triangle are (0, 0), (x, cos x) and 
ya 
(sin*x, 0), where 0 < x ra, The maximum area for 


such a triangle in sq. units, 1s. 


46. 


48. 


49. 


B 


(a) oa (b) 30 
4 6V3 
c) 30 (d) a5 


A rectangle with one side lying along the x-axis 1s 
to be inscribed in the closed region of the xy plane 
bounded by the lines y = 0, y = 3x, and y = 30 — 2x. 
The largest area of such a rectangle 1s. 

135 


(a) a (b) 45 
(Cc) = (d) 90 


. Which of the following statements is true for the 


Vx; x21 
function f(x)=4 x; O<x<l 
3 
3 x<O0 
3 


(a) It is monotonic increasing V xe R 

(b) f(x) fails to exist for 3 distinct real values of x 

(c) f(x) changes its sign twice as x varies from 
(—00, 00) 

(d) function attains its extreme values at x, and x,, 
such that x,, x, > 0 


Give the correct order of initials 7 or F for following 
statements. Use 7 if statement is true and F if it 1s 
false. 

Statement 1: If f R — R andc é R is such that f 
is increasing in (c — 6, c) and f is decreasing in (c, c 
+ 6), then f has a local maximum at c. Where 6 is a 
sufficiently small positive quantity. 

Statement 2: Let f (a, b) > R, c € (a, b). Then 
f can not have both a local maximum and a point of 
inflection at x = c. 

Statement 3: The function f (x) = x’ |x| is twice dif- 
ferentiable at x = 0. 

Statement 4: Let f: [c— 1, c + 1] > [a, b| be bijec- 
tive map such that fis differentiable at c, then f~' is 
also differentiable at f(c). 

(a) FFTF (b) TTFT 

(c) FTTF (d) TTTF 


The sum of the terms of an infinitely decreasing 
geometric progression is equal to the greatest value of 
the function f(x) = x° + 3x — 9 on the interval [—2, 3]. 
If the difference between the first and the second term 


50. 


Sh. 


52. 


53, 


34. 


35. 


of the progression is equal to f'(0), then the common 
ratio of the G.P. is 
(a) 1/3 
(c) 2/3 


(b) 1/2 
(d) 3/4 


The lateral edge of a regular rectangular pyramid 1s ‘a' 
cm long. The lateral edge makes an angle a with the 
plane of the base. The value of « for which the volume 
of the pyramid is greatest, is: 


1 2 
i> b in— | aes 
Cay (b) sin 2 
(c) cot7! V2 (d) q 
5 if x<l 
Let f(x) = a . Then the number of 
—(x-2) if x>1 
critical points on the graph of the function 1s. 
(a) 1 (b) 2 
(c) 3 (d) 4 


A curve with equation of the form y = ax* + bx’ + cx + 
d has zero gradient at the point (0, 1) and also touches 
the x-axis at the point (—1, 0), then the values of x for 
which the curve has a negative gradient are. 

(a) x>-l (b) x<1 

(c) x<-l (d) -l<x<l 

The function 7’ is defined by f(x) = x? (1 — x) for all 
x e€ R, where p, g are positive integers, has a 


maximum value, for x equal to: 
Pq 


b) 1 
@) en (b) 
p 
0 d 
(0) @ 
(x —1)(6x -1) ieee 
L _ 2x-1 2 1 
et f(x) = , then atx = = 
1 2 
0 Ua 


(a) fhas a local maxima 

(b) fhas a local minima 

(c) fhas an inflection point 

(d) fhas a removable discontinuity 
2 


xX 
If f(x) = | (t—l)dt, 1 <x <2, then global maximum 
Xx 


value of f(x) 1s: 
(a) 1 
(c) 4 


(b) 2 
(d) 5 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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A right triangle is drawn in a semicircle of radius 1/2 
with one of its legs along the diameter. The maximum 
area of the triangle is 


1 3/3 
(a) 4 (b) 37 

3/3 1 
(c) 46 (d) 8 


P and Q are two points on a circle of centre C and 
radius a, the angle PCQ being 20, then the radius of 
the circle inscribed 1n the triangle CPQ is maximum 


when. 
V3-1 V5-1 
se n@ = 
(a) sin 2/2 (b) sin 5 
(c) sin = _ (d) sind = ee 


Two sides of a triangle are to have lengths ‘a’ cm 
and ‘b’ cm. If the triangle is to have the maximum 
area, then the length of the median from the vertex 
containing the sides 'a' and 'b' is. 


| 2a+b 
(=) Va +b? (by 
a’ +b? a+2b 
d 
() | @ 


Let f(x) = {(snc -=t) dt ; (x > 1), then 


(a) f(x) has one point of maxima and no point of 
minima. 

(b) f(x) has two distinct roots 

(c) f(x) has one point of minima and no point of 
maxima 

(d) f(x) is monotonic 


Suppose that fis a polynomial of degree 3 and that 
f'(x) # 0 at any of the stationary point. Then 

(a) fhas exactly one stationary point. 

(b) f must have no stationary point. 

(c) f must have exactly 2 stationary points. 

(d) fhas either 0 or 2 stationary points. 


The coordinate of the point on y* = 8x, which is closest 
from x* + (y + 6) = 1 is/are 

(a) (2, - 4) (b) (18, — 12) 

(c) (2, 4) (d) none of these 


Let f(x) = 1 + 2x? + 22x4 +...4-2'x?°, Then f(x) has 
(a) more than one minimum 
(b) exactly one minimum 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


(c) atleast one maximum 
(d) None of the above 


A differentiable function f(x) has a relative minimum 
at x = 0, then the function y = f(x) + ax + b has a rela- 
tive minimum at x = 0 for 

(a) all a and all b (b) allbifa=0 

(c) all b>0 (d) alla>0 


Let f: [a, b] — R be a function such that c € (a, b), 

fF) =F) =f" © =f) =L(©) = 9, then 

(a) fhas local extremum at x =c 

(b) fhas neither local maximum nor local minimum at 
x=C 

(c) fis necessarily a constant function 

(d) it is difficult to say whether (a) or (b) 


If f(x) =1+2x7+4x4+4+ 6x°4.....4100x' is a poly- 
nomial in a real variable x, then f(x) has : 

(a) neither a maximum nor a minimum 

(b) only one maximum 

(c) only one minimum 

(d) None of these 


yi 
x°-] ae 

5 for every real x, then the minimum 
x +1 


If f(x) = 


value of f 

(a) does not exist because fis unbounded 
(b) is not attained even though fis bounded 
(c) 1s equal to 1 

(d) is equal to — 1 

The equation x + e* = 0 has 

(a) no real root (b) one real positive root 


(c) two real roots (d) one real negative root 


sin 2x 


The greatest values of the function f(x) = and x/4) 


on the interval 0,2 | is equal to 


@ + (b) 2 

(c) 1 (d) -V2 

The minimum value 3x + 4y, when xy = r and x > 0 is 
(a) 4/3r (b) 24/7 

(c) 12r (d) None of these 


The function f(x) = x° + 24x? + ax — 10 attains its rela- 
tive minimum value at x = 1. Then the value of a is 
(a) 51 (b) —51 

(c) — 45 (d) None of these 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


The minimum value of x* is attained when x is equal 
to: 

(a) e (b) e° 

(c) 1 (d) 

The values of constants a and b for which the func- 
tion, y = a log. x + bx? + x has a local minimum at x 
= | and local maximum at x = 2 are: 


2 ] 2 l 
==,b=-2 (b)a=—,b=— 
(aj a=, , ans, 6 
2 l 2 ] 
=—-,b=— (d)a=--—,b=-- 
(a--5,b=— (a=-5,b=-- 
The maximum slope of the curve y = — x 7+ 3x? + 2x 
— 27 will be: 
(a) —165/8 (b) — 27 
(c) 5 (d) None of these 
At x = a, there is minimum for a given function 


fix), then: 

(a) lim f’(x) = lim f"(x) 

(b) lim f"(x)>0, lim f"(x) <0 
(c) lim f(x) <0, lim f'(x) >0 
(d) Nothing can be said 


A closed vessel tapers to a point both at its top E and 
its bottom F and is fixed with EF vertical when the 
depth of the liquid in it is x cm, the volume of the 
liquid in it is, x* (15 — x) cu. cm. The length EF is: 


(a) 7.5 cm (b) 8cm 
(c) 10cm (d) 12cm 
The lateral edge of a regular hexagonal pyramid is 


lcm. If the volume is maximum, then its height must 
be equal to: 


(a) 1/3 (b) 2/3 
l 
CG) d) 1 
x—x?4+10x-5 ,x<!l 
Let f(x) = ; the set of 
—2x+log, (bo -2) , x>1 


values of b for which f(x) have greatest value at x = 1 
is given by: 


(a) [1, 2] (b) {1,2} 
(c) (—00, — 1) (d) None of these 
The least area of a circle circumscribing any right 


triangle of area S 1s: 
(a) xS 


(c) V aS 


(b) 2x8 
(d) 4x8 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Equation of a straight line passing through (1, 4) if the 
sum of its positive intercepts on the co-ordinate axes 
is the smallest 1s: 

(a) 2x +y-6=0 
(c) y+ 2x-6=0 


(b) x + 2y—9=0 
(d) None of these 
Two points A(1, 4) and B(3, 0) are given on the ellipse 


2x’ + y= 18. The co-ordinates of a point on the ellipse 
such that the area of the triangle ABC is greatest is 


equal to 
(b) (-v6 , V6) 


(a) (V6 , V6) 
(c) (V6 , -V6) (d) (-v6 ,-V6) 


Let f. (0, =) > R be a function defined by 
fix) = max {sin 2x, cos 2x}, then set of points of which 
fix) has local maxima or minima is equal to 


na 32 
b).4=— 
w {2.4 
(d) None of these 


The point(s) of minimum of the function, 


fix) = 47 — x |x — 2], x € [0, 3] is 


(a) x =0 (b) x = 1/3 

(c) x = 1/2 (d) x =2 

If the function y= ee has an extremum at 
(x—4)(x-1) 

P(2, — 1), then the values of a and 6 are 

(a) a=0,b=1 (b) a=0,b=-1 


(c) a=1,b=0 (c) a=1,b=0 


The minimum value of 2log,, x—log,.01, x > 1 is 


(a) 1 (b) -1 

(c) 2 (d) None of these 
The maximum value of x°° +(x—2)” is 
(a) 0 (b) 2 

(c). 27 (d) None of these 


P —q 
The minimum value of the function f(x) = ire ie 
P 


1 1 
where —+—=1, p> 1 is equal to 
P q 


(a) 1 (b) 0 

(c) 2 (d) None of these 

Let P(x)=a,+a,x> +a,x*+a,x°+..a,x"" be a 
polynomial in aé_=e real variable x _ with 


O<a, <a, <a, <......<a, .The function P(x) has 


88. 
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(a) neither a max nor a min. 

(b) only one max 

(c) both max. and min. 

(d) only one min. 


If M be the greatest value and m be the least value of 
f (x) = 2x° —3x* -12x+1 for -1<x<3/2, then the 
ordered pair (M, m) is 


(a) (8, “ 19) (b) (8, t. 17) 
(c) (-17, — 19) (d) None of these 
89.Let P(x)=axtax+axt+..+a,x"" be a 


90. 


91. 


92. 


93. 


94. 


polynomial in a real variable x with 0 < a, a,,...., a 
then the function P(x) has 
(a) No extremum 


n 


(b) One minimum 


(c) One maximum (d) More than one extreme 


The function f(x) =cos|x|—2ax+6 increases along 


the entire number scale, the range of values of a is 
given by 


(a) a<b (b) a=> 
(c) ax (d) a2 


If a’x* +b’ y* =c*, then the maximum value of xy is 


c| ») _|e 
) he 
©) oh 
c) KL (d) el 
lab lab| 


2 
The minimum area bounded by y = e+, 


y =x-—1, x = 0, above the x — axis, (where [.] is 
greatest integer function) is equal to 

(a) 1 (b) 2 

(c) 3 (d) 4 


Suppose x, and x, are the point of maximum and the 
point of minimum respectively of the function f(x) 
= 2x7 -9ax*+ 12a’x + 1 respectively, then for the 
equality x,7 = x, to be true the value of ‘a’ must be: 


(a) 0 (b) 2 

(c) 1 (d) 1/4 

The local minimum value of eae 2) iS: 
tan x 

(a) 0 (b) 1/2 

(c) 1 (d) 3 
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95. 


96. 


97. 


98. 


99. 


The radius of a right circular cylinder of greatest 
curved surface which can be inscribed in a given right 
circular cone is: 


(a) 


one third that of the cone 


1 
— times that of the cone 
a2 


2 
3 that of the cone 


(d) 


] 
5 that of the cone 


The lengths of the hypotenuse of a right angled trian- 
gle is given the area of the triangle will be maximum 
if the angle between hypotenuse and base is 


[a {a 
(a) ra (b) rr 
a 5a 
(c) . (d) ‘I 


The first and the second derivatives of a function 
fix) exists at all points in (a, b) with f’ (c) = 0 where 
a<c<b. Further more if f’(x) < 0 at all points on the 
immediate left of c and f’(x) > 0 for all points on the 
immediate right of c then at x = c, f(x) has a: 

(a) local maximum —_(b) point of inflexion 


(c) local minimum (d) global maximum 


The least value of ‘a’ for which the equation, 


= + = a has atleast one solution on the 
sinx 1l-—sinx 
interval (0, 7/2) is: 
(a) 3 (b) 5 
(c) 7 (d) 9 


The set of all values of ‘a’ for which the function, 
f(x) = (@-3a + 2) cos ; — sin? =| + (a-—1)x + 


sin 1 does not possess critical points is 
(a) [1, «) (b) (, 1) UC, 4) 
(c) (2, 4) (d) (1, 3) UG, 5) 


100. 


101. 


102. 


103. 


104. 


The least value of the function f(x) = | ( 6 cost—2 
5 52/3 
sin f)dt in Ee : 7 is: 
3 «4 
(a) 3V¥3 —2V2 -1 (b) 3V3 —2¥V2 +1 
(d) zero 


(c) 3 V3 +22 -1 


For all a, b € R the function f(x) = 3x* — 4x? + 6x? + 
ax + b has: 

(a) no extremum 

(b) exactly one extremum 

(c) exactly two extremum 

(d) three extremum. 


cost 
Let f(x) = bees dt ,x > 0. Then f(x) has 
0 


(a) maxima at x = nn when n = —2, -4, -6,..... 

(b) maxima at x = (2n + 1) n/2 when n = -1, -3, —5.... 
(c) minima at x = (2n + 1) n/2 whenn = 0, 2, 4..... 
(d) minima at x = (2n + 1) n/2 when n = 1, 3, 5..... 


The number of solutions of the equation, a” + g(x) = 
0, when a > 0, g(x) # 0 and g(x) has a minimum value 
1/2 is: 

(a) one 

(c) infinite 


(b) two 
(d) zero 


5 4 
On the interval EB : 4 the least value of the func- 


x 
tion f(x) = | (3sint+4cost)dt is equal to 
52/4 


(b) —2 V3+o4+— 


(a) 0 2 


2 ] 
Cc Pl Ft d) None of these 
(©) stg @ 


SECTION-IV 


MORE THAN ONE ARE CORRECT 


. flix) = &? + 3x’ + 6)” is increasing for 


(a) All positive real x 
(b) Allx e R— {0} 
(c) All negative real x 
(d) None of these 


2: 


If f(x) and g(x) are two positive and increasing 
functions, then 

(a) (f(x))g(x) is always increasing 

(b) If ((x))*™ is decreasing, then f(x) < 1, 

(c) If ({(x))*™ is decreasing, then f(x) > 1, 

(d) If f(x) > 1, then (f(x))*™ is increasing 


3. If f: R > R, f(x) is a differentiable bijective function, 


then which of the following may be true? 

(a) (f(x)-—x)f'(x)<0VxeER 

(b) fx) -x)f'@)>OVxeER 

(c) If f(x) —x) f"(x) > 0, then f(x) = f-'(x) has no solu- 
tion 

(d) If (f(x) — x) f"(x) > 0, then f(x) = f~'(x) has at least 
one real solution 


. Which of the following statements is true about the 


monotonocity of Q(x); where Q(x) = 2f (=) + 
f6—x7) VxXeER. 

If it is given that f(x) >0 VxeER. 

(a) Q(x) is increasing in x € (—2,0)U (2,0) 

(b) Q(x) is decreasing in x € (—00,-2)U (0, 2) 

(c) Q(x) is increasing in x € (—«©,—2)U(-2,0) 

(d) Q(x) is decreasing in x € (-2,0)U(2,) 


. If ox) = [> + f (3-x’) V x €(-3, 4) where 
f'(x)>0 V x e(-3, 4), then o(x) is 

(a) increasing in (3.4) 

(ey deceasing a (-3,-3) 

(c) increasing in (-3.0] 


3 
(d) decreasing in (o, 3) 


. If 0 < A, B, C < 2/2, then which of the following is 
correct 


3a 
(a) A cosec A + B cosec B + Ccosec C a 


37 
(b) A cosec A + B cosec B + C cosec C > ns 


(c) sn A+sinB+sinC>2 
(d) None of these 


. Let f(x) = sin x + ax + b, then f(x) = 0 has 

(a) only one real root which is positive ifa > 1,5<0 

(b) only one real root which is negative ifa>1,b>0 

(c) only one real root which is negative if a < —1, 
b <0, 

(d) None of these 


10. 


11. 


12. 


13. 


14. 


15. 
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11 1 
. At x > 0°, all of these function— — , = become 
xx? fx 


x 
infinite. Which of these increases most rapidly: 


On Oe 
X Xx 


(d) all increase with equal rate 


(c) x 


. The function fix) = x—cot'x+log (Vx*+1- x) is 


increasing on 
(a) (—o0, 0) 
(c) (—00,0) 


(b) (0,~) 
(d) [0,00) 


({1-x? 
The function is cos” ail 
L+x 


(a) increasing in (0, 0)(b) decreasing in (—c, 0) 
(c) decreasing in (0, 0)(d) increasing in (—c, 0) 


x 
n= sin x 


in the interval 


x 
and g(x) = ——; where 0<x <1, then 
tan x 


(a) both f(x) and g(x) are increasing 
(b) both f(x) and g(x) are decreasing 
(c) f(x) is increasing 

(d) g(x) 1s decreasing 


The function f(x) = | 1 —t* dt is such that: 
0 


(a) it is defined on the interval [—1, 1] 
(b) it is an increasing function 

(c) it is an odd function 

(d) it is an even function 


i ee 


If f(x)= , then 
Lo) es G22 


(a) f(x) has local maxima at x = 0 
(b) f(x) has local minima at x = 2 
(c) f(x) has local maxima at x = 11 
(d) None of these 


3x7 +12x-1; -l<x<2 
If f(xi= - then 
37-—x; 2<x53 
(a) f(x) is increasing on [—1,2] 
(b) f(x) is continuous on [—1,3] 
(c) f(2) does not exist 
(d) f(x) has the maximum value at x = 2 


Let S be the set of real values of parameter A for which 
the equation f(x) = 2x?— 3 (2 +A) x*+ 12Ax has exactly 
one local maximum and exactly one local minimum. 
Then S is a super set of 
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16. 


17. 


18. 


19. 


(a) (4,0) (b) (-3,3) 
(c) (3,2) (d) (0, 0) 


The function f(x) = sin x — x cosx is: 

(a) maximum or minimum for all integral multiple of x 

(b) maximum if x is an odd positive or even negative 
integral multiple of x 

(c) minimum if x is an even positive or odd negative 
integral multiple of 7 

(d) None of these 


For the function f(x) = x* (12 Inx — 7) 

(a) the point (1, —7) is the point of inflection 
(b) x = e’* is the point of minima 

(c) the graph is concave downwards in (0,1) 
(d) the graph is concave upwards in (1, «) 


In which of the following graphs x = c is the point of 
inflection. 


—1 
Let f(x) = ca ,then which of the following is correct. 
x 


(a) f(x) has minima but no maxima. 
(b) f(x) increases in the interval (0, 2) and decreases 
in the interval (—co, 0) U (2, 0) 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(c) is concave down in (—, 0) U (0, 3) 
(d) x = 3 is the point of inflection. 

9—x? ee 
Suppose F(x) = | e* dt. Then, 

0 
(a) F(x) is increasing for x € (—3, 0) 
(b) F(x) is decreasing for x € (0, 3) 
(c) F(O) is the maximum value of F'(x) 
(d) F(x) is an odd function. 


Let f(x) = ax’ + bx’? + cx + 1 have extrema at x = a, B 
such that a8 < 0 and f(a).f(B) < 0. Then the equation 
fix) = 0 has 

(a) three equal real roots 

(b) three distinct real roots 

(c) one positive root if f(a) < 0 and f(B) > 0 

(d) one negative root if f(a) > 0 and f(B) < 0 


A 
The function {(x)=x° +— hasa 
x 
(a) minimum at x = 2 if A = 16 
(b) maximum at x = 2 if A = 16 
(c) maximum for no real value of A 
(d) point of inflection at x = 1 ifA=-1 
If f(x) = sin® x + cos® x, then 
(a) f(x) <1 (b) f(x) <2 
| ] 
(c) A ar (d) Te 


3 
The extremum of the function, f(x) = |x? + 2x - 3) += 


1 2 
Inx,x € E ; 4 occur at: 
(a) x =1 (b) x =3 
(c) x = 1/2 (d) x =4 


The parabola y = x* + px + q cuts the straight line 
y = 2x —3 at a point with abscissa 1. If the distance 
between the vertex of the parabola and the x-axis is 
least then: 

(a) p =O and g =-2 

(b) p =—2 and g = 0 

(c) least distance between the parabola and x-axis is 2 
(d) least distance between the parabola and x-axis is 1 


If fx) = a sin x +1/3 sin 3x has an extremum at 
270 
x = —., then: 
3 
(a) a=2 
(b) f(27/3) is maximum for a = 2 
(c) f(z/2) is minimum for a = 2 
(d) there are three critical points between (0, 7) 


pA i 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Let y = f(x) be the equation of a parabola which is 
touched by the line y = x at the point where x = 1. Then 
(a) f(0) =f) 

(b) fC) = 1 

(c) AO) + f(O) + f°) = 1 

(d) 20) = 1-f(0) 

Let f(x) = (x — 1)*. (x — 2)", n € N. Then f(x) has 

(a) a maximum at x = 1 if is odd 

(b) a maximum at x = 1 if is even 

(c) a minimum at x = 2 if 1s even 

(d) a maximum at x = 2 if n is odd 


Let f(x) = 0(2 — x) + o(&) and o"(x) < 0 for xe[0, 2]. 
Then 

(a) f(x) is increasing in [0,1] 

(b) f(x) is decreasing in [0,1] 

(c) f(x) is decreasing in [1, 2] 

(d) f(x) is increasing in [1,2] 

The which the function 


value of x _ for 


f(x)= | (li-t’)e" “dt has an extremum is equal to 
0 


(a) 0 
(c) -1 


The function sin '2xV1 x’ 
1 

a) has x =-—= 

(a) 7) 


(b) 1 
(d) None of these 


as a point of minimum 


1 
(b) has x= a as a point of maximum 


(c) attains its least value at x = 0 
(d) attains its least value at x = 1. 


If a differentiable function f{x)has a relative minimum 
at x = 0, then the function y = f(x) + ax? + bx + c has 
a relative minimum at x = 0 for ; 

(a) b=0, alla (b) b=0,a> “mi M) 

(c) a=0,b=0 (d) a=0,b=0,c=2 


If f(x)= sin"( aa , then 
l+x 
(a) f(1) does not exist 
(b) f(-1) does not exist 
(c) x = 1 is a local maximum for f(x) 
(d) x = 1 is a local minimum for f(x) 
Let f(x) = (x — 1)? (« — 2)? where p >1, g > 1. Each 
critical point of f(x) is a point of extremum when 
(a) p=3,q=4 (b) p=4,q=2 
(c) p=2,q=3 (d) p=2,q=4 


35 


36. 


37. 


38. 


39. 


40. 


41. 
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The point (0, 3) is closest to the curve x? = 2y at 


(a) (2V2,0) (b) (0, 0) 

(c) (2, 2) (d) (2, 2) 

An extremum value of y = fi —1)(t—2)dt is equal to 
(a) 5/6 (b) "2/3 

(c) 1 (d) 2 


An extremum value of the function f(x) = (arc sin x)? 
+ (arc cos x)? is: 


1X n° 
b en 
@) = b) = 
n° n° 
tS d a 
(c) 39 (d) 16 
If f @&) = 40 -— x -— 2x + 1 and 
inf f(t):0<t< - O0<x<l 
2(xJ= i nis ( x) 7 then 
3-x ; 1<x<2 
u = 3) 4 = has the value equal t 
g A g A g Fi S value equal to 
9 
pa b a 
(@) z b) 5 
13 5 
= d = 
(0) = (@) 5 


Let f(x) = @? — 1)" (x? +x + 1), then f(x) has local 
extremum at x = 1, when: 
(a) n=2 (b) n=3 
(c) n=4 (d) n=6 
x+2 -l<x<0 
If f(x)=s1 x=0 then on [-1, 1], this 
x/2 0<x<l 


function has 

(a) a minimum 

(b) a maximum 

(c) either a maximum or a minimum 
(d) neither a maximum nor a minimum 


The extremum value of the function 
1 1 

= ——___- wh R is: 
Ie) mst <oxla° 
o— ee 

S240 Saad 

2/2 4/2 

(c) (d) 


4/2 +1 8+ /2 
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1. A: 


R: 


SECTION-V 


ASSERTION AND REASON 


Both sin x and cos x are decreasing function in the 
interval (7/2, 7). 

If a differentiable function decreases in an interval 
(a,b), then its derivative also decreases in (a,b). 


2. Let f(x) =2 + cos x for all real x 


A: 


R: 
3. A: 


R: 


For each real ¢, there exists a point ‘c' in [t, ¢ + 7) 
such that f' (c) = 0. 
Kt) = ft + 22) for each real t. 


The greatestofthenumbers 1,2"7,3!9,414,5'°,616,77 
is: 31, 


: x'*is increasing for 0 < x < e and decreasing for x 


> @e@ 


: Let f [0,0) >[0,0) and g: [0,0)—>[0,0) be 


non-increasing and non-decreasing functions 
respectively and h(x) = g(f(x)). If f and g are dif- 
ferentiable for all points in their respective domains 
and h(0) = 0, then A(x) is constant function. 


: g(x)e [0, ©) > A(x) = 0 and h(x) < 0 
5. A: 


f(x) is increasing function with concavity upwards, 
then concavity of f '(x) is also upwards. 

If f(x) is decreasing function with concavity 
upwards, then concavity of f '(x) is also upwards. 


6. Let f(x): R > R is differentiable and strictly increas- 
ing function throughout its domain 


A: 


R: 


7. A: 


If |f(x)| is also strictly increasing function, then 
fix) = 0 has no real roots. 
At —00, f(x) may approach to 0, but can not be 
equal to zero. 
If g(x) 1s a differentiable function and Rolles 
x? -1 
g(x) 
then g(x) has atleast one root in (—1,1). 


theorem is not applicable to f(x) = in [-1,1 ], 


: If f(a) = f(b), then Rolles theorem is applicable for 


x € (a, b). 


: Let f(x) = 1 + 3x2 + 32x4 + 33x 4+....4+ 330 x has 


exactly one point of local minima. 


: f(x) changes sign at x = 0 only. 


9. A: Let f(x) =5 —4(x- 2)°%, then at x = 2, the function 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


R: 
A: 


R: 


A: 


> If f(x) = 


: The 


fix) attains neither least value nor greatest value. 
x = 21s the only critical point of f(x) 

Shortest distance between |x| + |y| = 2 andx? + 
= 16 is 4 — V2. 

Shortest distance between the two smooth curves 
lies along the common normal. 


: If f(x) is a continuous function in its domain, 


then between any two consecutive maxima there 
always lies one minima. 


: If f(x) is continuous then, for existence of maxima 


at x =, f(x) > 0 where x < c and f(x) < 0 where 
x > c, where as for minima at x = c. f(x) < 0 atx 
<c and f(x) > Oifx>c. 


max {x*—2x+2,|x-1|} the greatest 


value of f(x) on the interval [ 0, 3] is 5 


: Greatest value = f(3) = max {5, 2} =5. 


: The graph y =x3+ ax’? +bx+c has no extermum, 


if a’ <3b 


: y is either increasing or decreasing V x € R. 


of 


f (x) =—-x? +4x+1+4sin™ x on the interval [-1, 1] 


least value the function 


1 
is==— x 
2 
: fix) is increasing function having range 


4-445 
2 2 


The greatest value of abc for positive values of 
a, b, c subject to the condition ab + be + ca =12 
is 8 


>: ab =bc=ca 


16 Sut 
: The function f(x)=x°+— has a minimum 
x 


value 12 atx = 2. 


: As x increases through 2, f(x) changes sign from 


positive to negative. 
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SECTION-VI 


COMPREHENSION PASSAGE 


: f RR, f(x) is a differentiable function such that all 
its successive derivatives exist. f(x) can be zero at 


discrete points only and f(x). f(x) <0 VxeR. 


. If f(a) = 0, then which of the following is correct 

(a) fla + h)f"(a—h) <0 

(b) fla + h) f(a—h)>0 

(c) fla + h) f'(a—h) <0 

(d) fla +h) f' (a—h) <0 

. Ifa and B are two consecutive roots of f(x) = 0, then 
(a) f(y) =0;7 €(a@, B) for some y 

(b) f(y) = 0; 7 € (a, £) for some y 

(c) f(y) =0;7 €(a@, B) for some y 

(d) f(y) =0; ve (a, B) for some y 

. If f(x) # 0, then maximum number of real roots of 
f'(x) = 0 is/are 
(a) no real root 
(c) two 


(b) one 
(d) three 


: If f(x) is a differentiable function wherever it is con- 


tinuous and f(c,) = f(c,) = 0, f(c,). '(c,) < 0, Ke,) = 
5, fic,) = 0 and (c, < c,). 


. If f(x) is continuous in [c,, c,] and f(c,) — f"(c,) > 9, 
then minimum number of roots of f(x) = 0 in [c, — 1, 


c, + jis 
(a) 2 (b) 3 
(c) 4 (d) 5 


. If f(x) is continuous in [c, c,] and f(c,) —f"(c,) < 9, 
then minimum number of roots of f(x) = 0 in [c, — 1, 


c, + 1] is 
(a) 1 (b) 2 
(c) 3 (d) 4 


. If f(x) is continuous in [c,. c,] and f(c,) —f"(c,) > 9, 
then minimum number of roots of f(x) = 0 in [c, — 1, 


c, + 1] is 
(a) 2 (b) 3 
(c) 4 (d) 5 


: Let y = 2Vx + bx be curve, (2x — y) + A(2x + y— 4) = 
0 be family of lines. 


10. 


11. 


12. 


If curve has slope 1/6 at (9,0) then a tangent belonging 
to family of lines is 
(a) x + 2y—5=0 
(c) 3x-y-1=0 


(b) x—2y +3 =0 
(d) 3x +y—-5=0 


A line of the family cutting positive intercepts on 
axes and forming triangle with coordinate axes, 
then minimum length of the line segment between 
axes 1S 
(a) (223 a 1)32 
(c) 73/2 


(b) 2V5 
(d) 27 


. Two perpendicular chords of curve y’ — 4x — 4y + 4 


= 0 belonging to family of lines form diagonals of a 
quadrilateral. Minimum area of quadrilateral is 

(a) 16 (b) 32 

(c) 64 (d) 50 


: If a continuous function f defined on the real line 


R, assumes positive and negative values in R, then 
the equation f(x) = 0 has a root in R. For exam- 
ple, if it is known that a continuous function f 
on R is positive at some point and its minimum 
value is negative then the equation f(x) = 0 has a 
root in R. 

Consider f(x) = ke* — x for all real x where & is a real 
constant. 


The line y = x meets y = ke* for k <0 at 
(b) one point 
(d) more than two points 


(a) no point 
(c) two points 


The positive value of & for which ke* — x = 0 has only 
one root is 

(a) l/e (b) 1 

(c) e (d) log 2 

For k > 0, the set of all values of k for which ke’ — x = 0 
has two distinct roots is 
(a) (0, 1/e) 

(c) (1/e,) 


(b) (1/e, 1) 
(d) (0, 1) 


: Suppose you do not know the function f(x), however 


some information about f(x) is listed below. Read the 
following carefully before attempting the questions 
(i) f () is continuous and defined for all real 
numbers 
(ii) f(—5) = 0; f(2) is not defined and /'(4) = 0 
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13. 


14. 


15. 


(111) (—5, 12) is a point which lies on the graph of f(x) 

(iv) f"(2) is undefined, but /"(x) 
everywhere else. 

(v) the signs of f(x) is given below 


is negative 


Pree ae ee HS ee eS eS +++ — — — 


—5 0 2 4 


On the possible graph of y = f(x) we have 

(a) x =—5 is a point of relative minima. 

(b) x = 2 is a point of relative maxima. 

(c) x = 418s a point of relative minima. 

(d) graph of y = f(x) must have a geometrical sharp 
corner. 


From the possible graph of y = f(x), we can say that 

(a) There is exactly one point of inflection on the 
curve. 

(b) f(x) increases on —5 < x <2 and x > 4 and decreases 
on —0 <x <-—5S and2<x< 4. 

(c) The curve is always concave down. 

(d) Curve always concave up. 


Possible graph of y = f(x) is 
y 


(b) 


(d) 


F: 


16. 


17. 


18. 


19. 


20. 


The greatest (or least) values of a continuous function 
fix) on an interval [a, b] is attained either at the critical 
points, or at the end points of the interval. To find 
the greatest (or least) value of the function we have 
to compute its values at all the critical points on the 
interval [a, b], the values f(a), f(b) of the function at 
the end-points of the interval and choose the greatest 
(or least) one out of numbers obtained. 


which 


fix) = (1 —x? Ql + 2x") on [—1, 1] possess maximum 


For value of x _ this _ function 


value is 
(a) 1/2 (b) 1/4 
(c) -1/2 (d) —1/4 


The largest term in the sequence a, = 


n° 
iS 
n> +200 


59 1 
(a) 235 (b) D 

49 59 
(c) 343 (d) 434 


b 
The function f(x) = ax +— (a, b, x > 0), consists of 
x 


two summands, one summand is proportional to the 
independent variable x, the other inversely propor- 
tional to it. Then the least value of function 1s at x is 


equal to 
b 
(b) fe 
a 


(a) Vab 
I 
(d) es 


(c) a 


] 
The least value of the function f(x) = arc tan x — a In 


x on cad is 


(a) 7 +0.25 Ins (b) 570.25 In3 


(c) 7 -0.25 In3— (d) = +0.25 In3 


: Consider the function 


fix) = max {x’, (1 —x)’,2x(1 — x)} 
where 0 <x <1 


The interval in which f(x) is increasing in 


2}omla3) © (pz 
372) (273 3°72 3 


21. 


22; 


23: 


24. 


The interval in which f(x) is decreasing is 


(©) (0, 5 Jamal 5. 2) @) (7. ¥ana( 2, ) 


Let Rolle's theorem is applicable for f(x) on [a, 5], 
then a + b + c is (where c 1s p.t. f(x) = 0) 

(a) 2/3 (b) 1/3 

(c) 1/2 (d) 3/2 


: If f: R — R is a function defined by f(x) = 2 sin? 2x + 


3 
ri sin 4x + ax, R is the set of real numbers and a is 
real. Then 


Complete set of value of a for which /{x) is strictly 
increasing for all x € R. 

(a) (0, —5) (b) (—5, «) 

(c) [5, 2) (d) (-, 5] 


Complete set of value of a for which f(x) is strictly 
decreasing for allx e€ R. 


26. 


27. 


28. 


Application of Derivatives Il < 5.273 
(a) (0, =) (b) ©), 00) 
(c) [5, 20) (d) (—, 5] 


. Complete set of values of a for which f(x) is onto is 
(a) (-0,00) — {0$ 
(b) (—5, «) 
(c) [5, 20) 


(d) None of these 


: Let f(x, y)= tan*x + tan*y + 3cot?x cot*y 


2(x, y= 3 + sin’ (x + y) 


The minimum value of f(x, y) can be given as 

(a) 4 (b) V6 

(c) 2V6 (d) 3 

The range of g(x, y) can be given as 

(a) [0, 4] (b) [3, 4] 

(c) [-3, 3] (d) [0,3] 

The number of solutions of the equation 
Kx, y) = g(x, y) are 

(a) 0 (b) 1 

(c) 2 (d) 3 


SECTION-VII 


COLUMN MATCHING 


Column I 

(i) The number of the distinct real roots of the equa- 
tion (x + 1)? = 2° + 1) is 

(ii) The absolute maximum value of the function 


Ax) oo ss - 


xi -x +x? —x41 
(iii) Let f(x) = ab sinx +V1-a’ cosx +c, where |al, 


|b| < 1. then difference of maximum and mini- 
mum value of f(x) is 


(iv) If u = 4cos’@+ sin’ 6 + V4sin* 0+cos’ 0 


then the difference between maximum and mini- 
mum value of uw? is 
Column II 

(a) 16 

(b) 3 

(c) 1 

(d) 2 


Column I 
(i) A function fis differentiable in [0, 5] such that 
fiO) = 4 and f(5) =— 1. If gy) = Je ant then there 
exists some ce(0, 5) such that g He is equal to 
(11) Let f(x) and g(x) be differentiable for 0 <x <1 
f(O) = 2, 2(0) = 0, (1) = 6. Let there exists a real 
number c € (0,1) such that f(c) = 2gc), Then 
g(1) is equal to 
(111) Let fbe differentiable V x, if (1) = —2, f(x) > 2 
Vx € [1, 6], then /(6) has least possible value 
(iv) Let Lagrange's mean value theorem is satisifed 
for f(x) = V25—-x’ andc e (1,5). Then the value 
of c’ is 
Column IT 
(a) 8 
(b) —5/6 
(c) 15 
(d) 2 
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. In the following [x] denotes the greatest integer less 
than or equal to x. 


Column I 
(i) x |x| 


(i) yx| 
(iii) x + [x] 
(iv) k-I]+ +] 
Column - II 
(a) continuous in (—1,1) 
(b) differentiable in (—1,1) 
(c) strictly increasing in (—1,1) 
(d) non differentiable at least at one point in (-1, 1) 


Column I 
(i) If the greatest and least values of the function 


2 
2x7 +— ,xe[-2,2]~ {0 
T(x)= x? WOE ces eG 
1 ,x=0 


respectively on [1, 2], then 


(11) If the greatest and least values of the function 
f(x)=x° —6x’+9x+1 on [0, 3] are G and L 
respectively, then 


(iii) If the greatest and least values of the function 


] ] 
fix) = arc tanx— In x on Rad are G 


and L respectively, then 
Column II 
(a) [G + L |] =1 where [.]= greatest integer function 
(b) [G + L] = 6 where [.] = greatest integer function 
(c) [G+LZ]=12 where [.] = greatest integer function 
(d) (G+ L)= 5 where (.) = Least integer function 
(e) (G + L) =10 (.) Least integer function. 


SECTION-VIII 


x°4+3x° 4+] 

x? +1 
then find value of [ max. | iN [-1, 2]; where [.] 1s gint 
function: 


. Let f :[-1,2] > (-2, 0) begivenby f(x) = 


. Achannel of length 27m wide falls at right angle into 
another channel of length 64m wide. Then find the 
smallest length of the log that can’t be floated along 
the system. 


. The interval to which A belong so that the function 


fy =| 1 N2be 4a At 
A+l1 


at every point of its domain is (a, 5) U [c, d], then find 
la+b+c+d| 


x°+5x+7 is increasing 


. The perimeter of a rectangle is 20 cm (constant). 
If length ‘I’ of rectangle is increasing at rate 2cm/ 
sec, then find the length 1 beyond which if length is 
increased, area of rectangle decreases. 


. A circular sheet has radius 6 units. A Sector is cut 
and the remaining part of sheet is used to form a cone 
by joining the edges. Let V, be the maximum vol- 
ume of which the cone can be formed, then evaluate 


tan” ea ; 


6. 


10. 


11. 


Let P be the perimeter of rectangle of maximum area 
2 2 


which can be inscribed inside ellipse - + ae =1, then 


evaluate log, ; (3P). 


. The height of a cylinder is increasing at rate of 1 unit / 


sec and radius is decreasing at rate a unit / sec. Then 
find the least integer greatest, then the value of the ratio 
of rate of change of volume to rate of change of curved 
surface area at the instant / = 10 units and 7 = 12 units. 


. Let f(x) be a function such that fx + y) = f(x) + 


fly) + 2xy — 1 V x, € R and f (0) = 2. Further let 
g(x)= i Ff(t)dt, then find the maximum value of 
g(x) in [1, 3]. 


. If y=ax* +bx’? +cx’ +dx+e has critical points and 


log| -3b* +12b” -32ac + 8ab’c | is defined, then find 
the greatest possible value of ‘b’. 


If f(x) is a twice differentiable function in R such that 


Ka) = 0, (5) — 2, fic) < 3, fid) - —I, fle) _ 0; a<b 


<c, then find the minimum number of roots of equa- 
tion g(x) =0,where g(x) = (f(x)))” + fx). f(x). 


An enemy helicopter if flying on a curve having its 
equation given by y = x’ + 4. A soldier is waiting at a 


12. 


point (3, 4) to hit the helicopter as soon as it 1s at near- 
est distance to him. The distance between the helicopter 
and the soldier at the time, he hits the helicopter is‘d’, 
then find [d]; where [.] is greatest integer function. 


Ifa, b > 0 such that a? + b = 2°3.3'%, then find the max- 
imum value of term independent of x in the expansion 


a 16 b -1/3 : 
of Ge +—x 
2 3 


Answer Keys 


SECTION-III 


13. 


14, 


15. 


1. (b) 2. (b) 3. (a) 4. (a) 5. (a) 6 
11. (a) 12. (b) 13. (a) 14. (c) 15. (b) 16 
21. (b) 22. (b) 23. (b) 24. (d) 25. (d) 26 
31. (c) 32. (b) 33. (c) 34. (a) 35. (b) 36 
41. (b) 42. (a) 43. (a) 44. (a) 45. (a) 46 
51. (b) 52. (c) 53. (d) 54. (c) 55. (c) 56 
61. (a) 62. (b) 63. (b) 64. (d) 65. (c) 66 
71. (b) 72. (d) 73. (c) 74, (c) 75. (c) 76 
81. (c) 82. (b) 83. (c) 84. (c) 85. (b) 86 
91. (b) 92. (d) 93. (b) 94. (d) 95. (d) 96 

101. (b) 102.(d) 103. (d) = 104. (b) 
SECTION-IV 

1. (a,c) 2.(a,b,d) 3. (b,c) 4. (a,b) 5. (a,b,c,d) 6. 

9. (a,b,c,d) 10. (a,b) = =11. (c,d) =:12. (a,b,c) 13. 
16. (a,b,c) 17. (a,b,c,d)18. (a,b,c,d)19. (b,c,d) 20. 
23. (a,b,d) 24. (a,c,d) 25. (b,d) 26. (a,b,c,d)27. (b,d) 28. 
31. (a,b) 32. (b,c,d) 33. (a,b,c) 34. (b,d) 35. (b,c,d) 36. 
40. (a,b) 41. (a,c) 

SECTION-V 

1. (c) 2. (b) 3. (a) 4. (a) 5. (d) 6. 

11. (a) 12. (b) 13. (a) 14. (a) 15. (b) 16 
SECTION-VI 

1. (b) 2. (b) 3. (b) 4. (c) 5. (b) 6. 
11. (a) 12. (a) 13. (d) 14. (c) 15. (c) 16. 
21. (c) 22. (d) 23. (c) 24. (a) 25. (a) 26. 
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Stan a—3x°:0<x<1 
If f(x) = Sie ee a , then find the least 
5x —3; x21 


integer value of a for which f(x) has minima at x = 1 
For x to be real, find the maximum value of 


f(x)= 6(c08 x x)(x+ Vx’ + sin’ x), 


From a given solid cone of height H, another cone of 
height h is carved out such that its volume is maxi- 
mum, then find H: h. 


. (d) 7. (a) 8. (d) 9. (a) 10. (a) 
. (d) 17. (a) 18. (b) 19. (a) 20. (b) 
. (d) 27. (c) 28. (a) 29 (c) 30. (d) 
. (a) 37. (c) 38. (a) 39. (d) 40. (d) 
. (c) 47. (a) 48. (a) 49. (c) 50. (c) 
. (b) 57. (b) 58. (a) 59. (d) 60. (d) 
. (d) 67. (d) 68. (c) 69. (a) 70. (b) 
. (c) 77. (d) 78. (a) 79. (a) 80. (d) 
. (a) 87. (d) 88. (b) 89. (a) 90. (c) 
. (b) 97. (c) 98. (d) 99. (b) 100. (d) 

(a) 7. (a,b,c) 8. (b) 

(a,b) 14. (a,b,c,d) 15. (c,d) 

(a,b,c,d) 21. (b,c,d) 22. (a,c,d) 

(a,c) 29. (b,c) 30. (b,c) 

(c,d) 37. (a,c) 38. (d) 39. (a,c,d) 

(a) 7. (Cc) 8. (a) 9. (d) 10. (d) 
- (c) 

(a) 7. (b) 8. (b) 9. (b) 10. (b) 

(a,c) 17. (c) 18. (b) 19. (b) 20. (d) 

(c) 27. (b) 28. (a) 
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SECTION-VII 

1.@)>(b) G7 @; Gli)>@ Gy > © 
2@>0); God Gi)>@, G)>©) 
3.7, b oc; Gad; (iij>Cd; (iv) > (ab) 
4.) (4d; G)>; Gi)>@ 


SECTION-VIII 


| 2. 125 3. 3 4. 5 = ee 6. 3 
11. 2 12.7 13.2 14. 3 15. 3 


10. 


Application of Derivatives Il < 5.277 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Gi) fla—h)> fla) and fla + h) > fla) 
=> f(x) is non-monotonic at x =a 
(ii) fla—h) > fla) > fla + h) 
=> f(x) is strictly decreasing at x =a 

(iil) f(a —h) > fla) 
=> f(x) 1s strictly decreasing at x = a 
(iv) fla—h) < fla) < fla + h) 


=> f(x) is strictly increasing at x = a 


2. (i) flia—h) < fla) 
=> f(x) 1s strictly increasing at x = a 
(ii) fla) < fla + h) 
=> f(x) is strictly increasing at x = a 
3. fx) =x —3x°+3x+4 
f(x) being a polynomial function is continuous and differ- 
entiable on R. 
f(x) = 3x? — 6x + 3 = 30? — 2x 4+ 1) 
=3(-1Y20VxeER. 
=> f(x) is strictly increasing V x « R 
=> f(x) is strictly increasing at 
(i) x =Oand (ii) atx =1. 


4. (a) y= (x- 2) (2x + 1) 
=> f(x) = 8-2) (2x + 19° + 5(2x + 1)4 (x -2)' 
=> f(x)=(Qxt 1 @— 2) [8@—2)+ 5 2x4 1)] 
=> f(x) =(18x—- 11) Qx+ 1) @- 2) 
=> f(0)=(€11) Cd) (16) <0 
=> f(x) is strictly decreasing at x = 0 
=> f(2) = (25) GY (0) =0 
=> f(2—-h)=(25- 18h) (5 —2hy (hy = G4) (4) (4H = + ve 
=> f(2 + h)=(25 + 18h) (5 + 2hy (hy = (4) G) GG) = + ve 
= f(x) is strictly increasing at x = 2 
(b) y=x-e@ 
=> f(x=1-2!@ 


=> r(5)- l- e'? <0 as e = 2.7183 


= f(x) is a decreasing function at x = 


N | 


(c) f(x) = — atx = La 1, e, e 
£nx e 


nx). 1—-x.— 
= piqy= CE a too 
(nx) (£nx) 
= r(2}-= = =, 
€ (éne™) 


=> f(x) is decreasing at x = l/e. 
Function is not defined at x = 1. 


“=| 


én(e-h)-1 
> f-= Tren) <9 and fle + h) 
_ fn(eth)-1 


———; >0 

(én (e+ h)) 
=> f'(e) in stationary point 1.e., non- monotonic at x = e 
tne’-1_ 1 


(ene? i 4 


= f(x) is increasing at x = e? 


= f= 


x;0<x<l 
1;l<x<2 


2X 
10<x<l 


x;O0Sx<1l © 
[x]; l<x<2 


ren] 


O;l<x<2 


Graph of f(x) is as shown below. 


LOH P Oy 120 
= f(x) 1s strictly increasing atx =0. 
=f 1 )H hy )=0 
=> f'() is not defined . 
Also fl — A) < fQ1)) = 1=f(x) V x e(1, 2) 
= f(x) 1s increasing (not strictly at x = 1) 
=> f(x) is discontinuous at x = 2 and f(2 —h) = 1 < f(2)=2 
=> f(x) is increasing at x = 2 


» fx) = x tx} = x — [x] 


fO—h)= Ch) Ch-[A)) 
=(-h)-A-(C1)) 
=(-h) Ch+1)=() (+) =-ve 
S(O) = 0, (0 + h) = (ht) (A [A]) 
= (h) (h-0)=h? = + ve 

=> f(0—h) < f(0) <0 + h) 


= f(x) 1s strictly increasing at x = 0 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


x+1;x<]l 


. (b) fi) = 2k x= 


x +x-3:x>1 


l;x<l 
2x+13;x>1 


= ren] 
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=> f(x) is strictly increasing in (6, 1) and in (1, ©). 
f(x) to be strictly increasing at x = 1, 
lim f(x) <k< lim f(x) 


=> lim (x +1) <k< lim (x? + x + 3) 


= 2S S 
f(x) will be strictly increasing for k belonging to every 
subset of [2, 5] 


2. (a), (c) f(x) = tx} =x - [x] Clearly f(x) is non-monotonic at x = et ,x = 1 andatx 
=> fix)=x-nforx € [n,n+ 1) 2 


= 2 1.e., at 3 points . 
=> f'(x)=1 forx € (n,n+1) 


(iv) (d) g(x) = lx) | 


=> f(x) is strictly increasing at x =n + > The graph of y = g(x) will be as shown below. 
Y 

=> [flx)| = tx} ] = {x} as tx} € [0, 1) 4 

 f{n—-h)| = {n-hs =(n-h)-(n-1)=1-h \ ad . | 

=> |fn)| = tx} = 0, fin +h) = int hy=(athy—-n=h Ly \/\ | 

[fn —h)| > |fn)| and |f(x + h)| > fn) \/ WW \Y 

=> |f(x)| is non-monotonic atx =n e Z x me oat 


From above, we have f(x)=1Vxe(n,n+1)neEZ 


=> f(x) is strictly increasing at x =n: x € R —Z. Clearly g(x) is non-monotonic at x = —2,x =-1,x =0, 


x=1,x =2L1e¢., at 5 points. 


5. (a), (b), (c) 
fix) = {1 + sinx , 1 —cos x, 1}; x € [0, 27] 


3. (c) The graph of f(x) = max. {sin x, cos 2x}in [0, 27] 1s as 
shown below. 


f(x) is non-monotonic at points 4, B, C, D and E 1.e., at A 3 
5 points Clearly f(x) is non-monotonic at x = cae 
x< 
4. fix) = x eee 6. (b) fd) = |sin x + 1/2] for x € [-2n, 27] 
—x° +4 5x>1 The graph of y = f(x) is as shown below. 
; 2x+1;x<1 } 
(i) (a) g@)=f%)= 4, | 
—x°+4;x>1 
(x) 2;x<l1 
= x)= 
. —24 2x > 1 | 
= g(x) increases for x < 1 and decreases for x > 1 Clearly f(x) is non-monotonic at x = 
—3 — — 3 
=> lim =lim(2x+1)=3 and lim g(x) = lim(—-x? +4) =3; 214, + 
xo xl xl" xol* ps 6 2 6 2 6 2 6 
J) =3 : _ —-3” -5a -n Tr 3a lIz. ee 
= g(x) is a continuous function which increase on (—o0, 1) ae ae ee aa a ae .€., at points. 


and decreases on (1, °). 


“i . = min. ~ + 
= x = 1 1s only point of non-monotonicity 7. (a) fx) = min. {|x|, |x — 1], |x + Uj 


The graph of y = f{x) is as shown below. 


i) (© g@) =Allx) ‘ 

=> g(x) is symmetric about origin A 

=> g(x) has 3 points of non-monotonicity x = —1, x = 0 and — 2| a oa 
x = 1 1e., 3 points. ye =) Oe 


(iii) (b) g(x) = |Ax)| 
Graph of y = g(x) 1s as shown below 
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Clearly f(x) is non-differentiable atx =-1, Lo] TEXTUAL EXERCISE-2: (SUBJECTIVE) 
2 2 


1.e., at 5 points 1. (a) f(x) = 1 +3 (log sin x + log cosec x); x € (0, 7) 
=> fix)=1+ 3 (log (sin x .cosec x) 


8. (b) f(x) = ee > fx)=1+3 log! 
3—x52<x3 => fxy=1Vxe (0,7) 
1+ f(x);0<x<2 = f(x) 1s monotonic (constanf) on (0, 7) 
=> fof(x) = emer => (a) is false 
; = (b) True 
1+(1+x);0<x<2;0<x<2 jcosx| 
7 1+(3-x);0<3-x<2;2<x<3 (c) y= cosx 2 
3—-(1+x);2<l+x<3;0<x<2 0 aes 
3-(3-—x);2<3-x<2<x<3 
2+x ;-l<x<1;0<x<2 I; ve| 0.5 
2+x ;0<x<l 2 
4—x;l<x<3;2<x<3 ij eee - 
= = 44-x 52<x< 2: _ 
2—-x;l<x<2;0<x<2 ae Meloy 
2-x ;l<x<2 
*30<x%<122< x53 Xr 
—l; ve{Z 
The graph of fof(x) will be as shown below. 
. = f(x) is a decreasing function [0, 7] 
a = (c) is true. 
7 \ 1+3(log | sin x|+log | cosec.x |;x #0 
le \ (d) y= ‘ , 
x= 


Sasa oT 33 

Pa eS 7 a 
Here fof (1 —h) < fof(1) > fof(1 +h) 0 ;x=0 
=> fof(x) is non-monotonic at x = 1 1 :x#0 
Also fof(2 — h) > fof(2) < fof(2 + h) for h > 0 = 

= fof(x) is non-monotonic at x = 2 


fof) banat a = f(x) is monotonically increasing (not strictly ) on [0, 1/2] 
.. fof{x) is non-monotonic at two points. 


= (d) is True. 


9. (a), (b) In view of figure shown in Q. 8 . dy 
fof(x) is strictly increasing on [0, 1) and 1s strictly decreas- (e) y=sin' - e 5] 
ing on (1, 2) and on (2, 3] and non-monotonic at x = 1 and sagt’, 2200 
atx =2 sin > p-ls<x<l 


10. (b) f(x) = max. {x’, (1 — x)’, 2x (1 — x)}. 
The graph of f(x) will be as shown below. 


=?  Y , ¥=(1-x? ; 
y ‘ / vA ) nsin-'{ 2) x1 
3 i; x 


2tan'x;l<x<l 


We know, 2 tan! x = asin" ( a r<et 
l+x 


eX => sin = {—g—2tan'x:x<-l 
+X 
a —2tan'x;x>1 
y=2x(1-x) => sin! (7) is continuous function and 
+X 
112 ——;-l<x<l 
Clearly x = aos are the only point of non-monoto- ia 
nicity. i a 2) Se as 
= Sum of abscissae of points of non- monotonicity = dx ib le ty ae : 
ee ae 
—— ;x>l 


3 9 S 2 l+x7° 
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=> fix) \ forx <-1, for x € (-1, 1) and forx> 1. 
=> f(x) is monotonically increasing on [-1, 1] 


> foy=si'( 4 


(f) fo) = sin’ | 2 
1+x? 
2X 

=> x-2xy+1=0 


2y+J4y’-4 


Z 


x=y tJy’-1 


y<s-lory21 
14+x? 
2x 


2 
fx) = sin ‘2 


=v 


—> X= 


y 


y 


<-—lor2>1 


2 
Bo Nh Ee 


Xx X 


is defined for 
(x + 1) =0 or (x-1)?=0 
x=lorx=-l 

fix) is defined only at x = —1 and 1 
1D atm 

=> fCl)=sin'(-1) = = and f(1) = sin? (1) = 5 
s. =—L<1 

=> sin! (-1) < sin'(1) 

= f(x) is monotonically increasing in its domain 


=> (f) is true. 
1 for x €[0,1) 


e for x €[1,2) 
e’ for x €[2,3) 


e forx €[3,z] 


“UYU Y 


(g) y=el= 


Clearly f(x) is constant on each of the intervals [0, 1), 
[1, 2), [2, 3) and [3, 2] and at the point of discontinuity 
ke {1, 2, 3}, 
Kk-h) < fk) = fk + h) for h > 0" 

= f(x) is monotonically increasing on [0, 7] 

=> (g) is true. 


. (a 


vw 


sin ‘(sin x) = ¢ x; sy <x<— 


= f(x) is monotonic in (24 +1)%,(2K-+3)2 for each k 
eZ 

= (a)> (iv), (Vv) 
Also monotonicity on == ~ {0} means monoto- 


= —I Tn 
nicity on | —,— |— {0} and 
y (= 4 {0} 


Aare) 


where h —> 0* 
=> (it) also holds 
=> (a) (111), (Vv), (Vv) 
(b) f(x) = cos(cos x) 
Graph of f(x) = cos" (cos x) is as shown below. 


¥ 

A 

cs 

| rk 
—2n —T Oo nn Qe 3x 2 


| 
Clearly f(x) is monotonic on 7, (” +1) 2] and on (mn, (n + 1)7) 
for eachn e€ Z. 
= (b)-(i), (ii) and (vi) are true. 
(c) f(x) = tan" (tan x) 

Graph of f(x) = tan ' (tan x) is as shown below. 
x 


4 
n 2n 


Clearly, f(x) is monotonic in each (2k + 1) (2k + 3) 
forke Z 

=> (c)> (iv) 

(d) f(x) = cosec ' (cosec x) 
The graph of f(x) 1s as shown below: 


= f(x) is monotonic on (28 + 1) (2k + 5 | — {(k+1)n} 


=> (d) > (iii), (Vv). 


(e) f(x) = sec (sec x) 
The graph of f(x) is as shown below: 


Clearly f(x) is monotonic on [Az, (K+ 1) x— {(« + 5) “| 


=> (e)-> (ii) 


(f) f(x) = cot" (cot x) 
The graph of f(x) is as shown below. 
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=> f(x)<0VxeER 


Clearly f(x) 1s monotonic on (A 1, (k + 1) x) for eachk € Z. 
=> b21 


se ety) => be [l,) 
3. (a) f(x) = log(3x? + 2) +e! 
> (x)= Ox: Fa 2( a TEXTUAL EXERCISE—2: (OBJECTIVE) 
3x7 +2 
=> Df={x:x e R and 3x? +2>0} 1. (b), (c) fix) = 2 log —2)—x° + 4x +1 
=> f{x) is increasing function . — 2 _ -2x? +8x-6 
(b) f(x) = log(&x — sin x) + e=s™ al = (x-2) — ext a= (x—2) 
1—cosx . 
fa = ] + + sinx 
+i eee _72(x 4x43) _ -2(x-1)(x-3) 
Clearly, Df = {x: x € R andx> sin x} = {x>0} (2) (x-2) 
=> f(x)>0VxeER f(x) increasing 
= f(x) 1s an increasing function . => f'(x)>0 
(c) flx)=e* '~e! ® _, G=-I)(*-3) 29 
=> f(x)=2e* '+2e' *>0VxeER (x-2) 


= f(x) is an increasing function . 


4. f(x) = (m+ 2) -— 3 mx’ +9 mx-1 


=> x e(-«, 1)U (2, 3) but Df = (2, ~) 


=> f(x) =3(m+2)?-6mx+9m “. f(x) increase in (2, 3) D (3.3 | 
.. fx) decrease for allx e R 
=> (m+2)<0, 36m — 108 m(m+ 2) <0 2. (a), (c), (d) 
=> m<-—2, m*—3m(m+42)<0 y=x-2snx,0<x<2n 
=> m<-2,-2m?-—6m<0 f(x) = 1-2 cos x for f(x) to be increasing 
=> m<-2,m*>+3m2>0 sy nigese ee 
=> m<-—2,m €(-o, -3] U [0, «) 2 
> meé(-0, 3] = 
= Xe y 27 —-— 
nas | 3 3 
5. 1) =| : Je reaper eaeet E =) 
> xe |—,— 
=> f(x)=(@-1) + 2(a-1)x4+2 3 
For a?— 1 =0, f(x) = 2(a—-1)x+2 3. (a), (c) y =x—e + tan & 
For a = 1, f'(x)=2>0 i 
=> f(x) is increasing Vx e R => f(x)=le20 
Fora = 1 > e<] 
For a =- 1, f'(x) =-4x +2 > x<0 
= f(x) is not increasing Vx e R => x EC, 0] 
2 2 2 ft 
Aoi Sy eT Se ene Oe 4. (a), (c) f(x) = tan ‘(sin x + cos x) 
=> ae (-,-1) U (1, «) and 4(a— 1) (a—1-—2a-2) <0 f(x) = ! -x[cosx—sinx] 
=> a €e(-,-1) U(l, ©) and a E(-, —3] U [1, «) 1+(sinx+cosx) 
> ae(-w,-3]UC, &) 
aes - cosx—sinx _ (cosx-sinx) 
Also a =1 is permissible = = 
Seek, 3] Te) 2+2sinxcosx 2+sin x 
6. fa) =8—ax Clearly denominator is +ve 
> f(x) =32-a . COS x 2 sinx 


Forf@)20VxeER 
3° >aVxe R 
=> a<3rVxeR => f(x) is increasing function in (—1/4, 17/4) 


ey 5. (c) f(x) =x(a*— 2a—2)+ cos x 
= CCE => f(x) =(a@-—2a-2)-sinx 
7. fx)=sinx-—bx +c .. For f(x) to be always strictly monotonic, f'(x) > 0 or f 
=> f(x)=cosx-—b (x1) <OVxeER 
.. fx) decreasing Vx e R > f(~)20VxeRorf'x)<0VxeER 


> xe ana 2 ann += ned 
4 4 
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=> (a -—2a—2)2>sinx or (a?-2a-—2)<sinxVxeR Clearly f(x) decreases on (—o, 0] and hence on (1, 0], 
=> (a@—2a+1)—32 sin x or (a —2a+ 1)-3 <sinx Vx f(x) is increasing on [0, 1) 

eR Also f(x) is continuous but non-differentiable at x = 0 
=> (a-—1yP>sinx+3or(a—1)<sinx+3 and atx = | 
=> (a-1)P>4or(a-1)<2 = f(x) exhibits 3 behaviors. 
—> (a—1) €(-«,-2] U2, ©) or (a—1) € | V2,V2 | (c) f(x) = max {x, |x|} 

¥ 

=> ae€(-0,-1]U [3, ©) ora e(1-V2,1+2 | “ A 


6. (a) f(x =x + bP? +x +d,0< bh <c, 
=> f(x) =3x°+2bx +c 
Disc. = 4b? — 4(3)(c) 
= 4(b? — 3c) 
= 4(b?-c)-8c <0 [. b-—c<Oandc>0] 


> f(x)>0VxeER ne 
=> f(x) 1s strictly increasing function. — 
7. (c) fx) =sinx+a@xt+b = f(x) is decreasing on (cc, 0] and hence on (-1, 0] , 
> f(x)=cosxt+@ increasing on [0, 0) and hence on [0, 1). 
® eae fix) to be increasing, cos x + a? >0 Also f(x) is non-differentiable at x = 0 but continuous 
Bis PS eRe ye R = f(x) exhibits 3 behaviors. 
es | (d) f(x) = max {x, [x]} =x as [x]J=<xVxeER 
=> ae(-o,-1] U[]I, «~) 1 
> aeR-€l,1) 
8. (b) fx) =2- x 
2 
=> fx~=x (SF Jer +(2x)e*'* =2x e*/* [ =| 
a a 
- axe © (a’ — x") 
a’ 
For f(x) to be increasing, f(x) = 0 
2_ +2) > 
= ee Clearly f(x) =x 
=> x(x+a)(x-a)<0 oo , 
sae 0 = f(x) 1s increasing on [0, 1) continuous and differentiable 
edie ue eda 1.e., exhibits 3 behaviors. 
9. (b), (c), (d) . 
(a) fx) = max. {x, 2} NCPR Ne ern 
Y sin x + COS x 
A YK" Y=XK ; _2)si 
+ _ Pye 2)sin x 
(sin x +cosx) 
k-—2)s1 
(sin x + cos x) 


sin x + cos x)cos x —sin x(cos.x — =) 


=> f(x)= 2 


E 2 
(sin x + cos x) 
Clearly f(x) increases on (—c0, 00) and non-differentiable 1 
atx = 1,0, 1 > fx) = (k- 2) |-_____, 
ie (sin x +cos x) 
= IInd and IV behaviors are dropped. 
(b) f(x) = max. {x, x’} = f(x) > OV k>2and Vx e D, 
= 11. (a), (b) fo) =x- fx] = &} 
ee => f(x) is increasing in (k, k + 1) for each k € Z. Also in 
\ i [k,k +1) 
%, | lA, 12. (a) f(x) = 2x? -—kxe +5 
7 => fe)=4e—k 


For x €[1, 2], 4x-—k €[4-—k, 8-—k] 


Application of Derivatives II < 5.283 


f(x) 20 a—cosx <0 
=> 4-k2=0 => cosx2a 
=> k<4 => a<-l 
=> ke, 4] 4. fix)= [,.(>0) 

13. (c) fx) = ke — 9x2 + 9x +3 Pe 
f(x) = 3k? - 18x +9 > f(x) = | 62) 65= 3x ee (| 
= 3(kx? — 6x + 3) énx? £nx 3énx 2énx £nx 

.. f(x) is monotonically increasing (x — 1) 
=> k’-6x+32>0VxeER For0<x<1,&nx<0 
— k>0Oand (6)? — 12k <0 .. For f(x) to be increasing x (x — 1) <0 
+ k>OQandk>3 => x €(0, 1), ae is true. 
Forx>1,t#nx>0 
14. (c) fix) = kx + 2 cos x => x(x—1)>0 
=> f(x)=k-2sinx<0 => x €(-«, 0) U(I, ©) 
=> k<2sinx = x €(1,0) 
= k $2 Thus f(x) increase on (0, 1) and on (1, «) 
if k < —2, then f(x) is monotonically decreasing ; 
5. (a) fx) = 
TEXTUAL EXERCISE—3: (SUBJECTIVE) ‘ ‘ 
ae oe (1+ x°)(3)-—3x(2x) 
1. fix) =x + En(1 — 4x) (x): 
For f(x) to be defined 1— 4x > 0 oe 
=> f(x) = —S 
= <4 f(x) (l+x’)’ 
= D,=(-, 1/4) 
f = f(x) is monotonically increasing 
=> fyi l 2>0 
(I-4x)  1-4x ee | | | 
=> x e[-1, 1] and f(x) is monotonically decreasing 
For f(x) to be increasing (4x — 3) > Oie., x <-3/4 Le, x => 1-x <0 
€(—co, —3/4] and for f(x) to be decreasing (4x — 3) < 0 => x €E(-0,-1] U[]I1, ~) 
, 3. —3 | .. Interval of M.I. is [—1, 1] and intervals of M.D. are 
1.€.,xX 2 — 1¢.,x €| —,— 
4 4°4 (—00, —1] and [1, «) 
— xxl 
2. f(x) = 3x >0,x#1 OI x +x] 
énx 
ee ee (x? +x +1)(2x-1)—(x? —x41)(2x4+1) 
=> f(x) = |——* (x? +x+1)° 
(énx) _ 207-1 
(x? +x+1) 
énx -1 
> f(x)= fe | —> fx) is MI. on (-o0, —1] and [1, 0) and f(x) is M.D. on 
nx 
[-1, 1] 
.. For f(x) to be increasing f(x) > 0 (c) f(x) =(x)'" 5 x>0 
=> tnx>!1 1 
Bi ee => En fx) = — tnx 
= x e[e, ©) and for f(x) to be decreasing f'(x) < 0 , i 1 
=> t{nx<l —.f'(x)==- lx 
=> x €(-0, e] butx>0,x41 F(x) , 
= f(x) 1s decreasing for x €(0, 1) and for x e€(1, e] a ag (1—¢nx) 
3. f(x) =ax-sinx x 
=> f(x)=a-—cosx = f(x) is M.I for €n x < 1 i.e., on (0, e] and f(x) is M.D for 
= f(x) is monotonically increasing V x « R fn x >1i.e., on [e, 0) 
=> a-—cosx>0 (d) f(x) =ex fn ex;x>0 
=> cosx<a => fix)=ex [1+ €nx] 
=> a>l => f(x)=e[1+1+ €nx] 


For f(x) to be monotonically decreasing V x « R => f(x) is M.I. on x €[e ’, 00) and f(x) is M.D. on x €(0, e 7] 
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(@) fa) =: x>0 
CX 


25 Ge 2) 


x 
7 2) | =o, 


é€ Xx 


;x>0 


=> f(x) is MI. for €n x < = ie, xe (0,Ve | and f(x) is 


M.D. for €n x > : 1.€.,x € | Ve ,<0) 


(f) far tx? 1 | 
=> f(x) = 3x + (3) x*= [e-5| = i 4 
x x 
_ 307-1? +x? +1) 
x* 
“. ftx) is M.I. for x? — 1 = 0 1.e., on (co, —1] and [1, 0) and 
(x) is M.D. for x? -— 1 <0,x #0 iLe., on [-1, 0) and (0, 1] 


(g) fix) =2 et * 

=> f(x)= her] ; [2x—4] = 4(x — 2) en 4 

=> f(x) is MI. on [2, ©) and f(x) is M.D. on (—0, 2] 
(h) fx) =x e 

=> f(x) =v e* + 2x e* = xe* (2—-x) 


=> flx)is MLI. for x (2—x)>01e., on [0, 2] and f(x) is M.D. 
for x(2 — x) <0 Le., on (~, 0] U [2, «) 


. tan (x cos 8) = cot(x sin 8), 


=> tan(z cos 8) = tan (2 + 1) — asin | 


= ncos 0 = mn + (2n+1) = —nsin 6 


=> cos0+snO0=m+ (2n+1) 


smneZ 
-. f) = (cos 0 + sin 6) 
a [Aa 

Also (cos @ + sin 8) < | -V2,2 | 


mtn) tt (0,2 | 


;2(m+n)+1>0 


(m+n) + + ¢(0,v2 |;m,x eZ 


mt+n=0 
(cos 8 + sin 86) = 


No] 


=> roy=- (5) fn2<0VxeER 


= f(x) is a decreasing function V x e R 


7. f(x) = cos(cos x) 
=> f(x) =sin (cos x).sin x 
In x €[0, 2/2], sin x => 0 and cos x €[0, 1] 
=> sin (cos x) € [cos l, 1] 
=> f(x)2=0Vxe [0, x/2] 
=> f(x) is monotonically increasing on [0, 7/2]. 


8. f(x) = x7 - 140 + 24x - 3 
=> f(x) = 40 — 28x + 24 = 408 — 7x + 6) = 4-1)? + 
x — 6) =4(x«- 1) («+ 3) @-2) 
=> f(x)is M.I. for x e[-3, 1] and [2, 0) and f(x) is M.D. for 
x €(—o, —3] and [1, 2] 


9. f(x) =3 cos*x+ 10 cos? x +6 cos?x-3;0<x<7. 
=> f'(x)=-12 cos? x sin x — 30 cos’ x sin x — 12 cos x sin x 
= (-6 cos x sin x) (2 cos? x + 5 cos x + 2) 
= (-6 sin x cos x) (2 cos x + 1) (cos x + 2) 
= —3 sin 2x (2 cos x + 1) (cos x + 2) 


=> f(x)<O0forxe 0.2 hx <| =| and f'(x) = 0 for x 


E 4 
€ | —,— 
2 3 
22 


2 a 
.. f(x) is increase on |—,—J|and decreasing on 


0.2 | and =. | 
2 3 


10. fx) =x + Qat 3)x°+3Qa+1)x+5 


=> f(x) = 3x + 2(2a + 3)x+3(Qa+ 1) 
For f(x) to be monotonic on R, f'(x) >0 V x € R ie., 
4(2a + 3)? — 36(2a + 1) <0 

=> (2a+3y-—18a—-9<0 

=> 4a’*-6a<0 

=> 2a (2a—3)<0 

=> ae (0, 3/2] 
Also f(x) =>0 Vx € Randa e€(0, 3/2] 

=> f(x) is injective for a €[0, 3/2] 

= f(x) 1s invertible for a €[0, 3/2] 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. (d) a(0)= flat f" pxpax 
=> g'(9)=Asin’ 9) [2sin 8 cos 0] + (cos? 8) [—2cos 6 sin 0] 
= (sin 20) [f(sin’ 9) — f(cos? 8) ] 


For 0 € (=,2),20¢(-2.2) 
2 2 


= sin 20 <0 for 20 «(-1, 0)1e., 0 € [=o] and sin 20 


> 0 for 20 € (0, nie, 0 € (0,5) 
Case (i): 8 € (=.=) 
2 4 
=> sin 20 < 0 and sin’ 6 > cos* 8 
=> f(sin? 0)—f(cos?0)>0 (~ fis T) 
=> g'(9)<01.e., g(@) is decreasing 


Case (ii): 6 < [=*.0) 


=> sin 20 < 0 and sin? 0 < cos? 0 
=> f(sin? 0)—f(cos?0)<0 (- fis T) 
=> g'(8)> 0 e., g(@) is increasing 


Case (iii): 0 < (0,4) 
= sin 20> 0 and sin’ 8 < cos? 0 


=> f(sin’ 8) —f(cos? 8) < 0 
=> g'(0) <0 Le., g(8) is decreasing 


Case (iv): 8 € (=.5) 
=> sin 20> 0 and sin? 8 > cos? 0 


=> f(sin’ 9) — f(cos? 8) > 0 
=> g'(9)>O0 Le., g(O) is increasing 
2. (a), (b) f) = sin(£n x) — cos(£n x) 
=> f(x)= 2 [cos(€n x) + sin(£n x)]; x > 0 


x 
For f(x) to be strictly increasing f(x) = 0 


=> cos(fn x) + sin(€n x) > 0 

=> cos(€n x) >—sin(£n x) 

=> fnxe ana 2 (2n-t)x—4 |i eZ 
> xe Kereta arr eZ 


3. (d) fx) = ait” 4). g(x) =a". q>0 a¢l1,xeR. 


(En a) h(x) = (En(fx)) + En(g@e)) 
=> h(x)= én( f(x).8@)) oe tn( a‘ eee.) 


én(a) én(a) 


ail . n(at"*) = l 
£n(a) én(a) 
-a™ forx <0 
=> h(x)= 40 for x=0 
a’ forx>0 


h(-x) = -a™ for x > 0 
=—ax = — h(x) and A(-x) = a™ for x < 0 


= (-a*) = h(x) 
Thus A(x) is an odd function. 
a“ forx<0 
Also h'(x) = 
a’ forx>0 


> h(xyz>0VxeER 
= A(x) Is increasing 


4. (b) f(x) = |xle* 


—xe” forx<0 
=> f(x)= 
forx >0 
xe* —e” forx <0 (x-l)e™ for x <0 
=> f'®= es 7 ee 
-xe* +e“ forx>0 |[e*(1-x)forx>0 


Application of Derivatives II < 5.285 


=> fix) forx <0, T for0 <x <1 andJ forx>1 
=> x =0andx = 1 are two critical points. 


5. (c) f(x) = (ax’ + bx + c).|x| ; where ac < 0 


-x(ax? +bx+c);x<0_ pentane 


x(ax? +bx+c);x20 ax’ + bx’cx ;x 20 


~3ax’ —2bx-—c:x <0 
= fi@=t 
3ax°+2bx+c;x>0 
Disc. of above quadratics = 4b* — 12ac > 0 as ac < 0 
For x < 0, Product of roots = SE <Qasac <0 
—3a 3a 


= There is exactly one — ve real root (a(say)) 


For x > 0, product of roots = = <0 asac <0 
a 


= There is exactly one +ve real root (B(say)) 
The graph of f(x) will be as shown below. 


a" sgn x.ln(a) = all sem 


Thus there are true critical points a, 0, B 


- (b) f(x) = (1 — x) |x - 3] 


(x -1)(x-3)forx <3 
=> fix)= 

—(x -1)(x-3)forx > 3 

x’ -4x4+3 forx<3 
= fixy= 9" 

—x° +4x-3 forx>3 


2x —4 forx <3 
—2x+4 forx>3 


= re} 


=> f'(x)<0 forx <2 andx>3 and /f'(x) > 0 for2 <x <3 
and f’(x) > 0 atx =2 
Graphically, 
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= f(x) has 2 critical points namely x = 2 and x = 3. => x-1<0 
0, 1) 
7. (c) fx) = 32-2 |x| = fx? = 2 [xl = (la) ([xl - 2) te 
= fc) = 0 for |x| = 0 or |x| =2 . fxs) ¥ for x E(— ©, 0) and (1, «) and f(x) T for x €(0, 1) 
*+2x for x <0 x dt 1 
=> x=Oorx =+2 and f(x) = y rer 10. (a) fx) = [—>=/f@=- 
x’ —2x forx>0 t x 
6 Gye 2x+2 forx <0 = f(x) is increasing function for x > 0 
2x—2 forx>0 Ix-] 
11. (a), (b) y= =—(x #2) 
=> f(x)=0 atx =—-1 andatx=1 x-2 
Also f’(x) < 0 for x <— 1 and x e€ (0, 1) and f’(x) > 0 => xy-—2y=2x-1 
for x €(—1, 0) and x e(1, ~) => xy-2)=2y-1 
= — 2y7l 
y-2 
2x-1 
=> fi (x)= 
x-2 


=> f(x) is inverse of it self. 
Range of f(x) = R — {2} 


Ape (x-2)(2)-(2x-1)() 


“. f(x) has 3 critical points x = —1, x = 0 and x = 1. aay 
8. (d) fix) = («- 1) @-2) + @-2) |x- 1 3 
2(x—-1)(x-2) forx 21 => f'(x) = —, <9 
(x-2) 
0 for x <1 
=> f(x) is a decreasing function on R — {2 
a rea a : o 
=> {x= Pla 
0 for x<1 12. 0 £09 | ~ a) x5 — 3x 
=> f(x) =0 for x €(— ©, 1) U {3/2} i 
Graphically shown below: / 
Y => | = 4-1 (ast)-3 
A l-p 
: ee 
/ .. For f(x) decreasing, — -1}e —1<0VxeER 
=p. 
VP+4 VP+4 
= —= Case (i): ——— — 1 < 0, then f(x) < Oi-e., < | 
aH @: f@) = 
which is true for p > 1 
“. f(x) has infinitely many critical points Now for p < 1 and p => -4 
9. (a), (b), (d) vpt4 < 1 (Both sides non-negative) 
fx) = 2 €n |x| —x |x| l—p 
5 4= 2 ¢n(—x) +x’ forx <0 ma ae Z 
2énx—x° forx>0 (1- p) 
2 => pt+4<p’-2pt+1 
eee => p’—3p—-320 
ae oa am g—4/0t | | 345/21 
—-—2x forx>0 = P= |, VU » 00 
x 2 2 
Clearly f'(x) <0 Vx<0 S24)5) 
Now f(x) > 0 for x > 0 => pe|-, y 
2 
> — -2x>0;x>0 
‘ a (eee eee 
2-2x° 0 l— p 
> > 
x 3-21 
For p € | -4, (1,00) 
= 22 >0 (x >0) 2 


13. 


14. 


15. 


16. 


et) xc 


Case (ii): i= 
1—p 
=> p’-—3p-3<0;p<1 


> p [ty ): shen '0) <0 


= >1,4<p<landp+42p’-2p+1l1;p<1 


2 


> xe ase) ap 
Jp+l Jp+tl 


.. fix)decreaseforVxeR,whenP e€ ~ 


3-21 
is i. 


(b) f(x) =x? + ax’? + bx + 5 sin’ x 
Sf'(x) = 3x? +2ax + b + 10 sin x cos x 
= 3x? + 2ax + b+5 sin 2x 
fix) 2=0VxeER 


=> (2a)y — 4(3) (b+ 5 sin 2x) <0 
=> a—3(6+5 sin 2x) <0 

=> a’—3b< 15 sin 2x 

=> a’-—3b<-15 

=> a-—3b+15<0 

(b), (c), (d) 


Kx) = x' + sinx-1 
S'(x) = 100 x” + cos x for f(x) to be increasing 100 x”? + cos 
x2O0ie., 100 x” >-—cosx>-1 
“. 100 x >-1 
=> fix)Tt 


-] 99 

Si 2 | 

Ga 

a : : vA 1 
= f{x) is increasing in(0, 1), (2) ana 02) 
(d) f(x) = x’ log 3x; x >0 
=> fix) = 3x’. = + (log 3x) (2x) 

x 

=> f(x)=x + 2x log 3x 
= x(1 + 2 log 3x) for f(x) increasing, (1 + 2 log 3x) > 0 
2log 3x > -1 


log3x = — 1/2 
axe" 


~S 1 wn 
3 


> xeE Fan 
3 


(a), (c) f(x) = tan (sin x + cos x) 


=> 
=> 
=> 
=> 


Xe aene 3(sinx+cosx) -(cosx—sinx) 
1+(sinx+cos x) 
.. f(x) increase 


=> sinx =-cosxorcosx—sinx>0 


= er ¢| ann =, 2n0 +4 neZ 
4 4 


17. 


18. 


19. 


20. 


21. 


Application of Derivatives Il < 5.287 


(c) f(x) = cos |x|—2ax + b 
=> f(x) =-sinx-2a 

. f@~2z0VxeER 

=> -sinx-2a>0VxeER 
=> -—2a<sinx Vxe R 
— 


2a<-—1 
—] 
=>. 6 = 
(a), (b), (c), (d) 
fix) = x— cot! x + log 41-3] 
l 1 x 
=> f(x)= 1+ + x —] 
1+x? (v2? 1-2] x +1 
= 1+ 


1 —] 
+ =] 
V1+x? Vx? +] 
= f(x) 1s increasing function V x € (—©, 0) 


(a), (c), (d) 
f(x) = sin"! (2xvi1 —x? 


sin” (2xVi=x |: <x< 


=> sin! x = -asin”'(2xVi-");-1sxs 
J2 
n—sin'(2xVi-x"); xsl 
an eye 
2 V2 
—] 
= f(x) = {-2-2sin™' x ;-l< x<—= 
1 
ma —2sin' x;—=<x<l 
J2 
1-x? V2 V2 
=> f(x)= 


se ine(-1 Ns | 
1-x? 2 V2’ 
(d) fix) = (x + 2) &* 
=> f(x) =-at2ere 
= e*(—x«-1) =+x+ 1) e* <0 for x >-—1 and = 0 forx <-1 
=> f(x) is increasing on (—-«, —1] and decreasing on [—1, ©] 


(a) fx) =xet-% 
fw) =xet-% [1 -2x] +e0-% . 1 
=e) [297 +x+4+ 1] 
= el) (2x? + 2x —x4+ 1] 
= e"-9 [_2x (x-1)-1@-1])] 
= & 0-9 [x — 1) C2x- 1)] 
=> f'(x)20 
=> («-1)Qx+1)<0 


> xe Fa and f'(x) < for x ¢€ (2. | oft) 


5.288 >» Application of Derivatives I 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


1. f(x) = sin(cos x), 


f(x) = Gsin x) cos (cos x) 
For x € 0.5 sin x €[0, 1], cos x € [0, 1] 


=> cos (cos x) € [cos l, 1] 
=> f(x)<0V-x €[0, 2/2] 
= f(x) is decreasing on [0, 1/2] 


2. f(x) =x? — 3x? — 9x + 20 


=> f(x) =3x-6x-9 

=> f(x) =3(0? —2x-3)=3[~%-3) + 1)] 

=> f(x)>0 for x e(-, -1) U (, ~) and f'(x) < 0 for x 
e(- 1, 3), f'(@x) = 0 atx =-1, 3 

=> f(x) T on (3, 0) => fix)>f4)Vx>4 

=> f{x)>0 [.. f(4) = 0] V x € (4, ~) 


. (x+3p—(-— 1p = 244 

Let f(x) = (x + 3p —(«- 1p — 244 

=> f'@)=5 +3) -5@- 1) 

=S[@+3)+ @—D]L@+3)-@—-D][@+ 3+ @—-1¥] 
= 5(2x + 2) (4) [@ +3)? + @- 177] 

=40 @+ 1) [@+ 3+ @-1)] 

f'(x) < 0 for x <-1 and f’(x) = 0 forx >- 1 

fix) T on [-1, «) 

fix) = f(0) V x €[0, 0) 

fix) 2=0V x €[0, 0) [ - f(0) =0] 

(x + 3)? —(-— 1) = 244 V x E€[0, 0) 

» (a) fx =x 

tn fix) =x tnx 

f(x) =x(1 + nx); x>0 

f(x) <0 for x < — and f'(x) = 0 for x => Leer eee 
as X —> 00 ; 


= pe)e|s(2} 
e 
= Range = [(1/e)'”, ©) = [(e) ', 00) 
(b) Let g(x) = (sinx)*™ 
Domain of g(x) = [2nn, (2n + 1)r] 


In g(x) = (sinx). In sinx 


YUUYNY 


Yo Ud 


1 
.cos x + (dn sinx) cosx; xe 
in x 


(2nn, (2n + 1)x) = (cos x) (1 + In sin x) 
=> g'(x) = (sinx)"™. cosx (1 + In sinx) 
For n = 0 


g(x) <0 forxe (0, sin™ | 
g\(x)>0 forxe [sin - 4) 
g'(x)<0 forxe (5. —sin- 2) 


g(x)>0 forxe| z-sin™ ad 


- (b) Aix) = 


1) (1)\" (ax 1 
. g(0)=1, e{ sin" *) = (2 @(5] = Le[ * — sin” *] 
e e 2 e 
1 l/e 
= Range of g(x)= (2) 1 
e 


Ve 
= Range of | (sin x)°™* + 1] is (2) va] 
e 


l/e 
Range of In((sinx)*"* + 1) is (o(2) Jana 


Me a 


=> @'=2-x 
Let f(x) = e*' and g(x) =2 -x 

=> f(x)=e"'! and g(x) =-1 

=> f(x)>0 VxeR and g'(x)<0 VxeR 

= f(x) is strictly increasing and g(x) is strictly decreasing 
functions. 

= f(x) and g(x) will intersect at exactly one point 


=> f(x) = g(x) has exactly one real root which is x = 1 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


. (a), (b) f R>R, fd 


g ROR, gt 

(fog)'(x) = f'g(x) . g'(x) = (< 0). @ 9) 
(fogy’ (x) <0 

fog(x) is 

(gof)’ (x) = g '(Ax) . f'"(%) = @ 0). (< 9) 
(gof)’ (x) < 0 

gofix) is V 

(fofy' (x) =f" (Ax) -f'() = (S 9) (< 0) 
(fof)' (x) = 0 

fofix) is T and (gog)' (x) = g (g(x). g(x) = @ 0). (2 0) 
gog(x) is T 

Thus fof and gog are increasing functions. 


Yu Ud 


UU 


ae’ +be~ 
ce’ +de~* 
=> f(x) 
_ (ce* + de™ )(ae* —be~* ) — (ae” + be™ )(ce* —de™ ) 
(ce* +de~ i: 


sf) (ace” — bde** —be+ad ) —(ace* —bde** +bc-—ad ) 
x — eee 
(ce* +de~* i 
2(ad —bc) 


(ce* +de™ ). 


= f(x) increase for ad > be 


- (©) o@) =F 
=> (x) = 2[f)]-f'@) 
As f(x) increase in interval (a, b) 
f(x) = 0 in (a, b) but f(x) can take non-negative or non- 
positive values 
= (x) can be increasing or decreasing or non-monotonic 
in (a, 5) 
. (bd), (c) g(x) = 2ftx/2) + fll — x) and f(x) < 0 for x € [0, 1] 
=> f'(x) is decreasing on [0, 1] 


Now, g'(x) = 2. > f'(x/2) —f'(1 —x) 
=> g(x) =f'(x/2) -—f'U —x) 


For g(x) increasing g'(x) > 0 


=> f'@/2)>f'A -x) 
=> x/2<1-x 
> —x<! 
= pee 
3 


g(x) increase on 0,2] and decrease on 2.1] 


. (a), (c) Ox) = f(x) + fQa-x);0<x<2a 

=> 6’) =f") -f'@a—-x),0Sx<2a 
Here —2a < -x <0 

=> 0<2a-x<2a 
Ff") >O0V0<5x<2a 

=> f(x) TV0<x<2a 

- ox) T 

=> o(x)20 

=> f'@)2f'Qa-x) 

> x2>2a-x + x>a 


(x) T on [a, 2a] and o(x) V on [0, a] 


. (a) f: [0, ©) — [0, 0): T 
g: [0, 0) ; 4 
h(x) = f[g(x); h(0) = 0, hx) — AC) = ? 
h'(x) = f(x) (g@)) . g'"@) <0 
But Range of h(x) = [0, 0) and h(x) < A(0) V x = 0 
=> h(x) <0Vx20 
=> h(x) =0Vx20 
=> h(1)=0 
=> h(x)-h(1)=0 


1 1 
. (b), (c) x = —~—and y = ——__Vt > 0 
(b), (¢) ie t(1+27) 


> x=(1l+Pyjy=er+ey 
dx —] dy —1 (1 31”) 


2 ray ET 
dt (t+0°) 


dt (+?) 


Application of Derivatives Il < 5.289 


dy _(1+30) 1430 


dx (21) 2° 


= fis increasing in (0, 1) and (0, 0) 


>Qast>0 


: ie eRe 
cx+d 
cx+d)(a)—-(ax+b)(c 
(cx+d) 
= ae e R— {dlc} 
(cx+d) 
=> f(x) is strictly increasing function for ad — bc > 0 
sin”! x 
9. (a), (b) fx) = —{-— 
cos x 
D=|-1,1) 


10. 


11. 


= Positive values of domain of function is the set (0, 1) 


(cos —— + (sin a 
> f'x) = —_——“_e_ sf Soc Ses 
(cos™ x) 
(cos™ x+sin™ x) 
= J O>3 — 
( 1-2" |(cos ' x) 
=> f'(x*)= if 7 Vx € (0, 1) 


2V1-x? (cos x) 
=> f(x) is strictly increasing function 
(b), (c) f(x) = V3 sinx —cos x —2ax + b 
= F(x) = V3 cos x + sinx—2a 


fix) decreases V x € Rif V3 cosx + sinx—2a<2aV 
xe Rie., V3 cosx+sinx<2aVxeR 


=> 341 <2a 
> a2l1 
(b) f(x) = (ab — b? — 2) x + [, (cos* 6+sin* 0)d0 
=> f(x) =(ab—b*—2)+ (cos* x + sin‘ x) 
= (ab — b? — 2) + (1 — 2sin’ x cos2x) 
= (ab — b* — 2) + [1-3 sin’ 2x] 


=ab—bh?-1- sin? 2x 
* f(x) is decreasing function V x e R 
ab — b?-1-—- 7 sinrz2x<O0VxeER 


2(ab — b*>-1)<sin? 2x VxeR 
2(ab — b? — 1) < min.(sin?2x) 
2(ab — b?’—-1)<0 
2b°>-2ab+2>0forVbeR 
Disc. < 0 

4a* — 4(2) (2) <0 


YUUUUY YY 


5.290 >» Application of Derivatives II 


12. 


13. 


14. 


=> a’-4<0 
> ae[-2,2] 


(a), (c) f(x) > 0 and g'(x) <0 Vx Ee Rsx<x+1 
=> fix) < Ax + 1) [as fx) 7 
=> a(f(x)) > (fx + 1)) [as gx) ¥] 
= (d) is incorrect 
Now, x <x+1 
=> g(x) > g(x + 1) [as g(x) ¥] 
=> fig) >flg @ + 1) [as (ONT) 
= (a) is correct and (bd) is incorrect 
Alsox <x+1 
=> f(x) <fx + 1) 
=> g(f(x) > g(fx + 1)) 
=> option (c) is correct 
(c) f: [1, 10] > [1, 10] is \ , 
g:[1, 10] >[1, 10] is V , 
A(x) = fig); h(1) = 1 
h'(x) =f '(g)). &'@) 
=(<0) .(<0)2=0 
=> h(x)T 
=> h&x)=hQl)Vx21 
=> A(x)21Vx21 
=> h(2)2 1 (in particular) 


(a), (b), (c), (d) 
b(x) = 3f (=| + f(3 —x*) Vx eC 3, 4) and f’"(x) > 0 
Vx €(3, 4) 


=> (x)= s()enr(=] — 2x f'(3 — x’) 


=> $' (x) =2x (S)-re-") Vx €(-3,4) ...(i) 


vf") >O0V x €-3,4) 
=> fie) TVx €C3,4) 
For (x) to be increasing 0'(x) = 0 Le., 


a 7(5]-r0-")|20 


2 
xX 


Case (i): —3 <x0thens"| ~|-40-*) <0 


2 


> r=] <f'3—x) 


SS =<) 3 = 


2 2 ; 
For case restriction, x € 3.0] 


15. 


16. 


17. 


2 
Case (ii): 0 <x < 4, ens'(S|-£0-¥)20 
2 
> +33-% 
3 


For 0(x) to be decreasing 
2 


Case (i): —3 < x < 0, then (=) —f'3-x)20 


- —3 
For case restriction, x € <@. 


2 
xX 


Case (ii): 0<x <4, then /’ <)-s@-x) <0 


ae 3 
For case restriction, x € 0,5 


(a) f(x) = x(a’ —2a+2) + cosx 

=> f'(x)=(@—-2a+2)-sinx 

For f(x) to be strictly monotonically increasing V x € R, f 
(x) >0VxeER 

—2a+2-sinx>0VxeER 
—2a+2>sinxVxeR 

—2a+2 > max.[sin x| 

—2a+22>1 

a’—2a+120 

(a—-1y20 

aéeR 

For f(x) to be strictly monotonically decreasing V x € 
R,f'~<VxeER 

l.e., (a? -—2a+2)<snxVxeR 

i.e., (a? — 2a + 2) < min. (sin x) 

i.e., a? -2a+2<-1 

=> a’—2a+3 <0, which false for every a < R. 

.. f(x) is always strictly increasing V a e R 


(b), (c) fg ¥ 
(fog)'(x) = f'(g(x)) .g (x) = (< 0). (< 0) 20 
(gof)’ (x) = g '(f\x)) f') = (<9). (€ 0) 2 0 


(a), (d) f(x) = g(x) @— a)’; lim g(x) = g(a) 


f'(a—h)=g(a—-h) (a-h-ay ;h> 0° 
=> f'(a-h)=ga-h)(h),;ho0 
=> fila-h)=g@l’ ;h>0; g(a) #0 
=> f'(a—h)>0 for g(a)>0 

Also, f'(a + h)=g(a+h)(a+h—-ay 
=> fiathj=g(at+h) (hy ;ho0* 
=> fila +h)= g(a). h’;h>0' 


2 
2 
2 
2 
2. 


YVUUUUYY 


18. 


19. 


Z. 


=> f'(a+h)> 0 for g(a) > 0 
=> f(x) 1s increasing in neighbourhood of a for g(a) > 0 and 
decreasing for g(a) < 0 


(b), (d) g(x) = fx) + fl — x) and f'"(x) < 0; Osx <1. 

=> g'@™=f'@)-f'U-x,05x<1 

f(x) <O0V0K<x<1 

=> f'(x)¥ forx € [0, 1] 

= g(x) will increase when g '(x) > 0 Le., f'(x~) —f'U — x) 
>O1e,x<1-x 

=> 2x<1 


1 
=> LS = 
2 


g(x) increase on 0.5 and decrease on Fl . 


= 2 
cos" = Joorsza 


+x? 


(a), (b) 2tan”! x = 


2 


fx) (=) 2tan'x for x>0 
x) = cos? | ——~ |= 
1+x? —2tan x forx <0 


P 2 
-cos"{ = Jfors<a 
1+x 


SFOs) 


=> fix) 7 forx>0 and V for x <0 


TEXTUAL EXERCISE—5: (SUBJECTIVE) 


(a) Let f(x) =x + cos x 
=> f'(x)=1-sinx>0 
= f(x) is an increasing function 
=> f(2)<fe) 
 f'(x)# Oonany interval 
i f(a) # f(b) ete 
=> 2+cos2<etcose 


(b) Let fix) = €n (x4 Vx? +1) 


=s Fis (i+ |( | 
Vx° 41) \x4+vVx7? 41 


=> f')= >OVxeR 
Vx’ +1 
= f(x) is an increasing function. 
=> fr) > JG) 
=> €n (z+ +1] > tn(3+~/10) 


Let fix) =@-lDe+1 
> fi@=e-)DNet+e=x>0Vx>0 
=> f(x) is an increasing function for x > 0 
=> flx)>f(0) forx>0 


Application of Derivatives II < 5.291 


=> fix)>0Vx>0 
=> (x-1)e +11: positive V x > 0 


. Let f(x) = 2x +x cosx-—3 sinx >0 


=> f'(x)=2+ (x sin x) + (cos x) —3 cos x 


=> f'(x)=2-xsinx—2cosx=2 [2 sin’ *) - “(2 sin os 


= (2sin> | asin — xoos3 ....-(U) 
2 2 2 
‘x x 
Let g(x) = 2sin —-—xcos— 
(x) 5 5 


=> g'(x)=cos ~ 4 ~sin=-—cos~ = ~sin~>0Vxe 0,2 
i eS a. 2S 2 


y 


g(x) is T for x € 0,2 | 


2(x) > (0) V x € [0, 2/2] 


y 


y 


g(x)>O0VxeE 0,2 | as 2(0) =0 


“. From (1), f'(x) >0 Vx € [0, 2/2] 
=> fix) is T forx e€ [0, 2/2] 
=> fix) >f(0) Vx € [0, 2/2] 


=> 2x+xcosx—3 sinx> OV x €| 0.5 


=> 2x>3sinx—xcosxVxeE 0,2 | 


; Let fis)- + tn[ 144]; x>0 
“(3 x 
2 
1 x —] —] 1 
=> f')= 7~ (=I- ae 
[x+) (x+1) \x (x+5) x(x +1) 


1 
24 _s0 vs >0 
1 


=> fixjisb Vx>0 
> f(x) <f(~) ford0<x<o 


1 ] 
=> —  ~-fn\ 14+—-—|<90 
] x 
x+— 
2 


<tn{ 144 | ...(1) 
l x 


Next, Let g(x) = tn(142] aah 
b 5s aa. 


= g "(x)= —— ie >O0Vx>0 
x+1l x 


=> g(x)isTVx>0 
=> g(x) < g(0) for0<x<0@ 


5.292 » Application of Derivatives I 


=> in(i+—)-+ <QVO<x<@ 
x 


x 
1 1 
=> fnil+—|<—Vx>0 sel) 
x} x 
- l l l 
Combining (1) and (2), we get 1 <fn C + | <— 
[x43 a - 


Vx>0 


5. Let f(x) = sin x tan x — x? for x € [0, 2/2) 
=> f'(x)=sin x. sec’x + tan x . cos x — 2x 
=> f'(x)=sinx. sec’ x + sin x — 2x 


=> 


> 
=> 
=> 
=> 
=> 


f" (x) =sin x . 2 sec? x tan x + sec? x cos x + cos x —2 
= 2sin? x sec? x + sec? x cos x + cos x —2 
= 2 sec x. tan? x + secx t+ cosx—2 


—2 


= 2 sec x. tan*x + | cosx+ 
cos x 


For x € [0, 2/2) [. ore > 2Vx > 0| 
x 
f"(«x) 20 Vx e€ [0, 2/2) 
f'(x) is T for x € [0, 2/2) 
F'(x) 2 f'(0) V x €[0, 2/2) 
f'@®)20V xe [0, 2/2) as f’(0) = 0 
flix) TV x © [0, 2/2) 
fix) = f(0) V x © [0, 2/2) 
sin x tanx—x?>0V x © [0, 2/2) 
sin x tan x —x? > 0 V x © (0, 2/2) as sin x tan x — x’ is 
increasing and not a constant function in any interval. 


nx * Wx e(0,2/2) 
x sin x 


6. (a) Let f(x) =x + sinx 


=> 
= 
> 
> 


f'@=1+cosx>0VxeEeR 
f(x) is an increasing function V x e R 
K3) > fle) 


3+sin3>e+sine 


(b) fix) = log (x+ Vx 41 


— 


=> 
=> 


— 


l x 1 
f'(x) = [+= > 0VxeR 
xt+vVx741 Vx? +1 Vx? +1 
fx)isTxeR 


fle) > f(2) as e =2.7183 


log (e+Ve? +1)>log(2+5) 


(c) fix) =@)'",x>0 


=> 


= 


tn fix) = a tnx 
x 
l 
Fa’ 
f(x) = (x)? [1 — €n x]. = 


fx) T for 1 > €n x ie. 0 <x<eand f(x) \ forx>e 


I@o= uo + £nx (=) 
x x 


=> 
=> 


Ke) > fm) 


em > 1° 


(d) Let fx) = (sin x)” VO0<x< 2/2 


YW UUY 


£n f(x) = (sin x) €n (sin x) 
f(x) 
f(x) 

f'(x) = (sin x)*™ . cos x. (1 + €n sin x) 

f(x) for €n sin x >-1 i.e., for sin x > 1/e 


=cosx+cosx. €nsin x 


ere eT rar ihe _ x isan increasing 
function on[—1,1] 
x > sin '(1/e) 
Now e>2 
0< _) < is 
e 2 


ye 


]—sinx 1 
00s x — sink < ——_——— Vxe or or 


1—cosx 
aaa pais ;VxeE (0,4 or e°* (1 — cos x) < 
e* 1-cosx 4 
e"™(] — sin x) V x € (0, 77/4) (1) 


Let f(x) = e(1 — x) 

f(x) =e — (er +e’) 

f'(x) = e& — we + e*) 

f(x) = xe"; x €(0, 71/4) 

fx) \ for x €(0, 7/4) 

In x €(0, 1/4), cos x > sin x 

ficos x) < f(sin x) 

e(1 — cos x) < e™* (1 — sin x) or esi < ase 

l—cosx 

Vx € (0, 71/4). a ed 

sin? x < x sin (sin x); 0 <x < 1/2 or Sin _ Sin(sin x) 
x 


O0O<x< 7/2 sma 


sin x 
Let f(x) = 
x 
xcosx—sin xl 
= = 
x 
_ 
A 


y=(x, sinx) 


sin x 


Here is the slope of chord OA on sine curve 


x 
where A(x, sin x) is a point on y = sin x curve for x €(0, 
se sin x 
Clearly as x T, Slope ¢ 1 
x 


sin x 


=> fx) = 


is a decreasing function on (0, 7/2) 
x 


Also from graph given below 
¥ 


We note that sin x < x for x €(0, 7/2) 
=> fisin x) > f(x) 
sin(sin x) ,, sinx 
sin x 
x) for x €(0, 1/2) 
(c) Let f(x) =x—- tan’ x; for x €[0, oo] 


1 x? 
= x)=1- 
fe) ico eee ee 


fix) is T V x € [0, 0) 
fix) > f(0) V x €[0, 0) 
x—tan'x>0OV-x « [0, 0) 
x >tan'x V x €[0, 0) 

2 


y 


for x €(0, 7/2) 1.e., sin? x < x sin(sin 


>0V xe [0, 0) 


(d) Let f(x) = (tan! x)? + 


2tan! x =) % 


p= (1+x7) - (14x?) V1+x7 


= 2 = ee 
- mal ‘ =| ae 


y 


1 1 1 1 
L+x° | (l4x?)V14x? all a) 


OVxeRasl> 


1 
Vv1+x? 
=> g(x)t 
= g(x) > g(0) V x & [0, «) 
=> g(x)>0V xe [0, «) 
.. Form (1), we get f’(x) > 0 V x €[0, 0) 


Application of Derivatives Il < 5.293 


=> fot 
= *(2)<r0 


=> (tan) ae < (tan e)+—=— 


€ Ve’ +1 


(e) cos(sin x) > sin(cos x) 


, 1 
i.e., cos(sin x) > cos = cosx) 
, V4 
sin Xx + COS x Sv2<> 
1 372 
=> sinx<—-—cosx as vxe 0 
Z 2 
sin x €[0, 1] and cos x €[-1, 1] 


5 eos E (= -15+1] , where cos x is ¥ function 


y 


: 1 
cos(sin x) > cos G — cos | 


cos(sin x) > sin(cos x) 

Let f(x) = 2sin x + tan x — 3x; x €[0, 2/2) 
f'(x) =2 cos x + sec’ x — 3; x €[0, 2/2) 

f(x) =-2 sin x + 2sec? x tan x; x €[0, 2/2) 
f"(x) =— 2sin x + 2 sec? x . sin x 

f(x) = Q sin x) (sec? x — 1) > 0 V x € [0, 2/2) 
f'(x) V x € [0, 2/2) 

f'(x) 2 f'(0) V x €[0, 2/2) 

f'(x) 20 V x € [0, 2/2) 

2 sinx + tan x = 3x Vx € [0, 7/2) 


(g) et *(x4vl+x? )<e™ Vv x€(0,0) 
1.€., tan x+In(x+V1+x")< 2x 


Thus consider f(x) =tan™ x+ In( x +V14+x? —~2x 
] ] 
=> f(x)=— ++ 
eee Te a Fe 
Thus f(x) is strictly ) function Vx € R and since f(0) = 0 


YVUUUUVYUUYSY 


—2<0 


Ifx>0 => _ f(x)< f(0)=0 

=> f(x)<0 

=> tant x+In(x+vl4x?)<2x 
Ifx<0 => f(x)> f(0)=0 

=> f(x)>0 

=> tan'x+In(x+V1+x")>2x 


. Let f(x) =x? -1-2x €nx;x>1 


=> f(x) =2x-2-2€nx; x21 


> frg)=2-2—af1-2);221 
x x 

> f") = a=) >OVx21 
x 


5.294 >» Application of Derivatives II 


10. 


=> f"otvx21 

=> f"@~=2f"AVx21 

=> f"@)20Vx21 

=> f'(x)tx21 

> f'w2f'davx21 

=> f'x%)20Vx21 

=> fx TVx21 

> fix)2fuayvx21 

=> fix)20Vx21 

=> x7-1>2xtnxVx21 . (1) 
Let g(x) = 2x fn -—4(x-1) +2 nx; x21 


=> g(x) =2+2€nx-4(1)+ Pepto 
x 


=> g(x) = 


=> g(x) Vx21 

=> gQax)tVx21 

> g(x)2¢g'O)Vx21 

=> g(x) 20Vx21 

=> g(x)TVx>1 

> g(x)>e(1I)Vx21 

=> 2x énx—4(x—-1)+2€nx>0Vx2>1 OQ) 
From (1) & (2), we get 


x’ —1>2xénx > 4(x-1)—2énx Vx21 


. ForO<x<1 ‘ 
, a | 
=> y=xénx- + - 
2. 2 
=> Ds, SPT as x 
dx 
2 
oy 20 -(= *)> 08x €(0, 1) 
dx x x 


y 


Diss (0, 1) 
ax 


= (#) <0 
dx xe(0,1) 


y for x €(0, 1] 

fix) 2 fll) V x € (0, 1] 
2 

=> xtnx- aire) 
2. 2 

Let f(x) =x sin x = sin’x 

f(x) =x cosx + sinx — sinx cosx = (x — sinx) cosx + sinx > 0 


Vxe (0,5) as x > sinx 
= f(x) is? function when xe (0,5) 


pega 
2 


1 | eae x 1 
= 0)< <fl—|> 0< ——Sl <—-— 
FO) < f(x) (3) x sin x - nx a 


11. Let f(x) =x? -(1 +x) [€n0 +P V x20 


=> f'(x)=2x-(1 +x).2 [€n(1 + x)]. aa . — [€n(1+ 
x)]’ 
=> f'(x)=2x-2£n(1+x)-[en (1 - 
1 ae eee = 
=> f"(x)=2 ica) 2[en(1 +x). rs es 
" a, x 
se a = |- (1+x) en es) 
ee = ——— [x-£n(1 + x)] ...(1) 
Let g(x) =x— €n(1 + x) 
3 EQ ie 8 Soy eso 
I+x 1+x 
=> g(x)22(0)Vx20 
=> g(x)20 sv(2) 


From (1) & (2), we get f"(x~) 20 Vx20 
> fit Vx20 
=> f'xt>f'(0)Vx20 
=> f'(x)20Vx2=0 
=> fix) Vx20 
=> fx2=f0)Vx2=0 
=> fx) 20Vx20 
=> x>(14+x) [lanl +nP V x20 


12. fx) = nl +x) — —~—;:x>-1 


(1+ x) 
1 [G+x)-x]]_ 1 1 


ie a l+x (1+ x) (1+ x) (1+x) 


= —~__>0vx>0 


(1+ x) 
=> f(x) forx>0 
=> f(x) >f0) TV x20 


=> fn(l+x-— 20 
l+x 


= n(l+x)>— Vx>0 
1+x . 
Also f(x) being injective and £n(1 + x) ae Oatx =0 
+x 
* Wx>0 wah 
(1+ x) 


Also f'(x) \ for x €(-1, 0] 
=> fix) >f(0) Vx eI, 0) 


=> £{n(1+x)> 


=> nl +x)- —~ >0Vx e(-1,0) 20) 
(1+ x) 
From (1) & (2), we get €n (1 + x) - i >OVxeE 
x 
(= iF 0)U (0, 00) 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. (a), (b), (€), (d) 


(a) Let f(x) =@)" 5 x> 
=> £n fix) = tnx 


1 
— — ==-5! 
I(x Bt O=5 . 


= f= IM ata 
Xx 


=> FOR eee and f(x) \ for x > e 
é€ 


£45) 


hb 
=> |-—| <|- 
M4 e 
=> e <n" and fle) > f(x) 
— giles qin 

= eet 

= (a) is true. 

(b) Let f(x) = o same, 9 ai 


=> £nf(x)= (+ Geils) 


l ae Es 
=> Fa? (x)= (1+x) (1+x) (14x) 


x rire aes +x) | 


fx) T for 1 —€n(1 + x) > Oie., for (1 +x) <e,ie,x< 


e—1 


Now, (sin > cos <e-] 
3 3 


nt _ a 
=> cos— |< f| sin— 
i 3 r( 3 
tots 2 a 
=> [i + sin = et (1 + cos— Ze 
3 3 
1+cos~ l+sin~ 
. a 3 N 3 
=> [1+sin= > [1+-c05 
3 3 


= (b) is true 
(c) Let f(x) =x!",x>0 
1 


=> “At foes e and \ forx > — 
e e 


Now, 101 < 202 and both > é 
e 


=> f(101) > f(202) 

=> fi01)!"! > (202)'2” 
=> (101° > (202)!”! 
=> (c) is true 


én(1+x) 


» (©) fix) = €n (1 + x)- 


Application of Derivatives I 


3/4 4/9 
> (3) >G) 
3 4 

9/4 4/3 
> (3) >) 
3 4 


=> (d)istrue. 


- (a), (b), (d) 


(a) Let f(x) =€nx—x+1;x>1 
= Fis ae tore 
x ¥ 

=> fix) \ forx>1 

> f)>fx)Vx>1 

=> 0>€nx—-x+1Vx>1 

=> fnx<x-1Vx>1 

> y<Q@-l]Vx>1l 

= (a) is correct 

(b) Again from above f(1) > f(x’) V > 1 

> 0>2¢nx—-x+1 

=> -1>24nx>tnx 

> x-1>yVx>]1 

= (6) 1s correct 

(c) °° (qa) is true 

= (c) 1s false. 1 

(d) Let ffx) =fnx+ —-1 
x 


x-1 


= s'@=4-5-( =) > 0 forx> 1 
x x x 


fx) T forx > 1 
fx) > fy Vx>1 


=> £nxt+ [2980 Ve 
XxX 


=> 
=> 


= (Pe ne 
x 


=> {nx> Ela Pe ee at eee, | 
x x 


i sts 
(14x) 
ee eee a C2) 
Pe)= I+x (1+x) (1+x) (1+x) 


> fx) T Vx 20 
=> fix)>f0)V x20 
=> fix) >f0)Vx>0 


=> fn(lt+x)>— Vx>0 


(1+ x) 


> f'@= ea) 


< 5.295 


5.296 >» Application of Derivatives I 


Let ¢ = (sin x)*"*; sin x > 0 


sin x 
4. (c) Let f(x) = we => nt =(sinx). €n sin x 
sinx . ldt_. l : 
We know that is a decreasing function for x € => -—=sinx.m .cosx+ (fn sin x) . cos x 
t dx sin x 
[ana 2na +z -x €W and in above intervals x > sin x = £ = (sin x)*"* [cos* (1 + £n sin x)] ses(2) 
x 
=> fx) < Asin x) .. From (1) & (2), we get = (sin x)"*, 
sinx _ sin(sinx) x | (sin x) +1 
> —<—_—— 


cos x (1 + sin x) 
fix) is defined on (0, 2), (2x , 3), ....and attains its 
range values in each of these intervals . 
=> f(x) >0 for cosx (1 + sin x) =0 
Now 1 + £2 (sin x) = 0 


x sin x 


=> sin’ x <x sin(sin x ) 


5. (a), (b) Let f(x) =x sin x — G sin? x 


. 1. => £n(sinx)>-1 
=> OS aa a er oa et sy sae ee 
Seok ae Rik SS CORR => 1+ £€n(sin x) < 0 for sinx € (0,2 and 1 + £n (sin x) 
e 
=x cos x + sinx (1 —cos x) 1 
> exe 
> 0 for x €(0, 2/2) ensue <|21] 
=> fix)t on (0, 2/2) 
=> f(x) >f(0) V x €(0, 2/2) <0 forxe on | 
e 
=> xsinx— Lanes 0 V x €(0, 2/2) 
2 ee ee 
>0 forx €| sin” —,— 
=> option (a) 1s correct e2 
Also fx) < flr/2) V x €(0, 1/2) => #9) hi 2 
ie ee | <0 forx €| —,z7-sin | — 
=> xsinx— —(sin x)<—-— 2 e 
2 2 ' 
= option (db) 1s correct >0 # £forxe sin" (2), 
e 
6. (a) Let f(x) =( + 3)? -@—- 1)? -— 244 . . ee 
=> f'(x)=5(x + 3)*-—5(x— 1) him f(x) = lim én(sinx""* +1) 
= 5S[(x +3)? + (— 1)? [+ 3% -@- 1] oa ate 
= [e+ 3% + @—1P][@+3)-@-DI@+3)+ @-DI Let L = lim(sinx) 
= 5[« + 3) + &— 1)] [4] [2x + 2] én(sin x) 


> tnhL= lim (sin x) én(sin x) = lim 


= 40(x + 1) [+ 32+ @—1)2]>0Vx>-1 es @OSeee 


=> fx)l Vx>-1 
COS X 
ee ae = lim nz) a lim (— sin x) =0 
=> (+3) —(x— 1) 244200 x20 lim recur im 
> (x+3~P-@-1pP 2244 V x20 


> L=e&= 
lim €n(sin x*"* + 1)= €n2, 
x30* 


wil 1 Ile 
BO aia — ® = (14 tnx) 4{ sin 1) =«((2) ni} 
y dx x dx e e 
=> fix) \ for x €(0, e') and f(x) f for x € [e", «) fir/2) = €n(2) , 
x a 1 1 l/e 
=> Range of f(x) = [Ke '), f()) = (e") ,00 )- [e 60) f( sin :) = al (2) a] 
8. (a) y = €n(sin x*"* + 1) for) =€n2 _ 
y = tnu;u = (sinx)" + 1 .. Range of f(x) = ‘ (2) v1} 
——_ (*) ° 
dx | (sin x)" ie 1] dx = [€n(e + 1), £2] 
; Z | 9. (a) y=fn (+1), x>0 
= en eee, Poe * sin x 7 l 1 
(sinx) +1 E —) " f@)= a (x*) ...(1) 


10. 


11. 


Letu =x 
=> fnu=xtnx 
= De = pigey 
u ax 


dy 


=> =x(1 + £nx) ...(2) 
dx 


ee eee 
fQ)= (F+1)" (1+ énx) 


=> f'(x) ¥ for x €(0, e') and f'(x)1 for x Efe, «) 
lim f(x) =lim = x*L 


=> fnL= lim xenx = tim (5) (= form 
1/x oe) 


1/x 5 
ie} = him (-») 
Lee =1 


lim fn (x +1) = €n 2 and fle") = €n (Gon +1] = 


tn (e+ 1) 
Range f(x) = [€n(e” + 1), €n 2] 


x07 


=> f{nL= im 


3 5 


(a) g(x) = [ 


u 


"(x)= ~~ ~*~ 4+sinx 
% 1 6 


2 
g"@) = 1-= + 008x=—(1—cos x) <0 Vx>0 
g(x) \ forx>0 
g(x) <g"(0) Vx>0 
2"(x)<0Vx>0 
g'(x) for x >0 
g(x) <g'0) Vx>0 
g(x)<0Vx>0 
g(x) + Vx>0 
g(x) < g(0) Vx>0 


x? 5 


ee aie —snx<0OVx>0 
6 120 


J) YUYUUUUYULY Y 


y 

eS 

= 
a 

by 
x, 


2s is not defined for x > 0 


tan7' x 
— eS 0 
1+x 


; (14x). 
(l+x) | 


(a) f(x) = fn + x) - 


=> f= 


ae l _ tanx 
(1+x) (1+x) (1+x?) (1+x) 


1 _ (1+ x)(1+x7)-1 i 
(1+ x)’ (1+x’) 


tan™' x 
(1+ xy 


12. 


Application of Derivatives I 


Xtx°+x° tan’! x x(1+x+2") tan” x 
a —S + 5 = ae ase + 2 > 
(1+ x) (1+x") (1+ x) (1+ x) (1+x") (1+ x) 
Vx>0 


=> fx TVx>0 
=> f(x) >f(0)Vx>0 


-1 
=. Pad 23) = S055 


=> f(x)>0Vx>0 

=> sgn(f(x)=1Vx>0 

(c) g(x) = [€n(1 + x)P'- Gy; x> 0 
1 l 


= ———_-_ , >Q0 
én(l+x) x e 


=> g()= ,x> 0 


mor (tx) 


_ (1+x)[ én(1+ x) | -x 


x’ (1+x)én a 


So —fn(1+x); 
(x+1) a) 


=> f(x>0 
=> fx)T Vx>-1 
=> fx) >f0) Vx>-1 


bs 
= —fn(lt+x>0Vx>-l 
Vx+1 ( ) 
x 
=> ———>fn(lt+xVx>-l 
Vxt+1 ( ) 


For -1 <x <0, 


<(€n(1 + x) (- both sides use —ve) 


Eas 


< 5.297 


5.298 >» Application of Derivatives I 


13. 


14. 


| a 
neo G1) 
=> <(x+1) [ln + xP 
=> (x+1) (fal + x)P-2?>0 


(x+1)[ en(1+x)] -2 ; of int +x)< ‘ 


x’ (1+x)én(1+x) for-l1<x <0 


< [€n(1 + x)P 


=> g(x)<0 
For 0 <x <1 
x 


Vx+l1 


( +5] > [En(1 + x)P 


=> *>(«+1) [ln +x) 

=> (xt+1) [€n(wt+ IP-2x <0 
(x+1)[ n(x +1)] — x" 

=> gx)<0 

= g(x) is a decreasing function for x e(—1, %) — {0} 
Also g(-l) =O +1=1 


> €n(1 + x) 


y 


—£n(1 
Also g(x) = casi >0 
xén(1+x) 
Let h(x) =x — €n(1 +x) 
ae ic ee ee 
I+x I14+x 


=> h'(x)>0forx>0 

=> h(x) forx>0 

=> h(x)>hO)Vx>0 

=> h(x)>0Vx>0 

=> g(x)>0Vx>0 
Thus g(x) is continuously decreasing function with 
g(-1-)=1 and g(x) >0Vx>0 

=> 0<g(x)<1 


(a) fx) =x + ax? + bx +e 

Sf '(~) = 3x? + 2ax +b. 

For bijective function, f'(x) >O VxeR 
=> 4a’? — 4(3) (b) <0 
=> a@<3b 
(a), (b), (c) 
(a) If f(x) =x + sin x 
=> f(x)=1lt+cosx>0VxeER 

4 4 


=X 
on ee 


a y=x + sSinx 


15. 


16. 


=> f(x) is bijective from R to R, 

Here (f(x) — x). f"(x~)<OVxeER 

= Option (a) may be true. 

(b) Iffp=e>OVxeE Rf’) =e>0Vx ]€ Rand f(x) 
is bijective from R to R 

=> f(x)-x=ex-x>0VxeER 
and f"(xs)=e>OVxeE R 


‘for x<0,e°>0,-x>0>e*-x>0 


oe 
and for x > 0,e* —x=1+—+—4+...>0 
21: «3! 
=> (f(x)-x).f"@)>0VxeER 
= Option (b) may be true 
(c) If (fx) —x).f"(x) > 0 
=> fx)-x>0,f"(~)>0V xe Ror fx) -x < 0, f"(x) < 
OVxeR 
Note that in this case (f(x) — x) > 0, f''(x) > 0 for some 
part of domain, can’t hold as otherwise f'’(x) has to be 
zero at the concavity 1.e., (f(x) — x).f"(x) = 0 
for (f(x) — x). f(x) > 0 
Either f(x) remains concave upwards and above line y 
= x or f(x) remains concave downwards and below line 
y=xVxeR 
=> f(x)#xforanyxe R 
=> f(x) =f" () has no solution 
=> (c) is correct and hence (d) incorrect 


(a) fx)=14+x€n (x4? +1)-Vi+x 


> f(x)= [ite] ¢ 
(x+x? +1] (ea) 


(x+VF Hi) 


xX —X 
= +2 ( +¥ +1) 
Vx? +1 aie Vx? +] 


= én(x+Vx? +1) 0wx>0 


=> fx T Vx 20 
=> fix)2f0)Vx20 


= 1 +x tn{ x+1+x)> l+x?27 Vx>0 


Sl 


(a) f(x) = 


It is a decreasing function, being slope of chord joining 
origin to any point of y = sin x for x €(0, 7/2) 
=> fisinx) > fix) V x €(0, 2/2) as for x €(0, 2/2), sin x < x 


sin x 


nx a 
0<x<— 
x 2 


=> sin (sin x) > 


“x, sinx>0 


=> sin’ x < x sin(sin x) 1 
for x €| — 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


1. (a) f(x) =x — 6x 


=> f'(x) = 3x’? - 12x 

=> f"(~)=6x- 12 

=> f"(x)=0 forx =2 

= f(x) is concave downwards for x < 2, concave upwards 
for x > 2 and point of inflexion at x = 2. 

(b) y=e'-e8 

> f'@maert+e 

=> f"@=e-e"= 


e* is T function 

er <P Vx<0 

e*—-1<0Vx<0 

f(x) <0Vx<0ande*>e°V x20 

e*-12>0Vx20 

ff" 20V x20 

= f(x) 1s concave downwards for x < 0, concave upwards 
for x > 0, 

(c) f(x) = 2x —- 3x? +1 

=> f'(x) = 6x - 6x 

=> f(x) = 12x-6=0 for x = 1/2 


| 


e-* 


YUU: 


] 
= f(x) is concave downwards for x < a concave upwards 


for x > : , Point of inflexion x = . 


NO 


(d) f(x) = 2x37; x>0 
=> f'®) = 2(3 x = 3x1 


=> fx) = xaF 


= f(x) is concave upwards for x €(0, 0) 


>O0Vx>0 


=> Tt’) — x 2 ~ x 
s(-2)-(-tm)(2x) 
> f"'@=- > 
x 

- —x—2x+2xlnx 

= f°") = — jy 
x 

. 2x nx — 3x 

= f°) = —{y— 
x 
=> fx) = ca =0 at x = e*?, <0 for x < e*”? and>0 
for e*” ° 


= f(x) is concave downwards on (0, e*”) concave upwards 
on (e*”, 00) and having point of inflexion at x = e*” 
(f) fix)=xbnx;x>0 


=> f i) =: us +fnx.1 
x 
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=> f'x)=1+enx 
=f (y= u > 0 forx>0 
x 


= f(x) 1s concave upwards for x €(0, 0). 


2. g(x) =2f (=| + f(2 —x), 


ge) =2.5/(3)-£e-x) 


=> g(x) -1'(2)-re-x) (i) 


Of") <0V x €(0, 2) 
=> f'(x) T on (2, 0] and on [2, 0) and f'(x) J on (0, 2) 
Let g '(x) > 0 


From (i), we get f’ = > f'(2—x) 

Case (i): f(x) T 

= 255.5 => eS ee 
2 2 3 
But f '(x) T on (co, 0] and on [2, 00) 

= = and 2—x22 


=> x24andx <0, which is impossible . 


Case (ii): f'(x) v 
= 5 ges ee 
2 3 
But f'(x) V on (0, 2) 
=> 572-2) E (0, 2) 
=> x €(0,4) and x €(0, 2) 
For x €(0, 2), | (2 —x) €(0, 2) and in (0, 2), f'(x) v 
and for x € (0,5. ; ee (2 —x) 
cae” 


=> (2) 72-4) => g'(x)20 


g(x) T on (0,5 and 2(x) + on (—oo, 0] and on (+. 


. Clearly if A, is mid point A, A,, then L will be mid point AB 


(By application of B.P.T. Theorem) 
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which lies below AC but above the curve y = f(x) 
=>: A: E> AA, +BA, _ £(m)+(%) and co-ordinates of L = IG>PG 
: ; * (x) £1) + £715) 
Ft (x, )+ x,)+ x. ie ee ee 
will be [age feted) a ne | a 


ae ae 5. Let fx) = ="; 0<x< 2/2 
Also A, P= f|+.3 x 
2 Clearly f(x) is a decreasing function f(A) > f(7/6) for 
Obviously A, P> A, L 


[a 
< < — 
=> (24) > PACT ara?) V x,,x, € Domain of f(x) one 6 
2 2 sinA_ 1/2 
4. f(x) >0V xe R, f(x) <0 and f(x) exists. ao tage See 
} 1 3 
i taper > A(cosecA) ° n 


— A 
om 1 TO 
ail P| = Acosecd < n/3 


/ 6. Let f(x) = asl ;0<x< ; 
/ x ‘: fix) is decreasing function 
~ => fix) >fl/2) V0 <x < 2/2 
sin x ‘ 23 
 Lety =f'@) x 
=> x=fiy) 2 
dy 1 1 
Ran => —>— 
ad ax £0) xcosecx 7 
=> dyldx = — 2 
f (y) => 0<xcosecx < 2/2 
d 1 For A, B, C, €(0, 1/2) 
aes aa — f 
re dx (7) f'( “'(x)) a ee A cosec A, B cosec A, cosec A € (0,5) 


= f(x) is monotonically increasing function. 


d’ => Acosec A + Bcosec A + C cosec A < 3a 
Also ae (f\(x)) ps 
xX 


-] 1 
= ——____. f"( f"(x)). x —_ dy 1 2/3 
; = 2 ’ -1 > ~—=— _ 1 
cr(e'@)) f (770) mae 
=(-)() G)=+ ve ai d*y (eal) 
= f(x) has concavity upwards. de 9 
Y 2 2 
= 2256 forx<tand 2 <0 forx> 1 
dx dx 
= Curve is concave upwards for x < 1 and concave down- 
wards for x > 1 and having no point of inflexion. 
(b) y=x*-2x7+ 1 
»X => “ = 4x3 — 6x 
2 
| | | > 2D = 12x? — 12x = 12x(x—1) 
If ABC are three points on y = f'(x) with abscissa x,, x, dx 
and x, respectively, then coordinates of A, B, C will be (x,, d?y d?y 
f'(x,)). - oe <0 for x €(0, 1) and = > 0 for x €(—0, 0) U 


he a : 
(x,, f'(x,)) and (x,, f"(x,)), then centroid G of triangle has (1, ©) and point of inflexion are x = 0, 1 


Pera ee eerd Wecad Aiea e iA “(a)t+f “(%,)+F (4%) i.e., concave downwards for x €(0, 1) and concave 
3 3 upwards for x €(—c0, 0) and for x €(1, ©). 


(ce) y=(@—-1) @-2) @—3) 
=> y=(’-3x+ 2) (x-3) 
=> y=x—-3x*+2x+ 9x-6 
=> y=x-— 6x? + 1llx-6 
=> 


2 
LIZ eg ye 11 and ed 7 = 6x - 12=Oatx =2 
dx dx 
= f(x) 1s concave downwards for x €(—co, 2) and concave 
upwards for x €(2, 0) point of inflexion is x = 2 
(d) y=(@- 1) @&-2) 
=> y=(X*?—-2x+ 1)\(x-2) 
=> y=x-2e? +x-2x+4x-2 
> y=x-4x+5x-2 
=> 


oy = 3x?-8x+5 
dx 
2 
By A ee Gy ay 0a = 
dx 3 


= f(x) 1s concave downwards for x < 4/3, concave 
upwards for x > 4/3, point of inflexion at x = 4/3. 
(e) y = 3x°- 2x 


=> © = 6x68 
rs 
2 

=> TY =6- 12x = (1 -2x) =O atx = 12, 
x 
2 

=> #Y <0 forx> | cae oer e 
dx 2 2 


= f(x) 1s concave upwards for x < > , point inflexion =~ 


(f) y = €n(sin x); x enn, (2n+1));x eZ 


> la - cos x = cot x 
dx sinx 
d*y ‘ 
=> a =—cosec* x <0 V x € (Qnm, (2n + 1)z); 
Xx 
=> f(x) is concave downwards V x €(2nn, (2n+ 1) 2);n € Z. 
(g) =x —x® (i) 


=> y= + x* — x® 
=> y= tx V1l-2x 


= Equation (i) represents a many-many relation with its 
domain [—1, 1] 


ate i-F| 


2Vv1-x 


d —x° +2x(1—x? 
- afte 
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6x* —9x? +2 
Py (1 =e ‘ia 


de —(6x* ~9x? +2) 


for y >0 


for y <0 


2 
une. pe 
ED aya ispe= Ore. 
dx 12 
+ 
oe eee) 
47> 12 #12 


<Oforx’ e(a,f) fory>0 
d?y > Oforx’ €(0,a)U(B,0)for y > 0 


= as , : ButO<a 
dx” |>Oforx’ e(a,f)fory <0 
<Ofor x’ €(0,a)U(,1)for y <0 
<1< Band’ €[0, 1] 
<Ofor x” €(a,1] 
; for y >0 
d?y |>Oforx’ <(0,a) 
=> —= 
dx” |>0forx’ e(a,1] 
; for y <0 
<Oforx° €(0,a) 
For y > 0 


The curve 1s concave upwards for x € (Va Var) ; where a 


9 —/33 


12 
For y < 0 


The curve is concave downwards for x «é 


(Va Var); = 238. concave upwards for x eé 
| -1—Va)u(V@,1] 


Y 
A 


aa { Nee ee” | 


\1 


‘concave downwards forx € [-l.-Va@ yU (Va ; 1] 


(h) Y =x*3x>0 ...(Z) 
> y=t(xyp”? 
Equation (2) represents a one-many relation with domain 
[0, 20) 


F est 
= = - 
ig -5Vxfory <0 
: FSG 
d’y — \4Vvx 
= ae. 
‘4 ——— for y <0 


4x 
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2 2 l 
=> 2 >0 V x €[0, 00) and y> 0 and g 2 <0Vxe(0, = 0 atx = +—= ie., points of inflexion, 
Ix dx J2 
co) and y < 0 . 8. (a) Clearly from the diagram slope of chords OS, OR, OO, 
= f(x) is concave upwards for y > 0 and f(x) is concave OP are in increasing order 
downwards for y < 0 
Graphically shown below: 
_»X 
> Mop > Mog, Moo > Mog, Also m5, > Mos 
sin A ce sna sin B 2 nee sinC Re 
1 1 1 
: e-—e* 
(i) y= 5 => ise? sans = hee 
1 1 1 
dy e+e~* 
= mk 2 = APRS 
1 
a ie ge leet SI | => sind+sinB+sinC>2 
dx” 2 2e* (b) Let f(x) = cos x 
<0 forx >0and>0forx>0=0 atx =0 => f'(x) =-sin x 
= f{x) is concave downwards for x < 0, concave upwards => f"(x*)=-cosx<Oforxe (0,5) 
for x > 0 and having point of inflexion at x = 0 2 
j e—e* = f(x) has concavity downwards for 0 < x < - 
y — x —Xx 
ne "A, B, C are angle of A, Bt te ue 
= dy (ete ‘e+e *)-(e -e*y ae A 2 
dx (e“+e"y 
a a = x : x\2 
dx (e+e) 
—8 
= Oe) 
(e*+e*) 
es cool = =f ~¢"*) 
(e* +e*) e e*(e* +e*y 


> 0 for x <0, 1.e., concave upwards, 
<0 for x > 0, 1.e., concave downwards 
= 0 atx = 01e., the point of inflexion, 


(k) y= e* 
=> Bes gs 
dx where G is the centroid of APOR. 
d’ ole2 _y2 
= 7 = 4x70 +e* (-2) (4 4) (= 4 (4 =| 
dx cos} —+— |+cos| —+— |+cos| —+— 
eH 4 4 4 4 4.4 
LG es ae ee = (444). ——— a 
=> =(4x7-2)e™ =2(2x7-1e 
<Q forxeé aes 1.e., concave downwards 1 x A ax B xz C 
uae oe alia => 3p{Z) 2 cos{ = +) +c05{ 242+ cos{ Z4-C| 
1 \ 3 4 4 4 4 4 4 
> 0 for x Ee (2. Ju] 1.e., concave 
v2 V2 => 3 2 cos £44 +eos{ 244 + cos es 
upwards, 2 4 4 4 4 4 4 


(c) 


(e) 


9. (i) 


Let f(x) = cos x and POR be a A with vertices P, O and 
R on curve y = cos x 
G is the centroid of A POR, given by 


[A23+6 coed veced reese | 
3.  * 3 


3 3 


1 
AOS = cos A + cos B+ cos C 


iad (FE *)s cos A+cosB+cosC 


cos A + cos B+ cos C< > 


- For +ve real numbers A.M > G.M 


cosA+cosB+cosC 
—————————_ —_— > 3/cos Acos B.cosC 


3 


3 
sos seosB sees 


cos A cos B cos c<( 3 


3 
cos A.cosB.cosC< a. 
2(3) 


In part (c)already proved, 


cos A +.c0s B + cos C <= 


cos A . cos B. cos C< = 


cos A + cos B + cos C 
ae —5 + cos(-(A+B)) 


= 2cos cos 


A+B  A-B 
cos 


cos4—# _[ 2e05 A031] 
2 Z 


anf) A-B asf] 
cos 5 —cos +] 


= 2cos +(-cos(4+B)) 


A+B 


= 2cos 


= 2cos 


= uae 


en ne +] 
2 2 


=4 sin<-sin—sin< +1 "” cosA + cos B+ cos C< 3/2 


4 sin Darna Oia ee 
2 2 2 2 


¢ A Boo Ee Al gn Ae I 
4 sin —sin—sin—<— => sin—sin—sin— <— 
pe 2 2. 2 Z 2 8 


Let f(x) = x’ 


10. f(x) = st 
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where P is mid-point of AB 
ee (S22 -(22) 
— 2 2 
Xo [xaysz, xeey2e2? 


KX | 
Nvé 
i ee | Bo = 


x aq \y 2 


Where G 1s centroid of AABC 


= v+y +z? > (224) -(22) 
3 3 a 
(iii) Let f(x) =x *1;x>0,xe W 
=> f(x) =(2n + 1) x” 
=> ff") =(Qn+ IQn)x*-'>O0Vx>0 
= f(x) is concave upwards V x > 0 
If A, B are 2 points on curve y = f(x), then mid points 


2x+1 2x+1 
AB 1.e., M has coordinates (say) ey * 


2 

2x+1 2x+l 

= ee a [HY 
2 2 


2x+1 


2x+l1 2x+1 
= mer (| >; Vx,y>O0,xe Ww 


& +(a—2)x*+(a-I)x+2 
> f(x)= = Gx) + 2(a+2)x+(a-1) 


=> f'(x)=ax’?+ 2(a+2)x+(a-1) 
=> f(x) =2ax + 2(a + 2) 
f(x) = 0 
> =x(at2) 4 
a 


— 

=> (a+ 2)(2)<0 

=> a(at+2)>0 

=> a<—2ora>0O 

> ae(-o,-2)U (0, «). 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


2 
= (0) fix) =x ae + oe a4 


=> f(x) = 49 + 3ax’ + 3x 
=> f"(x) = 12x + 6ax4+3 
= 3(4x? + 2ax + 1) 
= f(x) will be concave upwards for 4x? + 2ax+12>0V x 
eR 
(2a) — 4(4)(1) < 0 
avw+4<0 
a €[-2, 2] 


Y YY 
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2. (a), (b), (d) 
f(x) = 2x3 + 9x* + 12x41 
=> f'(x) = 6x? + 18x + 12 = 6X? + 3x + 12) 
= 6(x + 1) (x + 2) 
=> f'(x)> 0 for x eC, —2) U C1, ©) and f’(x) < 0 for x 
€(—2, -1) 
= f(x) is non-monotonic and f''(x) = 6(2x + 3) = 12x + 18 
=0 
=> x=-3/2 
3. (d) g(x)= En(h(x)); xeJ 
=> g’'(x)= Oy A’@;xeJ 
A(x)h"(x)-[h' (x)] 
(A(x)). 
(h'(x))° > h(x) h@) 
> gx) <0 
=> g(x) is concave down on J. 


(x=1)(6x-1) 1 


2x-1 iio 


=> g"@)= 


4. (c) f(x) = then, f(x) has infinite dis- 


0 ‘x= — 
2 
continuity at x = > 
(2x-1)(12x-7)—(6x? -7x +7)(2) 


5 forx# 2 
(2x-1) 2 


f°) = 


24x* —26x+7—-12x? +14x-2 


5 for x# 4 
(2x-1) 2 


— 412x7-12x4+5 ] 
= > ——.,— for x # — 
(2x-1) 2 
=> f'(x)>0Vx# : 
= f(x) has no local maxima and local minima point . 
(2x-1) (24x-12)- 
(12x? -12x +5)(4)(2x-1) 1 


=n f(x) = a for x + > 


96x? — 96x? — 48x? + 24x 4+ 48x -12- 
96x? + 48x? + 96x? — 40x — 48x +20 


— ee ee 
(2x -1) 2 


—16x+8 1 
;forx #— 

~ x= 1)" 2 
xz 


8(2 1 
= cl Cae) ere 


=> f"(x)4#00n R- 
(2x-1)" 2 


a} eet 


; 


ea 
(2x- 1) 


=> f(x) has no inflexion point . 


5. (d) F(x) = fix) — g(x) 

=> Fix) =f) -28'@) 

=> Fi") =f") - 38") 
f"@), g(x) >0V x e€[-l1, 3] 
f(x) - 2"(x) > 0 or < 0 at any x €[-1, 3] 
Similarly F. (x) = f(x) + g(x) 
Fy") =f"(x) + g"x) > OV x €[-l, 3] 
fix) + g(x) 1s concave upwards V x €[-1, 3] 
Now F,,(x) = f(x) . g(x) 
=> F(x) =fx) . g(x) + g(x) . f@) 
=> one = fx). 2") + BX) F'O) + B@)F"™) + F'O). 

2 (x 

Then nothing can be said about its concavity and criti- 

cal points on [-1, 3] 


J) 


6. (c) If p(x) is of degree 5, then p’’(x) is of degree = 3 
=> p''(x)=0 has at most 3 roots . 
= At most 3 points of inflexion. 


7. (d) f(x) =(« +2)" atx =—2 
> f'(x~= ge ene 


> f"Q)= S42)" 


” = —2 
ca 9(x+2)” 
—2 


fix) changes its concavity at x = —2 


8. (a), (b), (c), (d) 
f'(x) =x4(12 €n x — 7); x > 0 


r= x2 2) +02 bax 7) . 4x 


= 12x3 + 4x3(12 €n x -7) 
= 48x3 €n x — 16x? 
= 16x3(€nx3 -1) 
= 0 atx=0Ooratx =e? 
But x >0 1 
=> x=e'? isacritical point and f'"(x) = 16x° (0 ) + 


> 0 for x < —2 and f''(x) < 0 for x > 


(£nx3 —1) (48x?) 

=> f(x) = 48x*(bnx3) = 144x2 Ln x 

=> f"(x)<0 for x €(0,1), 
ff") =Oatx =1, 
Ff") > 0 for x €(1, «) 

=> x =e! is point of minima, point (1, —7) is point of in 
flexion, the curve is concave downwards on (0, 1) and 
concave upwards on (1, ©) 


9. (c) The above theorem is Rolle‘s theorem. 


10. (c) fix) = ke? — 9x? + 9x + 3 
=> f(x) = 3k’ — 18x + 9 f(x) is increasing Vx e R 
=> f'x~2>VxeER 
=> k>0Oand(-18) - 
=> 324-108<0 
=> k23 


4(3k) (9) <0 


11. (a) Lety =f'@) 


1. 


< 
=> x=fly) > yo (y) 
oy = e < 0 as f(x) is a See function. 
a f(y) a as 
= f'(x) is a decreasing function and 727-7, 
aie" : a [FO 
f’"—V) = > 0 as f(x) has its concavity up (f ’(y)2 0) 
ix 
and f'(y) < 0 
d’y 


=> 


~20VxeDomain => /f'(x) is concave upwards. 


MEAN VALUETHEOREM TEXTUAL EXERCISE-1: (SUBJECTIVE) 


Let f'(x) = 4x3 — 6x? + 4x - 1, x € (0, 1) 
=> f(x) =x*-2x74+2"-x+c 
=> fO=c, fly=c 

fix) satisfies the conditions of applicability of Rolle’s 
theorem 1n (0, 1) 
=> f'(x) has at least one root in (0, 1) 1.¢., 4x7 — 6x” +4x- 1 
= 0 has at least root in (0, 1). 


bx? 


4 
. Let if possible f(x) = Oe denen 0 has 3 and 


hence 4 distinct real roots (say) a, B, y, 5. 

=> fla) = AB) =Ay) = AS) 
By Rolle’s theorem, f'(x) = 0 has at least one roots in 
each interval (a, B), (B, y) and (y, 5), but f’(x) = ax’? + 
bx? ++ cx +d 
ax? + bx? + cx + d = 0 has 3 distinct real roots, which 
is contrary to the given condition that ax? + bx? + cx + 
d = 0 has exactly one root. 
Hence f(x) can’t have more than 2 distinct real roots. 


. Ififyp=axt+bet+oetdxtk 


=> f'(x) =4ax? + 3bx? + 2ex +d 
Let a, B, y be 3 real and distinct roots of f(x) = 0 
=> fia) =f(B) =fKy) = 0 
‘. By Rolle’s theorem /’(x) = 0, will have at least one root 
in each of the intervals (a, B) and (f, y) 1.e., 4ax? + 3bx? 
+ 2cx + d = 0 has at least 2 real and distinct roots. 


Let F(x) = f(x) — g(x). 
Since f(x), g(x) are differentiable in [a, 5] 
= F(x) is also differentiable in [a, 6], Further f(a) = g(a) 
= F(a)=0 and f(b) = g(b) 
= F(b)=0 
F(a) = F(b) 
=> By Rolle’s theorem 
Ff '(c) = 0 for at least some c €(a, b) 1.e., f'(c) = g'(c) for 
some c €(a, b). 
The statement will remain true if f(a) = f(b) and g(a) = 
g(b) as in this case too we get F(a) = F(b). 


Let F(x) = 2f(x) — S5g(x) 


F(0) = 2f(0) — 5g(0) 
= 2(5) — 5(1) = 5 and F(1) = 21) — 5e(1) = 2(10) — 5(3) =5 


. Let g(x) = 


- (a) fo) = 
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F(0) = F(1) 
= By Rolle’s theorem J c €(0, 1) s.t. F’(c) =0 
=> 2f'(c) = 5g '(c) for some c € (0, 1) 


. Since f(x,) = flx,) =flx,) = 0 


=> By Rolle’s theorem, Jc, € (x 
that f’(c,) = 0 and f'(c,) = 0. 
Again f(x) is differentiable twice 

=> dc e(c,,c,) such that f"(c)=01¢e., f"(c) = 0 forx, < 
Cc, <ce<c, <x, 16. f"(c)=0 forx, <c <x, 


x,) and c, €(x, , x,) such 


p % 29% 


vx 
rae ; x e(a, b), then 4 c eE(a, BD) st. 
f£O_fO)-f@_fO)-f/@ 
g'(c) g(b)-g(a) Vb-Ja~ 


= le s(e=L FO for some c €(a, b) 
—Va 


. Let f(x) = e* — cos x has two consecutive roots a, B 


Clearly it is root continuous and differentiable function 
VxeR 


Thus in [a@, B], so by rolls theorem 
4 Atleast one root y € (a, B) where f(y) = 0 
=> (sinx —e*)atx=y=0 
=> e’-sny=01.e.,1l=e'siny 
e* sinx — 1 = 0 has atleast one root y € (a, B)) 
9 — x*|; x €[-3, 3] 
Clearly f(-3) = f(3) = 0; 
f(x) is continuous on [-3, 3] and f(x) = {9 — x? for x 
e[—3, 3] 
=> f'(x) =-2x for x €C3, 3) 
=> f(x) 1s differentiable in (—3, 3) 
= Rolle’s theorem is applicable. 
Put f‘(c) =0 
=> -2c=0 => c=0 
f'(0) = 0 and 0 e(-3, 3) 
= Rolle’s theorem is satisfied 
(b) fix) = €n{(2 + aby[(a + b) x]}; x €[a, b] ; ab >0 


fla) = Ln ee = fn 1 = 0 and fib) = 


b? +ab tls 
, =| =fn1=0 
aot+ 


Also for x €[a, b];a b> 0, 


g(x) = aoe is continuous 
=> £n{g(x)} is also continuous in [a, b] and f'(x) 
2 (atb)x [Sra ent 
(x? +ab) +ab) ((a+b)x) 
_ (atb)x b)x j= + bx” —a’b- =) 
(x? +ab) +ab) (a+b) x 
_ [a(x? ab) +b( (x ° — ab) | 
(a+b)x (= +ab) 
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10. 


11. 


(a+b)(x° —ab) x? -—ab . . 

7 (a +b) x(x’ +ab) 7 x(x + ab) WO 
(a, b) 

= f(x) satisfies the conditions of Rolle’s theorem. 

(c) f(x) =x? — 3x? 4+ 2x ;x €[0, 2] 

=> f(0) = f2) = 0 and f(x) being a polynomial function is 

continuous on [0, 2] and differentiable on(0, 2) 

=> f(x) satisfies Rolle’s conditions. 


(d) f(x) = e(sin x — cos x); x <|. =| 


= f(x) being a product of two continuous functions is also 
a Sa 
continuous on | —,— 
Fi 4 | 
Also, f'(x) = e(cos x + sin x) + e(sin x — cos x) = 2ex 
sin x 


Which exists V x € = 8 
4’ 4 


Also f (=) 


52 eons Sa 52 s2/4| -1 1 

*(=)- [sine cos e F++|-0 

.. All the conditions of Rolle’s theorem are satisfied. 

(e) fix) = — a)” (x — 6)" 5 x €[a, 5] 
f(x) being a polynomial function, is continuous on [a, 5]. 
Also f'(x) = n(x — ay" (x — by"! + ma — a)™! (x — by 
which is continuous and hence f{x) is derivate V x €(a, 5). 


Also, fla) = f(b) = 0 


= Conditions of Rolle’s Theorem are satisfied. 


flx) = x4 — 2x7 + 2x? — x 
f(O) = 0 and f(1) = 0 

By Rolle’s Theorem, f'(x) = 0 has at least one root in 
(0, 1) i.e., 4x? — 6x* + 4x -1 = 0 has at least one root in 
(0, 1) say a, 

O<a<l. 

Let g(x) = 4x3 — 6x? + 4x — 1 = 0 has another root B such 
that 1 < B < 2 as 1 and 2 are not roots of 4x? — 6x? + 
4x — 1 = 0 (verify) 

g(a) = 2(B) = 0 

g(x) = 0 has a root in (a, B) (By Rolle’s theorem) 

12x? — 12x + 4=0 has a root in (a, B) 

3x? — 3x +1 = 0 has a root in (a, B) but 3x? — 3x +1 =0 
has no real root 


=e" [sin - cos =0 and 
qa 


UE 


(-. Disc. = 9-12 =-3 <0) 
4x3 — 6x? + 4x — 1 = 0 has exactly one root in (0, 2) 


ntl 


Xx 
Cer = naan ares +C,— ., then f(0 
Kx) = Cx 5 3 ral ee JK(9) 
= Oand flly=C,+ 2424.4 <0 Given) 
2" 2. n+l 


By Rolle’s Theorem f‘(x) = 0 has a root in (0, 1) 


> Q+C,+O+C,x+...C, x" =0 has a root in (0, 1). 


12. f(x) being a polynomial of odd degree ha sat least one root . 


13. 


14. 


15. 


Let f(x) = (x- a) +(x—- bp + a-—cp+a-d=0 


Let if possible f(x) has 2 real root a and B 

Ka) =f(B) = 9 

f(x) = has at least one root in (a, B) i.e., 3[( — a? + 
(x — by + (x —c) + (x — dy ] = 0 has at least one root in 
(a, B). 

But above is true when x = a = b = c = d whichis false 
as a, b, c, d are not all equal. 

Our supposition was wrong and hence f(x) = 0 has only 
real root. 


fix) = 3x° + 15x -8 =0 

fix) = 0 is a polynomial equation of odd degree, hence has 
at least one real root. 

Let a, B be two roots of f(x) = 0 


=> 
—> 
=> 


= fla) =f(B) = 0 
By Rolle’s theorem f'(x) = 0 has at least one real root 
in (a, B). 


=> 15x*+15=0 has areal root in (a, B) , which is false as 
x*+1=0 has no real root. 


Let f(x) =x? — 6x* + 9x —2 

f(x) being a polynomial equation of odd degree has at least 
one root . 

Let if possible f(x) has 2 real roots a and B 


= fla) =f{B) = 0 
By Rolle’s theorem f ‘(x) = 0 has at least one root in 
(a, B) ie., 3x? — 12x + 0 = 0 and hence x* — 4x + 3 =0 
has a root in (a, B) 
But x = 1 and x = 3 are its two roots 

=> fix)=0 has one root x = 2, and two real roots each one 
in(O, 1) and other in (3, 4) 


o(x) = f(x) + (6 — x) f(x) + A(b — x) ; where A is constant 
so that o(b) = o(a) 
= flb)=fla) + (6-a) f(a) + A(b- ay’ 
f(b) - f(a)—-(b-a) f(a) 
(> a) 
= By Rolle’s Theorem, 0’(c) = 0 for some c €(a, 5) L.e., 
o'(c) =flc) + (6-e) f'(c) + Ab— cy =0 
=> fic) + (b-c)f'(c) + A(b— cy = 
=> fil) + 6-o)f"O-f')— 2A(6— c) = 0 
=> (b-c)f"(c)-2A(b-—c)=0 
f(b)-f@-(b-a)f'@ _ f'o 
(b-a) 2 


2s Aya bias LO (p-ay for some c 


E(a, b) 
TEXTUAL EXERCISE—1: (OBJECTIVE) 


- (b) f(x) = |x|; x €[-2, 2] 

f(x) is continuous on [—2, 2] and f(-2) = f(2) = 2 
But not differentiable at x = 0 €(—2, 2) 
Hence Rolle’s Theorem is not applicable in [—2, 2] 


. (d) f(x) =x’ log x; f(0) = 0; x €[0, 1] 

f(0) = 0 = fl) 
Clearly f(x) is continuous V a > 0 and x €(0, 1] except pos- 
sibility at x = 0. 

For a > 0: 


Now lim f(x) = lim x“logx = lim 28. 2form | 
x30" x30" > CO 


x? 


= lim x -= tim =) =0 = (0) =¢ 


x20 -—gqxy 7 x30" 


.. f(x) is continuous for V a> 0 and x €[0, 1]. 
For a = 0: 
fix) = log x 
lim fix) = -0, f(0) = 0 


= f(x) is discontinuous at x = 0 for a = 0 and hence Rolle’s 
Theorem is not applicable. 


For a < 0: 
log ee : 
fix) = =— |;x €(0, 1) which is continuous except possi- 
x 
ble atx =0 
lim f(x) = lim 22 = -00 x 00 = 00 # (0) 
x20" x20" x 7 


Rolle’s Theorem is not applicable for a < 0 and hence 
can be applicable for a > 0 
Now f(x) = x? log x; a>0 


=> f'(x)= x*.~+log x(x‘) 
x 


=> f'(x)=x*~! + x* log x which exists V x €(0, 1) as f'(x) 
is a continuous function for x €(0, 1) 

= Roll’s theorem can be applied for a > 0 1.e., at a = 3° 
not for a =—2,-1,0 

- (©) fix) =x + bx’ + ax + 5; x Ef], 3] 


c= [2+,) (a, b) =? and f(1) = f(3) 


B 


> 1+b6+a+5=27+9b+3a+5 

=> at+b+1=3at+9b+27 

=> 2a+ 8b =-26 

=> a+4b=-13 (1) 
Now f (x) = 3x? + 2bx + a 
f'(c) =9 


=> 3c?+2bce+a=0 ...(2) 
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ea B is a root of equation (2) 
is also a root of equation (2) 


=> a=11,b=-6 
=> (a, b)=(11,-6) 


. (d) 


(a) f(x) = tan x is discontinuous in [0, x] , having disconti- 
nuity at 2/2 

=> f(x) = tan x can’t be so. 

(b) Next, f(x) = cos(1/x); x €[-1, 1] 
fix) has discontinuity (oscillating at x = 0, 


(c) f(x) =x’ in [2, 3] 


f(2) =4 #f(3) =9 
(d) fix) =x(x + 3) e*” in [-3, 0] 
f(— 3) = 0) = 9, 


fix) is continuous V x €[-3, 0], 
Also f(x) is differentiable V x €(— 3, 0). 
Hence Rolle’s theorem is applicable 


. (d) f(x) = sin x; x €[0, 7] 


0) = f(x) = 9, 
Also f(x) = sin x is continuous on [0, m] and differen- 
tiable on (0, 7) 

=> f(c)=cosc=0 

=> c=n/2 in (0, 7] 


. (a), (b) f(x) =x? + 3x—- 10 


f'(*) =3x° +340 foranyxe R 
Also f'(x) > 0 V x € R and f(x) being polynomial of odd 
degree has exactly one root (rea/) 


. (a) 
(a) fix) = oe 222) e[a, b] ; (a<a<b) 

fla) = oe{ 3) =log1=0:f{b)= wo 

= log] =0 

eo (a+b)x ete ee 

I) (x? a [(a+b)x] 

z | (a+b)x? -(ab)(a +6) | 

(a+b)x.(x° + ab) 
x’ —ab 


= ————~ which exist V x €(a, b); where 0 <a <b. 
ae + ab) 
Also f(x) being composition of two continuous function 
on [a, b]; 0 < a < b 1s also continuous on [a, 5] 
= Rolle’s Theorem is applicable to f(x) 
(b) fix) =(«- 1) (2x - 3); x EC, 3). 
SO) = 0, f3) = (2) GB) = 6 


5.308 >» Application of Derivatives II 


10. 


11. 


12. 


fd) 4/3) 
= Rolle’s Theorem is not applicable. 
(c) fx) =2+(x-1)** in [0, 2], 

f(0) =2+ 1=3, (2) =3 


Also f(x) is continuous on [0, 2] and f'(x) = 


(x = 1)" 


which does not exist at x = 1. 
= Rolle’s Theorem is not applicable. 
(d) fix) =cos (1/x) ; x €[-1, 1] 
* f(x) has oscillating discontinuity at x = 0 
= Rolle’s Theorem is not applicable. 


(b) Let f(x) = ax? + bx? + cx 
> f0)=fl)=at+b+c=0 

By Rolle’s Theorem, f’(a) = 0 for at least one ae(0, 1) 
=> 3ax’?+2bx + c = 0 has at least one root in (0, 1). 


(a) Let f(x) =x*-x-x+1 

Clearly x = 1 1s a root of f(x) =0 

Also f'(x) = 4x? — 3x’ - 1 
=> x=1isaroot of f’(x) =0 and f(x) = 12x? — 6x 
=> x=1isatwice root of f(x) =0 


(b) Let f(x) =x? + 2ax* + bx 

=> f'(x~) =3x?+4ax +b 

=> f(0),fl)=1+2a+b 

f(x) =0 1e., 3x? + 4ax + b = 0 has at least one root in 
(0, l)if2a+b+1=0 


(a) fx) = @— 1) @—2) @—- 3) &—-4), 
FO) = f2) = A(3) = f4) = 0 
=> f'(x)=0 has a root a e(1, 2), B €(2, 3) andy €(3, 4) 
1.e., all three positive roots 
(c) f(x) =x — 6x? + ax + b; x E[]1, 3]. 
FQ) = 43) 
=> 1-6+a+b=27-54+3a+ 5b 
=> at+b-5=3a+b-27 
=> 2a =22 
=> a=l1l 
f'(®) = 3x?- 12x +a 
f' (x) = 3x’ - 12x + 11=0 
— 12+144-132 


6 

12+V12 
6 

12+2V3__ 4xV3xV342v3 
6 23 V3 


2V3+1 
V3 
2V3+1 
c= Eh e(1,V3) 
Rolle’s Theorem holds for a = 11, b € R and c = 
2/3+1 
v3 


=> x= 


NS 


=> x= 


14. (c) 


15. 


16. 


(d): Let FO) ay Ee PO ohaas a, and f(x) = 
ad A eas a RE 7 (-x) 
n+l n 
=> f0)=0and fl) = “84240004 “et +a, 
n+1on 2 


f'(x) = 0 will have at least one root in (0, 1) if f(1) = 0 


a a a 
aq ey =0 


hes 
n+lon 


4 2 
Let f(x) = ax 


flO) = 0, fl) = a-5ta 


f'(x) = has at least one root in (0, 1) 
if f(1) =Oie., a= re eee + a =O has at 
2 4 4 


least one root (0, 1) for a = 2 


Let a be that root in (0, 1) 
If 8B is any other root in (0, 1) 1.e., f’(a) = f'(B) = 0; a, 
B <(0, 1) 

=> f"(x)=0 has a root in (a, B) i.e., 3x? — 3 = 0 has a root 
in (a , B) 

=> x’?—1=0has a root in (a, B) 
But its roots are + 1 ¢(a, B) 
x°— 3x + a =0 can’t have two distinct real roots for any 
real ‘a’. 


+1 
x” 


(b) Let f(x) =x" -— a; x €(0, 1) and let fx) = ——~- ax 
(n+1) 
=> 0) = 0,1) = ~<a 
n+l 
f'(x) = 0 1.e., x"-— a = 0 has at least one root in (0, 1) if 
oe 
(n+1)_ 
Let if possible a, B (a < B) be two roots in (0, 1) 1e., f 
(a) = f'"(B) = 0 
=> f"(x)=0 has a root in (a, B) i.e., nx"~' = 0 has a root in 
(a, B) < (0, 1) 
But its real root is 0 ¢(0, 1) 
f'(x) = 0 can’t have 3 real roots 1.e., x” — a = 0 has at 
most | root in (0, 1) 


5 3 
(a) Let f(x) = 4-2 


=> f'(xe) =xt-2x-2 
Now, f ‘'(0) = —2, f’(1) = 1 

=> f'(x)=0 has a root in (0,1). 
Let if possible f'(x) = 0 has two roots a , B in(0, 1); a 
<8 

=> f'(a)=f"(B) = 9, (a, B) < @, 1) 

*. By Rolle’s theorem, f’’(x) = 0 has a root in (a , B) c (0, 
1) 1.e., 4x3 + 4x = 0 has a root in (a, B) 

=> x(x? + 1) = 0 has a root in (a, B) c (0, 1), which is 
impossible 

=> f'(x) =0 has Exactly one root in (0, 1) 


vw’ 


17. 


18. 


19. 


(d) 

(a) Ax) = |x]; -2<x<2 

"" f(x) is non-differentiable at x = 0 €(2, 2). Rolle’s theo- 
rem 1s not applicable. 

(b) fix) =tan x; 0<x<17, 

‘ f(x) is discontinuous at x = 1/2 €[0, mz]. Rolle’s theorem 
is not applicable. 

(c) fx) =14+ @-2)"; 1<x83 
fQ) = f3) = 2, 
2) = 1 = fl2") =f2) 


=> f(x) is continuous in [1, 3] 


= _ l -h 2/3 » 1 
f'(2)= fim ZE“H- £12) = iy OF 
= lim (—h) — —00; 
(2) = fim LE +4)" £0) 


2/3 
i 1+(h) -1 


h>0* h 


= f(x) is not differentiable at x = 2 €(1, 3), hence Rolle’s 
Theorem is not applicable . 

(d) fix) = x — 2) 

"" f(0) = f(2) = 0, fx) being a polynomial function is 
continuous in [0, 2] and differentiable in (0, 2), hence 
Rolle’s theorem is applicable . 


(b) 

(a) fl) ¥ fl) 

(b) f-1) =f(1) = 1 and f(x) = x’ being polynomial function 
is continuous and differentiable and hence Rolle’s theo- 
rem is applicable . 

(c) f-l) = 1, fl) =5 

=> fl) #fl) 

(d) f(x) = |x|; which is not differentiable at x = 0 «(-1, 1) 

(c) f(x) = ax? + bx’ + 11x — 6 satisfies conditions of Rolle’s 
theorem in [1, 3] 

> a+b+11—-6=27a+9b+ 33-6 

=> 26a+ 8b+ 22=0 

=> 13a+4b+11=0 (1) 

=> f'(x) =3ax*+2bx+ 11 


1 


(2+) -6 


=> 12a=-2b 


=> b=-—6aand [4-3 =F > a=tands =-—6 
3 3a 


2. Let f(x) =x°; x e[a, 5] 


Application of Derivatives Il < 5.309 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. Let f(x) = cos x; x €[a, 5] 


cosb—cosa 


By L.M.V.T, f(x) = —sin x = 
b-a 


For some x €(a, b) 


cosb—cosa 
b-a 


<1 


= |cos b—cos a| < |b— al] or |cos a—cos b| < ja — 5 


By L.M.V.T, 4 c € (a, 5) such that, 3c? = ae 
—a 

33 

“ or32=B +ab+a@ 

—a 


1.€e., 3c* = 


3. Let f(x) = tan x —x; x €[0, c]; ¢ < _ 


By L.M.V.T, f'(k) = ae for some k €(0, c) 
Cc 


tanc—c-—0 
sec? k — 1 = ———_ 


) 


Cc 
(tan c—c)=c(sec? k-—1)20 
tanc—c2cV0<c<7/2 
tanx>2x>xV0O0<x< 7/2 
tanx>xVO0<x<7/2 
Hence tanx >x V x €[0, 2/2). 


YUUY 


. a,b,c € R such thata<b<ce, 


f(x) is continuous in [a, c] and differentiable in (a, c). 
f(x) is strictly monotonic (a, c). 

By L.M.V.T, 4c, €(a, b) and c, €(b, c) such that f(c,) 

- LO-LM ona p'(¢,)-LO-LO) 

b-a : c—b 

Since f'(x) is strictly increasing and c, < c, 
=> f'le,) <f"e,) 

fO)-$@ . fO-fH) 

b-a (c — b) 

= (c—b) (fd)) + (6—c) fla) < (6 — a) (fc)) — (6 — a) fl) 
=> (b+ct+b-a)f(b)+(b-c) fa) + (a—b) fic) <0 
=> (b-c) fla) + (c—a) fld) + (a—b) fle) <0 


. @) ox) = fx) — fla) - Us 2) x [f(b) —fla)] i) 


(b-a) 
(a) = fla) — fla) = 0 and (4) = [AS) — fla)] — KS) - 
fa)] = 0 
By Rolle’s theorem, J c €(a, b) such that o’(c) = 0 1.e., 


ae) a ae 
S'O- Gag MO)-fa)l=o 


=> f'(c)= <= which is the result of L.M.V.T 
—a 
(ii) F(x) = f(x) + Ax; such that F(a) = F(6) and A = constant 
=> fla) + Aa = f(b) + ab 
, 4- £O-f£@ 
a-b 
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F(x) = fx) + S(6)- f(a) 
a—b 


By Rolle’s Theorem Jc é€ (a, 5) such that F'’(c) = 01.e., 


pio)+ LO-L@ _o 
a—b 


efi JO! 


(—a) 
L.M.V.T. 
(iii) Let F(x) = f(x) — f(a) + A(x — a), where A = constant 
such that F(a) = F(b) 
= fla)—fla) + A(a— a) = flb) —fla) + Alb — a) 
f(6)-f(@) 
(a6) 


F(x) = fix) —fla) + 


, which is the result of 


= A= 


(SO)-f@)) 
(a—b) ( ) 


By Rolle’s theorem, 4 c €(a, b) such that F'’(c) = 0 


[f@)-f@]_ 
=> filet (a—b) =0 
=> fi(oc= roe which is the result of L.M.V.T 


- (a) f(x) = log, x in [1, e] 
By L.M.V.T; f‘(c) = LORI ie, ~ == for c 
—a 
e[1, e) 
> c=e-1 
(b) f(x) =x°; x €[a, 5] 
b’ —a’ 


—a 


By L.M.V.T, 3c? = 


> 3¢e°=hP+ab+a@ 


, [Pe tabta? tabee 
Si 3S 
_ [be +ab+a habia oe oor eee [2° habe 
2 
icone. ED fora <Oandb>0 


9 yr bala 
x 2 


fi@ad= =, 


marace) 
By L.M.V.T, 1-—-=\—44“* + 


7 Y 


9. fy =f’ @w-1)]'*; xe ea 


. (a) Let f(x) =sin x; x E€[a, b] 


By L.H.V.T, f'(c) = EAC er A (a, b) 


b-a 
sinb—sina 
=> cosc = ———— 
b-a 
sinb—sina 
=> |-——| =|cosc|<1 
b-a 


=> |sinb-sina|<|b-a| 

=> |sinx-—siny|<|x-y|VxyeR 

(b) Let fx) = tan" x; x e[a, B]; a >0; B >0 
1 _ tan" ()-tan™ (a) 

Ge goa 


> is a decreasing function on R* hence a < c < B 


By L.M.V.T, for c €(a, B) 


But l 
1+x 


a oe tan’ B-tan'a 1 
14+ 8? 14+e’ B-a l+a° 
p-a p-a 
+B +a 


(c) Let f(x) = tan x; x e[a, b];a>0,b< = 


< (tan B-tan™ a) < 


— 


tanb—tana 
(b-a) 


a). 
sec’ x is an increasing function on 0,5) 1.e., also in (a, b) 


By L.M.V.T, sec? x = for some c €(a, b) 


= sec’ a < sec’ c < sec’ b 
tanb—tana 
= sec? a < —————_ < sec’ 
b-a 
=> (b-a) sec’? a < tan b— tan a < (b— a) sec2b ; where 0 
<a<b<n7/2 


F(x) g(x) A(x) 


. Let F(x) =|f(@) g(a) A(a)|; x E[a, 5] 


f(b) g(6) Ab) 
fe) ge) AC) 
By L.M.V.T , F’(c)= |f(a) g(a) (a) 
f(6) g(6) hd) 
_ F(b)—- F(a) _ 0-0 
b-a  b-a 


=0 


fe) g(c) kh) 
=> |f(@) g(a) Ata)= 
F(6) gS) h() 


fix) = x“°(@ — 1) which is continuous on i 
(-h)"°” (—-h -1)" _0 


f'O)= hm 
ho>0* (- h ) 


10. 


= | 1/5 1th 1/5 
h—>0* ( (-h)"” = h-0* =] = and f’(0°) 
4/5 1/5 
ei ey 
hot h 


=> f(x) is not differentiable at x = 0 and hence non-differ- 


entiable on | —,— 
2° 2 
= L.M.V.T’ S conditions are not satisfied on ea 


Let f(x) = px’? + qx + r; x e[a, b] 
By L.M.V.T, f '(c) = pAC) er ACE See E(a, b) 


b-a 
b* —a’)+q(b-a 
1e., (2pc + gq) = di ht ( 2pc +q=p(b 
(b-) 
+a)+q 
=> 2pc =p(a+t b) 
a+b 
ce 
2 
at+b. Ose cutee 
c= is the only value of ‘c’ satisfying L.M.V.T 


TEXTUAL EXERCISE-—2: (OBJECTIVE) 


. (b) fix) = fn x; x Ef], 3] 


By L.M.VT, f'(c) = ete for some c €(1, 3) 
=> 2f'(c)=€n3—-£n1=£n3 
=> f'(c)= = €08,3 
(c) fx) = x(x — 1)(« - 2); x €[0, 1/2] 


Sue = 3x Px 


By L.M.VT, f’(c) = 


se-w+y- DGI3)_ 


Z 3 
=> ae 
1 4 
2 
=> 12c?-24¢c+5=0 
2 ee 24+ 576-240 
24 
24+ 336 1 24-336. 
> c= — — forc E€| 0,— |,c =———_ ie. 
24 2 24 
J21 
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_ 24-4(4.8) 
24 
> cz=1-0.8=02 


—> C 


. (c) By L.M.VT, 


TO) = ee for some c €(2, 4) ie., f'(c) = 
oe 
Z 


. (c) By Result L.M.V.T, f’(c) = FO)-#(@ 


(b—a) 


. (a) fx) =e; x €[0, 1], 


By L.M.V.T, 4c €(0, 1), such that f’(c) = a 


> e&=e-] 
=> c=£n(e-1) 


. (b) By LMVT, 3c €(0, 2) such that f'(c) = £ one (0) 


ie, f'(c) = a 


|f'(x) | < 1/2 V x E€[0, 2] 

- 

> |If'Ols 
Ya <1 
an ae 


=> |2)\<1 
Similarly applying L.M.V.T on [0, x]; where x €(0, 2], 
we see |f(x)| < 1 V x €(0, 2] 
Also |f(0)| = 0 

=> |fx)|<1V x €[0, 2] 


- (a) fix) =(@- 1)” 


(i) f(x) is continuous function on [a, b] V a, b e R anda < b. 


ye 
(ii) f'(®) = ——ar 
3 (x a 1)" 
= f(x) 1s non-differentiable in every open interval contain- 
ing 1 
= Lagrange’s mean values theorem is applicable on (1, 2). 


which is discontinuous at x = 1 


. (a) Forx é€ [0, 1], 


; x) 1s continuous on [0, 1]. 


= f'(x) is discontinuous at x = 


=> f(x) is non-differentiable at x = 


=> L.M.V.T is not applicable. 


5.312 >» Application of Derivatives I 


10. 


11. 


14, 


8 3 
(6) fsy=) * 
Lax=0 


lim f (x) = 1 1.e., f(x) is continuous on [0, 1], 


XCOS X — sin x. 


f(x) = 2 
Xx 


on(0, 1) 1.¢., f(x) is differentiable on (0, 1) 
=> L.M.V.T is applicable 


x #0 which is continuous 


x? :x>0 
(c) f(x) =x |x| = 
~x* :x<0 
vas ; 2x ;x>0 
Which is continuous on [0, 1] and f’(x) = 
—2x3x<0 


which is continuous on (0, 1) 


=> L.M.V.T is applicable 
x;x20 
(2) fx) = |x| = 
—x 3x <0 
Pe 1;x>0 
which is continuous V x €[0, 1] and f’(x) = 
-1;x<0 


= f(x) is non-differentiable at x = 0 but it is differentiable 
in (0, 1). 
— L.M.V.T is applicable on [0, 1]. 


(c) f(x) = 2x* + 3x +4; x eE[]1, 2]. 


By L.M.V.T, f ’(c) = LO-0 for some c e(1, 2) 
a aean es 


=> 4c=6 
=> c=3/2 &€(1, 2) 


(a) Let f(x) =axr? + Bx + y;0a 40 


By L.M.V.T, f'(c) = ASD fot AC) for some c €(a, b) 
a 


b= 
i.e., 2ac + B = a(b ee Le., 2ac + B = 
—-a 
a(b + a) +B 
a+b 
> c= 


(c) (0) = 2g(0) = 0, (1) = 6 
Let F(x) = f(x) = 2g(x) 

= F(x) is continuous on [0, 1] and differentiable on (0, 1). 
By L.M.V.T 4 c €(0, 1) 

Such that F '(c) = aoe 
— 2g(1)] — [A9) — 22(9)] 

> 0=6-29(1)-2+0> g(1)=2 


(c) f(x) = 1/x’, g(x) = 1/4; x €[a, b];0<a<b. 


Le. f'(c)— 2g (ce) = 17) 


iol 2 
2 2 
By given condition, _ g =<; a<c<b 


14. 


a’—b* ab 0. 
= ode on gt 
a‘b a-b ec l 
a+b 2 _ 2ab 
abo c¢ a+b 


=> CisH.M of ‘a’ and ‘b’ 


. (b) By L.M.V.T on [1, 2] 4 x e(1, 2) such that f (x) = 


fQ-fM _, 
2-1 


fe) = =f'"(2)-f') 
Similarly, ig L.M.V.T on [2, 3] 4 x €(2, 3) such that f 


—]1=34x e(1, 2) such that 


f£Q)-fM oe =f (1) 


(x) = soe LO - aoe a : = 5 and 4 x €(2, 3) such that 
Ff") = fore) ="(3)=f'Q). 


Also by L.M.V.T on [1, 3] 4 
x € (1, 3) such that f'(x) = nr) - a j 
(d) f(x) = fll —x) 


Replacing x by E — «| gives 


Ae) 


=> f(x) is symmetric about line x = ; and f (3) =0 


Means tangent to curve at x = - is || to X-axis. 
Now *($-*]= ($+) 
Z 2 
i{ 1 { 1 
> -f'|=-x|=f'|z+x 
ra }er) 
Put x = 1/4 


--r(d=r(Q)mr(a}2°713) 


= f'(x) vanishes at least twice in [0, 1] 
= (i) is true 


Now, as £(5-#}=-1($ +8) ;h + 0' and f(x) is 


differentiable on [0, 1] 


(5) = r(5 |- r(3) = k (say) 


Y QU Y 
~~ 
T 


Again by Rolle’s Theorem, f (x) = 0 at least once in 


= (ii) is true 
/2 


Now [ 


1/2 


(+5) sin x dx 
2 

1) . 
Let G(x) =f [x+5) sin x 


G(-x) =f [-. + *) sin(—x) 


= atay=-f{aed) sins (os(4-2}=s(L3)] 


G(x) = -—G(-x) 
G(x) is an odd function. 
1/2 


=> (+5) sin dx = 0 


) 


-1/2 
= (iii) 1s correct 
Next, [ f(de™"at = f° f(Qe™™at 
> J-1/2 1/2 
(-. f(x) is symmetric about x = 1/2) 
— ae l sin at 
a Pea fa ( —the t 
15. (b) f(x) = x(x — 1); x €[0, 2] 
By L.M.V.T, f'(c) = acer for some c € (0, 2) 
2 
1e., 3c? -—4c+1= a 
= c(3c—4)=0 


=> c=0Oorc = 4/3 


C 
3 
16. (b) f(x) =x°-—2x+3;x€ te 


(Evo [2-3 
By L.M.WV.T, f’(c) = <=? — = >>| 


a 
2 


> c=5/4 
17. (c) fix) = — ;x €[0, 7]. 
e 


S(O) = 0; fix) = 
By Rolle’s Theorem, f’(c) = 0 


e* cosx —(sinx)e" 


sin 


=> : =Qforx=c 
Xx: 
e 
cosc—sinc 
oe =0 
e 
= Co 
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18. (d) fx) =x*°—-2x+4;x e[1, 5], 
p(o- L9=L0 


(25-10+4)-(3) 
5-1 


=> 2¢c-2= 


= 26=6 > c=3 


19. (d) fix) = Vx, x €[4, 9] 
By L.M.VT, f(c) = aes for some c €(4, 9) 
—@a 


l 3-2 

=> —- = 
AVc 9-4 

ae eee eas, Ss ha Paes 
We 5 4 


MAXIMA AND MINIMA —TEXTUAL EXERCISE-1: (SUBJECTIVE) 


4 
1. fix) = got Sx 15x41 


Sf'(x) = 3 — 9x? + 23x — 15 

For f’(x) = 0 

[(x — 1) @*) — 8x(x — 1) + 15@- 1)] =0 

(x — 1) @? - 8x +15) =0 

(x -— 1) @-—3) @-—5)=0 

x = 1, 3, 5 are critical points and f’’(x) = 3x? — 18x + 23 

and f"(1) = 8, f"(3) = 4f"G) =8 

= Points of local maximum —> 3 and points of local 
minima — 1, 5 


“UY 


2. fx)=sinx +cosx VO0<x< n/2 
J") = cosx—sinx=0_, 
=> x=n/4andf"(n /4) = —=-v2 <0 


2 


=> f(x) has a local maxima at x = 7/4. 


3. f'(x,) =f'"(e,) =f'(&,) = 0 (Given) 

Clearly x, and x, are points of local maxima and x, is a point 

of local maxima. 

(a) flx,) .f"@,) =H O =-ve. 

(b) *. f'(x,) =f'(x,) = 0 and f(x) is twice differentiable, by 
Rolle’s Theorem 4 ce (x,, x,) such that f""(c) = 0, 
thus true. 

©) £"@) S'@)=OO= + ve. 

(d) True (standard resulf). 

(e) Local maxima value can be smaller than local minimum 

value as is clear from the graph given below. 


4. (i) f'(B)=0 


5.314 >» Application of Derivatives I 


Clearly f{(x,) > flx,) 
=> Given statement is false. 


(.’ B is point of local minima) 
Gi) f'(a-AI'Y + M1=C) 0) =- ve 
(.’ (a —A) lies on increasing portion and (y + h) lies on 
decreasing portion) 
iii) ‘(a+ A] /'(B-A];4>0,h50 
= (-) (-) = + ve as (a + h) as well as (B — A) lies on 
decreasing potion. 


x? 
5. f(x) = aoe 


=> f'(x)=@’?-1)=0 

oe ts | 

=> f(x) =2x 

=> f")=2f"C)=2 


= f(x) has local maxima at x =—1 and local minima at x = 1. 


x 2x > 0 
2 ;x<0 
=> f(x)= 
£@) ane 


=> f'(x) <0 for x < 0 and f’(x) > 0 for x > 0 and f(x) has 
discontinuity at x = 0 
= f(x) has a point of local minima at x = 0. 


. (i) since ffa—h) < fla) > fla + h) forh > 0 andh > 0* 

=> f(x) has point of local maxima at x = a 

(ii) * fla—h)< fla +h); forh> 0° 

= x =a is neither a point of local maxima nor a point of 


local minima. 
2 


"i 


A 


a 


i 
X=a x 


(iii) fa —h) > fla) <flath) hoo 


mm # 
sy ae 


=> x =aisapoint of local minima. 


8. f(x) = 2) x-2|+5 |x-3);xeR 


—7x+19;x<2 
= <-3x+11;2<x<3 
7x-19 3x23 


—7 ;x<2 
=> f'(%)= 4-352<x<3 
1ix>3 


The graph of y = f(x) as is shown below. 


2. (c) fx)=e 


L 
t 
19) y=-7x + 19 
i ——— 
| 
| y=/x -19 
/*. 
} 
\ j 
| | 
a y=—3x + 11 
\ 
of 3 x 


Clearly f(x) has point of local minima and Global minima at 
x = 3 and the local minimum/global minimum value is f(3) 
= 7(33)-19=2 

Also there is no point of local minima and global minima. 


- (i) f/f) has a point of local maxima as well global maxima 


at x= 2. 
x = 3 is the point of local minima as f(3 — h) > f(3) for 
h>0Oandh—0 
(ii) x =—1 is point of local minima, 

No point of local maxima and no points of global 
minima and global maxima. 

(iii) x = 0 is the point of local minima as well as global 
minima. 
x = 1 1s the point of local maxima as well as global 
maxima. 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


k-2x,x<-l 
1. (dd) f/ ROR; f%) = 
2x+3,x>-l 
f"(x) —2;x<-l 
= x)= 
22x >—l 


= f(x) has a local at x = —1 provided f(-1) < 2(-1) +3 
= he | 
=> k<-] 


(x* -x} +x”) 


(x‘ —x3 +x? ) ic —x3 +x? ) 


=> f'x=e 
+ 2) 
Clearly 4x7-3x+2>0VxeER 

=> f'(x)20V x20 and f'(x)<0Vx<0 

= f(x) is decreasing V x < 0 and f(x) is increasing V x = 0 

= f(x) has a local minima at x = 0 with minimum value = 


f0) = 1. 


(43 — 3x* + 2x) = e x(4x? — 3x 


3. (b) p(x) =x* + a+ be +ext+d 


p'(x) = 407 + 3ax? +2bx +c 
p'(0) = 0 and x = 01s only root of p’(x) = 0 
=> c=0 
=> p'(x)—40¢ + 3ax? + 2bx and 4x° + 3ax? + 2bx = 0 
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=> 4x’? + 3ax + 2b = 0 has no real root 8. (a), (b), (c), (d) 

=> 4°+4+3ax+2b>0VxeER 3x? +12x-1:-l<x<2 
=> p'(x)=x(4 + 3ax + 2b) <0 for x < 0 and >0 forx>0 If lx) = tt Sees 

= p(x) has a point of local minima at x = 0, given by p(0) = d 7 


Clearly f(x) is continuous in [—1, 3] 


f'Q) 6x+12;-l<x<2 
=> x)= 
—-] ;2<x<3 


=> f'(x)>0 for x «C1, 2) and < 0 for x €(2, 3) 

= f(x) is increasing on [—1, 2] and f(x) is decreasing on 
[2, 3]. 
Also f'(2°) = 24, f'(2*) =-1 

= f(x) does not exist at x = 2 

=> f(x) has maximum value at x = 2 


— 2 4 2. 
9. (c) p(x)=a, +a, x? +a,x*+....+-a, x 


In interval [—1, 1], °(1) is maximum and p(0) is mini- = p'(2x)=2a x+4a,x2+ yg on A 
e ° ° ] 2 eeeevee n 
mum and p(—1) is not minimum. Since, 0 <a, <a, <a,<....<a 
4, (a) fix) =cosx+cos V2x => p(x) <0 for x < 0, p (0) = 0 and p (x) > OV x>0 


=> p(x) has only one minima and no maxima . 


10. (b) LetA,, X,, A, be roots of x — Ax’? + ux—-6=0,1,,1,,a 


12 2? ee 


Period of cos x = 27, 


20 - SFE 


Period of cos V2x "ee > 0 Jf 
2 v2 => A, +0,+2,=(1)! (=A) = a.2, by thy hy 4 yy = 
If f(x) is periodic, then its period = L.C.M (20,5 | u 6 
\ V2 (-1) () =p and a,.a,.a, =(-1) (=) =6 
=n. L.C.M 2. | , which does not exist 
v2 6 6 6 
—. ee > —+—+—=p 
=> f(x) is not a periodic function 1.e., f(x) = f(x + T) is never A, A A, 
possible for any real T and maximum value of 1.4 
fix) = 2 at x = 0, and would be attained only once Sy ee ee 
A 4, 4 6 
5..(b) f{@) = 1 2 2 ctl 
=> f'(x) = 2(2x) + 2? (4x2) + ....+ 2" (20 x!) <0 forx <0 sala lae ae ae 
and > 0 for x > 0 and = 0 atx =0 = ee he ae 
=> f(x) has a local minima at x = 0 A, 4, A; A, A, 4, 
m 1 1 #1 l 
; - wan => —+—+— >33/— 
6. (c) f(x) DI n) A A, A, 6 
m m m L 1 
f'@= > 2(x-7) =2))(x-n)= a Sx- Son = eo Ne 
n=l n=l n=l n=l 
1 
=> p> 18.— 
= a mx) 9 ax men ar 
1 
=> w2>3(6). = 
Ss yQxonge V6 
2 > p>3(6) 
=> oe dine atx = m+1 Il. (c) fix) = 4 tan x — tan’ x + tan’ x; x #nn + 2 
2 => f'(x) =(4—-2 tan x + 3 tan’ x) sec? x 
7. (c), (d) Let m = min. f, ey a 
=> fix)2min.f,VxeA y) 
In particular, min. f, 2 min f, .. (i) => sec?x>1 and f'(x) =0 
And max. f, 2 min. f, ...(2) => 3tan*x—2tanx+4=0 but 3 tan? x-—2 tanx+4>0 
Also fix) < max. f, Vx € A Vxenn+ 1/2 
In particular, min. f, < max. f, ...(3) => f'(x)>O0Vxent+t x/2 


And max f, < max. f, .. (4) => f(x) is neither local minima, nor local maxima. 
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TEXTUAL EXERCISE—2:(SUBJECTIVE) 


1. (a) f(x) =x. e* on [0, «) 


F'@=—*e* + e*.1=e*(1-x) 


=> f'(x)<0forx> 1 
=> f'(x)=0atx =1 and/f’(x)>0forx <1 
=> x = 1 is a point of local maximum as well as global 


=> 


maxima at x = 1. 
Greatest value of function f(x) = f(1) = e7 = 1/e and 
least value does not exists. 


However g..b = lim f(x) = limx.e™ = lim— 
Xe x00 XN CO 
= lim = 0 (using L.H Rule) 
X70 EC 
(b) fx) = (1-2? )(1+2x?) on [-1, 1] 
a 1 
oO Fine year) 
2 2 
: (1-x ss )(-2x) 
—8x° + 2x x(I — 4x") 


(1—x?)(2x? +1) 


2 (1-x?)(1+2x’ 


=> f'"(@) <0 for = <x <0 andx> 1/2 and f'(x) > 0 for 


0<x 1/2 and-1<x< = f'@)=0atx=0, 1/4 


= f(x) has a local minima at x = 0 and local maxima at x 


+1/2. 


3, 3_ 3 32 
Now f(-1) = 0, (0) = 1, {\-1/2) = ao oo 4 


and f{1) = 0 
a4) 6 3 3 


Greatest value SS ee pe SS nd 
OO ER We YB 
Least value (m) = 0. 
2. (a) y = arc cos x’ 1.e., y = cos '(x’) ; =< x <- 
But x’ > 0 
y = cos '(x’); O<x8< < = eee 
Bh 


— 


— 


=> 


Clearly f(x) is an even function and f(x) is a continuous 
and f'(0-) = 0 
f'(O)=0 = 
Puther ys G) eae 
v1—x* 


Ff '(x) < 0 for x > 0 and f’(x) > 0 for x < 0 


—] ] 
x) increase in | —~,0| and decreases on | 0,— |, 
we (S (o-% 


f'(0) = 0 
M = f(0) = cos '(0) = 1/2 and 


3. (a) f(x) =tan! x—- ; lnxixe| 


(b) y=x+ vx on (0, 4] 
=> f'@~=1+ ok vt ovr (0.4 


=> f(x) increases on [0, 4] 
=> m=f0)=0,m =ff4)=4+2=6 


AE 


f'G) = 


= 


: —[(1+2*)-2x] | -(x-17_ re 


2x(1+2x) 
1 
a 
=> f(x) is a decreasing function on ane 
ae pes ae ee rea 
=> M= (+) tan Gas 
m= f(V3)= tan" 3S tnv3 = 


(b) f(x) =2 sinx + sin 2x;x © ade 


2x(1+x") 


=> f'(x)=2 cos x +2 cos 2x = 2| 200s cos | = 4 cos 


2 4 2 4 
f(x) =90 

oe eee 

aS 2° 9 2 2 


=> cos 2 > 0,cos— = 0 
2 2 


=> f'() 20, 


ra 3x i 3 x 5 sae 8 
For x €| —,a |;—-€| —,—_ | and —e€] —,— 
E 2 E 4 2 E | 


=> cos 2 20 ces SU 
2 2 
=> f'(x) <0 
3a | 3x |3a 92 x 
For x € es == —,— | and —e 


cos os > 0,cos— <0 
2 2 


> f(x) <0 


= M=fin/3)=2sin = + sin 


=z Cates WS and m = min {f(0), f(32/2)} 


= min. {0, -2} =-—2 
2 
2 +, 
(c) f(x) = x 
I 3 


—2<x<0;0<x<2 


x=0 
—2 
=> f(x)= {4423 3-2<x<0 or 0<x<2 
x 


Now f '(x) > 0 
4 
=> r-+>0 ad = 
x x 
x(x*-1)>0 => x(x’?+1)@’?-1)>0 
x(x? -1)>0 => (x+1)xa-1)>0 


x e(-1, 0) U CL, 2) and f'(x) < 0 for x (2, -1) U (0, 1) 
f(x) has points of local minima at x = —1 and at x = 1 
and f(0*) = oo = f(0') 

=> M=min{f-1), (1), f0)} = min{4, 4, 1) = 1 

(d) fix) =x-2 €nx;x ef], e] 


=> fi@=1-= 

=> f'(x)<0 for 1<x <2 and f’(x) > 0 for x > 2 

= f(x) has a point of local minima at x = 1. 

=> m=f(2)=2-2n2=2-€n4 and M = max.{f(1), 
fte)} = max.{1, e-2}=1 
m=2-4n4,m=1 


YUUY 


4. f(x) =29° — 5x4 + 5x7 41 


F'(&®) = 5x4 — 20x + 15x’ 
f(x) = 90 
=> 5x°(0°-—4x4+3)=0 => S5x°(x-1)-3)=0 
=> x=0orlor3 
f"(x) <0 
=> xeé(l,3) 
f'(x) > 0 
> xe, 1) U (3, ©) 
=> f(x) has a local maxima at x = 1 and f(x) has a local 
minima at x = 3 
Local maximum value = f(1) = 2 and local minimum 
value = f(3) 


Image of interval [0, 3] undefined is [— 26, 2] 
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(b) Image of interval [0, 4]; 
ft4) = (49 -— 5(4)* + 5(4)9° + 1 
= (4° 1) + 5(4) +1 
= (4? [-4+ 5] + 1=65 
= Image of interval [0, 4] under f = [—26, 65] 


4 vr +y=a 


A(6) = =|(om)(Ppm)|= = |2c0s8.asind 
] 
= af (sin cos) 
=> A(@)= =a |sin26| 
a? io 0e oS” 
4 2 


= sin20:— <O<x 
4 2 


oN 3 
~a*sin20:2<0<— 
4 Z 
say sin 260; oF p27 
4 Z 
a’ is 3a 
—cos20;0<@<—and z <0<— 
dA_|2 2 2 
= ae | 3 
= 60826: <0 < mand —— <0<22 
2 2 2 
dA 


— >0O for @ € (0, 2/4) U 
dO 


go8 U Lipestid U SLL A aes <OforO¢€ 
4 2 4 2 4 d@ 


ear) 9) 
=e tT) ACE om 


Maximum area = aa when 0 = 2/4 

Perimeter P(9) = a + a |cos 8] + a |sin 9| 
a+acos0 + asin9;0 <6 <— 
a—acos0+asind;= <O<1 


=> p(0)= - 
AO = GIN esas 


a+acosd— asin; <0 <2 


5.318 >» Application of Derivatives I 


3 
~asinO +acos0:0<0<= => 7'Oe 2(t=3) +40 
2 2\(t-3) +1 
1 
bes ome COO re For Maximum/Minimum of f(£), f’(2) = 0 
=> p(0)= | 37 => 2P+t-3=0 
Ee AOR USS => t-1)f+2(t-1)1+3@-1)=0 
37 > (¢-1Qr/+2t+3)=0 
a ae => t= 1 is the only root. 
2 
ft). =f) = f(-2) +(2) = V5 units . 
p'(0) = 0 at 0 = n/4, 3n/4, Sn/4, = are(t) 
8. Letx+y=4 ...(1) 
Also p’(8) > 0 for 8 €(0, 7/4) ee 
=> S=x?+(4-xp 
ds 
35 5x 7x x = ae = 2x + 3(4-— x) C1) 
a ie, 2 2 4 
= 2x — 3(4-— x)? =—3x? + 26x — 48 
=> p(0)__ = max. {p(n/4), p(Sn/4)} ee ae — 
ae a ie ta For max./ min. of S, put — =0 
= max. 4 @+—]+—~,a+- +> dx 
2 v2 2 v2 d’s ds 
=> 3x°—26x + 48 =0 and —~ =-6x + 26 and — =0 
=at 2a=(V2+1)a dx dx 
2 
6. fix) =(@—-— 1)%@+ 1) eee 26+ (-26) —12x48 
=> f'x=(-1)%.2@4+1)+@4+1¥ B)@-1¥ =@-1P 6 
(x +1) [2@-1)+3@+)]=@-1% @+1) 6xt+ 1) ay. He 26+10 eee 
 f'@)=0 6 
ae | 2 2 
=> x=-l, — orl 2 as =—10 and oe =10 
5 = ax at dx 8 
Also f'(x) < 0 for x (1 and f'(x) > 0 for x €(—*0, 
-1) f= 2 => Swill be minimum for x = 2 and y = y/3 
_ 84 
: 373 
*—3x4+2 
= iz K 9. fc) = —— > and f'(x 
i ; -L oe Ax) eee os | I) 
(07 +.2x4+1)(2x-3) -(x? —3x + 2).(2x +2) 
=> f(x) has local maximum value = f(-1) = : and vee - (x? 42x +1) 
minimum value = (Z)-(F-1] [1] 5x* -2x-7 
5 5 5 = a 
4 5 (x° +2x+1) 
_ (=) (=| _ -216x16  -3456 , 
5 )\5 3125 3125 ee ee 
(x? +2x+1) 
= = _a2\? 2\? 
7. Let ft) =SA = \|(t-3) +(?) ox, See 
> fi@= 
(x +2x+1) 
x(5x-7)4+1(5x-7 
— f'®= ( ; ) ( ; ) 
(x +2x+1) 
x+1)(5x-7 
= poy= GANG=7 
(x +2x +1) 


=> f'(x)>0 for x E(-, - 1) [2] and f'(x) < 0 for x 


(3 


Bae | ane 
=> f(x) has a local minima at x = > and the local minimum 


ee 
value is given by, f (Z| = “Gay 
—+1 
5 
ENS) 
_ RNS) ae 25... 4 


144 (2514424 
25 


Hencef. = f (2 )- = 


10. fx) = (x1) +3/(x 41) =e — 12 + + 1) 


s f'@)= F(x a +5 (x41)" 


= f= st 


——. = 0 at x = 0 and f0) =2 
3(x-1)” 3(x+1)" 7 AS) 


2 1 1 
"(x)= -= OV R; f(+1) = 
=> f"@) lens ie = x € R; f+l) 


(4)'8 
= Also f'(+1) does not exist and rough graph will be of 
the form as shown below. 


" a 
je 


2 
Lf. 419) V4 Gt) 


Thus f.. =f(+1) = (4)"” and f_, does not exist and local 


max 


maximum value = f(0) = 2 


TEXTUAL EXERCISE—2: (OBJECTIVE) 


. @) f: ROR f()=—— 
e*+2e” 
ee ae) 
a ea (e* + 2)e" aia (2e”) 
(e** +2] 
=> f'@e= 2 >O0VxeR 


e*-e 
(e* +2) 
=> f'(x)>0 for 2 &-—e*>O0ie., for 2 > e* 
=> 2x<f£n2 


Application of Derivatives Il < 5.319 


> ¥< Lindand f'(s) <0 forx> “tn2 


fix) Tx < =tn2 and f(x) + for x > =tn2 


Fieve = f( Sena = —____. 
elt? +2e” (—) 
V2 
1 


fi+2{ | 


=> lim f(x)=0 and lim f(x) =0 


“oR 


ase 
=> Range of f(x) = fo md 


Also f(x) is continuous and hence attains each value in 


between 0 and <— and hence f{(c) = ul for somec € R. 
2/2 3 


. (ce) fx) =e + a+ bx t+¢6,a<3b 


=> f'(x) = 3x? +2ax +b 
Disc. = 4a* — 12b 
= 4(a* — 3b) < 0 as a? < 3b 
=> f'(x)20 Vx ER 
= f(x) is an increasing function V x € R. 
=> f(x) has no extreme values. 


sin(x+a) 


. (&:) y= ——— a ¥b 


sin(x+b) 
dx | sin(x +5) | 
_ sin| (x+5)-(x+a) | __ sin(b-a) . Oforb >0 
| sin(x +b)] | sin (x a b) | <Oforb<a 


= f(x) has neither maxima nor a minima at x = 0 


. (d) f(x) =cosx+ [008 2 =—-0083x 


=> f'(x) =-sin x — sin 2x + sin 3x 
=> f'(*) = (sin 3x — sin x) — sin 2x 
=> f'(x) =2 cos 2x sin x — 2 sin x cos x 
3x 
= (2 sin x) (cos 2x — cos x) =— 4sin x. sin a sin= 


f'@) = 0 
x 


= sinx =OQorsin eG or —=0 
2 2 


2nt 
> x=ntor= — 


3 
f(x) is periodic with period = L. C.M (22.1.2) =2n 


In [0, 27]; f(x) = 0 at x = 0, x, 27, a 


3 


5.320 >» Application of Derivatives II 


FS a Lie yas 5 BUR og SIE BD 
2 2. 3 6 6 Ab Ab 
(24) -F4o(F)-f- Sth ie. pap ad and Ae Aiea = SO 
3 2. 22 3 2 4 3 12 
=> 4b=-2 
(4 )--3+4F]}- 40-3 => b=-1/2 
3 2 2\2) 3 12 => -1+ Vl+4a =-4 
7 13 27 
Difference between greatest and least = a4 = i = = /14+4a=-3, which is impossible 
a. -1-/1-8ab ~1+V1-8ab 
4 . — _ =2 and ——@_ _ = - 1 
; 1 ing 1 4b 4b 
5S. (b) fx) = x + = +x°)+ = 
arora | a ea => -2=4b 
ae ; => b=-1/2 and -1-vV1-8ab = 8b 
a ee x> 
, x => -l1- vl+4a =-4 
jet ad a > 2 and equality holds at x = 0 _ _ 
(1 + x’) (ra quality = —J1+4a=-3 
> fx) >(2- lie. fo) >1 a a 
=> Minimum value of f(x) = 1 =3 40> 8 
_D = a2 
6. (a) ax? + bx + 4 has its minimum value = —— 
4a 9, (a) y=—2° + 3x? +2x-27 
(b’ - 16a) me 7 
= -—_—* atx = — SD =- 3x + 6x +2 
4(a) 2a ae 
= d’y 
= SEs aa 5 _, ae =— 6x +6 
4a 2a “ 
2 
=> D=4a;b=—2a For max/min slope (+).2 Z =0 
=> b’—4ac = 4a; b =—-2a dx } dx 
=> Db’ - 16a (4) =4a, b =—2a + x=] 
=> 4a@=20a _ (ad - ee 
s g25 = 10 Maximum slope = (e) =-3+6+2=5 
(a, b) =(5, —10) 
(2x?-2x41)sin? x asad } Sati? (ofa 10. (b) fx) — x(1 = x)” 
7. (b) f= e =e ae =e => f'(x) =x. 750 —x)4(-1) + (1 — x)? . 25 x 
Exponential function is an increasing function and = 25x" (1 — x)? — 75x” (1 — x)" 
ae = 25x** (1 — x)? [C1 — x) — 3x] 
2(-2) a sin’ x > 0 and equality holds at x = nz = 25x (1 — x)” (1 — 4x) 
_ (ire eS | ands vere 
=> Minimum value of f(x) = f{0) = 1 4 4 
= 2 +y: 
8. (b) yaa tnx + bv +x > 0 => f(x) T on (0,2) and 4 on (+1) 
s,, E eoie il 
ax x 1 l 25 1 75 
= = f{/—|=|-—| |1-—| atx=1/4 
dy _y Js (3) G) ( A ‘ 
dx , 
Daa 11. (c) f(x) =asinx+ —sin3x 
s f'(x) =acos x + cos 3x 
=> 2bx’ +xt+a=0 =acosx+[4 cos? x—3cosx ] 
_ -l+v1-8ab = 4 cos’? x + (a—3) cos x 
a ee 4h = (cos x) [4 cos? x + (a — 3)] 
f'"'(«) = 12 cos* x (sin x) — (a — 3) sin x 
= ee ac, = _ 
x= Sree? and x = ia are points of = —[12 cos’ x + (a— 3)] sin x 


4b 4b fix) has maximum at x = 1/3 
extremem. => f'(r/3)=0 


12. 


13. 


= wa2 


(b) fix) = x — x”; x €[0, 1] 
=> f'(x) = 40x — 20x" 
= 20x!9(2x29 — 1) 


1/20 
‘(x) = 0 at x® =0 or atx = | — 
fe) & 


Also f'(x) < 0 on o(2) and f’(x) > 0 (2) | 


1/20 
=> f(x) has a local minima at x = G 


Absolute maximum value of f(x) = max. {f(0), f(1)} = 
max.{0, 0} =0 


(a) f(x) = 4 cos(x’) cos [Z4+.x° Joos [Z| 


Te. 
=> fix) =4 cos x’ cos? sin a 


=> f(x) =cos x* — 4 cos? sin’ x’ 
=> f(x) =cos x* [1 — 4sin? x? ] —cos x’ [1 — 4(1 — cos? x’)] 
= cos x7 [— 3 + 4 cos? x’] 
= 4 cos’ x7 —3 cos x’ 
=cos 3x? having minimum value —1 and maximum 
value = 1 on R. 


2 
14. (b) Given ellipse is a ie. (1) 


1 
P =(3V3 cosd,sin@) ; 0<0<n/2 


x(3V3 cos a) 


Equation of tangent to (1) at p is me 


ind 
_ sin 


Pe ee ae 
1 f 27 a 0 (cosec@) 
33 


A.T.Q: To minimize S = a sec 8 + cosec 8 i.e., S = 
3/3 sec@+cosec0 


& =3V3 secO tan 6 —cosec 8. cot 8 


S =0=2353 sec 8 tan 8 = cosec 8 cot 9 
sin0  cos@ 
=> 3V¥3———=——— 
3-5 sin’ @ 


= 3 /3sin?@=cos?@ tan? = —— 
=> tand= 7 ford e( 0,5 
6 2 


ae < 0 for 9 (0, = Jana > 0 for 9e(2. z) 
dé 6 do 6 2 


15. 


16. 


Application of Derivatives Il < 5.321 


Joe =1(=)-2 spice gt eoseet = 33( +) = av 


= 8 at0 = 1/6 


(a) p'(1) = 0; p'(3) = 0 

Let p(x) = ax? + bx* +ex+d 

p'(x) = 3ax? + 2bx +c 

3ax* + 2bx + c = 3a(x— 1) &— 3) 
3ax* + 2bx + c = 3ax’? + ~ 3a-—9a)x+9a 
2b = —12a, c = 9a 

b =—-6a, c = 9a 

p'(x) = 3ax*— 12 ax + 9a 


YUUUY 


ys 


p(x) = ax? — 6ax’ + 9ax +d 
Now p(1) = 6 

=> a-6at+9at+d=6 

=> 4a+d=6 => d=6-4a 
p(x) = ax? — 6ax’? + Yax + 6 - 4a 
Also p(3) = 2 

=> 27a-—54a+27a+6-4a=2 

> a=l1 


D(x) = x3 — 6x? + 9x + 2 
=> p(x)=3x?-12x+9 => p'(0)=9 


:- ROR 
(a) f ~x+x’-1 for x<-1 
~x—x’ +1 for-1<x<0 
fx) = bx| + 2 —1\= 
~x’ +1 for 0<x<l 
x+x’-1 for x>1 
2x —1 for x<-l 
—2x-1 for -1<x<0 
=> f'@= 


—2x+1 for 0<x<1l 
2x+1 for x>1 
=> f'CI)=-3,F'CV)=LIO) = 1 F'O) = LF) 
=-1,f'0"*) =3,f'@) =0atx= 5 and at x = > 
2 for x<-l 
And f""(x) = —2 for -—l<x<0 
—2 for 0<x<1 
2 for x >1 
Thus f(x) is points of non-differentiability at x = —1, 0 
and 1 
The graphs of f(x) will be of the form as shown below. 


fix) has 5 points of local maximum or minimum . 


5.322 >» Application of Derivatives I 


17. (d) fo) = S45 x E[1, 6] 


1 (2 1 2 x’? -16 
=> J) =>t|—> |=>-S 
Pe) 8 (=) 8 x (=) 
. f(x) =0 
21 
x 8 
— 
=> x=16 ; 7») 4 
—> x=1t4andf (x) =-2 me Wa ag 
x 


i = 
=> f(4)= — >Oandf"(—4) = — <0 
a) ie nd f"(— 4) 16 


=> f'(x) <0 for x e[1, 4) and f’(x) > 0 for x €(4, 6] 
=> f(x) has maximum value = max. {f(1), f(6)} 


‘3 6 “| 
= max. 4;—+2,—+— 
8 
17 13] 17 
= max. {—,—?=— 
8 12 8 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. f(x) = 2x3 — 15x? - 84x + 8 


=> f'(x) = 6x — 30x — 84 


= 6[x* — 5x — 14) 
= 6[( — 7) (x + 2)] 
 f'(~)=0 


=> x=—2orx =7 and f(x) = 12x — 30 

 f'@2) =-24- 30 <0 and f"(7) = 12(7) — 30 > 0 

=> f(x) has a local maxima at x = —2 and local minima at x 
= 7 and the local maximum value = f(—2) = —629 


. (a) fy =x ae 
=> f'(x) =xX*-2x( ee be (4x3) = er (4x3 — 2x5) 
 f'(x)=90 
=> 4°-2°=0 
=> 2x(2-x)=0 and f"(x) = e* (12x? — 10x*) + (42° — 2x°) 
= [12x? — 10x* — 8x* + 4x°] 
=e" (2x* — 9x? + 6) x? 
=2x? e* (2x* — 9x? + 6) 
“ f(0)=0,f" (+v2] = 2(2) e7 (8-18 +6) <0 
Here second derivate test fails to conclude for maximum/ 


minimum at x = 0, thus we will use first derivation test. 


f'—0.1) = ef (4C-0.1) — 2 0.1)) 
= -e (2)(0.1) [2-(0.1) | 


And f"(0.1)= e” [4(0.1)° -2(0.1)°] = 20.1 e®” 


[2 — 0.1)*] 
=> x =01sa point of local minima. 


“. f(x) has local maximum value at x = +,/2 given by f 
(+v2 = 4/e* and f(x) ha s a local at x = 0 given by f(0) 
=0 

(b) f(x) = sin 3x — 3 sin x 

=> f'(x)=3 cos 3x—3 cosx 
= 3[4 cos’? x —3 cos x] —3 cos x 
= 12 cos? x — 12 cos x 
= (12 cos x) (cos* x — 1) 

f'(x) =0 
=> cosx=Oorcosx+l 


=> x=(2n+1) x= nm and f(x) =-9 sin +3 sin x 


= —9(3 sin x — 4 sin’ x) + 3 sin x 
= 36 sin’ x — 24 sin x 
= 12 sin x(3 sin’ x — 2) 


5 a (2 +1) = 12 sin x(1) 


> 0 for x = (4n + 1) sre 


<0 for x = (4n + 3) sre 


ff (nn) = 0, f'(nn — h) < 0, f'(Qnn + h) <0, 
f'(Qn4+ 1) n-h)> 0, f'Qnx + h)>0 
=> x =nm are points of inflexion and x = (4n + 1) 5 are 


points of local minima and x = (4n + 3) = are points of 


local maxima. 


Hence local minimum value of f(x) = f (an + =| = 
— 1—3 (1) =— 4 and local maximum value f(x) 
1 ((4n+3)5] =1-3(-1)=4 


Local minimum value of function = — 4 and Local 
maximum value of function = 4. 


1 


3. Area of AABC = A bh (1) 


Clearly for maximum area, and fixed b, # must be greatest, 
Thus C must be at the top of O vertically above as shown 
below. 


WY UUUUY 


i } 

| Mi | \ 

| c/ Rol? | 
/ aN 
\ / fy Bi \ / 
\ | yf ‘ f 

\ fa/ e | Fi 


* ji \ 
7" | ra \\ we 
‘pia piay 
Ce 2 — 


‘ | 
b 
A” ~ B 
Clearly AACL = ABCL 
AC = BC = C(say) 
ar. A ABC = 2(ar A ACL) 


=) 3(2}(n) =? esino 


a besm@ eee (2) 
2 
Also, Z AOB = 360° — 40 
ZAOL = 180° — 20, 
sin (180° — 20) = ve 
a 
b = 2a sin 20 ...(3) 
In A COM, cos(90° — 8) = oe 
a 
c = 2a sin 8 ...(4) 


Using (3) & (4) in (2), we get A = > (2a sin 20) (2a sin 
8) sin 8 

A = 2a? sin 28 . sin? 6 

= 2a*(2 sin 8 cos 9) sin? 0 

= 4@’ sin’? 0 cos 8 


For maximum area 7 =0 


— 4a’ sin? 8 sin 8 + 4a’ cos Q(3 sin* 8 cos 8) = 0 

— sin* 6 + 3 sin? 6 cos? 6 = 0 

sin?8 = 0 or 3 cos? 6 = sin’ 0 

sin @ = 0 or tan 0 = V3 

6=O0or0= 2/3 

Area of A will be maximum for 8 = 60° 

1.e., A ABC 1s an equilateral with maximum area = 4a 


Bees 


2 


2 
4. Volume of cylinder (V) =7r h=n G -* 


= 


ae —, 
= : a 
‘ 
i 


x 


\ 


=> 


=> 


Application of Derivatives Il < 5.323 


2 
E 4a’ =(2r) +h?’> =a’ "| 


For maximum volume, (dv/dh) =01.e., ma?— 3" ) =0 


3 2 =@’ 
4 


2 
h = —=a. 
3 


5. Let the co-ordinates of P be (2V2 cos 6,3V2 sin a) ;0<0< 


m/2 


“UUUY 


Equation of tangent to ellipse at P will be 


poe a)x . ‘siten aa 


Area of A formed by above tangent with co- ordinates axes 


_if_ 8 \j_i )_ 6 _ 
2 2/2 cos@ 30 sind sin@cos@ sin20 
= 12 cosec 20 


da =-24 (cosec 20. cot 20) 


do 
dA 


For maximum/minimum of A, 10 =() 


cot 28 = 0 

cos 20 = 0 

28 = n/2 

6 = 7/4 

Maximum area = 12 cosec n/2 = 12 sq. units and the 
corresponding co-ordinates of will be = (2, 3) 


6. AADB ~ A ABL 


—! 


=> 


A _r _ AB 
AB x 2 
h _r_vh+r 
Ve +r? x 2R 
2Rh=h+r (1) 


Volume of cone (V) = sah 


= x (2Rh — h?)h (from (1)) 


5.324 >» Application of Derivatives I 


=e 2 ERK 2p 
3 3 
dv 2 l 
=> —=—7R(2h)-—(3h’ 
dv 
For maximum volume, —=0 
dh 
ay, BE agp 
3 
=> h= Z 
3 


7. A ALM ~ A ABD 


8. Equation of line through (1, 8) is given by (y — 8) = m(x- 1) 


¥ 


; 8 
It intersect x-axis where x = —+1 and y-axis where x 
m 


=OLe,y=—m+8 
1f{m-8 
Area of A OAB = A = Aces (8—m) ie, A = 


; m 
-1(m-8) 
2 m 
(i) For minimum area, Kael =0 
dm 
2(m-8)—(m-8) .1 
. le (m8) ~(m-8) |= 
2 m 
=> 
=> (m—8) (m+ 8)=0 
2% AL_r_h-W => m=x8 but m < 0 asx and y intersect are + ve 
AB R h ‘, Equation of line will be y — 8 = — 8-1) 
1e., 8x + y = 16 Ans 
> r= A? 5 R (ii) S = (x-intercepf) + (y-intercepf) 
a aaa Fer 
Volume of cylinder = V = rr’ h' moe i +(8—m) 
ay 2 
h 
m m 
i m(2m—9)-(m? -9m+8 
=> = “(1-4 h'.R Laie i li 
h dm 
12 t 
=> V= fit a we _, as __|m'-8 
h dm m 
, AP 2h? dv 3h” Ah For minimum of S, ae 0 
— V H=TR| ht = Ea dm 
h dh h h Sy ah 
For maximum volume, a =0 cal a 22 
3h'2 Ah’ dh For x and y-intercept positive, m = — 2/2 
=> lf hh =9 Equation of line will be y — 8 = 29.9 (x — 1) or 2/2 
=> f+ 3h? —4hh! =0 or 3h? — 4hh’ + 2 =0 x+y=8+ 2V2 
=> 3h”—3hh'—hh' + h’=0 (iii) LZ = Intercept between the axes = AB = 
=> 3h'(h' -—h)-h(h'-h)=0 3 
=> Gh'—h)(h'—h) =0 (===) +(8—m) 
h m 
=> h’=— orh’=h 
; 
For maximum volume of cylinder h’ = : L = \(8-m)) |; +1 


But m < 0 
=> 8-m>0 
— Bp 1+m’? 
| m | 
(m-8) 5 
> L= Vl+m° ( m<0) 
m 
dL _(m-8))_ 2m_ |, fon o(7*) 
dm m | A/14+m? dm\ m 
a m8 [aoe 
dm l+m 


> m=-2 
‘. Equation of line will be y— 8 =—-2(x- 1) 1.e., 2x + y = 
10 and the minimum value of intercept 


= (==) +(8+2) = V125=5/5 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


. (b) fx) =e! sin x; x €[0, 27] 
f(x) =e cos x + sin e = e* [sin x + cos x] 
f'(x) = 0 for tan x =-1 


f"(x) = e[cos x — sin x] + [sin x + cos x] e* 

= e*[2 cos x] = 2e* cos x 

Also f(x) = 0 

2e* cosx = 0 

x = n/2 or 3n/2 and f'"(x) = 2[e(sin x) + cos x .e*] = 
2e* [cos x — sin x] 

f'"'(n/2) = 2e"? [0 — 1] < 0 and f'"(3n/2) = 2 €3"7[0 + 
1]>0 

f'(x) has maximum slope at x = 1/2 


~ (ec) f= 4+ 4x +1; 
fix) = 29° + 4-3 =(44+2P-3 

=> fix) € [-3, ©) 

=> fix)=1 atx =0 and f(x) + f-) 
Also f'(x) = 2x +4 and f"(~) =2>0VxeER. 
Since f(—-1) =1-—4+1=-2<1 

. fix) >1V x <4 is false. 


J 


3. (a) fx) =sinx(1 + cosx);xeR 


=> f(x) =sinxt sin 2x 


Application of Derivatives Il < 5.325 


=> f'(x)=cos x + cos 2x 


3x x 
= f'(x)=2cos | — |cos| — 
Fa) ~2e0s (5 Jos 5) 
f'(x) =0 
=> cos ELae er ae, 
2 2 


> = =(2n+1)Zor2 = (2n+1)7 


3x = (2n+ 1)n or x = (2n +1) 


y 


2n+1 
> r= Ont Irore= Cate 


f"' (x) =-sin x — 2 sin 2x =— sin x — 4sin x cos x =— sin 
x(1+4 cos x) 


Gna Gas 


=> f(x) has a maxima at x = 7/3 and the maximum value = 


fir/3) 


(iva) ft) (-SYQ)-28 


. (d) f(x) = xe" 


=> f(x)=xer +e 

=> f(x) =0 forx =—1 and f"(x)=xe" +e +ex=(x+2)e 
f"Gl=e'>0 

= f(x) has a minima at x =—1 given by (—1) =— e! =—l/e 


- (b) f®) =x -—pxt+q;p>0,q>0. 


f'(e) = 3x? —p = 0 


> Se P 
3 
f(x) = 6x 


P| {2 |-9]2 >oana r({-E)-- <0 


“. f(x) has a local maxima at — e and a local minima at 
P 


3 


~ (ce) f(x) = 2x7 — 21x + 36x — 30 


=> f'(x) = 6x? — 42x + 36 = 6(x? — 7x + 6) = 6(x — 1) X—- 6) 
 f' @)=0 
=> x=lorx=6 
And f(x) = 6(2x — 7) = 12x — 42 
f"() = 12 —- 42 =- 30 < 0 and f"(6) = 72 — 42 =30>0 
f(x) has a maxima at x = 1, where as a local minima at 
x=6 


(©) fr) = Fsx¢(2,00) 


= p@- 


x (=) —(1- £nx)(2x) 
f(x) = 0 atx =e and f"(x) = —~4 —______ 


4 
x 
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=> 


> 


— 


=> 


—x-2x+2xlnx 


f°) = j 
x 
f"x) = ean a re(2, «) 
pron 28a ca 
3 e 


ftx)has a local maxima at x =e 


8. (b) fx) =@- 1) +3; x €[-3, 1] 


— 


=> 
=> 


9. (c) 


— 


10. (a) 


f'(x) = 2-1) 

ff") =0 

x =landf"(x) =2 

fx) has a local minima at x= 1 


fix) has minima value m = f(1) = 3 and f(x) has maxi- 


mum value M 


= max. {f(-3), f1)} 
= max.{19, 3} = 19. 


(m, M) = (3, 19) 
fix) = («+ 18 -(@&- 1)'8 5 x €[0, 1] 
F(x) 3(x4+1)" ai) ors 


And f"(x) = (=\(} wr tals ra 


f(x) has a local maxima at x = 0 
The greatest value f(x) = (0) 
=-l1(-1)'7 =2 


fx) = xV1-x? s(x > 0) 


f'(x) =O0atx = s/t and f''(x) 


= 1-x? 
Lae 
—AxVl-x? + x(I=2x 
Ney) — aa 
f"@) ie) 
4x(1-x?)+x-2x° 
f"@) = 


(1-x?)V1-x? 


—3x+2x° x (2x? -3) 


= (1-x?)Vi-2? (1-x)”” 


(x fs Tar = 


V1-x? (-4x) -(I - 2x°) 


11. 


12 


13. 


(- r-3) 
r{- 1) Bi —>0 and f”" 


f(x) has a local maxima for x > 0 1.¢., at x = fe 
l 
(b) fix) =x+ — 
x 


= Fosse 
x 


f') = 0 
= Sl 
=> x=+landf"@)= 
x 


f"Cl) =-2 < 0 and f"C1) =2 >0 
fix) has a local maxima at x = —1 and a local minima at 
a 


. @) fs) = = x €[- 1] 
B Gin a’, & 


+4 
a (x? +x+4)—x(2x+1) 
PS eared) 
spies os x +4 
re ED) (x? +x+4) 
f'(x) =0 => DS ae 
apie ie +x+4)(-2x)-(-x +4) 
(4x44) 
_ -2x° -2x°-8x4+x7°-4 — -2x°-x*°-8x-4 
- (xP? +x+4) - (x? +x+4) 


£2) <0,f"E2)=>0 
fix) has a maxima at x = 2 
Maximum of f(x) in [—1, 1] 
= Max.{0, f- 1), ftl)} 


(a) f(x) =xe* 

=> f'(~o=are*t+e*=e*(1-x) 
Clearly f’(x) > 0 for x < 1, 
f'(x) = 0 at x = 1 and f'(x) < 0 forx > 1 

=> f(x) has a local maxima and hence absolute maxima at x 
=] 

= Assertion is true 
f’*@=e-l)+d-x Ce) = eC 1-14) =e*@-2) 
Jy =e 0 
Reason is also true and is the correct explanation of 
reason 


14. 


15. 


16. 


17. 


18. 


(c) fx) =x e*,x>0 

> {@M= 2 e*) + e*(2x) = 2x e* (1 -x) 
f(x) =0 atx =Ooratx =1 
f'(x <0) <0, f'00 <x< 1)>0,f'@> 1) <0 

=> f(x) has a local minima at x = 0 and a local maxima at x 
= land the local maximum value = f(1) = 1/e? 


(c) f(x) = 2x? — 9ax’ + 12a?x+1 


=> f'(x) = 6x — 18ax + 12a? = 6(x* — 3ax + 2a’) 
. f'~=0 

=> »-2ax—ax+2a’=0 

=> x(x - 2a) - a(x -—2a)=0 

=> (x- 2a) (x-a)=0 

> x=aorx=2a 


f(x) = 6(2x — 3a) = 12x — 18a 
f''(a) = 12a — 18a = — 6a and f'""(2a) = 24a — 18a = 6a 
fix) has a local maxima at a = p and f{x) has a local 
minima at 2a =q 
Now A.T.Q, p?=q 
=> a=2a 
=> a(a—2)=0 
> a=Oora=2 
But a > 0 
> a=2 
10002 
(c) p(Z) = 1000 + 100422 


dp _ (100+27)(1000) — (10002)(2s) 
dt (100 +27) 


10° (10° -1’) 
(100+7) 


— 10°4+10°77-2x10°?? — 10° -10°¢° 


(100+7) 
dp dp 
=> 7 > 0 for t e(-10, 10) ee <0 fort <-—10ort> 10 


=> Pwill be maximum att =10andP__ given by P(10) 


max 
4 


= 1000 + La 1000 + 50 = 1050 
200 


(c) fx) = @)"5 x > 
=> tnf{x)= ie 
x 
——f'@)=54 (ens) =) 
f(x) x 
=> f(x) = (x). - (—fnx+1) 


=> f'(x)=0atx=e 
=> f'(x) <0 for x>eand/f'(x) > 0 forx <e 
= f(x) has a maximum at x =e 


aad = fle) =e" 


(d) fx) = ae alee 
25 fe (x? eeiae 
(x? +1) 


19. 


20. 


21. 


22. 


23. 


24. 


Application of Derivatives Il < 5.327 


2x 4 2x2 42x 
al +1) 


<0 for x < 0 and > 0 for x > 0, f(0) = 


=> f'(x)= 


=> fi) = 


0 
= f(x) has a local minimum and hence absolute minimum 
at x = 0, given by f(0) =-1 


(d) f(x) = 2x3 — 3x*- 12x+5;-2<x<4 

=> f'(x) = 6x’?— 6x — 12 = 6(x? — x - 2) 

=> f'@)=6@-2)@+)) 

=> f'(x)=0 atx =-l andx =2 and f'(x)>0 forx <-1 
and x > 2 and f’(x) <0 for—1 <x <2 

= f(x) has a local maxima at x = —1 and local minima at x 
=2 
fo = max. {f-1),,f(4)} 
= max {12,37} =37 atx =4 


(b) f(x) =4 e* + 9e* 
=> f'(x) = 8e — 18e* = 2(4e* — 9e) 


(x" ay 


fx) =90 
=> 4e*=9e* => 4e*=9 
=> e4x = 9/4 => 4x =2 £n(3/2) 


> x= sen(3) and f(x) = 2(8e*+ 186%) >OVxeER 


fix) has a point of minima at x = ae (3 and the 


2B} 


minimum value is given by f c 


(c) f(x) =x — 3x; x €[0, 2] 

=> f'(x) =3x°-3=30’-1) 
f') = 90 

=> x=+1 and f(x) = 6x 
Also f"(1) =6>0 

=> f(x) has a local minima at x = 1, thus maximum value of 
A(x) is given by f= max. {/(0), 2)}= max. {0, 2} = 2 

(c) * f(a) = 0, f(a) = 0 and f(a) # 0 

=> x =a_isneither a point of maxima nor a point of minima 

ee et a 

(a) fxy= I, te’ dt 

=> f'(x)=x e =0 

= x=Oandf"(x) =x(2x) e* 
OVxeR 

=> f(x) has a minimum value of x = 0 = f(0) = 0 


(c) f(x) = 
- ekirnaie 


+ e (1) = & (22 +1)> 


log |x| + bx* + ax,x #0 


log(—x)+ bx’ + ax,x <0 


Ep eeaeS 0 
= f@= 1) 


—+2bx+a,x <0 
x 
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J 


YUU 


25. (a 


Sense” 


yy 


=> 


26. (b) In the above question the local maxima is attained at ¢ = 0 


f(x) =0 
2bx? + ax +1=0 
—at,ja’ —4(2b 
__ na fa? 4028) 
Ab 
For Extreme values at x =—1 and x = 2, 


—~a—vVa’ —8b a —~a+~va’ —8b _9 


1, 
4b 4b 
a+ Ja’?-8b=4b and a—Va’? —8b=-8b 
2a =—4b 
a=-2b 


Va°+4a =—-2a-—a=-3a 


Statement (1) 1s correct. 


F'O)= {St 2b for x#0 and f"(-1)=1+2b=1- 


DaESO. 
2p 2 

1 -3 
4k Ze 26 
oe 4 2 4 


Thus f(x) has a local maxima at x = 2 and local minima 


atx =-1l 


x=(t+l)andy=f-f 


OR ag ae. 
at at 
OY 3 —2t 
dt 
oo dy 
For maxima/minima, a = 0 
(3t—2)=0 
(31-2) Py @ 


t=Oort = 2/3 and 


dx? dt® dx 


2 
(¢ | =—2 att =0 and 2 at t = 2/3 
dx 


y = f(x) has a local maxima at t = 0 1.e., at (1, 0) 


27. (b) . = ao t)>? and x = S 0<t<1 


al = = dx _ pu 


dy _dyldt _ uy 
dx dxidt— t!? 


For maxima/minima = 


Xx 


SL FO a 


28. 


=> 1=1 
1/2 —] 1/2 1 
= Pee DEES (ey 6) Oe 
dy : [=| ( t) 7 
ae ; 
gn (1-t)” ) t+1-t l 
a eye ce ie’ ine mie el 
(1-1) 2t 2(1-t) +27 | t 
_ 1 
re ie 


Which does not exist at ¢ = 1 
So let’s go back to first derivate tests, f’(0 <t< 1)<0 


2 <0 for0<t<1 


x 


=> y=f(x) is a decreasing function for 0 <¢< 1. 
Thus y_,.- Wt = 0) = Landy, = y(t = 1) =0 


max’ 


ee eee 
i t? | 
fe ee 


Here for x € a 
=> 1-0 
= tAat 
Also x —xf =f 
=> x=(l+x)? 
> p= 39 
l+x 
=> x<-lorx2>0 
D,= (-®, -1) U [0, &) and 


y = fix) = (2x esi)’ x E(-00,-1)U [0, «) 
_ | (2x4+1)-(xF1)(2)} | -1 . 
= 0 Oe leer 


fix) 1s a decreasing function 


(52 tin x+1 i = sim (3 
" x>-0\ De +] ie 2+1/x 


_! 
2 
f-1-) = 0, A0) = 1, oad |. > 


Ze 
(i) (d) 
=> f(x) has a maxima at x = 0, 
(ii) (b) 
= f(x) has a minimum value at x = — 1 


(iii) (a) The range of function is 


bess reo-4 


(iv) (a) The function y = f(x) is a decreasing function for x 
€(—0o0, —1) and on [0, «) 

(v) (d) f(x) is a decreasing function on (—cc, —1) and on 
[0, 20) 


TEXTUAL EXERCISE- 4 : (SUBJECTIVE) 


4 ;x=0 

=> f'@)= {4x 5x40 

=> f'(x) <0 for x < 0 and f'(x) > 0 for x > 0 and f'(0-) = 
3, = f'(0") and f(0) = 4 

= ftx) has a removable discontinuity at x = 0 
Also lim f(x) =3 < f(0)=4 

= There is no extreme however g.1.b of f(x) = 3 

l+x;0<x<2 

3-x;2<x<3 

AZ) = 3; f(2) = 1 

f(x) is discontinuous at x = 2 


1 ;0<x<2 
OND) race es 


3 d 
Lae +3;x#0 


2. fix) = 


= f(x) increase for x €(0, 2) and f(x) decrease for x €(2, 3) 
KO) = 1, f(2 ) = 3, 
f(2') = 1,f(3) = 0 
f(x) has local minima at x = 0 at x = 3, 
fix) has local maxima at x = 2 as well as global maxima 
atx =2 
Also f(x) has global minima at x = 3 


3. fix) = V2—-x?:-V2<x<V2 


2 S0= eee po xe|-V2,v2 | 


fix) ¥ for x € | 0,72 | and f(x) for x € | V2.0 


fix) has a local (global) maxima at x = 0 given by f(0) = 
V2 and local (global) minima at x = +4/2 given by 


f(4V2) =0 


4x-1 


4. fix)= log. *- 7 }+ 508, (16x? — 8x + 1); >0 


Ax) = log,,, (+5) + log, (4x-1)’ 


1 | 1 
= lo x—-— }+—(2).—log, |4x-1 
gu( 7) mi ) > g, | | 


—] l l 
= “— eee |4x—-1| 


(4x-1) 
*)(4x- 1) 


fx=lsxe (.~] 


Thus f(x) is a constant function for x € (+) : 


x4) = 


= > log, (4) = 1 


Application of Derivatives Il < 5.329 
3x-x? 
5. = tan”! 
A(x) = tan = | 
tan” 3x- x) for = 
1=3x7 a <z 
7 i{ 3x-x° l 
We know that 3tan"! x ¢<-7+tan > | for -~<x<—= 
1- V3 
if 3x-x l 
z+ tan 5 for x > —= 
1-3 3 


3tan™! See <x< as 
zs 


1 
=> f(x) = 4@+4+3tan' xforx<—-— 
fix) B 
—m+3tan' x forx >—= 
V3 
eer ae ee 
1+x° a3 as 
l 
=> f'(x) = <forx<-— and hence f(x) is an 
f '(x) B A(x) 
l 
and for x > —= 
v3 
function on (-<0,-11/3) on (7 | and on 
BB 
==, 
a) 
1.e., there is no point of extrema. 
6. f(x) = tan’ () 
l-—x or aes 
tan 5 j—l<x <1 
l-x 
= aif 2% 
We know that 2 tan-lx = <-—7z + tan - =< 
—Xx 
x +tan”{ aaiee 
l-x 


2tan' x;-l<x<l 


=> fix) = 42tan'x+a5x<-l 
lari ah 
=> 5 le 2 for x €(—1, 1), (cc, -1) and on (1, «) 


=> fix) T on ve ~1) , 1, 1) and on (1, «) 
Thus there is no point of extreme. 


1. fe) = hae --2<x<0 


paren 


s—2<x<0 


Ts 
=> f'(x) = 5-150<x<l 
1 ;l<x<3 
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Also f(0-) = V2 , 0°) = 1 and (0) = 1 

= f(x) is discontinuous at x = 0 and f(x) t for x €(— 2, 0), 
\ for x €(0, 1) and for x €(1, 3) 
K-) = 0, (9) = 1,fQ) = 0, A3) me 
fix) has maximum value at x = 3 

= (i)1s false 

(11) is true 

(111) is true 
Also f(x) has local minima as well as global minima at 
x = 1 as well atx =-2 

=> (iv) is true 


8. fx) = —x° +k? -3k4+2;0<x<1 
2x-3 :1<x<3 


fa) =-14+kh-3k+2=h-3k+1 
JO) =f") =-1; f'@) =2 for 1 <x <3 
Sf'(x) =- 3x? for0 <x <1 
For f(x) to have smallest value at 1, ffx) >-1 VO<x<1 
=> w+t+R-3k+22>-1V0<x<lie,'% +RP-3k+ 
3>0V0<x<1 
=> h-3k+32>xVxe [0,1] 
=> R-3k+32>1 => kR-3k+220 
> (k-2)(K-1)20 > kelork2=2 


3 2 
eee <x<] 
9. fx) = b?+3b+2 
6-2x ;l<x<3 
£0) 2; 0<x<l 
> f'(x)= 
—2;1<x<3 
=> fix) T for0<x< land V forl <x <3 
b'+b*+7b4+3 
Also f(1) = 2 + ———————— and f(1*) = 4 
AY b? +3b+2 AY) 
For f(x) to have maximum at x = 1, f(1) >4 
3 2 
a4 pm b> +b +76+3, 
b? +3b+2 
beth $1643 <, 
b°+3b+2 
b’ +b’ +7b+3-2b* - 66-4, 9 
b°+3b+2 7 
ae ae ee b? +1)\(b-1 
bb +b-1, (@+)@-1), | 
b°+3b4+2 (b+1)(b+2) 


=> (6-1)(6+1)(6+2)20;5#-1,-2 
=> be(C2,-1)U []1, ~) 


TEXTUAL EXERCISE-—4: (OBJECTIVE) 


2 JER 

sin—;0<x<l 

- (a) fx) = 2 

3-2x 3x21 

l IX 

—cos—;0<x<l 

=> f'(x~)= 42 2 
—2;x>l 


- (b) fx) = | 


=> fix) T for0<x<1landJ forx>1 
Also f(1-) = sin( 2) = 1 and fl) =f) =1 


=> fx) is acontinuous at x = 1 
= f(x) has a local as well as global maxima at x = 1 


Tox 2X22 
2 ,(b = : 
(a), (b) flx) em ae 
—2x ;x<2 
ae 7 :x>2 


=> fix) T forx <0, J for 0 <x <2 and then V for x >2 with 
a discontinuity at x = 2 and a point of non-differentia- 
bility at x = 2 

=> f(x) has a local maxima at x = 0 and a local maxima well 
as point of global maxima at x = 2 


- (a), (b), (c), (d) 


3x7 +12x-1;-I<x<2 
f(x) = 
37-x; 2<x<3 


6x+12;-l<x<2 
> f'@)= 


—-] ;2<x<3 


=> fix) T for x e(-1, 2) and VY for x © (2, 3) and f(x) is 
continuous at x = 2 
=> f(x) has a point of local as well as global maxima at x 


=2 

Also f'(2-) = 24 and f’(2*) = -1 
= f'(x) does not exist at x = 2 
4A-x*; x<0 
2x+1 35x20 
=> 0) = 4; 0) =f(0) = 1 
=> f(x) is discontinuous at x = 0 
—2x; x<0 
2 0 
=> fx) TVxe R but 0) =4>0)=1 < fd) for Vx>0 
=> f(x) has a local minima at x = 0. 


Also f'(x) = | 


34+x7e* :x<0 


. (d) f= 42 5; x=0 


1-2x’ ;x>0 
=> S(O) = 3; (0) = 2, AO") = 1 and f’(x) 
_ ~x’e* +2xe*:x<0 
—4x;x>0 
xe *(2-x);x<0 
> fy- Ve P#) 
—4x;x>0 
= f(x) isa function V x € R but discontinuous at x = 0 
and f(0-) = 3 > f(0) =2 > f0") = 1 
= x =0is nota point of extreme and f"(x) =-4 Vx>0 
= f(x) 1s not a point of inflexion. 


10. 


- (a) Ax) = 


- (b) fx) = 


» (d) fix) = 


- (d) fix) = 


x +x°+5x5x<0 7 
; 0") = 0; f(0) =O") = 1 
l-xe* ;x20 


= f(x) is discontinuous at x = 0 


3x7 +2x4+5 :x<0 
=> f'@)= 


=> f'(x)>0 for x < 0 and f'(x) < 0 for x > 0 and f(0 ) = 0 
< f(0) = f(0.) = 1>f\x) Vx>0 
=> x =01sa point of local maxima. 


—xe* —e ;x>0 


1+x°-—3x 3x <0 (0 ) = 1; 0) = (0°) = 1 


cosx+2x ;x20 


= f(x) is a continuous function. 
—3;x<0 
Also, f"(x) = 
2—sinx ;x <0 
fix) ¥ for x < 0 and f(x) T for x > 0 
x = 0 is a point of local minima at x = 0 and the local 
minimum value = f(0) = 1 and the global maximum value 
= max. {f(-2), f(2)} = max. {11, cos 2 + 4} = 11 
(11, 1) 1s the required ordered pair. 


=> 
=> 


- —i 2 
sin” atx’ ,O0<x<l ; 

: ;f.) = sin! a + 1 = sin! 
2x, x21 


a+ 1; f(1*)=fl) =2 
=> f(x) is discontinuous at x = | 
2x ;0<x<l 
Also f’(x) = 
2 ;x>I1 
= f(x) is an increasing function 
Now x = 1 will be a point of local minima if f(1 ) > /(1) 
> snlat+1>2 
= sin la> 1 which is impossible 
x —x? 4+10x-5,x<l fl) =5 =f); fl" 
-2x +log,(b?-2),x>1 AO) 
3x° -2x+10;x<1 
log,(b? — 2) — 2 and f'(x) = lichen 
=2x >] 


=> fix) 7 forx <1 and J for x > 1 and f(x) is discontinuous 
at x = 1, such that f(1-) = f.1) = 5 and for f(x) to have 
greatest value at x = 1, f1)>ft1) 


=> S2log(b-2)-2 => 72 log (b’-2) 
(027-9218. = 2eP <130 
35% < | -V130,/2)U(V2,v130 | 


x? 4+3x;-l<x<0 
(b), (d) f(x) = ~sinx,0Sx<> ; f(0-) = 0, f(0*) = 0, 


n 
te 


a om eee ce eee ca 
KO); ({E] W/E | i s(4) 


=> f(x) is a continuous function in [-1, 7] 


12. 


13. 


Application of Derivatives Il < 5.331 
2x+3 ;-l<x<0 
Also f'(x) = 4—cosx O<x<F 
ye 
sinx ;—<x<Z 
2 
=> fx) Mor-1<x<0,1 for0<x< 7/2 and * for = <x< 1 


= Global maxima of f(x) in [-1, 7] 
= max. {f(0), fi)} = 0 and global minima of f(x) in [—1, 


Tt] 
= min. {f(-1), f(n/2)} = —2 
e;0<x<l 
. (b) fs) = 42-6" 31<x<2;fl) =e =f); Al) =2 2 


x-e; 2<x<3 


= | and f(2-) =2 —e = f(2) and f(2) =2-e 
= f(x) 1s discontinuous at x = 1 in[0, 3] 


Here g(x) = I, f (Oat 3x € [1,3] 
Also f(x) is discontinuous at x = 1 
I, f (dt for x=1 
; j, f(Odt+ |" f(Odtfor 1<xs3 
f(x) for x =1 
B) = hee 1<x<3 
f() =eforx =1 


I-68 1% 52 


x-e3;2<x<3 


2(x) 


=> gix)= 


g(x) T for x e[1, (€n 2) + 1]; \ for x e[(€n 2) + 1, e]; 
T for x €[e, 3] and g(x) is continuous on [1, 3] 

g(x) has a local maxima at x = 1 + €n 2 and local 
minima at x =e 

(2+x) -3<x<-l 


x? --1l<x<2 


(c) 1)-| SACD RHACT) = ACV) = 1 

= f(x) is a continuous function in (—3, 2) and f '(x) = 
3(2+x) ;-3<x<-l 

S(x)"-1<x<2 


=> f(x)? for x e(— 3, —1) and then V for x e(- 1, 0) and 
then T for x €(0, 2) 

= f(x) has a local maxima at x =—1 and a local minima at 
x =0 
2 local maxima and minima are there. 

tan! a—3x’,0<x<l 

—6x, x21 


(d) f(x) = | 


fl) = tala — 3; 
fl") =f) =- 6 


5.332 >» Application of Derivatives I 


.. f(x) is discontinuous at x = 1 and f ‘(x) = 
ee ee | Distance of P from C = CD — |PD| = C —- . 
ac+bce-be ac 
—6 forx >1 SS 
a+b at+b 
=> f(x) isa function 
Thus for f(x) to have maxima at x= 1, f(1 ) < f(1) pa <— cos? ; k = constant proportionality 


=> tan la—-3<-6 (h? +R’) 
=> tanla<-3 
Which is never possible as tan:la >— 7/2 for every real a 


14. (c) f(x) =cos 2nx + x — [x]; 
=> f(x) =cos 2nx + {x} 
= f(x) is a periodic function with period 1 and f(x) = 


be 


+b 


lat x=0 
x+cos2zxfor0<x <1 
latx=1 h 1 
=k. ——. .——¥{ 
Graphically = f(x) is as shown below. h? + R? ( h? + R’ | 
* 
9 ss ae Ae = 3/2 
yf (n? +R?) 
| } 
'\ | ‘ 7 (i? +R)” 1a (2h)(h? +R?) : 
Le Yq 4 a dh 7 3 
OF \ hs vi xt >X (1? +R’) 
V2 (#? +R?) [(n?+R?)-3h? |] k(R?-22") 
(1? +R? y | (7 +R? is 


In [0, 10], f(x) attains its local maximum value only at x 


= 0 1.e., only once. a 
For max./min. of I, —=0 


3/2 


(2h) 


dh 
TEXTUAL EXERCISE-5: (SUBJECTIVE) => R=2h 
=> h= R/V2.Also 
1. APB = AP + PB> AB, ae se, a ene, acs 

a, (7 +R?) (-4h)-(R? - 2h )5(4 +R’) 
dh’ (n? +R*) 

m ba 7 eee es) a2) 

Gh” ) rn (nh? +R’) 
—Akh 

~ eR? 


Thus I will be maximum when h = R/V2 . 


Also AP + PB = AP + PB’, where B’ is the image of B on 
CPD and AP + PB’ > AB’ equality holds when APB’ is a 
straight line. 

Let us suppose that CDE is x-axis and BDB’ be y-axis a a 
with D as origin, then coordinates of B’ = (0, —b) and that of 
A= (-+, a) 

Equation of line joining A and B’ 1.e., AB’ is given by 
(y+ b)=at+b(x-0) 

It intersect x-axis where y = 0 
=> b= -(a+ b)x/e 

—bc 
(a + b) 


2. A 


3. Area of symmetrical cross = a| > (b)(2x+b)+ “| = b? (2x 


(1) 


y 


WY YUUUOTU Y 


y 


Also, in rt. Zd A ABD, 4a’ = b* + (6 + 2x)’ Le., 4a’? = b’ 
+ b* + 4x’ + 4bx or 4a’ = 2b? + 4x’ + 4bx 
2a* = b? + 2x? + 2bx 


a= = + x2 + bx ...(2) 


b 4a’ —b’ 
x+—= 
2 é) 
4a’ -—b’ —b 
= .  Ut~CCCCCCCCOC (3) 


Using (2) in (1) we get, A = b* + 4b 


=p (v4a" _ -5| 
A=2» V4a—b? —b° 


dA 1 
— = 2). _———-( -2))-24+2vV4 oe 
i age 


a = P25 law? —p? 


db Jag? —h 
_ -2b? - 2bV 4a? —b? +2(4a* -b°) 
V4a’ —b? 


7 8a’ —4b* —2bV 4a? —b’ 
4a’? —b’ 


From max, a =0 
db 


@ — 4b? =2bV 4a? —b’ 
4a? — 2b? = bV/4a’ —b’ 


(4a? — 2b’) = b?(4a’ — b’) 

16a’ + 464 — 16a’ b* = 4a’ b* — bt 
16a* + 5b4*-20¢7 B= i 

16a* — 20a’ b? + 5b* = 

20a? + 400a* —20x16a* 


2x5 


20a? +4V5 a? 
10 


Be 10a’ +24/5 a? 
5 


, - N10-2v5 | 


2) 


ed 
2 


b= 


be = 


Application of Derivatives Il < 5.333 


* b? <2a 2 
xs "| ana v4a’ —b* -b = —b 


from (2) 
2 2 
aa -(108 ~2/5a a" 
5 
> x= 
2 
| lo+2v5 _ flo-2V5 
5 5 
=> ey 
2 


> x= <4( flor —i0-285] 


Now (yi0+2V5 -vto-2v5) =20-2 100-20 = 
20 — 2/80=20-8V/5 
=> (Vi0+2V5 — 10-25 | — §20-8V5 = 25-25 


x= 4 25 | 
“Ee ws ete V5-2v5 | 


‘ea 26 an 5-2/5 
Dimension are 52 a 


~ Ve lm=aor2h gob) 


Let the cost per m? of curved surface = x Rs. 
The cost per m* of base and top surface = 2x Rs. 
Total cost C = (2nrh) (x) + (2m?r’) (2x) 

= 2nrhx+ 4 mrx 


= 2mr ( a 
ar 


}. +4r’x 


> —s= avs =) + 42x(2r) 
r 


For minimum cost a =() 
2V ‘ 


—> Sr = 
r 


5.334 > Application of Derivatives II 


5. tana =h/r =a 
Vio: at h = H(V7+1)/6 a 
=, Ag Lae 
=> 3x°=75 
=> x*=25 
=> 


x =5km from B. 
7. For minimum of AP, tangent at A is || to y = 3x -—3 
Y 


y=xot (x42 
| 


V= =n (H—-h)+arh ...(1) —. »X 
tana = — i ae (given) 
ee ae => (2x, +7)=3 
Using (2) in (1), we get V = ee (H—hyY h + rh*(H —h) ORS Fae 
- 3 5 SIR) 
= Pe ran eee als 3h 
eee aes (1) 
=> Lire ae + 3h? — 2H(2h)) + n H(2h) — 32h? an a8 
dh Let P (24 sec 0,18 tan 0) be the required point on (1), for 
= Lys +f? —— 4 th + 20 Hh — 30 h? which be parallel to line 3x + 2v+ 1=0 
3 3 ¥ 
For maximum volume, ee =() | 


dh 


= lp Fae) = 2h? 
3 3 VO 


= 6h-2Hh-H=0 


+ é 2 
_ pw 2H WAH? +24H ap Z Pi 
12 
2H +2HV7 | 
=> h= —— — 
12 
Figure correction 
H+V7H H 
ae a | as —_ =(V7+1)— JIB sec? & 
6. Let the fright changes on railway = p Rs/km. V24secO.tan@ 2 
ara _, 3y2sec _-3 
Pp 2V6 tan@ 
oe |Y 20- km ; 
ee 7 A = G cosec 9 = -1 
Fatory 2vakm B 
ay = cosec 0 =— a0 


That on road = 2p Rs /km. 
Total fright changes C = (DP) x 2P + (AP) x p 


= [2 (5-Va)' +2? +(20-) |p 


yy 


cot? 6 =2 3 

cot @ = +V2 and tan 0 = sec = ap 
re 

Point must line II"4 quadrant, sec 9 < 0, tan 9 > 0 


=> sec 9 = NB sign le 
2 J2 


dc 2(2x) > 2% 
di |e cn) - Fra -ifp Poe) 
.. Minimum distance between p and the line 3x + 2y + 1 
AG) ec) alee 


= 0 is given by Jona iG 


For minimum C, ae =0 
dx 


9. 


10. 


Given equation is p” x” + 9y* = 9p”; 9 < p?< 18 
2 2 

= ae 
9 Pp 


Let the required point be p(3 cos 9, p sin 9), its distance 
from@(-3,0)isgivenby pO = 4/(3cos@ + 3)’ +(psind) 


= D (say) 
=> (P80) = 9(cos 8+ 1) + p’ sin’ 8 
dD’ 


- = 9(2) (1 + cos 9) ( sin 8) + 2p’ sin 8 cos 8 


= —18 sin 0 — 18 sin 0 cos 9 + 2p’ sin 9 cos 8 
= sin 8. (2p” cos 8 — 18 cos 8 — 18) 
dD? _ 


Form max, D’, 0 
do 

=> sin 9 =0or2p* cos 8 = 18 cos 0+ 18 
=> cos9= = 

2p —-18 

__9 2 

=> cos0=- 9<p*< 18 

p -9 


Si = z >1, which is impossible as cos 0 < 1. 
. sin@=0 
=> p=(3, 0) 


Also (—3, 0) is the left end point major axis of ellipse, 
the point (3, 0) 1.e., right end point of major axis is the 
point lying on ellipse at 

farthest distance . 


Let the equation of tangent point p(a cos 8, b sin 8) be 
xcos@ a ysin@ “4 


a 


It intersect x-axis, where y = 0 1.e., x = a sec 0 and y-axis, 
where x = 01.e., y = b cosec 8 
.. A=(asec 0, 0) and B= (0, b sec 8) 


AB = Va’ sec’ 0+b’ cosec’@ = D (say) 


=> D*=a* sec? 0+ b* cosec? 6 
2 


For max./min.; = 0 


dO 
dD’ 
7 = a’(2 sec? 8 tan 8) + b* (2 cosec? 8 cot 8) 


=> 2a sec’ 0 tan 8 =2 Bb cosec? 8 cot 6 
2 2 


77 -sind = LZ .cos@ 
cos @ sin’ 0 
a’ sin* 8 — b* cos* 8 = 0 
2 
=> tan*0= P tan? =2 
a a 


y 


y 


=> tan 9 = [Parsectoni+? & cosec20 = 1 + 
a a 
a_b+a 
b b 


11. 


12. 


Application of Derivatives Il < 5.335 


o(2**), (2) : 
a a 


Let the point P(a, B) be (V3 cos8, sin@) on the ellipse 
2 2 
3 3 


As shown in the figure the Area (s) enclosed is trapezium 
OMPB 


Minimum intersect D = 


(a+b*)=|a+b|- (a+b) 


S=— (OM + BP) x PM 
S =~ (20 — 8) B => (2 V3 cos0 — 2sin®) 2sind 


S= ¥3 sin20 + cos20 — 1 
dS 

=> —. > 
dO 


=> tan 20 = V3 


2(V3 cos26—sin20) =0 


= 925 


Thus @= 


DY wl 


dS _ 
ao 
d’S 
de 


~4(/3 sin 20 +cos20)=-8 at 0 =2 


<0 


: IH 
=> Maximaat 0= 2 


=> For maximum are point P is 3.1) 


Aliter: ” S= 3 sin2@ + cos20 — 1 = 2(cos20. Cos n/3 + 
sin28 sec 7/3) —1 = 2 cos(20 — n/3) — 1 
ForS 26=— 
max 3 
=> 6 at 
6 


Equation of tangent —cos += sind =li.e., bx cos® + ay 
a 


sin8 — ab=0 
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ab 1 2 4 4252 ab(a’-b*) 1 
= (a? +b?)?-1 99 (@ -8) _1 2» 
2 \4(a°b?) 7 oR ae 


TEXTUAL EXERCISE—5:(OBJECTIVE) 


1. (a) y=x+ 1 will be || to tangent at P(y,”, y,) onx =y 


1 1 
= ab => —-=l>y== 
ag Sa cE CRC: a) 2¥. : 
34:2 1 1 
S=PN = OP? — ON*=a2cos8+ b2sin8 eee aes = (+3 l l 
cos’ 8 +a‘ sin’ 0 Co 3/4 
2, 32 a°b’ = Ir distance of line from P = —_———— =-— = 
=a +b’ -| z+ ...(2) 17 1/ Z 
Zz a 3p (1) +(-1) 
Where z = 62cos20 + a2sin20 - 
eR Lee 
do z }d0 2. (c) 
abe 
=> —1=0 or (a? — b’) sin20 = 0 
=> sin20=0 
=> @0=0Oorn for minima 
=> For Ss. . 
=> z=ab 
=> b’cos?0 + a’sin20 = ab 
=> (b — a’) cos’0 = ab — a’ 
#, a2 ef [ =| -2ndP=P 
> cosro-— dr aoe 
bta 
= KS = lq? +b? —2ab = ont) aoe 
+ 3 2_ 42 3 8 
=> (PN) pax = (4 ~ b) ...3) oe vey 
214.2 
Area A OPN _1 abe a 2, 42,25 = For maximum volume ang 
Dalz dr 
_ab a+b ah’ ; = r(2€? — 3r°) =0 
2 an oe = Pints 
2 
a+b? a’b’ or a 2 
For let T= 7 
moe Z z = cosec@= 3/2 
l 
dT (a° 1D) ee 2: > cot @= —=~> tano=V2 
hag -(- er (a’ —b’)sin20 V2 
2p? 3. (c) P=60°=£+ 27 ..(1) 
== a sin 20(2a°b* — z(a? +b”) =0 
= 2a’b’ 
a’ +b? 
Area of (AOPN) 
ab Pa as a) EY 
= —,|(a° + b*)x - a+b’) -1 
2 ( ) 2a’b’ 4a'b* ) 


= pS (60s 
2 2 
_ab [(@+b’) @ +b), ad ane? 
yy 2a’b’ 4a*b’ => GAs - a pe ae 
dr dr 


dA _ 
dr 
=> £=15 
-- Maximum Area for f = 15 


0 


4. (ce) x t+y=12 mies) 
P=x’ (yy 
P= yey): 


< = (2) (12 — y) (1) + (12 —y)?. 4? 
iy 


dP _ 

dy 
=> 2(12-y). y (24-2y-y)=0 
=> 2(12-y).y (24-3y)=0 
=> y=Oorl2or8 
=> 
=> 


y 


y 


y must be 8 
Two parts will be 4 and 8 


5. (b) S = 2x + 3y; xy = 6 
= S27 23 (S)=21+48 
x 


=> x=3o0r-3 
2 

ee which > 0 for x = 3 
dx x 

S X= 3,V=2 

=> 8 = 23) 32) 12 


6. (d) Area of rectangle, A = fb or A = €N4r°-0? 


dA é(-22) Jar? 
eS Ay ay 
dl 2 4r? -0? 


Se ee es = 4r* —207 


are Jar? 0 


en => 4P=2¢ 
de 
=> £2=2° A= VJ2rv2r =2Pr 


7. (d) P=2r+€ =2r+r0=(2+O0)r 


Application of Derivatives Il < 5.337 


Or Of p 
a: 7 Ge 


2 
» p = constant 


dA sP'( 0 | rol 8 29) 
2 


d0 (2+0"} 2” (2+0)' 
_1_,|(2+0)(2+@-26)|_ 1 ,_ (2-8) 5 
2 (2+0) 2" " (2+6) 
= OS 2 


8. (d) P=xy;x+2y=8 


=> Pe ay 
> FP -3_4y=0 
dy 
> y=2 
> x=4 


Maximum of xy = (4) (2) =8 
9. (d) x+y=8;p=xy 
=> p=x' (8—-x)=8xr-x 
dp _ pe _ 
> P= 16x~ 3x2 =x(16 — 3x) =0 
dx 


=> x=O0orx = 16/3 


2 
Maximum value of x? y = (=) [s -4 _ 2048 
3 3) 27 


10. (a) x—-2y =4; p =xy 
=> p=y(4t2y)=4y+ 2¥ 


=> a =4+4y= 
dy a 
> y=-1& aa 
vy 


=> Pwill be minimum for y = —1 and the minimum value 
of p =xy = (4-2) (-1) =-2 


11. (a) S=x+y =20 A) 
P=x .y=y (20-yy 
+ oe = ¥°(2) (1) (20 — y) + 3y°(20 — yy 
y 
= (20 — y) [3(20 — y) — 2y] 
= ¥2 (20 — y) (60 — 5y) 


dp _ 
dy 


=> y=O0ory=200ry=12 
‘. For the product to be maximum, y = 12 and x = 8 


12. () a@x +hy=c (1) 
P= xy; 
P will be maximum if p* is maximum, 


Pax y= x (b°y*) 
4 
P= * (cS — @ x) 


P= —yx* x8 
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= (0, 5) 
dlp’ 6 2 => p=(0, 
=> (p ) = <(4x7)-5 (8x”) => Max. A =aeb 
dx b b 
4 2 —[ile 
dp 0=4x3| 5 a SECTION—III: SINGLE CORRECT ANSWER) 
dx b 
6 
c 
=> a ae | aa(Z) 1. (b) f(x) = a8 xeR-{4| 
. cxtd’ Cc 
ie Es Ce + d)(a)—(ax+b +ad—acx—b 
ee ie 5] =—— and 2 y4= 6 L = & Se Pigs (cx+d)(a)—(axt+b)(c) _ acx+a se Cc 
dar} (2) a 2 2 (ex+d) (cx+d) 
oo _ ad—be 
> y= pF ...(3) (cx+d) 
ce? ‘ond ‘ond => f'(x)> 0 for ad—be>0 
4A P 
Ne > aap oe) = ee 7 max 2,2 
4a°b* (4a°b’)"" — V2ab 2. (b) f= e*” sa>0 
xs fi@=x.e* (+ le (2x) 
13. (d) Let p Xo be the point on curve and A (0, 5) a 
2 
, 2 = 2x ; gorle ( =| 
=> D=(A4PY= (2s) 
2 fx) 20 => x(a—x)>0 
5 5 => (xt+a)(x)~-a)<0 > x E(-~,-a] U (0, a] 
dD” _ ) 7| 0 _5 
dx, or 2 (0) 3. (a) fx) =cot lx +x 
a —] -l41l+x? x’ 
2 2 — f'(x) = i 7 20VxeER 
= 2 1428-5 2 \-o l+x 1+x l+x 
=> eK 
=> x,=0;x,°=8 5 4. (a) fx)=a+ br’ +ex+d 
=n x, = + ) a = 3x,7-8 Let f"(x) = 3ax’ + 26x + ¢ 
dx, Now, Disc. of f'(x) = 4b? — 4(3a) (c) 
LD = 4(b? — 3ac) 
( Ae =3(8) —8 = 16> 0 f(x) is given to be an increasing cubic function 
0 A x9=2V2 => f'(x)20 => b-—3ac<0,a>0 
LD? Also it is given, 3b? < c? 
i ee Now, g(x) = af (x) = Bf") =e 
poate = a(3ax* + 2bx + c) + b(6ax + 2b) + c’ 
= D*and hence D will be minimum for x, = +2,/2 1.€., at = 3a? x? + (8ab) x + (ac + 2b + c’) 
point (22,4 )and(-2/2,4) Let F(x) = [ g@at 
; => F'(x)= g(x) = 3a’ x? + 8abx + (ac + 2b? + c’) 
14. (c) A= 5 (ss) sin 0) Disc. of g(x) = (8ab) — 4(3a’) (ac + 2b? + c’) 
" = 64a’b? — 12a’ (ac + 2b* + c’) 
A = 40a’b* — 12a? c — 12a? c? 
____|__P(acos9, bsind) = ee ee = tc) 
we ae = 4a’(4(3b* — c*) — 2b’ — 3ac) 
\ 5 ro x ‘"b’ —3ac <ac=0=>ac>0 
ae 
ee and 3b* —c’ < 0(given) 
=> Disc. of g(x) <0 => F'(x)=2(x) <0 
ot, lt (2ae) (b sin ®) = F(x) is a decreasing function. 
7 ae = tan x. 
Se a: 5. (a) fx) = én(1+x)- = 3x >0 
A 
— =aebcos8=0 
76 ee ee Achy ee 
5 , 
> 0=n7/2 (1+ x) (l+xy } (1+x) 1+2° 


1. tan” x = l 
=> PO 4x (1+x) (1+ x)(1+ x7) 
tan x 


4 e = 

(l+x)L 14x’ (1+x) 

= x Pee tan’ x 

(1+ x)(1+ x) (l+x) 

= f(x) 1s an increasing function for x > 0 
=> LN DON 0 


=> £(1+x)- au tan” =. 9 
+X 


>0 Vx>0 


=> meihea 


- (d) f"() > 0, fC) = 9; 
2(x) =f(cot?x +2 cotx+2);0<x<t 
=> g'(x)=f'(cot? x + 2 cot x + 2) . [2 cot x (— cosec? x) + 
2(— cosec2x)] 
= f '(cot2x + 2cot x + 2) (— 2 cosec? x) (1 + cot x) 
Now f(x) > 0 
f(x) 1s an increasing function 
f'wm2f'd) Vx 1 
f'(x) 20 V x= 1 and cot? x + 2cot x + 2 = (cot? x + 1) 
sc] 
=> f'(cot2x+2 cotx+2)>0Vx € (0, x) 
“. g(x) will be decreasing provided cot x + 1 > 0 
=> cotx2-l 


aia lar 


- (a) f) = 


=> sgn (f(x)) = 1 


YUY 


Lane <— 


fx) = sin 


represents the slope of chord joining the 


point p(x, sin x) on the graph of y = sin x and origin, which 
decrease for 0 <x < n/2 


> fx)= sin x 


Also sin x < x for 0 <x < 1/2 
=> fisinx) > f(x); 0<x< 1/2 

sin(sinx)  sinx 

ee a Seer, Ae > — 


sin x bs 


30<x<z/2 is a decreasing function. 


=> x sin(sin x) > sin’ x 


] 
OTe log, [ log,,4(cosx +a) | 


fix) is T 
f"(x) > 0 


log,[log,,, (cos x + a)| > 0 
log, ,(cos x + a) > 1 


YW YUU: 


0 <(cosx +a) < 


1 
—a<cosx< a 


y 


Application of Derivatives Il < 5.339 
1 
=> -a<-landl< 4° 


=> a>1anda < -3/4, which is impossible simultaneously 
1e.,aEeo 


9. (a) o(x) =f(x) + fQa-—x) and f(x) >0,a>0,0<x<2a, 


10. 


11. 


12. 


13. 


fF") > 0 
=> f'(x) T Vx €[0, 2a] 
Now 9'(x) = f'(x) + f"(2a — x) CI) 
=f") -f'Qa—x) 
For o(x) to be increasing x > 2a —x > 0 
=> 4a>2x>2a => a>x2a 
=> xe[a, 2a] 
Similarly for o(x) to be decreasing x €[0, a] 


(a) f'(x) > 0, f(x) < 0, x, < x, 
M 


3 


Co-ordinates of P = AS a Ahh fo) 
Now LP < LM 
aE E OY Py (72 x 


(a) If0<A< 7/6, 
fx) = = 


a ; 
is a decreasing function 


g(x) = x 1s an increasing function for 0 < x < 2/6 
g(A) < g(n/6) for 0 < A < 1/6 


J 


a a 
= Acosec A < Bo me 


=> Acosecd < 5 


(b) f'"(x) <0 V x E(a, 5) 

=> f'x)lVxe(a,b) > f(x) <0V x E(a,b) 
Also f '(x) being decreasing and continuous is injective 
function 

=> f'(x) =0 at most once in (a, b) 


(a) [, (1+ cos* x)(ax? + bx +c) dx 
= [, (1+ cos" x)(ax? +bx+c)dx 


f( +cos* x)(ax? + bx + c) dx =0 


(1 + cos® x) >1 

ax’ + bx +ce>0V xe (1, 2) 

ax’ + bx + c < 0 ina sub-interval of (1, 2) 

ax’ + bx + c = 0 has two real and distinct roots at least 
one of which must lie in (1, 2) 


y 


YU: 


5.340 >» Application of Derivatives II 


14. 


15. 


16. 


17. 


18. (b) 


19. 


( (f=) (LO? +f2) +/@IM) 
I 3 
3 
Let g(x) = (f(x) 
(7-2) 
= 3(ffo)y .f'(c) = Oy Oy 


(7(7)) -(4(2)) 
3 


(b) Let f(x) =x sin x 
=> f(x)=xcosx+sinx 


f(O) = f(x) = 0 and f(x) = 0 


= At least one root in (0, 7) 


=> gi(c)= 


= S(O) F') 


(d) f(x) = ax + bx* + cx? + dx? + ex 

fi(0) = 0 and f(a) = 0; a> 0 
=> f’(x) has at least one root in a, in (0, a) 
= option (a) is correct. 

f' (x) = Sax* + 4bx? + 3cx? + 2dx + e & f(x) = 20ax? + 
12bx? + 6cx + 2d which being cubic (odd degree) has at 
least one root 

= option (d) is correct. 

f'(x) is a polynomial of even degree and has a real root 
a, , then it must have another real root a, as the com- 
plex roots always occur in conjugate pairs. 

=> option (c) is also correct 1.e., all the given options are 
correct . 


(a) °.” f(x) = 01s satisfied by only x = 1,x =2 andx =3 

= one of x = 1,2 or3 must be a repeated root without loss 
of generality 
Let x = 1 is a repeated root 

=> f(x) =k@—- 1) @-2) @-3) 

=> f'(~) =k[@—- 1)? 2x — 5) + & - 2) Bx’? -— 10x + 7) + 
(x — 3) (3x? — 8x + 5)] 

=> f'd)=0 

=> f’'Q).f'@) -f’'@) = similarly if x = 2 orx =3 isa 
repeated root, then f’’(2) = 0 and f’"(3) = 0 

=> f'C)-f'@) .f'GB) = 0 

".” f|x|) = 0 has eight real roots 1e.,+a,,+a,,+a,, + 

a, (say) where a, > 0 

=> f(x) = 0 has 4 positive real roots a,, a, @,, a, and 1 
negative 


x’ +a|x|+bforx? +a|x|+b2>0 


(a) fix) = 


—(x? +a|x|+b)forx’ +a|x|+b<0 


x? +ax+b forx’? +ax+b>0forx>0 
x’ t+ax+b for x’? —ax+b>0 forx <0 


—(x° +ax+b)for x’? +ax+b<0 for x>0 


—(x* —ax+b)for x’ —ax+b<0 for x<0 


¥ 
i A 


LADS 


But above has 5 points of non-differentiability 
Y 
a 
Vy = |x*+ al a + b| 


Vv eI ” 


For 3 points non-differentiability, A, and A, should be 


absent 
=> f(x) =x + ax + b must be of the from as shown below 
¥ 
[\/\ | 
\/ | 
\l 
\ J 
—_—— 0 = >» 
= —50,b<0 
2 
> a<0,b<0 
x? y 
20. (b) —-=——=1 rere a 
” 24 18 ) 
Let (x,, y,) be the point on (1) which is nearest to line 
3x + 2y—1=0 


l l dy _ 
ti 2 
> 5,(24)-Gen)-a = 


> A ae gael , which must be same as slope 
Idx 24 dx 4 y, 
of line 1.e., — 3/2 
igen 
4y, 2 
= 2h = =4y) 01x SH a2y, 
=> a x =] 
24 72 


> x,=16 
. P=(6,-3) or 6, 3) 
Now Distance P (6, —3) 
_ 3(6)+ 2(-3)- 
V9+4 
_ |3(-6)+2(-3)-1)_ 25, 


“| fora | vis 


Point (6, —3) is nearest point 


11 
=—— and distance of P(— 6, 3 
rr ( ) 


25 


21. 


22. 


23. 


24. 


25. 


(b) Let F(x) = x? + 2ax’ + bx, then F '(x) = 3x? + 4ax + b 
It will have at least one root in (0, 1) 1f = F(O) = F(1) 
Le.,0=1+2a+b 


(b) By LMVT, f'(c) = LOL 


b-a 
> 32= 27-1 _ 13 
3-1 
=> ES ied 
3 


Points on the curve will be 


13 -13 /13 13 13 13 
_ (_x39 -13V39\__,{ V39_13V39 
TL ae 3g. ee alae ee 


(b) fix) = (ab — b? — 2) x + J, (cos* +sin‘* 0)d0 


f'(x) = (ab — b? — 2) + (cos* x + sin* x) < 0 
cos*x + sintx + ab—b’-2<0VxeRandbe R 
1 —2 sin? x cos2x + ab-—b?-2<0 


W YUdY 


—_h+ab-1< =sin?® 2x V x, B ER 


Bab +12 = sir’ 2x Vx,be R 


b’?-ab+12>0VbeER 

(-ay’ —-4<0 

a €[-2, 2] 

(d) f(x) = [, (2#-S)at 

=> f'(x)=(@x—5) 

The graph will intersect x-axis where f(x) = 0 


= ae IL -5t | =0 ie., (2 — 5x) - (4-10) =0 


VU J 


=> x-5x+6=0 

> x=2o0r3 
mM, =f'(2) = = mM, = f'(3) =1 
Angle between the tangents = 1/2 


fw) x;0<x<l 
a) fix)= 
0; 1 
f(x) is discontinuous at x = 1, Rolle’s theorem is not 
applicable 
sin x 
— 3-4 Sx<0 
(6) fx) = 
0; x=0 
= f(x) is discontinuous at x = 0 
2 _ — 
(c) fix) = x -x-6 -x e[=2, 3] 
(x-1) 


= f(x) is discontinuous at x = 1 


x’ - 2x -5x+6. 
(d) flx) = 


x-1 
=62% 1 


Application of Derivatives Il < 5.341 
. _ 1. (x-1)(x+2)(x-3) 
=> limf()= = Cay =—6 = f(1) 


“. f(x) is continuous in [—2, 3] 
Again f(x) being a rational function is differentiable 
Also f(-2) = 0 = f(3) 

= Rolle’s theorem is applicable 


26. (d) Let F(x) = g(x) — 4(x) 


F(2) = g(2) — 4f(2) = 0 — 4(8) = -32 

F(A) = 2(4) — 4f(4) = 8 — 4(10) = -32 

F(2) = F(4), by Rolle’s theorem 4 x €(2, 4) s.t. F’(x) = 
0 1.e., g’(x) — 4f’(x) = 0 for some x €(2, 4) 


27. (c) f(x) = 2x° + 9x? 4+ 12x41 


28. 


29. 


30. 


f'(x) = 6x? + 18x 4 12 
= 6(x* + 3x + 12) = 6(« + 1) & +2) 
=> f(x) is non-monotonic 
= (a) is correct. 
Ff '(x) > 0 for x < —2 or x >—1 and f’(x) < 0 for x €(-2, 
1) 
= (b) 1s correct. 
fix) is non-monotonic 
= itis not byective 
=> (c) is incorrect. 
f"() = 6 (2x 4+ 3) =0 
=> x=-3/2 
=> x = -3/2 1s a point of inflexion 
= (d) is correct. 


(a) f(x) = F ya+er(a-1x+? 


=> f(x) =ax’?+ 2(at 2)x+(a—1) and f(x) = 2ax + 2(a 
+ 2)=0 


Ae) 


a+2 
> 


for negative point of inflection 


0 
a 


=> a(at+2)>0 

=> a<-—2ora>0 

=> a e€(-o, -2) U (0, «) 

(c) fc) = |1 —x|; 1 <x <2 and g(x) = fx) + b sin 5% l< 


x2. 

(i) fl) = 9, A2) = 1 

= Rolle’s Theorem not applicable and f(x) is non-differen- 
tiable at x = 1, but differentiable in (1, 2) 

= L.M.V.T 1s applicable. 


(ii) 9(1) =f) + bsin oe b and 9(2)=f2) + bsinn = 1 


= Rolle’s Theorem is applicable in (1, 2) for b = 1 and 
L.M.V.T is applicable for V b e« R 


(d) f(x) = AC ht and g(x) =f'(x) Vxe a3 


2(x) = [x+1 vs E 33 
x 2 


5.342 >» Application of Derivatives I 


31. 


32. 


33. 


ee 
2 
ae, — ee 
1 2 3 
= >= 
x —5/2 
5_10 
1 2.3 
— LS 
x —5/2 
> (eaeeee ee 
x 3 
x 3 3 
=> x=3/2 
> x=+ ¥3/2 
putx «[3,3]>x= 3 andy=x+—= 3, oe 
2 2 3 
By 
6 


(c) fix) =x + sin x, x E[1, 2] 
=> f'(x)=1+cosx 


By L.M.VT., on [1, 21, /'(O = anit 


=> 1+cos C= (2+sin2)—(1+sin1) 


=> 1+cosC =sin2-—sin 1 


=> cosC=2 cos sin 


=> C=cos'! [ 2e053 sin 
2 2 


(b) fl) =-3 and f'(x) => 2 V x e[], 6] 
By L.M.V.T 4 a point ‘c ’ in (1, 6) for which f '(c) = 
f£(6)- FM) 


6-1 
=> f'(do= a but f'(x) = 2 Vx é€ [1, 6] 


=> 7 (oy22 
fO@+3,,, 
5 


=> f(6)+3>10 

=> f(6)=7 

(c) Let fix) =x3 

=> f'(x) = 3x’ and f'"(x) = 6x 


=> f'(0)=0, 70) = 0 
Graphically, shown below 


34. 


35. 


Clearly x = 0 is neither a point of maxima nor a point 
minima, 1.e., a point of inflexion. 
Now consider f(x) = x* 
=> f'(~=40 
=> f"(x) = 12x 
=> f'(0)=0, f'"(0) = 0 
Graphically, shown below 
2 


Now, x = 0 is a point of minima, 
Similarly for y = —x*, x = 0 will be a point of maxima, 
Le., if f’(a) = 0 and f'"(a) = 0, then it is difficult to (say) 
whether x =a _ is a point of maxima or minima. 
(a) h'(x) = f'(g)).8') 
es oO 
(+) (=) 
h'(x) < 0x e[0, «) 
h(x) is a decreasing function V x € [0, «) 
h(x) < h(0) Vx =0 
h(x) <0 V x e€ [0, co) but h(x) €[0, 0) 
h(x) =0 V x €[0, 0) 


YUUUY 


(b) f(x) = (a2 — 3a + 2) (cos , —sin? =| 


=> f(x) =(a-1)(a-2) [cos | + (a—1)x + sin l;a#2 


=> f'~=(a-1)(a-2) + I[-sin¥ + (a—1)=(a-1) 
l x 
1——(a-—2)sin— 
1-3(a-2)sin3 
For no critical points, a ¥ 1, (a — 2) sin =# 2VxeR 


ne 
=> az#l,sin —# 


7 VxeR 
2 


2 <-—lor >1 


a-—2 a- 

2+a-—2 2-a+2 
=> a#l1; ——<0or 

a-— a—2 


=> a#F#l; 


36. 


37. 


38. 


39. 


40. 


: woe 2 so 
a—2 a-—2 


=> aFl; 


=> a#l;a €(0, 2) ora E(2, 4) 
=> aeé(0, 4)- {1, 2} 
If a = 2, f(x) = (x) + sin 1 
=> f'(x=1VxeER 
= f(x) has no critical point for a €(0, 4) — {1} 
(a) fx)=1tx+ [, (¢n?t+ 26nt) at, 


=> f'(xy=1t+ bn? x+2 fnx =(lnxt+1P 
=> f'(x)20Vx>0 
(c) f(x) =x? + 3x’+6 
=> f'(xe) =9x8 +21x*>O0VxER 
=> f(x) is increasing Vx e R 

. WX 

sin—;0<x<1l 
(a) fx) = 2 
3-2x;x21 


=> fia)=1=f0) =AY 


= f(x) is a continuous function and 


* cos x :0<x<1 
fQOq.22 
—2 ;x>l 
4 nt 
=> f'd)=090; f'0*) =- 2 and f’(1 — A) = 75 0085 (I-A) 


>0 
=> f(x) has a point of non-differentiability at x = 1 and also 
having point of maxima there 


(a) £0) = [fades f" fond 

=> 2'(0) =f sin’ 8) (sin 20) + f{cos? 8) (— sin 20) = (sin 20) 
[f(sin? 8) — f{(cos? 8)] 

. g/(0)20 

=> (sin 20) [f(sin? 6) — f{cos? 8)] > 0 

‘fis increasing 

=> fisin? 9) — f{cos? 0) > 0 and sin 20 > 0 


re 42] ee 0.2 | 
2 4 4 2 94 


> Oe 42 or f(sin? 8) — f(cos* 9) < 0 and sin 20 < 0 


> Oe == and 0 «| —*,0|-20 «| —*.0| 
fis increasing in di o| and 42 
4 4 2 


(d) f'(x) > O and g'(x)<O0VxeER 

F(x) = fig(x)) 
=> F(x) =f'(g(x)) . g(x) = (+) C) =-ve 
“. fig(x)) is ¥ and G(x) = g(f0)) 
=> Gx) = g'(f(x)). f@) =C) CG) =-ve 
=> g(flx)) is V 
=> a(f(x)) > gfx + 1)) 


Application of Derivatives Il < 5.343 
41. (b) area of A PQR = > OR x PR 
A= = (OP) cos 9 . (QP) sin 9 
= 7 (OP) cos 8 sin 8 (1) 


Y YUUY 


2 + De )P 2 
Also by cos in formula, cos 20 = ee 
a 
2a’ cos 20 = 2a* — OP” 
OP? = 2a’ (1 — cos 20) ...(2) 
From (1) and (2), we get A = ; (2a’) (1 — cos 20) cos 
6 sin 8 


2 
A= ma — cos 28) sin 20 


2 
A= . [sin 26 — sin 20 cos 26] 
2 

ae [2 cos 20 = 2 sin? 20 — 2 cos 20 cos 46] 
dod 2 

2 
= > [2 cos 20 + 2(1 — cos? 2 8) — 2 cos 20(2 cos? 20 
=) 


2 
= e [— 4cos? 20 — 2cos? 20 + 4 cos 20 + 2] 
oe () 


2 cos? 20 + cos” 20 — 2 cos 20—1=0 
(cos 20 — 1) (2 cos* 20 + 3 cos 20 + 1) =0 
(cos 20 — 1) (2 cos 20 + 1) (cos 20+ 1) =0 


cos 20 = 1 or cos 20 = = or cos 20 =— 1 


8 is acute 
6 €(0, 2/2) 


cos 20 = =, so that 8 = 1/3 


A282. ia »a\. 2a a 1\{ V3 
max =—|! 1-cos* — |sin— =—|] 1+— |] — 
2 3 3 2 2/\ 2 


5.344 >» Application of Derivatives I 


42. 


43. 


44. 


(a) f"(x) =f) +f) = x 


2 
= g 2 ge aos? a 
dx dx 1 
At the point of maxima P, “Y=0 
: dx 
d*y 
Se a Y- 
dx Pp 
P is the point of maxima, Z <0 
x 


P(x ,y) is such that x? — y’°< 0 


) 


-y=@ 


\ s/ 
~ 


= Two tangents can be drawn from P 


x 


(a) msneN, 
fx) = | (t-a)"(t-by"" dt, ax, 
=> f'(~)=(«-a)2n (x b)2m*' 


f'x) =90 
=> x=aorx=b 
Case (i Let a < b; 
f'(a—h)=(a-h-—a)" (a—-h-by""! 
=(+)()=-ve 
fllathy=(at+h—-a)y(ath—byn*! 
= (+) () =-ve 


‘a’ is not a critical point 
f(b —h) = (b-h- a)" (b-h- by" 
= (1) =-ve 
f(b +hy=(b+h—-a)y"(b+h-byn*! 
= (+) (+) = + ve 
= x=b61sa point of local minimum. 
Case(ii): b <a 
f'(a—h) =(a-—h—a)" (a—h-by"*' 
=(4) (= + ve 
f(a +h) =(a+h—-a)" (at+h-ayn*'! 
= (4) (4) = + ve 
f'(b-h) = (b-h- ay" (b-h-by"*'! 
= (+) ()=-ve 
f(b +hy=(b +h—-a)y" (b+ h—-byn*! 
= (+) = + ve 
=> x =bisa point of local maximum 


(a) y=e* 


y’ =-2x e* <0 forx>0Oand>0 forx <0 


The point P(x, y) is towards the origin of hyperbola x? 


45. (a) Area of A OAB = 


=> 


46. (c) -. 


a 6) ee | x(-2x)e* + e* | 
=—2[1 - 22] &* =2(2x?- 1) e* 


y'(x) < 0 for x (Z and > 0 for x e 


1 
(-o, 3 usp | 


Area of A AOB = | og) x (AL) 
Htilery 
2 

dA 1 age scat ae ; 
Pas x)e tae = Ge (1-2x?) 
dA l 
—=0>x= ee Butx>0 > x= — 
dx J2 V2 


j =H ]e?= a oe 
Br “DD 22° V8e 

= (OB) x (AL) 

¥ 


A nN CcOsx) 


VIN 


C =a 0) 


A= - (sin’ x) (cos x) 


ae Dae x(—sin x) er x.(3sin? x) = sin? x 
dx 2 2 


E cos’ x — Dig? "| = (sin? x) E cos’ x+ Deer x- | 
2 2 2 2 2 
= (sin? x) | 2cos* x -5 

dA 


For max./min. of A, —=0 
dx 


=> cos x = 


boa 2) (Q)- 


No | 


: l 
sin? x = 0 or cos? x = a 


Area of A KLMN 


47. 


48. 


= A = (KL) x (ML) 
= (=x) 13x, rea( 1) 
Also aX, = 30 —- 2X, 

= 25,=30= BX. 

=> x,=15- =% ...(2) 


Using (2) in (1), we get A = 


3 
[1s =x x3 


=> A= [15-3 x3 => A= 45x — Py? 
2 2 
Leterme re = 45 — 15x, 
dx, Z 
For maximum A, ae; 
dx, 
=i =o 
= 15 135 
A =115-—(@) |(9) =—x9 =— 
wa. = |15-30) |) =Bx9=8 
Vx axa 
(a) fix) = 5x 30S x515A1) =f) =f0) = 10) =f0) 
3 
~ x <0 
3 
= f(0") = 0 


=> f(x) is a continuous function on R. 
l 
—=;x>l 
2vx 
Also, f'(x) = 43x" ;0<x<l 
x :x<0 


Clearly f'(x)>OVxeER 
f(x) is monotonically increasing V xe 


f@Q)=/ @)=t/0)=3,70)= > 


f''(x) does not exists at exactly one point 1.e., x = 1 
f'@M20VxeR. 

= f'(x) does not change its sign in (—o0, 00) . 

‘ f(x) is continuous and increasing function, it does not 
attains its extreme values. 


(a) Statement 1: is true only when f(x) is continuous at x 
=corf(c) > f(c +h); h € (0, &) if discontinuous at c , 
1.e., statement 
1 is False. 


— 


= 


Statement 2: is false as illustrated by following function 


discontinuous at c € (a, b) 


Y 
4 

—s | 

PP aad 
re ee 


Application of Derivatives Il < 5.345 
xx >0 
: EP fei 
Statement 3: f(x) = x’ |x| oe, 
ff") 3x*-x>0 £"(x) 6x;x>0 
= x)= => x)= 
—3x? ;x<0 —6x 5x <0 


Clearly f(x) is twice differentiable at x = 0 
— Statement (3) is true 


Statement (4): is false, consider f(x) = x’ in [—1, 1]; c = 0, 


then f'(x) = 3x? and f(x) = 6x but f !(x) = (x)? 


Y | 
A y=x Y y=x"3 
me 


= f'(x) is non-differentiable at x = 0 
49. 


max 


l-r 
=>. f' (x)= 30 +3 —30 +1) 
=> f(x) is an increasing function. 
se TE (ah |) ene ae ee eat 


9 


l-r 
a—ar =3(0) +3 
all —r)=3 
l a 
l-r 3 


2 
From (1) and (2), 27 = = >a=9,-9 


=> l-r= Eas fora =9,-9 
a 3 3 
4 
> r= Paar fora =9,-9 
But for decreasing infinite G.P., |r| < 1 
= r= anda =9 


50. (c) Volume = V = 5 (area ABCD) x h 


\ 
1% 


\\ 


(c) S= —~ =f _ forx €[-2, 3], = + 3x-9 


(1) 


5.346 >» Application of Derivatives I 


Here h =a sina; 
BL = Va’*—-h’? =acosa 
4a’? cos? a = 2b? 

=> hb =2a@ cos? a 


=> b= V2a cosa 


2 
V = ly xh =+(J/2.acosa) asina 
3 3 


2 
=> V= at cos’ asina 


= an mec eT a a] = ees 
dh 3 3 


a[cos” a — 2sin’ a] 


For max. V, a = 0 
dh 


=> cota= V2=a =cot (V2) 


Paes | 
51. (b) fx) = , 
er *x>1 
fl.) = 1; f’) = 1 and f11) = 1 
3 —-2/5 
—x ‘x<I 
f'@)= 4? 
-3(x-2) ;x>1 


f= f= 


fix) is non-differentiable at x = 1 
Also f’(x) > 0 for x e€(1, 1 + A) and f'(x) <0 forx € (1, 
1 +h) 
=> x =118sa point of local maxima, where f’(x) does not 
exist, also f’(2) = 0 
x = 2 1s also a critical point. 
There are exactly 2 critical points x = 1 and x = 2 


7 


52. (c) y=ax'+bet+extd 


=> f'(x) = 4ax? + 3bx? +c = 0 at (0, 1) 
> c=0,f(0)=1 
=> d=1 


Also f'(x) = 0 at x = (-1, 0) 
Also f(-1) = 0 and f’(-1) = 0 
a—b+1=0and—-4a+ 3b=0 


i 


y 


y 


w f(x) = axt + = ax? + 1 


=> f'(x) = 4ax? + 4ax? = 4ax’? (x + 1) <0 
> x<-l 


53. (d) fx) =x*(1—-x)? Vx e Rs p,qeN, 
= fe) =) Oaxaca 
=(1—x)t |x? "(pd —x)— 9) 
=(1—x)! |x? ' (p—px- qx) 
=f'(x) =0 


34. 


=> x=lor0or 


+q 
—oO <A — ae —___—_o—__ + 90 
0 p 1 
ptq 


Case (i): p = even, g = even 
=> f(x) = (Cl) a! (@ + 4g) x-p) &-1)t 


+ 
=o oO 
=/0 Pp 1 
prq 
> x= isa point of local maxima 
Ppt+q 
Case(ii): p = odd, g = even 
> x= isa point of local maxima 
+ 
_—o ox 
aol a 
p+q 
case(iii): p = odd, g = odd 
> x=? isa point local maxima. 
Ppt+q 
=_—o ot 


p+q 


case(iv): p = even, g = odd 


=> x= is a point of local maxima. 
ptq 
(x-1)(6x-1) 1 
2x-1) ° 2 
@) fay= 4 PV 
0 gee 
2 


= f(x) has infinite discontinuity at x = a 
(2x-1)(12x-7) -(6x? -7x +1)(2) 


Also f ‘(x) = (2x 7 iy 


iy _ 12x? -12x+5 
De ey 
(2x1) (24x-12)-(12x? -12x + 5)(2)(2x-1)(2) 


(2x-1)° 


for x # > and f(x) 


= f')= (2x-1)' 


(2x-1) 
_ 48x4+124+48x-20 _ 
(2x-1) 


> 0 for oe 
=> f"@)= 


<0 forx >— 
2 
1. 
> x= e is a point of inflexion. 


55. (c) fix) = { (t-1)dt;1<x<2, 


f'@) = @?— 1) 2x)-@-1) (0) 
=> f'(x) =27-3x+1 
> f'~=C-1) Qx4+2x-1) 


 f'@w=0 
~2+V44+8 - 


=> x=lorx= 
2(2) 


x=1,inx e[], 2] 
f"'(&) = 6x? — 3 = 3(2x? - 1) 
=> f"0)=3>0 
x = 11s a point of local minima 


x=1,x 


_12(2x-1) -4(12x? -12x +5) 


(2x-1)’ 


(2x-1) (12)-4(2x-1)(12x? -12x +5) 


= The global maximum value function [1, 2] will be f(2) 


2 


ss [fe-nar=[o-1| =[(8-4)-(2-2)] =4 


56. (b) Clearly x > 0 and x < - 


Area of A ABC = > [x+5) Jy 


Point A(—x, y) lies on circle x* + y* = 
a: 
=> Yr ,l--x 
- 4 
2)V4 


sath) 


Application of Derivatives II 


=> aad ce 2(-2x) + ae Be i 
dx \2 4/2 VJj-4,? 4 2 
- Geni -2x }: 1-4 
a V1-4x°* 4 
_ -2x(2x41)+(1-4x7) gx? 2041 
4V1—4x? 4AV1—4x? 
aA _ 
dx 
=> 8x*+2x-1=0 
=> (2x+ 1) (4x-1)=0 
> x= ype Bae 0 
2 4 
1 
> x=- 
4 
A = 3(F+5) p-2-2(3) 4-1 
™  2\4 2)/V4 16 2\4 16 
_ 33 _ 33 
8 4 32 


57. (b) InA PCN, PM + MC =0 


6 . 86 
cos— —sin— 
2 2 


ene 
=> r|——tcotdl=ea 
cos@ 


=> r{[sec0+tan@+cot BJ=a 


a 
=> ‘= -e,—_ 
sec@+tan@+cot@ 
> r= za 
( 1 sin@ cos@ 
+ +— 
cos@ cos@ sing 


< 5.347 


5.348 >» Application of Derivatives I 


38. 


59. 


Y YUUY 


asin@cos@ 
(sind +1) 
a sin20 
r=—. 


2 (1+sin@) 
dr_a (1+ sin 0)(2cos 20) — sin 20cos@ 
. (1+ sind) 


(1 + sin 6) (2 —4 sin? 6) — 2 sin 9 cos? 0 

(1 + sin 8) [2 — 4 sin* 6 — 2 sin 6 (1 — sin 9)] 
(1 + sin 6) (— 2sin? 8 — 2 sin 8+ 2) =0 
sin 8 = —1 or sin? 8 + sin@—1=0 


-1t+v1+4 


sin 9 = 


(a) A= : ab sin 0 


> 


= 


LE eae 
d@ 2 


For maximum area, la = 0) 
dé 


cos 8 =0 
0 = n/2 
A ABC will be a right Zd A, with ZC = 1/2 


A 
at+h=c 


Also, length median AD = 


Va’ +b? 


2 


2 
AD = 


Lnt 


(d) fx) = J (enn) x>1 


=> 


f(x) =x €nx — — 
x 


nx 


f(x) =0 


Xx 


(€n x) [« -+| 


fnx=O0orx- 5G 
x 


x=lorx*-—1=0 


V2a* + 2b? -—c’ 2 Ve 


60. 


61. 


62. 


63. 


YUU 


= 


(d) 


— 


x=lorx =+1 
Butx> 1 
f has no stationary point 


( | x? -1 
x-—|= > 
x x 


(x? - 1) (x) >0 

x—-1>Oasx>1 

(x+1)(x-1)>0 

x>] 

Also, €n x for x > 1 

fi) >O0Vx>1 

f(x) is monotonically increasing function for x > 1. 


Let f(x) = ax + bx +ext+d 
f(x) = 3ax? + 2bx +e 


=> f"(x) = 6ax+ 2b 


=> 
=> 


= 


y 
| & 


“YUUUUYUUY 


If f'(x,) = 0 and f'"(x,) = 0, then x, will be a repeated 
root of f’(x) =0 

f'(x) = 3a(x —x,)° 

fix) has exactly one stationary point. 

Now, it is given that if f’(x,) = 0, then f’’(x,) # 0 

f(x) = 0 do not have repeated roots 1.e., either no root 
or two distinct real roots. 

Thus either 0 or 2 stationary points. 


Let P(2?, 4t); slope of normal 

Equation of normal at P is y = —xt + 2at + af ie.,y 
=-txt+ 4t+ 2¢ 

It passes through the centre of circle (x)? + (y + 6)? = 1 
—§ =— ¢(0) + 44+ 26 

2°+4t+6=0 

pP+2t+3=0 

(¢+1)(@-—t+3)=0 

(t + 1) (+ ve quantity, Disc. < 0) =0 


(t+1)=0 
t=-l 
P =(2,-4) 


(b) fl) Hj) 42 2 a Po 


— > 


=> 


Sf '(x) = (2) (2) x + 2) (42°) + ..... + (2)! (20) x!” 

= x [2(2) + 2 (4) x* + (2) (6) x7 ..... + (2)"° (20) x!?] 
Clearly f’(x) = 0 has only one root x = 0, 

Also f(—) = f(x) = 

x = 01s the point of minima. 


(b) f'(0) = 0 ...(1) and f"(0) > 0 ...(2) 


=> 


y =fix)+ax+b 
dy 

= f + 
a ee 


2 
(+) =0 fora =0 and Vb#0and 2% 
AN) 3 dx 


=f") > 0 


x = 0 is a point of minima for a = 0 


64. (d) - f'(c) =0 
f'(c)> 0 


= cisapoint of local minima, 


fe) < 0 


= cisa point of local maxima. 


f'(c) = 0, then, we find f’""(c), if f’"""(c) # 0, then x =c 
is a point of inflexion 1.e., neither maxima, nor minima 


and if 

f'"(c) = 0, then we find fc), if f’(c) > 0 
x = c 1s a part minima and if f(x) < 0 

x =c 1s a part of maxima and so on. 


So, f(c) =f") =f") =f) = 0 


= 
=> 


=> x=cmay bea point of extremum or point of inflection. 


65. (c) f(x) = 1 + 2x? + 4x4 + 6x® +... + 100x! 
=> f'(x) = 2(2x) + 4(4x*) + 6(6x*) + ... + 100(100x”) 


=x [22 + (42 2 + (62 x4 + 000... + (100) x8] = 0 only 


atx =0 

Also f{—00) = f(c0) = «0 
=> x = 01s the only point of minima. 
x*-1 x°+1-2 an 2 
x +1 (x? +1) (x? +1) 


Now, x7+1<1 


66. (d) fix) = 


=-> 0< < 


= Rf = [-l, 1) 

= f(x) is a bounded function. 
et 
(x +1) 

0 and > 0 for x > 0 and = 0 atx = 0 


oY: 
A 


Again f'(x) =—2 


=| ae 
=F > 
{| 


= Minimum value of f(x) =—-1 


67. (d) x + ex =0; Let ffxr)=x+e 
> f'mM=lt+e>l1lVxeR 


= f(x) is an increasing function V x € R and also continu- 


ous 
=> f(x) =0 has exactly one root given by x = — ex < 0 


Which is negative. 


68. (c) fx) = ar ine| 05 
sin( x47) 


69. 


70. 


71. 


72. 


73. 


Application of Derivatives II < 5.349 


sin{ x + =) 2cos2x —sin2x.cos [ + 4 


=> f'@= = 
2 
sin’ | x +— 
(+3) 
 f'(x) =0 
1 tan2x vs 
=> tan| x+—/= sx F-— 
( =) 2 4 
l+tanx I1/f 2tanx In 
=> | | x te 
l-tanx 2\1-tan‘x 4° 2 
=> l1+t+tanx= ane yee 
1+tanx 4° 2 


1 + tan’ x + tanx =0 
which is impossible. 
1)(0)—(1)(0 
pix 2,p(2]-OO-0O)g 
4 4 
Also f(0) = 0, f(r/4) = 1, fir/2) = 0 
=> x =1n/41s a point of maxima and the maximum value is 
L; 
(a) xy =r andx>0 
=> y20 


J J 


x>0,y>0, ByA.M-G.M inequality, aut 


= /l2xy=V12? = 2rV3 


= Bxeraye 4.3r 

= Minimum value of 3x + 4y = 4/3r 
(b) f(x) = 28 + 24 + ax - 10 

=> f'(x) =3x°+ 48x +a 

= f'l)=0 

=> 3+48+a=0 

=> a=-5l 


> {(3x)(4y) 


(b) y=x 
=> Lny =tnx 
=> Eny=xtnx 


= oy =1+4nx 
y 
> yp=x(1+ nx) y =Oatx =e! 


Also y’ > 0 for x > e' and < 0 for x €(0, e') 
=> f(x) has minimum value ate! 


(d) fx)=alnx+be+x 
=> f'@)= = +2bx +1 
=> f'(1)=0 and f'(2)=0 
=> a+2b+1=Oand = +4b+1=0 
=> a+2b+1=O0andat+8b+2=0 


= D= Sige 
6 3 


(c) y= + 3x? + 2x —27 
=> y=-3x+6x+2 


5.350 >» Application of Derivatives II 


74. 


126 


76. (c) +x2=1 


=> 


=> 


(c) 


(c) 


— 


y’ =-6x+ 6 
For maximum slope y” = 0 
x = 1 and is given by y'(1) =—-3+6+2=5 


At x = a, f(x) will have a minima if f(x) is a decreasing 
function in (a — 6, a) and increasing function in (a, a 
+ 6) for 6 > 0, 


lim f (x)<0 and lim f’(x) > 0 


V = x°(15 — x) = 15x? - 
ian 30x — 3x? = 3x(10 — x) 
dx 


For maximum/minimum volume x = 0 or x = 10 & 
2 2 2 

ON ag ea = 30 > 0 and a = 

dx d. x=0 x=10 


2 Z 
xX xX 


—30 <0 
V will be maximum when x = 10 


Also us <0 for x > 10 and La ee 10 
dx dx 


EF = 10cm. 
(1) 


3 4 
ee ae 
V mAs h’) 
Le | 1 
aera 3h") 


For maximum volume, — =0 


1 
=> h=—= 
V3 
we, Hd x —x?4+10x-5,x<1 
. x)= 
Df) -2x + log, (b* -2),x>1 


=> 
=> 


=> 


Al) = 5 = fil); fl") = log, — 2) -2 
For f(x) to have greatest value at x = 1 
log, (Bb —2)-2<5 

log (b> —2)<7=0< b’—-2< 128 
2<h’ < 130 


he | -Vi30,V2 |u| V2, 130 | 


] . 
78. (a) Area of circle = mr* and Area of A = 7 c0s(2r sin 0) 


79. 


a 


= 2r sin 8 cos 8 
A =r’ sin 20 = S (Given) 


S 


ROO 


— 
4 


ra 


2rsine | 


r= = = S cosec 20 
sin 20 


Area of circle A = nm (S cosec 20) 


For least/Area of circle, < =0 


mS (— 2 cosec 20 cot 20) = 0 
1 cos20 _ 
sin20 sin20 
cos 20 = 0 
20 = n/2 
6 = 7/4 
Area of circle = A = mS(cosec n/2) = 1S 


Equation of line passing through (1, 4) is (v — 4) = m(& 
~1) 


> m-y=m-4 


a 


(8) 


m 


=] 


Clearly for line through (1, 4) and positive intercepts, m 
<0, 
m—4 


— ,4-m>0 
m 
2 
s= m—4 4 Ase +5m—4 
m m 
dS _ m(-2m+5)+m’*—5m+4 _ | -m*+4 = 
dm m? m 
m=—2 


Equation of line will be -2x —- y =— 6 or 2x + yp-6=0 


80. (d) Given ellipse is 2x? + y’ = 18 


(1) 


Application of Derivatives Il < 5.351 


Let the P = (3 cos 6, 3 J2. sin 0) 12x? +2x-2:0<x<2 
=> f'@)= ; 
1 4 ] l2k S24 42 2x <5 
Area of A ABP = A = |~(3 0 1 (2x+1)(6x-2);0<x<2 
2 > f'@®= 
3cosO 3V2 1 >0 a 
~ 6s: 1 
= 5(6 2sin8+12cos@—12 => f'(x)=Oatx= genes: (x) <0 forx € = and f” (x) 
1 
= +(3V2cos0-6sind) a (+.3) 
1 
=> f(x) has a point of minimum at x = —. 
=> HA = +(3/2.cosd- 6sind) 3 
dé ax+b 
. 7 dA 83. (c) y= 
.. For maximum/minimum area A, ap (x-4)(x-1) 
= 3 /2cos6-6sin0 =0 ge (x-4)(x-1)(a)-(ax+b)(2x-5) 
xX nn a any 
= 3 /2cos@=6sin0 [(x-4)(x-1)] 
Ee eh 2 fe _ a(x? -5x+4)-(ax+b)(2x-5) 
| (ae) 
= sec’ O=1+ Bao _ x’ (a-2a)+x(-5a+5a—2b)+(4a+ 5d) 
7 2 
x-4)(x-1 
=> cos8= 1/2 sino =|" ( ) 
z —ax’ —2bx+4a+5b 
2 
P= [3 3) NB, Jor - 3B aE) or [(x-4)(-1)] 
. ; At PQ2,-1); f'@) =0 
P= (V6,V6)or(-V6 V6} => —4b-—4b+4a+5b=0 
=> b=0 
But P should not be in Ist quadrant, hence, 7 ax 
> y= 
P= (-V6,-V6) (x—4)(x-1) 
81. (c) f. (0,2) > R; 2.2 ae 
fix) = max. {sin 2x, cos 2x} fe M ) 
> a=l1 . a=1,b=0 
; 84. (c) y =2 log,,x—log .01,x>1 
| => y=2log,,x-—log 10° 
= _»¥ => y=2log,,x+2 log 10 
= poz og fea 
logy x 
=> Minimum value f(x) = 2 
cos 2x; O<x57 
85. (b) f(x) = x77 + & — 2/8 
a a a ae a 2)! 1 
= JO) yom ee, eens , = PO at) Fa (ee2) Gy 
cos2xj- Sx< a “ f'(x)=0 
=> xB =(x—2)y'" 
as local maxima at x = ~ and local minima at x => x-2=-x 
ee 4 => 2x=2 
= eS. en —S XS 1 
8 8 f"O= 2{(S)° (Fea) 
82. (b) f(x) = 4x3 -—x | x — 2); x © [0, 3] SAS 3 
fo) Ax? +x? -2x:0<x<2 fn") = |= 4 4 ‘ 
=> f{(x)= = 5" ———|=—-< 
Ax —x7? 4+2x;2<x<3 3 9 


5.352 >» Application of Derivatives I 


86. 


87. 


88. 


89. 


90. 


=> f(x) has a local maxima at x = 1 and the maximum value 
of f(x) 
=fl)=1+(1-2)% =2 


P q 

(a) fe) = 42 444 <1, p>1 
P q 
=> fiQjaa 'oxe 
J f'@=0 
Soha 
2 a. 

= i Ss 

xf! 
=> 74S 1 
> x=landf"@=(@M-1)x” 2+(¢+1)x? ? 
> f"D=@e-Dt+@+lapt¢_ 


1 1 
Pg ie 
P 4 


 pt+q=pq 
=> g-p)=-p 


> gq=  -- p>1>q>0] 
p-| 
fC) = pq > 0 
=> f(x) has a minima at x = 1 


=> Minimum value of f(x) = eae =1 (given) 
P 4 


(d) p(@®) =a, +a, x ta, x¢t+a,x+........ +a x", 0 <a, 
Sy Si, Stes: <a, 
=> PO)a 2G, 5 PAG PO GF cele + 2nax2"" 


=> p'(0)=0and p"(x) = 2a, + 124,x°+ 304,44 
+ 2na (2x — 1) x2x? 

=> p'(0)=2a,>0 

= p(x) has exactly one local minima at x = 0 


(b) f(x) = 2x3 — 3x? -— 12x + 1; -1 <x < 3/2, 
Sf '(x) = 6x? — 6x — 12 

=> f'(x) =6 [x*-x-2] 

=> f'(x) = 6-2) @+ 1) 

=> fix) T for x €(-c0, -1) (2, «) and f(x) v for x e(- 1, 2) 
and f'(x) =O atx =-1, 2 

=> In [-l, 3/2], fx) has maximum value at x = -1 

=> M=f-l) 
=—2-34+12+1=8 andm = (3/2) 


= 2( 22}-3{ 2) -12{3}- CL es 
8 4 ee ae 


M=8,m=-17 


— 3 5 2n— | 
(a) PQx)=a,xt a,x +raxrt....... ta x" 'and0<a, 
Gynt ls 
= PO) SO FBGA Seetets gah 2 Sie) Be 


> 0 asa, x” > 0 for each 1 
= p(x) 1s an increasing function and hence has no extre- 
mum. 


(c) f(x) =cos |x|—2ax + b 
=> f(x)=cosx-—2ax+b 
['. cos(—x) = cos x => cos | x |= cos x] 


=> f'(x)=-sinx-2a2>0V x € R (Given) 


91. 


92. 


93. 


=> sinx<—2aVxeR 
> 1<-2aVxeR 
= gatas 


Z 
(b) a? xt + Bb’ y* = c® (Given) 
By A.M.-G.M. inequality of non-negative real numbers 


2.4 2.4 
ax — > Jax byt 
6 
= =e a’b’x*y* 
0 
= ha ja|b| x? y’ 
=> 2 452 e 
2|al|b| 
“ke a 
> Sxys 
2|allo 2|al| 


=> Maximum value of xy = 


(d) y -|2+2| ; [x] 1s gint x 


x? 
For xe [0, 8); |} —+2]| € [2,3 
[0, 8) (= [2, 3) 


2 
— |. 42]=2 for xe[0,8) 
64 


Required Area = area of trapezium OABC 
- sll + 3](2) =4 


(b) f(x) = 2x? -— 9Yax* + 12a2x + 1 
fe, = 0,f(%) = 0 
=> 6x? —- 18ax, + 12a’ = 0 and 6x,’ — 18ax, + 12a* = 0 
=> x, +x, = — (3a) = 3a and x, x, = 2a’ 
=> x, =2a,x,=aorx, =a, x, =2a 
Also f"(x) = 12x — 18a 
f(a) = —6a and f"(2a) = 6a 
x =x, is the point of maxima and x = x, is the point of 
minima. 
baa x,=2a fora>0O _- 
[".. a #0 as otherwise f(x) 
X,=2a, x,=a for a<0 


= 2x? + 1, which has no point of maxima and minima] 


94. 


For a > 0: 
X,=a,x,=2a 
x7 =X, 

a’ =2a 

a(a — 2)=0 
a=Oora=2 
For a <0: 

x? =x, is impossible as x, = 2a and x, =a 
x =4a’ andx, <a 

x, >0 and x, <0 

x,’ =x, is impossible 


YUU: 


a=]2 


Yi UY 


tan —= 
(dy fay-=__*) - a a 
1 + 
(tan ) oF 
(tan ) 
_ V3tanxt+1 1 = V3 +cotx 
(/3 -tanx) tanx V3 -tanx 
(V3 — tan x)(-cosec*x) - (V3 + cot x] (—sec’ x) 
=> f'9)=>-—— 
(V3 — tan x] 
=> f(x)=0 


= (V3 + cot x} (sec” x)= (V3 —tan x)(cosec”x) 
=> (V3 + cotx).— : = (V3 -tanx). Z 


sin’ x 
V3 sin? x +cos x.sin x = V3 cos” x —sinxcos x 
V3 cos2x—sin2x =0 
tan 2x = Rie) 


Y UUvY 


2xana+— ne 


\ 
Se 

| 

| 
+ 
Ss 
m 
SS 


f(x)(min) => 
Peas HE eas ee 
f(O' )=+ (2) 3.7) + and £(2] 0 


a. : se 
=> c= A is the point of local minima. 


= Local minimum value of f(x) = 3 


96. 


97. 


Application of Derivatives Il < 5.353 


95. (d) Curved surface area of cylinder = S = 2zr1 ...(1) 
Also —= = 
R OL 


| | 
=> r=R(1-2] ...(2) 


S= 2niR{ -*) 
L 


2 
S=2niR- = 


ak =27R Bue) 
dl L 


For max. S, co =0 
dl 


= 2nR(1-2!]=0 
L 


= Le27/L 

= 241 
r_2i-l_ 1 
R 21 2 

= paRQ 


(b) Let the length of hypotenuse = € and angle between 
hypotenuse and base = 0. 


fsing 
B< eos) C 
l 
=> A =f COSU SING 
Ls 
=> A =—f*sin20 
4 
2 
ae f 2) cos’ 6 
do 4 
: a A 1 
For maximum/minimum —=0=> 0=— 
dé 4 


(c) Clearly f (x) has a local minimum at x = c as f'(c — 8) < 
0 and f'(c + 5) > O for 6 > 0 and f’(c) =0 


\ | 


a, 


a c b 


5.354 >» Application of Derivatives I 


98. (d) f(x)= ——=a;sinx #0,1 For no critical point (a—2)sin~ #2 
sin x aie sin x 2, 
=> f'(x)=4(-cosecx cotx)+2sec’ x tanx+sin’ x = sin 2 
Be ie al 2 (a-2) 
+tan” x sinx 
in2 = <-lor>l 
SS Ge See area 2 Fesuee: a9 
sin’x cosx cos’x cos x 
=> —+1<0or —-1>0 
s xis _ 4cosx (sins) 1-2 a= 
sin’ x cos’ x 
1 4 > —“_<0or ae SG 
2 Pos Ce toes 40 G2 
eee | eas = a(a—2)<0 or (a—2)(a—4) <0 
_ 5 4cos*x 
=> (1+sinx) =—,— => ae(0,2) orae(2,4). 
sin“ x 
=> itnee ees 
a => ae(0,1)Ud,4) 
=> sinx+sin’x=+2cos’x 100. (d) f@=f. /,(6cost — 2sint)dt 
=> sin?x+sinx=+ 2(1-sin’ x) : 
=> f'(x)=(6cosx-2sinx) 
=> 3sin*x+sinx—2=O0or sin’? x-—sinx-2=0 
f(x) =0=> 6cosx-—2sin =0 
=> (sinx—2)sinx+1)=0or (sinx—2)(sinx+1)=0 
=> tanx=3 
2 ; , ; 
=> sinx=— or sinx=-lor sinx=2 but sinx #2 5a 7x 
3 In | —,— |;cosx > 0, and sin x < 0 
3 4 
=> sinx == or sinx =-1 => f\(x)>0 => f(x) ist 


= least value of f(x) will be at n= = 17, (=| 
f(x)min. = min. = f°" (Gcost —2sins)dt = 0 


101. (b) f(x) =3x*-4x° +6x* +ax+b 


But for xe (0,2) sn >0 


> F(X) sain =9 


= Least value of a=9 


f'(*) =12x° -12x7 +12x+a =12x(x’ —x4+]l)+a 
f'"(x) = 36x? —24x +12 =12(3x7 —2x+1) 
Disc. of 3x*-2x+1=4-12=-8<0 


=> f"(x)>0VxeR 
99. (b) f(x) =(a’ -3a+ 2( cos? a sin “3 +(a—I)x+sin1 => f(x) isalwaysconcaveupwardsand f(—c) = f(%)=0 
=> f(x) has exactly one extremum 1.e., minima. 


xcost 


Or f(x)= (a —3a +2){ cos) +(a—1)x+sin1 
2 
— dt;x>0 


102. (a) f(x)= i 
=> f(x)=(a-1)(a- 2)cos{ =| +(a—1)x+sin1 


=> J (x= *=Oat x= Qn+l)>sneZ 
For a =1, f(x) =sin1, a constant function, hence having 
‘ti i x(—sin x) —cos x 
no critical point. > "x)= ” ) 
For a=2, f(x)=x+sinl = f'(x)=1, having no criti- ~ 
cal point. 2 xsin x —Ccos x a 1 
Fores eo. FG) = =ae 2)cos= = oe Os sa cal 
+(a—1)x+sin1 ~sin(2n +1)~ 
Ney) — 2 
1 ee => f"x= 
= TAS 5 es (a-l)\(a-—2) +(a-1) 
=> f"(x= ee for n = even integer. 


= (a1) 1-3(a-2)sin& Qn+)) 


103. 


104. 


= f()=—— 
(2n + es 


for n = odd integer. 


=> f(x) hasmaxima for x =(2n+ Ne ne {0,2,4,....... ] 


=> f(x) has minima for x=(2nt)) ne {-l, -2, 
3. ccc eee PIA OST 26 BS yaactce ] 

(d) a! +g(x)=0 
g(x) > and al” >0 VxeR because a>0 


Thus a’ + g(x) can never be zero 


Hence the above equation has no real solution. 


xe -|*. =|, f(x)= i= (3sint+4cost)dt 


f(x) =Gsinx+ 4cos x) 


(b) 


=> In ve [22 “2), sin<Q and cosx <0 


, Sm 4n 
=> Fs) <0vxe| r = | 


= f(x)1s a creasing function an =| 


=> f(x)has its least value at x= = given by s( = 


42/3 
52/4 


[) a) Mage 


42/3 
52/4 


: [°° @sint + 4cose) dt = [3(-cost)| +4[sin¢] 
52/4 


SECTION-IV: (MORE THAN ONE CORRECT ANSWER) 


. (a), (ec) f(x) =(0? +3x7 +6)” 


=> f'(x)=(97)[x’+3x’ +6)"%(9x* +7x°) 20 VxeR 
=> /f(x)1s increasing VxeR. 

(a), (b), (d) f(x) >0, g(x) > 0, f(x) 20, g(x) 20 

=> (£@).g(%))'= f'@).2(%)+ f(x).2'@) 20 VxeR 
f(x).g(x) T VxeER 

Option (a) is correct 

Let F(x)=(f (x) 

In F = = g(x).In f(x) 


~ rey Fe =2* se)+e eons 


g(x). f (x) 
f (x) 


YU Ud 


=> F(x)=F(x)= ete +etonin fo) 


Application of Derivatives Il < 5.355 


Clearly if In f(x)>0 1e., f(x) >1, then F(x) 20 
1.e., F(x) 1s increasing 


=> option (5) is correct 


Thus if F(x)is_ decreasing, then In f(x)<0 
1e., f(x) <1 
=> option (d) is correct 
3. (b), (ec). f(x) =~’ is bijective function, with 


(f(x) -x) fF") =? — x)(6x) = 6x*(x* -1) 

>Ofor xe(-«, -1)U(1,«) and <0 for x e€(-1,1) 1.e., all 
byective functions do not follow option (a) and (d) 
However option (6) may be true for function which are 


strictly above the line y = x, trie increasing and having 


concavity upwards e.g. y =e" =ltx+ +3 + betas 


=> f(x)-x=e-x>0VxeER and 
f"(x)=e* >0VxeER 

= (f(x)-x)(f"(x))>0VxeER 
Now (f(x)-x)f"(x)>0 

=> y=x 
f(x)>x andf"(x)>Oor f(x)<-x andf"(x)<0 1.e., 


function is above line y = x and concave upwards or 
function is below line y = x and concave downwards. 


=> f(x)=f"'(x) has no solution 


and y=/f(x)do not intersect and either 


4. (a), (b) O(x) = 24 [5 )4(6-#)e eR 


> QO\(x)= ax Sans {= -}eeanre- x’) 


f"(x)>0 VxeER 


=> f(x) is increasing VxeR 
=> Q\x)20 for a 1(Z)-6-#] >0 


2 
=> Q(x) is increasing either for x >0) and a >6—x’ or 
2 
x <0) and 5 86-2 ie.. for x>0 and x? >4 or 


x<Oand x’ <4ie., for x €[-2,0]U[2,0) 
f(x) increasing on [—2,0]U[2,0) and decreasing on 
(00, =2) U (0, 2) 


5. (a), (b), (c), (d) d(x) = us{= -)+40- x’) Vx e R(-3,4) 
f"(x) >0 Vx e(-3,4) 


o'(x)= 2 (= )-ay'@-2 Vx €(-3,4) 


5.356 >» Application of Derivatives I 


A(x) is increasing for either 
r20,23- x*,xe(- 3,4) ors 0,2 <3- x’,x €(-3,4) 
i.e., either x>0, x’ >ox € (3,4) or 
x<0, x’ 22 aD) 


=> (x) increasing for ve|-3.0 and 34] and (x) 


decreasing for xe (-3,-3) and (0.3) 


. (a) O0< A,B, C< 7/2, 
Acosec 4 + B cosec B + C cosec C 
A B C 


— +— +— (1) 
sind sinB- sinC 
Let f(x)= = 
nx 
sin x — x cos x x 
> f()y-— = 8) — (say) ...(2) 
SIN X sin’ 


cosx+xsin x—cosx Nt 
p= = ass —>0Vxe 0,— 
sin’ x sin x Z 


=> g(x) is an increasing function Vx e mae 


Now, g ‘(x)= 


=> g(x)>2(0)VxeE (0.2 


> g(x)>0 vre(0.= ...3) 


From (2) and (3), f'(x)>0 Vxe [0,4 


=> f(x) is an increasing function Vx ¢(o. i) 
A B C m/2 
< 


ae Lee : VA,B,Ce 

snA sinB sinC sinz/2 OF 
=> as 2 + E <% vAB.Ce(0.5) 

sin snB sinC 2 2 
A B C 37 
sin sinB sinC 2 


= Acosec A +Bcosec B+ C cosec C <= 


= option (a) is correct 
Option (c) is false e.g., if A, B, C € [0 


; , 1 
= sin A,sinB,sinC < 5 


; 3 
= es SS 


7. (a), (b), (c) f(x) =sinx+ax+b, 


=> f(x)=cosxt+a 
= f(x)T for cos>-a which is tue VxeR provided 


~a<-li.e.,a>land f(x) \ for cos x < —a which is true 


VxeR provided -a21 1.¢., a<-l 


Thus for unique solution of sinx =x, a €(—,-1]U[I,~) 
and Range of f(x) must contain 0. 
=> sinx+ax+b=0 forsome xeER 


=> -sinx=ax+b 


Thus f(x)=0 is always possible for 
ae (—00, al) U [1, 00), 
But being monotonic function f(x) =0 has exactly one 


real root, x. 
= For +ve real root, a<-lb>0ora21,b<0 and for 


—ve real root a21,b>0 ora<-l,b<0 


@Ouajo= ~,g() == pha =s- 


=> fi@= 8) 2 PU 


f'@=s80)= a(x rE: 


2(x aa 
3 
For > x 30°, x <x? <x? 
=> came I >0 
x? x? 3/2 
-]1 -] -l 
> —<—< 1 
x? 2 3/2 (i) 
Also = ZS .. (i) 
x 
l —] a 
and Sa ale ... (il) 


From (i), (ii) and (iii), we have a a ee 
xX x x 


&'(x) < f(x), A(x) <0 
le") >[F'@]>|A'Q)| 


g(x) decreases most rapidly when x > 0 and increases 


YW U Yd 


; | 
g(x) increases most rapidly when x > 0° i.e., 
x 


. (a), (b), (©), (d) f(a) =x-cot"' x+log( Vx? +1-x] 


=> f'(x)=l1+ 


=> f\(x)=1+ 


1 =] 
+ 
Lex 4] 


10. 


11. 


l —] 
=> f(x)=1+——-—— 
(x? +1) Vx? 41 
l | 5 
= f()=|1--= tes x? +121 
x41) x tl 
=> vx'4121 
ee ees 


Vx’ +1 Vx’ +1 
=> f'(x)>0 Vx for which Vx? +1>x 
=> f(x)>0VxeER 


(a), (b) f(x) =cos"' F sa 
1l+x 


cos: 
1-x’ 

=> e[-1,1 
[=] 


=> -l< 7 ol 
1+x 


=> -(1+x’)<(1-x’)<(14+x’) 

=> -l-x’<1-x’<1+x’ 

= -1<land 2x*>0 Which holds VxeR 

ae aad 


(l+x’)’ 


is a deceasing function for x €[-1,1] 


| ( 
i- Lax 
1+ x? 
pie = I —4x 
=> Oe ee? 
l+x? 
pete a: 4x 
PO= Fase" 
Eb) 


(1+ x’)? 


2/2 


(1+ x’)? 


Now f (x)= 


<0 forx<0O and 


=> f'@®e= 


f'iwe= >0Vxe>0 


=> f(x) decreases for x €(—o,0) and f(x) increases for 
x € (0,0) 


(c), d) f'(x)=—— and g(x)=——30< x1. 
sin x tan x 


sinx—xcosx h(x) 


> 72 


sin?x sin’? x oe 
where f(x) =sinx-—xcosx 

=> h(x)=cosx+xsinx-—cosx 
h(x) =xsinx >0 Vx €(0,1] 
h(x) > h(0) Vx € (0,1) 


h(x) >0 Vxe(0,1] ... (ii) 


Y UY 


12. 


13. 


Application of Derivatives Il < 5.357 


From (i) and (ii), f'\(x)>0 Vx €(0,1] 


=> f(x) increases Vx e€(0, 1]. 


tanx—xsec’x k(x) 


Now g(x)= (say); where 


tan’ x tan’ x 
k(x) = tanx—xsec’ x 

k(x) = sec’? x — x(2sec’ x tanx)—sec’ x 
k(x) =—2x sec’ x tanx <0 Vx €(0,1] 
k(l) < k(x) <k(0O) V O<x<l 

k(x) <0 Vxe(0, 1] 

g(x)<0 Vxe(0, 1] 


J UYUY SY 


g(x) is a decreasing function Vx €(0,1] 
(a), (b), (c) f(x)=[, VI- tat a) 
f@)=(Vi-x*} 


For f(x) to be defined 1-¢*>0>1¢* <1 
t? <1 

te[-1,1] 

xe[-1,1] 


Option (a) is correct 
From (ii); f"(x)20 is an increasing function 


) 


...(ii) 


J UY d 


= option (bd) is correct 
Also f(-x)=["Vi+¢'dt 
Put t=-u > dt =-du 
2 f(-x) =f’ Vi-u' Cau) =-[" Vi- ut du 
=-[-Vi-x'dx = f(x) 


=> f(x) is an odd function 


=> option (c) 1s correct 


(a), (b) f(y a4! * *<* 
oo ae ll-x;x22 
f= —2x ;x<2 

= i —-l1 ;x>2 


+ve for x <0 
=> f'(x)=45~-ve for 0<x<2 


—| for LoZ 
Also f(2°)=3, f(27)=9 
(2*,9) 
(0,7) | 


/\ 
/ | 


(2,3) 


\ 
%y 


5.358 >» Application of Derivatives I 


14. 


15. 


16. 


=> f(x)has a local maxima at x = 0 and local minima at 
xaZ 
3x7 +12x-1; -1<x<2 
a), (b), (c), (d) f(x) = ; 
(a), (b), (©), (d) f(x) elie cee 
6x+12; -l<x<2 
-] 


t+ve; -l<x<2 


= re=| 


2<x<3 


= re={ 


-ve; 2<x<3 


Also f(2°)=35, f(2*) =35= f(2) 
=> f(x) is continues on [—1, 3] 
= Option (4) is correct and f(x) has a local maxima at 
De 
= Option (d) is correct 
f'(2) = 24, f'(2")=-1 
=> f'(2) does not exist 
= Option (c) is correct 
Also f(x) is increasing on [-1, 2] 


= Option (a) is correct 
Thus option (a), (b), (c) and (d) are correct 


(c), (d) f(x) =2x° —3(24+.A)x? +12Ax 

=> f'(x)=6x? -—6(24+A)x4+12A 

Now, /(x) has exactly one-local maxima one-local minima 
f(x) = 9 has two district real roots. 


Disc. > 0 
36(2+ A) —24(12A) > 0 


3(2+ A)’ —242 >0 

(2+A) -8A1>0 

A> -414+4>0 

(A-2y >0 

A#2 

S =R-{2} 

= Sis asuper set of (3, 0) and (—0, 0) 
(a), (b), (c) f(x) =sinx-x cosx 


=> f(x) =cosx+xsinx—cosx 


JUUYUY YY Y 


=> f(x)=xsinx 
=> f"(x)=xcosx+sinx 

f(x) =0 forx=naz; neZ for x=(Qm+l])z; meZ 
=> f"(x)=(2m+)a(-l)=-2(m+)la;meZ 

For x=2ma; meZ 

f"(x)=2mz; meZ 

f(x) has maximum at odd positive or even negative 


integeal multiple of m and f(x) has minimum at odd 


negative integeal multiple m or even positive integeal 
multiple of 7. 


17. 


18. 


19. 


(a), (b), (c), (d) f(x) = x*(12Inx—7);x>0 
— fay=x{2)+4eazins—7 
xX 
f (x) =12x? + 4x?’ (12 Inx— 7) 
f(x) =4x' (3412Inx-7) 
f (x) = 4x° (12In x — 4) 
f (x) =16x’?3Inx-1) 


Y Uv Y 


f(x) =0 e'? (x >0) and 


f'"(x) =16x? [2 )+0 In x —1)(48x?) 
x 


f'"(x) = 48x" + 48x7(Inx-1) 
f'"(x) = (48x7)(1+3lnx—-1) 
f'"(x) =144x? Inx 

f"(e?) = 48e"? >0 


13 


x=e" isa point of minima Also f"(x)=0 at x=1 


VY UUuUY OY 


(1, —7) is the point of inflection. 
Also f"(x)>0 for Inx>01..,x>1 
=> f(x) is concave upwards for xe(1,©) and concave 


downwards for x € (0,1). 


(a), (b), (c), (d) Since in each of the graphs given in figures 
(a), (b) (c), (d), concavity of curve is changing atx=c, 
hence x=c 1s the point of inflection in each graph. 


x-l1 1 1 
5 Ter een 


(b), (c), (d) f(x) = 


Xx 

ee i: 

—> A ie 9 Cees ers 
Xx Xx 


=> fin=0s atx x0 
x x 


=> x=2;f(0°)=f(0")=—0 


=X 


=> r)>0=(? 
x3 


)>o and (x —2)x* <0;x #0 


y 


x € (0,2) 
=> f(x) increases for xe(0,2)and f(x) decreases for 
XE (—00,0) U (2; 00) 


=> f(x) has a local maxima at x=2. 


5 -5-(7*)=00 x=3>x=3 


Also f"(x)= 


x x x 
is a point of inflection. 
oT 
Wan 
0 2 3 


Also f"(x)>0 for x>3and f"(x)<0 for x<3 


20. (a), (b), (c), (d) F(x) = [eta 


21. 


22: 


2 1 
=> F\x)=e0*)? —— (-2x) 
2) | 2 


=x 


—x 7 
= FF (x)= eee 
9- x 


=> F'(x)>0 forxe(-3,0) and F'(x)<0 for x e€ (0,3) 
=> F\(x)=Oatx=0 and F(0)= f, e?dt is the maxima 
value of F(x) 
=> F\-x)=-F\(x) 
=> F(x) is an odd function 
(b), (c), (d) f(x) = ax’ +bx* +cx4+1 
fi(@)=f'(f)=9 and a.p<O0 
(6.16) / 


Kf h, iK, 
—+ aby. ———~ - Sil >y 


=> aandf are of opposite signs and f(a). f(B)<90 
=> f(a)and f(f) are of opposite signs. 
te (cx, f(o)) / 


ry * f 
Xj Vm 4 iX,, 


=> f(x) has three district real root x,, x,, x,, one negative 
(x,) and other two (x, and x,) positive if 


f(a) >0, f(B) <0 


=> one -+ve and 2 —ve real roots if f(a) >0 and f(f)<0. 
(a), (c), (@) f(x) =x +4 
= fe)=2x-4 

x 

2A 


=> f"(x)=24+4 
Xx 


A 1/3 
Now, F's) =0= 28-2 =02 x=(4) 


=> f(x) hasaminimum at x=2if 2=16. 


1/3 
For maxima, f (8) Jeo. but it is impossible as 


1/3 
(4) | is +ve 


23. 


24. 


25. 


Application of Derivatives ll < 5.359 


Now, f"(x)=0>x=-(A)"” 
=> f(x)has a point of inflection at x=1 if A=-1 
(a), (b), (d) f(x) =sin® x+cos* x 


= (sin? x+cos’ x)’ —3sin’ xcos’ x(sin’ x + cos’ x) 
Bi 1 

= 1-—sin*2x Ee] -,1 
4 4 


=> f27 and f(x)<1 


(a), (c), (d) f(x)= Me + 2x -3| +Sings E Ed 


=> f(x)=|(x+3\(x-D| +S nx 


Sr Cree forxé€ | 
2 2 

=> f(x= 

CGE a for x €[1,4] 


ee ree for x “(5.1 
=> fi@)= . 


2x+2+— forxe(l,4) 
2x 


Now spec, 
2x. 


wax’ -4x-3 - 
2% 


=> (4x’°+4x-3)(2x)>0 


0 


=> (2x+3)(2x-D(2x)>0; xe (=.0}f 5.00) 


—ve forxe =) 
=> f'x)= 2 


+ve for x € (1,4) 


=> x=1 isa point of local minima and x -- and x=4 


are point of local maxima. 

(b), (d) y=x° + px+q ...(1) 

Cuts the straight line y=(2x-3), where x=lie., y=-l 

= (1, -1) lies an (1) 

=> -l=l+pt+q> ptq=-2 ...(2) 

2 2 

Vertex of parabola is Spe) = a pew 

Z 4 2 4 


Distance between vertex and x-axis 


2_4 
=P Mp2 aap] Hp? sap eg 
=P +4p+8 as p'+4p+8>0 


5.360 > Application of Derivatives I 


26. 


27. 


Let L=2(p" +4p+8) 


2 Opes a 
dp 4 2 


For least value of pe =0 
dp 


> —41=0>5> =-2 
Also p+q=-2 
> q=—2-p=—24+2=0 


p=-2, qg=0and least distance = a(4- 8+8)=1 
(a), (b), (©), (d)_ f(x) = asin x +sin3x 


=> f(x)= acosx + (3¢0s3x) 


=> f'(x)=acosx+cos3x 
f(x) = 4cos’-3cosx+acosx 
=> f'(x)=(cosx) 4 cos’ x +(a— 3) 


y 


3-a 


(x) =0=> cosx =0 or cos’x = 
f(x) r 


2a . 
n= 5 is a point of extremum 
ee 3) ene ey, 
3 4 4 
f(x) = (cos x)[4 cos’ x —1] 
Also f"(x) =—-2sin x —3sin3x 


=> r(2)--[2)-s0-- 3 <0 


3 2 


20. 
=> x1= Ti is point of maxima for a =2 


Also (3) 253(1)150 


a ace 
=> c= = is point of minima for a =2 


Also cos’ x = set eee 
4 4 


ui 
4 
l 
=> cosx=it— 
2 


an 2X 
(x) =0> x =—,—,— 
f(x) ors 
=> f(x) has 3 critical points in (0, 7) 
(b), (d) .. y =x is aline tangent to y= f(x) at x=1 Le., at 


(1, 1) 
=> f(l=l and f(l)=l 


28. 


Zo. 


Let the equation of parabola y= ax? +bx+c 
=> f'(x)=2ax+b 
=> f(l)=at+b+c=1 and f'\(l)=2at+b=1 
> a-c=0>c=a 
f (x) = ax’ +(1-2a)x+a 
=> f(0)=a, f'(0)=(-2a); f"(0) =0 
=> f(0)+ f'(0)+ f"(0)=l-asl 
Also 2f(0)=2a and 1- f'(0)=1-—(1-2a) =2a 
2f(0)=1- f'(0) 
(a), (c) For n=1, f(x) =(x—-1)*(x-2) 
=> f'(x)=(x-1*+(x-2).4(x-1) 
=> f'(l)=0and f'(2)=1 
=> x=2 1s notacritical point V odd integer n 
=> option (d) 1s false, 
But for n> 2, f(x) =(x-1)*(x-2)";n 22 
f(s) =n(x-1)*(x—2)"" + 4(x- 1)? (x - 2)” 
=> f')=O0and f'2)=0 


x=1 and x =2 are critical points Vn >2 


) 


For n = even natural no., n>2 
=> n-1l1 and x=2are critical points and f(1) = f(2)=0 


Then f(x) will be a polynomial of degree (n+4)= 


even as shown below: 
1 2 


x=1 and x=2 are point of minima for n= even. 


Y J 


Option (c) is correct and option (b) is incorrect 
For n = odd natural number 
x =1is acritical point and f(x) is a polynomial of odd 


degrees (n+4) as shown below: 


=> x=1isa point of local maxima for n= odd 

= option (a) is correct 

(b), (ec) f(x) = 9(2—x) + G(x) 

=> f'(x)=-(2-x) +(x) .--(i) 
Now ¢"(x) <0 Vxe[0,2] 

=> (x) is a decreasing function an x €[0,2] 

Now for x €[0,1];(2-—x)2=x 

o(2—x)<O'(x) 

=> (x)-¢@(2-x)20 


y 


Gi) 


Application of Derivatives ll < 5.361 


From (i) & (ii) f'(x)20Vxe[0,1] and hence, | 32. (b), (c), (d) f(x) has a relative minimum at x =0 
f(x) <0 Vx ef], 2] => f'(0)=0and f"(0)>0 

Now y= f(x)+an’ +bx+ce 
y'=f(x)+2ax+b 

y'(0) = f'(0)+2a(0)+b+5=0 


y= f(x)+ax’ +e 


=> f(x) 1s increasing an [0,1] and decreasing an [1,2] 


y 


30. (b), (c) f(x) = ['a-P)e Pat 


2 


> PRjadev eZ =0>x=+1 => y"(x)=f"(x)+2a 
For relative minima, y"(0) >0 
31. (a), (b) y=sin™ (2xvi-x f"(0)+2a>0 
a>—f"0) 


Let @=sin'x > Oe aL IRS 3x €[-1,1] -. 
eS Option (a) is incorrect 


Option (5) is correct 

Also, f"(0)>0 and ~ f"(0) <0 
a = 0 is permitted 

Option (c) is correct, 


Vy Yi dy 


=> x=sin0 => cos@=V1-x 


nu 


—(20+7);20€ 2 | 


ett _ -I Since C' can take any value 
Sot eee OMe ern wader eRe 2°92 = Option (d) is also correct 
~(20-2);20 €| = ssi 2% 
(260-7);206€ a 33. (a), (b), (c) f(x) =sin ; 
1+x 
~2sin'x-z; Oe hs E ped 2tan'x; x €[-1,1] 
2 4 V2 =42tan'x+2; x €(—-0,-1) 
sl, Dieta 9<| = | ve ee 2tan! x— 73 x € (1,0) 
4 4 2 V2 
ee ee” 
—2sin'x+7; Oe sae ‘xe a = fe=| 5 vxeR 
4°2 go 
=> f(x) 1s strictly increasing function VxeR 
—2 = re|-L 43 
I-x 2tan' x-— 
5 re Pye SO tie — 
= Ji(x= ;xeE|—=,—— xr (x1 xr (x-1) 
1=x" 22 
es xe ay = tim 2 :}=1 and jain 
= x HO) xol\ ]4+x x31" x—-—l 
37 
| -1 1 2tan!x-2-— 2tan!x——— 
=> f(x) onxe|-L 7 and Fonxe| and aid ai Dine es 
2 Z V2 xol* x-l1 xo" x-l1 
ers + ] => f'(1) does not exist. 
v2 ‘” f(x) 1s an odd function. 
| ae f'(-1) does not exist 
=> f(x) has local maxima at x = “ae and local minima 


Sl gry ee 
Ly A re ae 


at n=-—= 
J2 | 
gil) ra 


—] 
Clearl x) has its least value at x =—= or x=l 
y f(x) 2 


=> f (=) = sin (V3 “+5 =— and (1) =0 a / 


= f(x) has its least value of x= tt | 
v2 => (x) has a local maxima at x =1 


5.362 >» Application of Derivatives I 


34, (b), (d) f(x) =(x-1)?.(x- 2)"; where Pp >1L.q >! 
p= 2,q 2 2, f(x) 1s a polynomial at degree greats than 


or equal to 4 having x = 1 root repeated p times and x = 
2 root repeated q times. 


=> f(x) =(x-1)’.¢(x-2)"' +(x-2)!.p(x-1)”" 
= (x—1)P"(x-2)™ [g(x-1) + p(x-2)] 
= (x-1)?"(x-2)*"[(p+9)x-(2p +q)]=0 
2p+q 
pt 


Exactly critical point will be an extremum if the poly- 
nomial is of even degree. i.e., p + g = even and p, g > 2 


Critical points are x =1,x=2 and x= 


=> p=4,q=2 and p=2,q¢=4 are possible 


2 
35. (b), (c), (d) Pf 2 Let be the point on the curve 


x’ =2y such that P is closed to Q(0,3). 


ee (+) __| 4-0 
d. at P 


x xy 3 
2 
x 
= A 2 
pee 
2 
=> re = 
=> oo +2 
=> 


36. (c), (d) y= [, (t-1)(t-2)dt 
y'=(x-1I)(x-2) =x’ -3x4+2 
y'=0>x=lorx=2 
=>" py =2x%=3 
=> y"D=-Ly"@)=1 
=> x=1 and x=2 are extremum points 
37. (a), (c) f(x) =(sin™' x) +(cos™ x) 
= (sin! x+cos x)’ —(3sin™ x.cos”' x)(sin™ x +. cos! x) 
3 3 
=7 =" sin x.costx = mee ie, x)| 2-sin™ | 
8 2 8 2 2 
nm 3 


= 7% 427) (sin xy? — sin” x 
g 2 2 


38. 


(d) 


y 


y 


3 37 aa mr 
=—+—| (sin x) ee eee 
Z 16 16 


8 32 2 
js = sin"'x-) 
52a 2 4 
3 
f ®Danin = 35 at sin 'x=— and 
x 3a( a 
FOO) ia 39 =a > *) 
a 3a Qn T° 
32. 2 16 8 


f (x) =4x° — x? —2x+1 and 
min{ f(t):0<t<x};0<x<l 
=| 


3-x A) Be el, 


f'(*) =12x? -2x-2=0 
6x° —x-1=0 
(3x +1)(2x-1) =0 


4x? —x? -2x4+1: 0<xs- 


bh eeey 
2 


a l<x<2 


39. (a), (c), (d) f(x) = (x? -1)"? +x 41) 
Repeated roots of f(x)=0 are -1,1 
If n is eve, then f(x) will be a polynomial of even degree 
and f(x)20 Vx eR n=landx =—1 will become the points 


of extremum. 

If n is odd, then f(0)<0, then x =landx =-1 will remain 
no longer points of extremum. 

=> n#odd 


=> n=2o0r4or6 
x+2 ;-l<x<0 
40. (a), (b) fix) = 41;x=0 


x/2;0<x<l 


KO) = 2, AO) = 1, AO") = 0 


1;-l<x<0 
x = 0 1s not an extremum point, f’(x) = 41 
aes 


= f(x) is on increasing function, however discontinuous at 
x = 0, graphically dream below. 


x = -1 1s a point of minima and x = 1 is a point of maxima. 


l I 


sinx+4 cosx—4 


41. (a), (c) Let y= f(x)= 


(cos x —sinx)—8 


4(cosx—sinx)+sinx cosx-—16 


7 (cos x —sinx)—8 


4(cosx—sin.x) -A[1-2sinx cosx—1]-16 


Zz (cos x —sin x)—8 


4(cos x —sin x) 5 [(c0sx-sinx)*]-16+ > 
Put cosx—sinx=te | -v2,v2 | 


=> y=ag(t); t= A(x); 


2t—16 16-21 
h t) =—_—_ =~ _., 
ware) Sia? = 31 f= 8431 


dy di a 
dx dt dx 


2 —' — — — 
_¢ 81 + 31) 2) (16 = 20)(2t 8) (ees 
(¢t° —8t+31) 
(22 50% 66) 


(28431) 


= g'(t)x[sin x — cos x] 


x(—sin x—cosx) 


Application of Derivatives Il < 5.363 


; (? -814+31) 


ay 4 
dx 


= t=8-—J31 or 84/31 or sinx+cosx=0 but 


t | -V2,V2 | = t#8+ 31 


Critical points are the only solutions of sinx+cosx-0 


> VA{cos{x-=}]=0 = [x-2) -(2n+1) 


32 . 1 
> x=nn ae or equivalently x= C -4), neZ 


Since f(x) is continuous and periodic function, extre- 


; 1 
mum values will occur only at x =nz ae neZ 


1 1 


Now f{ na-%|=—-—+___-___*__ 
4 : 1 1 
sin{ na —% +4 cos( na) 4 
4 4 
1 


for n= even 


1 1 
jiu, ie | 


V2 V2 
2/2 
4 


forn= odd 


——— for n=even 


4/2 
2/2 
4/2 +] 


forn= odd 


: for n = even 
g—/2 

4 2v2 
8+/2 © AY2 +1 
Aliter: jes t | -V2,V2 | and 

? -8t+31 
_ 2? -16t+33) 2? -16+64-31] 
(?-8t+31" = (#2 - 8 +31)” 
2| (t-8)° -31] 

(?—81+31" 

= 1¢=8t+ 31> V2 
y(t) is monotonic in | -V2,2 | 
Extremum will be 
pv) =162v2 _ 2N2(42 +1) 2/2 
| 3348/2 (4/2 +1) 4/2 +1 


forn= odd 


Y J 


And 


s{v3) = 18202 _ 2 (W2 =) | 2/2 4 


33-82 — (4/2 -1) — 4J/2-1 8-2 
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SECTION—V: (ASSERTION — REASON) 


1. (c) Clearly, assertion is correct 1.e., sin x and cos x decreases 


ya 
on| —,7 |. 
ta 
Reason is incorrect as for a decreasing function having 
concave upwards graph, f'(x)<0 but f"(x)>0 


> f(x) but fates. f(s) =0osxxe{ Zn) 


=> f'(x)=-sinx <0 and f"(x)=-cosx>0 

=> f(x)v but f(x)Tt 

. (b) f(x) =2+4+cosx; xER 

=> f'(x)=-sinx=0 for x=nz;neEeZ 

=> f'(x)=0 once in each interval [t,¢+ 7). 
If t=mz for some fixedmeZ, then f'(mz)=01.e., 
f'( =0 andif t# mz; me Z ,then t €(mz,(m+1)z); 
for some meZ, then f"((m+])z)=0ie, f'(c)=0 
and c=(m+1)z €[t,t+7z) 


= Assertion is true 
Clearly, reason is correct as f(x)=2+cos is periodic 


with period 27, but does not explains the assertion. 
- (a) y=f(x)=(x)" 


=> y= las 
x 


= bs  _ 7 +dn2(5) 
x 


y ax x 

dy ard 
=> = —— 

dx ©) x? 


=> f(x)T for xe(0,e) andl, for x €(e,«) 
= Reason is correct 
= (1)!" < (2) < (e)" > (3)'" > (4) > (5) > (6)" > (7)" 
= Clearly either 2! or 3" is greatest 
Now 2'? <3! <5 23? <3. 2V2 <3 2.828<3 


which is true. 
Thus (3) is greatest 


= Assertion is correct and is supported by reason. 
. (a) f: [0,00) — [0,00); 
g: [0,00) —> [0,c0); 
f(x) sOand g\(x)20 and A(x) = g(f(x)) 
=> h(x)= g'(f(x)).f (x) = (2 0).(s 0) < 0 
h(x) <0 but 4(0)=0 and 
h(x) = g( f(x) :[0,0) — [0,) 
= A(x) 1s a non-increasing function with A(0) = 0 and 


having range [0,0) > h(x) =0 Vx €[0,0) 


= h(x) is a constant function. Thus both assertion and 
reason are correct and assertion is supported by reason. 


- (d) Let y= f(x) 


=> fly)=x 
> sy=S 
DE 
dy _ 1 if pHa 
oe ae (f'()) 
d( pty,yy- 1 
=> geld are ...(i) and 
gy -| £® AG 


dx’ (f(y) f'O) 
If f(x) 1s increasing function with concavity upwards 


=> f'y)>0 and f"\(y)>0 | 
=> From (i); f'(x)T and (r'@)<0 
Kc 


= ff '(x) increases and has concavity downwards 


= Assertion is incorrect. 
On the other hand, if f(x) Vie, f(x) <Oand f'"(x) > 0, 


then from (i) _f~'(x) ¥ and from (ii) 2 f'\(x))>0 


=> f'(x)\ with concavity upwards 


= Reason is correct 


E(x) A 


6. (a) f(x): R-R 1s differentiable and strictly increasing 


function in domain. If f(x) 1s strictly increasing function, 
then it is not necessary that | f (x)| is also increasing. How- 
ever | if (x)| will be an increasing function if f(x)VxeR 
e.g., f(x)=e, 
=> f(x)=0 has no real root 
= Assertion is correct. 
Reason is correct, as if f(x)=0 at x=c (say), then 
f(x)<9 for x<c 


=> 


a] 
a 

+) 
— 


9. (d 


New’ 


=> 


|(x)| will be a decreasing an function an (—-co,c) and 
increasing an (c,) 
At —00, f(x) > 0, but can’t be equal zero 


Reason is correct and supports assertion 


Reason is incorrect, as Rolle’s theorem 1s applicable if 
f(a) and f(b) and when f(x) is continuous an [a,b] and 
derivable an (a,b). 


fC)= fd) =0if g(-l),g() #0 

Further it g(x) #0 at any point in [-1, 1], then g(x) is 
differentiable 

f(x) is also differentiable and hence continuous 


Rolle’s theorem will be applicable, hence for non- 
applicability of Rolle’s theorem an f(x), g(x)=0 at 
least once in [—1,1]. 
Assertion is correct 


((3x’)"'-1) 


saeco 


f(x) = 6x +37 (4x°) +3? (6x°) +.....+3°°(60x°”) 


f(x) = x(6 437 (4)x? +3? (6)(x*) +00... +3°°(60)x"*] 
= 0 only at x=0 1e., f'(x) changes its sign only at 
x=0 and f'(x)<0 for x<QOand f(x)>0 for x>0 
f(x) has a local minima at x =0 
f(x) =5-4(x—2) 

8 


‘ = 2 _9V713 = 
fy=-a{2 }o 2) 3(x —2)"3 


f(x) does not exist at x =2 

x=2 isacritical point of f(x) 

Also f'(x)>0 for x<2and f'(x)<Ofor x>2 

x =2 isa point of local maxima or absolute maxima at 
x=2 


Assertion is incorrect, but reason is correct 


10. (d) Obviously, reason is correct, 


AP = OP — OA = Lan) and BC = Shortest distance 
between two curves =2< (4 — 2. 


11. 


12. 


13. 


14. 


(a) 


WY Uv d 


(a) 


(a) 


Application of Derivatives Il < 5.365 


Circle is smooth curve but lx] +|>| =2 is not smooth 
through out 
Assertion is incorrect 


Clearly assertions is true. Also reason explains the 
assertion, as if x=a and x=bare two consecutive 
maximas, then 


f'(x)<Ofor xe(a,a+d);5 >0 and f'(x)>0 for 
x €(b—6;b);5' > 0* but f(x) is a continuous function 
4 ce(a,b) suchthat f'(x)<0 for x e(c—¢,c),e> 0° 
and f'(x)>0 for xe(c,cte'),e'39 0" 

x=c isa point of minima and a<c<b. Thus option 
(a) is correct. 


f(~o= max.{ x” —2x+2, 


x—I]} 


x-I| for x €[0,2),(x-1) [-1,1) 


x-1]} 


= max.{(x—1)’ +1, 


= max {|x -1° +1, 
Ix -1| < (0,1) 
Ix-1] €(0,1] 
x1] +1€(,2] 
lx—1| +1>|x-1] for x €[0,2) and for 
x €[2,3],|x-1)e[1,2] 


lx 1] >|x-1)>|x-1) +1>|x-1| for x €[2,3] 
Thus |x—1] +1>|x—-1] Vx €[0,3] 
f(x) =|x-If +1 for x [0,3] 
f () mae = Max .{(x - 1)’ +1}; x € [0,3] 
= (3-1) +1=5= f(3) 


Assertion is correct 
Also greatest value = f(x) = max.{5,2}=5 


Reason is correct, but does not explain the assertion 
f(x) =x +ax’ +bx+ce 

f(x) =3x° +2ax+b. 

Disc. = 4a? -12b = 4(a’ —3b) <Oif a’ <3b 

f(x)>0 VxeER 

f(x) 1s strictly increasing Vxe R= f(x) has no 
extremum i.e., assertion is correct. 

Reason is correct and correctly explains the assertion. 


f (x) = (x? +4x41)+sin | x; x e[-1]] 


f(x) = (-2x4+4)+ 


l-x’ 


For x €[-1,1],(-2x+4) €[2,6] 
f'(x)>0 Vx e[-1,]] 


f(x) 1s increasing on [-1,1] 
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15. 


16. 


=> Least value of 
F@)= f(D = (0-44) tsin'(-)=-4- 

= Assertion is correct, also reason is correct and correctly 
explains the assertion 


(b) *. a,b,c, > 0 
= ab, bc, ca, > 0 
By A.M. >G.M., ab+bc+ca>3.3/(ab.bc.ca) 


ab+bc+ca > 3.4/ab*c? 
ab + bc +. ca = 3(abc)*" 
12 > 3(abc)*" 

(abc)? <4 

(abc) < (4)” =8 


Greatest value of (abc) =8 and will occur it 


Y UUY UY 


ab=bc=ca=4 


y 


Assertion as well as reason both are correct, but reason 
does not correctly explains the assertion. 


(c) f(x)ax+— 
x 


=> fi) =2x-18 
Xx 


=> f'(x)=0 

=> 2(x-8)=0>x=2and f\(x)<0 for x<2 and 
f'(x)>0 for x>2 

=> f(x) changes its sign through 2 from —ve to +ve. 

f(x) has minimum value = f(2)=4+8=12 at x=2 


= Assertion is correct, but reason is incorrect. 


y 


SECTION-VI: PASSAGES 


f(x).f"(~) <0 VxeER 
f(x) <0 => f"(x)20 and f(x)20 = f(x) <0 
and f'(x)=0 
Graph of f'(x)=0 will be of the type. 


ay ja \ j x 


Clearly f(x) changes its concavity on x-axis. 
f(a)=0 => (a,0) is a point where f"(a) =0 
Now f(a+h).f"(a—h) =(-)(-) = +ve or (+)(+) =+ve 
Option (a) is incorrect 
f(ath).f"(a-h)>0 
= Option (8) 1s correct 

Further f'\(at+h).f"(a—h) 


=(-)(-) = +ve or (#)(4) = + ve 


yy 


= Option (c) is incorrect 


Next, f(at+h).f"(a—h) =(+)(+) = +ve or (-)(-) = +ve 


= Option (d) is incorrect 


- (b) 
. (b) Clearly f"(v) <0 orf"(v)>0 for vy €(a, £). 


ps ot R 


7 B 7 x 


However f"(a~)=0 and f"(f)=0 1e., a, B are two con- 
secutive roots of f"(x)=0, hence by Rolle’s theorem 
dye(a,f) 

such that f'"(A) =0 


. (b) If f(x) #01¢e., curve takes no turn and f(x) is dif- 


ferentiable and hence is continuous 
=> f(x)>0VxeERorf(x)<0VxeER 


Also f(x).f"(x) <0 
=> y= f(x) has at most one real root 
f(x) 1s. differentiable 
IC) = f(E,)=9, 
f(C,) =9 and C,<G, 


continuous and 


F'(C)-F"G) <0, f(C) =o. 35 


wherever 


(C, 3) 


4 = (c,,0) 4 
x 


G, C, 


Fig (1) 


Fig(ii) 


. (c) In figure (), f"(C,)- f'"(C,) <0; where as figure (ii) , 


f'"C)-F"E,) > 0 
=> f'(x)=0 has at least 4 roots in [C,-1,C, +1] C,,C,,a,f8 


. (b) In figure (), f"(C)- FC) <0 


=> f'(x)=0 has at least 2 roots C,, C, in [C,-1,C, +1] 


. (a) In figure (i), f"(C,)-f"(C,)>0, then f(x)=0 has 


at least 2 roots y and C, 


y= 2x +bx i) 
(2x- y)+A(2x+ y-—4)=0 ... (ii) 
i.e., (2) is a family of lines passing through P(1, 2) 
2x—y=0 
% 


Ms 


(1,2) 


\ 
(0,0) 2x+y—4=0 


= y=2Vx +bx 


7. (b) Slope of curve at (9, 0) is 1/6 


J UUUUY J 


y 


y 


— 


oy = 
6 6 
y=2vx-2x 


Now equation of line through (1, 2) is (vy-—2) =m(x-1) 
or y=mx+(2-m) 

ae -] 
Now it 1s tangent to curve y= 2Vx + (=x 


mx+(2-m)=2x-—x or 


6mx + (2—m)(6) = 12Vx -x or 

(6m +1)x-12Vx + 6(2—m)=0 has equal roots, Disc. 
= 0 

144 -24(6m+1)(2-—m) =0 

6-—(6m+1)(2—m)=0 

6—[12m-—6m* +2—m]=0 

6m’ -11m+4=0 

6m’ —-8m—3m+4=0 

2m(3m — 4) -1(3m — 4) =0 

(2m—-1)3m-—- 4) =0 


m =~ or m= = , but roots should be +ve 


12 6(2—m) 


, >0 >m= 
6m+]1 


1 
6m+1 2 


Or 


w | 


Required equation will be 
| 4 
(y-2) =) or (y—2) aa) 


x-2y+3=0 or 4x-3y+2=0 


(b) Let the equation of line be (y-2)=m(x-1) ald) 


=lor 


xX- 


Or mx-y=m-2 or 
m-2 m-2 


a ee ey | 
(#2) (2-m) 
m 


Area of A formed by line (Z) with coordinate axes 


m 
2 
A= —(m s 2) 
2m 
dA __ 1) 2m(m—2)-(m-2)’ : 
dm 2 m ) 
OF 0-0-0 
dm 
m=2 orm=-2, but for forming A with +ve co-ordi- 


nate axis, m<O0>m=-2 


required line is (y—2) =—2(x-1) or 2x+ y-—4=0 


Application of Derivatives Il < 5.367 
xy 
—+—=] 
aan a 
Least length = ¥4+16 = 20 
9. (b) Given parabola is (y—2) = 4x ....(i), having 


its vertex at (0, 2) and focus at S(1, 2) and the two 
chards pass through (1, 2) 1.e., chords are focal chords 
and perpendicular to each other. 

Let the origin be shifted at (0, 2), hence (7) becomes 
Y’ = 4aX; a=], 


> X 


Equation of focul chard at P(#) is y= = i (x-a); a=1 and 
, 2t' 
that at Q(t’) is y= oe (x-a); a=1 and length focal 


chard at 


2 2 
P (2) is given by PR = Ga = Ga and at Q (’) is 


1) la 
given by QS = iG. | = (rs | 


Area of Quadrilateral PQRS —(PR x QS) 
ane © ee 
>A =5 aor jaar ....(Z) ; where (Slope of PR) 


x (Slope of QS) = —1 


_ (7 (4) --1 
?—-1)\t?-1 


t’-1  —-4¢ 
i a) | 


G ry At 
> |t'-—| = 
th) pH] 


2 2 44,2 
a [r+] _l6t sae 7 +1) 2) 
t' (t“ -1) 
1(. 1) | 4e4+8244 
Using (2) in (1), we get A =—| t+— | | ———-— 
g (2) in (1), we g Al all ne 


2 2 2 2 
= foe (¢ se aes 
2 t (¢* -1) 
2 4 
=. KS eae) >o as too Put ?=u>0 
t(t* -1) 
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mA a 2040)" 
4(dl—uy 
dA 
=> ae 
u(l—u)’ 4(1+u)? —(+u)'d-u)y +u.20-u)d+u)* 
u’(1-u)* 
_— 2d-uw)dt+uy 4u(1—u)-—(1—u’) + 2u(1+u) 
7 u’(1—-u)* u’(1—u)* 
=2¢1-¢l+)'| Ae ae 
u’(1—u) 
_9 (l-u)(1+u)’[-u? + 6u-1] 
u?(1—u)* 
__ 21-u)l +u) (-u? —6u +1) 
7 u’(1—u)* 
eae eae, re oe 6+ 36-4 
u’(1-u) 2 
But u20 
=> u=3+2V2 


2(u+22) 
(3+2V2)(2+2V2) 
2(2V2) (1+V2) 
(V2+ 1) (2)° (1 + V2) 
_128(14V2) 
4 (1+2) 

2[4-2v2] 
(3-2V2)(2-2v2) 
__2(2v2) (V2-1) 
(2-1) (2)'(V2-1) 


Minimum value of A = 32 squares 


Now A((u =3+2\2)= 


And A(u =3-2/2)= 


D: 
10. (b) At the point of intersection of y=x and y=ke’,k <0 
ke* -x=0; k <0 
Let f(x)=ke*-x; k <0 
f(x) =ke* -1; k <0 
=> f'(x)<0 VxeR 
=> f(x) isa decreasing function 
=> f(x)=0 has a unique solution 
11. (a) f(x) =ke*-x;k>0 
f(x) =ke* -1 


13. 
14. 


15. 


f"(x=ke >0VxeER 

=> y= f(x) 1s concave upwards 
For unique roots of f(x)=0, f(x) =f'(%,)=90 for 
some x,E€R 

=> ke =1 and ke*-1=0 


= ke® =) => po 
e 


. (a) f(x)=ke’-x;k>o 


=> fi(x)=ke*-1 
=> f"(x)=ke* >0VxeER 


=> y= f(x) 1s concave upwards VxeR for two roots of 
f(x%)=0, JAx,¢€R such that f'(x,)=0 and 


f(%) <9 


=> ke®—-1=0 and ke”®—-x, <0 
=> eo al and 1—x, <0 
k 
1 
~a and x, >1 


Xq | l l 


> ere D> -—-ree D> k<- 
k e 


Also k>0 => ke(0,l/e) 


: From the given information, we conclude following. 


(i) f(x) is acontinuous function on R 

iii) f"(x)<0 VxeR-{2} 

=> f(x) has its concavity downwards 

(iii) f"(2) is not defined 

(iv) f(x) is increasing on (—0%,—5), decreasing on (—5, 2), 


increasing on (2, 4), decreasing on (4, 00) 

(v) x=-5 is a point of local maxima, x=2 is a point 
local minima and sharp turning point, x =4 is a point 
of local maxima. The graph of y= f(x) will be as 
shown below. 


(d) Clearly y= f(x) has a sharp corner at x =2 

(c) Clearly f"(x)<0 Vx Ee R-{2} 

= Curve is always concave downwards 

(c) Clearly graph of y = f(x) can be of the shape as repre- 
sented by option (c) 


F: 


16. (a), (©) f(x) = y(1- 


=> 


17. (c) 


18. (b) 


19. (b) 


x” \(1+2x?) 

2 ESTEE) 

x| (1-x?)(4x) + (14 2x?)(-2x) ]=0 
*|- 


f= 


(2x)| 2-2x? -1-2x7 |=0 
x=0 or 4x’ =1 
x=0orx=+-— 


x=0,+ * +1, are critical point. 
1 3 \(-3 3 
0 =). 2 ee — ae 
sous ah 
f(t) =0 
f(x) has maximum value ee at oe 
2/2 “2 


n ; 

S(x)= a, = 900° neN 
es (n° + 200)(2n)— n° (3n’ ) 

ba 

(n? +200) 

y) _ 2n* +400 -3n' 
ue (n? +200) 
Goya n(400-n° ) a 

(n? +200) 


n=(400)"” €(7,8) 
f'(x)>0 for n<[400)” and f(x) <0 for 
n > (400)? 


49 64 49 
= 7 8 Oye ee ee 
F(A) max = Max.{ f(7), f (8)} = max| =}. re 
f(x)= ae a, b,x>0 
x 
Oe ee => Gee — a 2 
x a a 
f'(xy<0 = Pan = pe 
x a 


ve| 0 and f'(x)>0 => ve( -| 
a a 


f(x) has its least value at x= fe 
a 
3 


f(xy= tan! x-FInx x | 
1 l 


i 
B 


20. 


21. 


23. 


Application of Derivatives I 


2x -1-x’ 2 
2x(1+ x") 


=> x’ +1-2x=0 


= (x-1)° =0 => x=1 and 
f(x) =-(x-l) <0 vee] oN | 


= f(x) isa decreasing function 


< 5.369 


1 
= Least value of f(x) in Rand will be = f (v3) 


1 x | 


= tan! /3 -—Inv3 =— -—In3 
2 3 4 


f (x) = max .{x’,(1-x)’,2x(1-x)]; O< x <1 


(l—x)’ 


for o<x<i 
3 


=> f(x)=452x(01-x) for 58x52 


x’ for SSxsl 


(d) f(x) increases in (2.4) 


. (d) Rolle’s theorem is applicable on 


Lenz} nelod 
3 3 6 


1 1 
=> a=—Hth, poy and — => 
3 3 r9[5)=0 


arboe=(s+h|+(2-n)e2=3 
3 3 2. 2 
f:ROR; f(x) = 2sin? 2x+Jsin dx + ax 


=> f'(x)=8sin2x cos2x += (A)cos4x-+a 
=> f'(x)=4sin4x+3cos4x+a 

=> f'(x)e[a-5, at+5] 

(c) f(x) strictly increasing VxeR 

=> f'(x)20 VxeR 


5.370 » Application of Derivatives II 


=> a-520 

=> ae[5,0) 
24. (a) f(x) is strictly decreasing VxeR 
fix) <0 VxeER 
a+5<0VxeR 
as-5 VxeR 


a € (-0,-5] 


25. (a) Clearly for a=0, f(x) =2sin’ 2x+ sin 4x 


=1-cos4x-+sin 4x 


and for a #0, ax €(-,0) 


=> Rangeof f(x)= ax-+1-cos4x+=sin4y is (—00,00) 


=> f(x) 1s onto for a €(—0,0)-{0} 
I: f(x,y) =tan* x+tan* y+3cot? x cot? y and 
g(x, y)=3+sin’(x+y). 
26. (c) f(x,y) =tan* x+tan* y+3cot? x cot’ y 


3 3 
=tan*x+tan* y + cot! x cot’ y +7 cot" x. cot? y 


By A.M. > G.M. of non-negative real numbers. 


=> resyeale 


4 
3 3 
> f(xy)24,f—=4-==2V2V3 
f(x,y) i WG) 
=> f(x,y)>2V6 and it occurs when each of 
tan’ x =tan* y= = cot’ x cot’ y= re 


3)" 
=> tan’x= (= =tan’ y 


4 4 
and cot? x = (= ,cot’ y= (=| 
3 3 


27. (b) * sin’?(x+ y)€[0,1] 
=> 3+sin’(x+y) €[3,4] 
=> g(x,y) €[3,4] 
= Range of g(x, y) =[3,4] 
28. (a) f(x, y)=g8(%,y) 


Range of f(x,y) =| 26,0) and range of 


2(x,y) =[3,4Jand 2V6 >4 


> 


=> 


[3,4] | 2V6,00)= 9 


f(x,y) = g(x,y) has no solution 


SECTION—VII: ( COLUMN — MATCHING) 


- Gi) > (b); Gi) > (a); Gili) > (d); Civ) > (©) 


(i) Let f(x) =(x4+1Y -2(%° +1) 


=> 


f(x) =5(x+1) - 25x") = 5] (x +1) - 2x" | 
f'(x)=0 
es) 

x 


144-42)" 
xX 


ae ee a and 
(-1+4/2) ~” =1-(2)'4 


(Say) 
And f(-00)= lim (x+1) —2(0 +1) 


= lim ¥[(u4) -(1e5) = lim x° [1-2]=0 
sia x x x00 
f(w)=—«; f£(0)=-1, f(-1) =0 


Oe 


f'(x)=0 has two real roots & f(x) 1s a polynomial 
of 5" degree and f'(a)= f'(Z) =0 but 
f(a) #0, f(f) #0 

f(x)=0 has exactly 3 distinct real roots. 
(i) — (b) 


eF _ (x +1) z (x +1)’ : (x+1) 
(tt) as ee EE RE 1-(-x)° (1+ x°) 
1—(-x) 
Sy we (x? +1)5(x+ IY - (x +1)°(5x*) 
(x +1) 
_ 5(x4+))*[? +1-x4(x4+D] — 5(x4+-1)*D1- 27] 
7 (x +1) (x 41) 
_ 5(x+1)*(1-x)+x)(1+ x’) 
7 (l+x°) 


=> f(x)=0at x=-1]1 
Also f(x)=0 at x=-1 and f(x)20 
f(x)<90 for xe(-o,-l)U(l,0) and f'(x)>0 for 
x e(-1,1) 

. f_ (absolute) = max { f(-0), f(1), f()} 


But f(-0) = f(«)=1 and f(1) =16 
=> f,,,(absolute)=16 .. (ii) > (a) 


(iii) f(x) =ab sinx+~Vl-—a’ cosx+c; 


f(xye| e-s[a°b? +(1-a’),c+ Jab? + (1-a’) | 
=> (frnax — Fe) )=2Ja°b’ +(1- a’ =)" (b? -1)4+1 


| (0)* -4(67 -1)) | 
4(b’ -1) 


<1], 


Now a’(b’ -1)+1 <- 


[. ax’ +bx+c ed < 0 
4a 


=> a’(b’-1)+1<1 at a=0 
(iv) u> =(44+1)+2V4cos* 0+ 4sin* 9+17sin* Ocos’ 0 


=> u’=54+2,/4(sin’? @+cos’ 0) +9sin’ Ocos’ O 


=> u’=5+2, 4 sin’ 20 


5 u’, =5+2(2)=9 and uv’, 


5+2 442 =542(5)-10 
\ 4 2 


=> (uz, Unig) = (10-9) =1 


max 


- (i) > (b); Gi) > (d); (ili) > (a); Gv) > (©) 
(i) fs differentiable in [0,5]; f(0)=4, f(5) =-1 


fe L044 os) -L0_-1 
0+1 1 5+1 6 


By L.M.VT, ae =g'(c) for some c€(0,5) 


“ (iv) 9 (©) 


> 50 len g(0)= 


a4 


+ gQ- 5-5-2 
2 5-0 6x5 6 
(i) > (b) 
(ii) f(x) and g(x) are differentiable for O<x<1l, 


f(0)=2, g(0)=0, f() =6. 


Application of Derivatives Il < 5.371 


f(c)-—2g'(c)=0 for some ce€(0,1) 
=> f(0)-2g(0)= f(@)-2g() 
=> 2-2(0)=6-2g(l) 
=> 2g(1l)=4 


=> g()=2 (ii) > (a) 


(iii) By L.M.V.T, on [1, 6], m-r0 = f'(c) for at least 


one c € (1, 6) but f(x) =2Vx e[1,6] 
=> fc)22 
fO-(2, 5 

5 


=> f(6)>8 
= Least possible value of (6) = 8 
(iii) — (a) 


(iv) f(x) = J25—x?: ce di, 5) 
By L.MM.T. f'(c)= Aol 


(-x) | _ 0-24 
V¥25—x" |. a 
-c ~J6 
V25-c? 2 
2c = V6 V25-c’ 
4c’ =6 (25-c’) 
10c* =150 
15 “. (iv) > (ce) 


WY UY dY 


- Gi) > (a), (b), (©); Gil) > (a), (d) (ili) > (©), (d); (iv) > (a), 
(b) 


—x’ for x<0 
x’ for x>2 


fa) —2x for x<0 
=> x)= 
2x for x>0 


ay 
jlo 
wow’ 


fts)=as|=| 


— lim f(x) =0= lim f"(*) and f(0 )= f(0") 
Also f(x) 20 for VxeR 


=> f(x) is continuous, differentiable Strictly increasing 


on R “. (i) > (a), (db), (©). 
Vx for x>0 
pele v= =e for x<0 
=> f0)=0, f(0"°)=0= (0) 
—] 
for x <0 
=> f(x) is continuous on R, f'(x)= — 
for x >0 


Wx 


5.372 >» Application of Derivatives I 


¥ Y 
For s — A 

el y=yx \ 8 | 

7 ail \ \ j 

i: ll »X LN | 

VAI os 
Clearly f'(0)=-0o and f(0°)=00 | x 

0) 


=> f(x) is non-differentiable at x=0 and hence and 


f(x) >0 4 
=> fi(x~= — (x" + 1)(x? —1); x e(—2,2)-{0} 
Also f'(x)<0 for x<0O and f'(x)>0 *: 
(ii) —> (a), (d) => f'(x)<0 for x €(-2,-1), f'() =0 
Git) f(x) =x+[x] => f'(x)>0 for x e(—-1,0) 
f(x) is continuous in (—1, 1) except possibly at x=0. = ab OE) 
Now, lim f(x) = lim x+[x] =0-1=-1and = ee er ee era 
x30" x30" Now in [1, 2| 
lim f(x) = lim x+[x]=0+0=0 as L = f()=2+==4 


=> f(x) is discontinuous in (—1,1) and hence f(x) 1s 


2 
non-differentiable in (—1,1) => G=f(2)=8+ rig 8.5 


ae foy={" for x € (—1,0) > G-L =(85-4)=45 
x for x < (0,1) = (G-—L)=5, where [ ] is greater integer function. 
' = a = ee se (i) —> (c) 
=> f'(x)=1>0 forxe(-1,0)U(0,1) and f(0')=-1 and Gi): f@=a0 62 9H 
f(0) =0, f(0") =0 => f(x) =3x? -12x4+9 =3(x? —4x 43) = 3(x-1)(x-3) 
> f(0)< f= f(0") => f'(x)<0 for xe(1,3), and f'\(x)>0 for x €(-,1) 
=> f(x) 1s Strictly increasing in (-1,1) and (3,0) and f(x)=0 at x=1 and x=3 
(iii) > (©), @) : 
—x+l—x-1 for x<-l 7 | 
(iv) f(x) =|x-1]+|x41]=)-x+14+x41 for xe (-1,1) i. 
x-1l+x+4+1 for x>1 \ | 
—2x for x<-l uy v x 


=, 2 for -l<x<l I 
2x for x>l1 | 


For xe(-1,)), f(x) =2 => f(3)=27-54+27+1=1 


=> f(x) 1s continuous and derivable on (—1,1) 
=> G= f()=1-6+9+41=5 and L= f(3)=1 


OED) => [G+L]=60n,(G-L)=4 
4. (i) > (©), (@); (i) > (); (ili) > (a) . (ii) > (b) 
2, 2 wi “4 1 1 
2 —; —2,2]—{0 _ Pe asl, Ses 
@ f= x reel ,2]—{0} (iii) f(x) =tan” x sln| 
Lo r= 0 


L 1 _2x-(+x?)_ -(x-1) 


l¢x2 2x 2x(l¢x2)  2x(x? +1) 


=> f'\(x)>O0forx>0 


> f= 
=> ro={4{ 4} x €(-2,2)-{0} 


x 


= r= {24} x €(—2,2)— {0} => f'(x)>0 on Rad 


= epee 


= | LE Oar LR and G 
6 2 2 6 4 


= tan” 3-1 RE <hieg 
2 3 4 


=> Pegs 


> [L+G -|=|-1 and [G + L] = 1, (G —- L) 


=> (G-—L)#5, where () is least integer function. 
. (iil) > (a) 


SECTION—VIII: (NUMERICAL INTEGER TYPE) 


?4+3t4+1 ‘ 


. Let x? =t; y=g/(t) and t=h(x) where > ag oe 
+ 

2 

dy _dg dt _(¢+N)2t+3)-¢ +3t+)) 

dx dt dx (t+1)° 

2 
EE 0 
dx  (t+l1) 


<> x=0 and O26 for x <0 and Dg for x>0 
dx dx 


= f(x) decreases on [—1, 0) and increases on (0, 2] 


Also f(x) is even function. 
=> Snax = Sinax 1 [0, 2] = f(2)= 


= au l=|2|=5 


. The log which can’t be flown along the system will be in a 
situation shown below. 


16+12+1 29 
4+1 5 


Let AB =/=AT+7B 
l=k+h 
l= 27 secO + 64 cosec®@ 


YU 


=> < =27sec@ tan@—64coseeG@.coté 


ae 
dé 
7 sin@ 64cos@ _ 0 


0 


cos’@ sin’ @ 


Application of Derivatives II < 5.373 


= 27sin? @=64cos’ @ 


= tan’@ ss 
27 


=> tand= 


Mm wip 


2 
=> secd=— and at = 27sec?9 + 27tan’@ secO + 
3 da’ 


64cosee?9 + 64cot?é cosd 


d’] 
s g | 4 any 
@=tan7!— 
3 


=> Minimum value of | required to form above situation 
- a{2 oa( 2) = 45+80=125m 


3 
A log of minimum length 125m can’t be flown 
| - _ 42 
f(x) =3 , N21 4A AE x7 4+5>0 
A+1 
[yy 49 92 
= 0-60 (2 <0 (e., Disc. < 0) 
A+1 


> _ 42 
2h [ffi ee 
A+ 1 
It is trivially true for 14+1<01.e., 2 e(—oo,-1) and 
A’ +4A-21<0 
=> Ae(-o,-1) and Ae[-7,3) 
=> Ae[-7,-l) 
For A+1>0O and / €[-7,3]ie., 2 €(-1,3]; 
2 
5 V21-4A-A 
A+1 
A+12>V21-44-177 
A’ +2A41221-44-177 
2A? +6A-2020 
A’ +3A-1020 
(A4+5)A-2)20 
A (—0,-SJU[2,0), 
But A e€(-1,3] 
=> Ae(2,3] 
f(x) increases for A €[-7,-1) U[2,3]=[a, b) U[c, d] 
=> a=-7, b=-1, c=2, d=3 
la+b+c+d|=|-7-14+2+43| =3 


J) UUYUY 


4. Perimeter = 2(/+5) = 20 


=> /4+b=10 


> —+—= 


5.374 >» Application of Derivatives I 


dp dl .. Perimeter 
=> —=-—=-2cm/sec 

dt dt =2(1+b) = a= : +|- (= => 18/2 
Now A = 1.b 2" v2 V2 

dA _jdb_, dl = 3P=54/2 =(27)(2V2) 

dt dt dt 

= 3P =(3V2 

=> I(-2)+b(2)=-2(/-5) 


3 
Now, ae <0 => log, ;GP)=log, ; (32) = 
dt 
=> -2(1-b)<0 7. Volume of cylinder =V =zr*h 
= I>b a av =a[r 2 dh + arb) 
=> 12(00-/)(.-1+5=10) dt dt dt 
oe eres = (s) = “(70 +2rh (+) = (1 —rh) 
=> 125 dt 2 
.. When/=5cm, area of rectangle start decreasing: ay ( av = 7(144-120) = 240 
5. Let ‘h’ be the height of cone and r be its radius. Clearly, V6 At )y10,2=12 
will be the slant height of the cone. S =2zarh 


fu 7 | ~> Baa rB ont) —2n rea] 
dt dt dt 2 
wil N 
XL x6 / "La % => S = 2a{ r-3) 
—7B dt 2 


dS 
Thus, +P =6 0 2 2 2 eee (1) a (S) =2n”(12-5)=142 
Now, volume of cone is given by, h=10,t=12 


A A : = aVidt 24a _12_)> 
aie ed ee dsidt 14a 7° 7 
a _ => m(6—3h’) =0 => Least integer greater than = =2 
dh 
4, ys 8. e(x)=], fat 
ay _4 => g(x)=f(%) ...(Z) 
h)=-8zh 
a eg ee and g(0)=0 ees 
= Vwill be maximum for h= J2 Now, f (x)= jim LOS) 
4 
Vax. = Vo = (6 2)V2. “fim fO+ SH) + 2xh-1- f) 
h>0 h 
16V22 (== 
0 3 3 _ lim f(r) rae 1 2x+ lim f “ 1 
= e-5 fA)- FY 
8/2 3 = 2x+lim="—— = = 2x+ f (0) =2x+2 
tan? {4 |= tan? 2) tan? Z=3 “* putx=y=0 
= f(0) = f(0)+ f(0)-1 
6. Let the coordinate of C be (Scos0, 4cos@), then area of rect- MOD)=FO)+ FO) 
angle = (10cos0) (8cos@) = 40 (sin20), which will be maxi- I =1 
mum for 20 =F ie, 0 =7 | fe) =2(x41) 
x? 
=> Length of rectangle =10cos0= 7 and breadth => f(x~)= |= | +C€ 
=8sin@ = 


=> f(x)=x°+2x+C 


Sle 


10. 


Yi d-: 


f(O)=1 

Cea) 

FOSCAD ie (iii) 
From (i) and (iii), g'(x) =(x+1)? 20 VxeR 


= g(x) is an increasing function and g(x)= a+? dx 
x+1 
= gx-2), 
3 
Also g(0)=0 
=> ae 
3 
(x+ly 1 
— x) =——- -— 
1 mer ar 
3 
=> g max. in[1, 3] = g3)- OP -2 = = 21 


Let f(x) =ax* + bx’? +ex’+dx+e 


=> 


=> 


WY UU YUY 


) UYU dy 


=> 


f(x) = 40x’ +3bx? +2ex+d 
f'"(x) =12ax? + 6bx + 2c 
For f(x) to have critical points 


f"(x) =0 must have real roots and sign of f"(x) must 


change across the neighbour hood of these roots. 
f"(x)=0 must have real and distinct roots. 

Disc. > 0 

(6b) —4(12a)(2c) > 0 

36b° —96ac > 0 

12(3b* —8ac) >0 

3b* —8ac >0 ...(1) 
Now, log| -3b* +126? -32ac + 8ab’c | is defined 


—3b* +12b* —32ac + 8ab’c > 0 

—3b’ (b’— 4) -8ac(4—b*) >0 

(b? — 4)(8ac —3b’) > 0 

(b’ — 4)(3b*—8ac) <0 eil2) 
From (1) and (2), 6? -4<0 

b €[-2,2] 


Greatest possible value of b=2 


Since f(x) is twice differentiable, f(x)and /f'(x) are 


continuous function and by the given information, the rough 
graph will be as shown below: 


(b,-2) (d,-1) 


e(x)=(f'(x)) + £(@).F"@) -<(f (x).f (x) =— 
where h(x) = f (x).f'(x) * 3d 


11. 


12. 


Application of Derivatives II < 5.375 


Clearly f(x) =0 hasatleast4roots a,a € (b,c), B €(c,d),e 

and f '(x)=0 has at least 3 roots (3 stationary points). 

=> h(x)= f(x).f'(x)=0 has at least 7 roots as roots of 
f(x)=0 and that of f'(x)=0 are different. 


= By Rolle’s theorem h'(x)=g(x)=0 has at least 6 


roots, at least one root between two consecutive roots of 
h(x) =0 


Ans: 6 


Equation of parabola is y= x’ +4. Its parametric equation 


is (Sad ou , let it be Q (nearest point to P) 


Y 
A 
‘ f 
~(t) 
(0,4) P(3,4) 
0 3 


12 
=> (t)x : =-] 
1 
—t-3 
2 
3 
=> : =-—2 
t—6 
=> +2t-12=0 
= t=2 
=> Q=(1, 5) 
= PQ= (3-1 +(4-5Y =V5 
=> d= 5 
= [d]=2 
f= C, {< rt) (2 } ==) i oO ye? 
2 3 (2)" (3) 
For term independent of raf =0 
=> .7S3 
T, =°C, (a)° (by 9x8x7 ab 


(2° BYP 6x(2)°BY 
2) ey ed a by? = L (vee) = (| 


144 144 144 144\ 2 


Qe (3) 2/3 1/3 
ee | sR(o.o") 


T, <—x(2)'(3 => Ts7 
4 = x(2)'@) 4 


Maximum value of 7, =7 


5.376 >» Application of Derivatives I 


13. For 0<x<1,f'(x)=-6x <0 and for x>1, f(x) =5>0 


=> f(x) 1s decreasing for x¢(0,1)and increasing for 


x € (1,00). 


For f(x) to be minima atx=1, Stan’ a@—32 f(l) 


Stan a-32>2 
a >tanl>tan~ =1 
4 
a>l 
Least integer value of a >2 


x+Vx? +sin’ x =p 


=sin? x= p(x—Vx" +sin? x 
ee, 
oe: sin’ x 
x—-Vx° +sin° x =— 


Pp 


sin? x 


(7) + (ii) gives, 2x = p- 


F(x)= Come ’ 


f(x) =3(2pcosx- p’ +sin 
aun daasie 
=3|1-(p? + cos’ x-2pcosx) | 
=3|1-(p-cosx)’ |<3 


Maximum value of f(x) =3 


(i) 


...(ii) 


_. (iii) 


Remark: one can verify that f(x)=3 holds p=cosx 


i.e., Vx’ +sin’ x =cosx—x 


=> 


15. In Similar As ADE and AFC, = = 


— 


YU UY 


2xcosx =cos2x 


cos2x 
——— =x 
COSx 


Now, volume of small cone 


V ag at H- h)’ h 
3 3 


2 
V = = “a (Hh + he 2Hh?) 
wr = a (H? +3h? —4Hh) 
dh 3H 


For maximum volume, — = 0 


H’ +3h’? -4Hh=0 

H’ -3hH -hH +3h’ =0 
H(H -3h)-h(H -3h) =0 
H=h or H=3h 


But H = h 1s impossible, hence H = 


volume thus H: h = 3 


= 


-  —__»& 


(i) 


3h for maximum 
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